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Both	
  outcomes	
  are	
  equally	
  likely!	
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Is	
  this	
  the	
  best	
  possible	
  predic1on?	
  

Let	
  us	
  have	
  a	
  look	
  at	
  a	
  (toy)	
  example	
  for	
  an	
  
extension	
  of	
  quantum	
  theory	
  …	
  
	
  
	
  



An	
  extended	
  theory	
  

par1cle	
  
source	
  

de
te
ct
or
	
  

Z=u	
  

N	
  

S	
  

B	
  

de
te
ct
or
	
  

Z=d	
  Ψ	
  =	
  right	
  

W	
  takes	
  either	
  the	
  value	
  “u”	
  or	
  “d”.	
  

extra	
  parameter:	
  W	
  



An	
  extended	
  theory	
  

par1cle	
  
source	
  

de
te
ct
or
	
  

Z=u	
  

N	
  

S	
  

B	
  

de
te
ct
or
	
  

Z=d	
  Ψ	
  =	
  right	
  

“Rule”	
  of	
  extended	
  theory: 	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=u]	
  =	
  ¾	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=d]	
  =	
  ¼	
  

	
  

extra	
  parameter:	
  W	
  



An	
  extended	
  theory	
  

par1cle	
  
source	
  

de
te
ct
or
	
  

Z=u	
  

N	
  

S	
  

B	
  

de
te
ct
or
	
  

Z=d	
  
Ψ	
  =	
  right	
  

Improved	
  predic1on: 	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=u]	
  =	
  ¾	
  

W	
  =	
  u	
  



An	
  extended	
  theory	
  

par1cle	
  
source	
  

de
te
ct
or
	
  

Z=u	
  

N	
  

S	
  

B	
  

de
te
ct
or
	
  

Z=d	
  
Ψ	
  =	
  right	
  

Improved	
  predic1on: 	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=d]	
  =	
  ¼	
  

W	
  =	
  d	
  



An	
  extended	
  theory	
  

par1cle	
  
source	
  

de
te
ct
or
	
  

Z=u	
  

N	
  

S	
  

B	
  

de
te
ct
or
	
  

Z=d	
  Ψ	
  =	
  right	
  

Predic1on	
  consistent	
  with	
  quantum	
  theory	
  when	
  W	
  is	
  ignored:	
  
Pr[Z=u	
  |	
  Ψ	
  =	
  right]	
  	
  

	
  =	
  ½	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=u]	
  +	
  ½	
  Pr[Z=u	
  |	
  Ψ	
  =	
  right,	
  W=d]	
  =	
  ½	
  	
  

Pr[W=u]	
  =	
  Pr[W=d]	
  =	
  ½	
  

¾	
  	
   ¼	
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  example	
  shows	
  that	
  theories	
  that	
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  more	
  
informa1ve	
  than	
  quantum	
  theory	
  are	
  conceivable	
  	
  
(even	
  if	
  we	
  require	
  compa1bility	
  with	
  exis1ng	
  
quantum	
  theory).	
  

There	
  are	
  many	
  other	
  examples	
  of	
  extensions	
  of	
  
quantum	
  theory	
  (e.g.,	
  the	
  “Leggea	
  model”).	
  	
  
[A.J.	
  Leggea,	
  Founda1ons	
  of	
  Physics	
  33,	
  1469–1493	
  (2003)]	
  



Is	
  quantum	
  theory	
  maximally	
  informa1ve?	
  

If	
  the	
  answer	
  was	
  “no”,	
  this	
  may	
  change	
  our	
  
current	
  understanding	
  of	
  physics.	
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Heisenberg’s	
  Uncertainty	
  Principle	
  

W.	
  Heisenberg,	
  Über	
  den	
  anschaulichen	
  Inhalt	
  der	
  quantentheore1schen	
  
Kinema1k	
  und	
  Mechanik,	
  Zeitschri8	
  für	
  Physik	
  43,	
  172–198	
  (1927)	
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But:	
  The	
  deriva1on	
  of	
  this	
  principle	
  
assumes	
  that	
  quantum	
  theory	
  is	
  
informa1onally	
  complete.	
  

H(X) +H(Z) ≥ 1
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This	
  leads	
  us	
  back	
  to	
  the	
  ques1on	
  
whether	
  quantum	
  theory	
  is	
  complete	
  

Einstein,	
  Podolsky,	
  and	
  Rosen	
  (EPR)	
  



Simpler	
  ques1on:	
  Could	
  there	
  be	
  a	
  
determinis1c	
  theory?	
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Non-­‐existence	
  of	
  hidden	
  variables	
  

•  E.	
  Specker,	
  Logic	
  of	
  Non-­‐Simultaneously	
  
Decidable	
  Proposi1ons	
  (1960)	
  

•  S.	
  Kochen,	
  E.	
  Specker,	
  The	
  Problem	
  of	
  Hidden	
  
Variables	
  in	
  Quantum	
  Mechanics	
  (1967)	
  	
  

•  J.	
  Bell,	
  On	
  the	
  Problem	
  of	
  Hidden	
  Variables	
  in	
  
Quantum	
  Mechanics	
  (1964/66)	
  



Where	
  did	
  this	
  lead	
  us	
  to?	
  
•  Kochen	
  and	
  Specker’s	
  as	
  well	
  as	
  Bell’s	
  results	
  
imply	
  that	
  
	
  
	
  
i.e.,	
  there	
  is	
  some	
  intrinsic	
  uncertainty.	
  

•  However,	
  these	
  results	
  do	
  not	
  exclude	
  the	
  
possibility	
  that	
  
	
  
	
  
i.e.,	
  quantum	
  mechanics	
  may	
  s1ll	
  be	
  incomplete,	
  
(not	
  maximally	
  informa1ve).	
  

H(X|W ) +H(Z|W ) > 0

H(X|W ) +H(Z|W ) < 1
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…	
  but	
  quantum	
  theory	
  may	
  s1ll	
  be	
  incomplete	
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Z	
  

W	
  

W	
  may	
  be	
  such	
  that	
  Z	
  =	
  f(W)	
  and	
  X=g(W)	
  hold	
  
with	
  some	
  probability,	
  e.g.,	
  80%.	
  	
  

Example:	
  	
  

par1cle	
  
source	
  



A	
  completeness	
  theorem	
  

RR	
  and	
  R.	
  Colbeck,	
  No	
  extension	
  of	
  quantum	
  theory	
  can	
  have	
  improved	
  predic1ve	
  
power,	
  Nature	
  Communica>ons	
  2,	
  411,	
  2011	
  

Theorem	
  (informal	
  version)	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
  W	
  
and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
Then	
  W	
  does	
  not	
  provide	
  any	
  informa1on	
  about	
  the	
  
outcomes	
  of	
  future	
  measurements	
  (beyond	
  quantum	
  
theory).	
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Claim:	
   PX = PX|W
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Theorem	
  (informal	
  version)	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
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and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
Then	
  W	
  does	
  not	
  provide	
  any	
  informa1on	
  about	
  the	
  
outcomes	
  of	
  future	
  measurements	
  (beyond	
  quantum	
  
theory).	
  	
  

Formally,	
  	
  PX|ΨA = PX|ΨAW where	
  	
  	
  	
  	
  is	
  the	
  ini1al	
  state.	
  	
  Ψ



What	
  does	
  it	
  mean	
  that	
  we	
  can	
  choose	
  
measurement	
  sexngs	
  “freely”?	
  

We	
  are	
  going	
  to	
  use	
  an	
  intui1ve	
  no1on	
  of	
  free	
  
choice	
  that	
  is	
  implicit	
  in	
  most	
  of	
  the	
  literature	
  
(and	
  some1mes	
  men1oned	
  explicitly,	
  e.g.,	
  in	
  
Bell’s	
  work).	
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Idea:	
  Associate	
  to	
  any	
  observable	
  value	
  a	
  coordinate	
  
(t,	
  x1,	
  x2,	
  x3)	
  indica1ng	
  its	
  posi1on	
  in	
  space	
  1me.	
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Defini5on	
  	
  
	
  A	
  space-­‐1me	
  random	
  variable	
  (SV)	
  is	
  a	
  random	
  
variable	
  with	
  associated	
  coordinates	
  (t,	
  x1,	
  x2,	
  x3).	
  



Space-­‐1me	
  random	
  variables	
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Defini5on	
  	
  
We	
  say	
  that	
  an	
  SV	
  X	
  can	
  be	
  caused	
  by	
  an	
  SV	
  A	
  if	
  it	
  
lies	
  in	
  the	
  future	
  lightcone	
  of	
  A.	
  



Free	
  choice	
  assump1on	
  

Defini5on	
  
We	
  say	
  that	
  a	
  choice	
  A	
  is	
  free	
  (with	
  respect	
  to	
  a	
  
set	
  Γ	
  of	
  SVs)	
  if	
  A	
  is	
  sta1s1cally	
  independent	
  of	
  
the	
  set	
  of	
  all	
  values	
  W	
  ∈	
  Γ	
  that	
  cannot	
  be	
  
caused	
  by	
  A.	
  	
  

Sta1s1cal	
  independence	
  means	
  that	
  	
  PWA = PW × PA
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Example	
  
A	
  is	
  free	
  with	
  respect	
  to	
  all	
  other	
  SVs	
  if	
  it	
  is	
  
sta1s1cally	
  independent	
  of	
  B,	
  Y,	
  and	
  W.	
  



A	
  completeness	
  theorem	
  
Theorem	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
  W	
  
and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
Then	
  W	
  does	
  not	
  provide	
  any	
  informa1on	
  about	
  the	
  
outcomes	
  of	
  future	
  measurements	
  (beyond	
  quantum	
  
theory).	
  	
  



Proof	
  idea	
  

X	
  

W	
  

Measurement	
  
specified	
  by	
  angle	
  	
  

A	
  

A	
  

Y	
  

Measurement	
  
specified	
  by	
  angle	
  	
  

B	
  

B	
  

Pr[X �= Y ] = sin2(A−B)

Quantum	
  sta1s1cs:	
  

entanglement	
  



Proof	
  idea	
  

X	
  

A	
  

based	
  on	
  ideas	
  by	
  Braunstein	
  and	
  Caves,	
  as	
  well	
  as	
  by	
  Barrea,	
  Hardy	
  and	
  Kent	
  

Y	
  

B	
  

for	
  some	
  large	
  N	
  δ :=
π

2N

A ∈ {0δ, 2δ, . . . , (N − 2)δ} B ∈ {1δ, 3δ, . . . , (N − 1)δ}

Pr[X �= Y ] = sin2(A−B)

Quantum	
  sta1s1cs:	
  



Proof	
  idea	
  

X	
  

A	
  

Y	
  

B	
  

A ∈ {0δ, 2δ, . . . , (N − 2)δ} B ∈ {1δ, 3δ, . . . , (N − 1)δ}

Pr[X �= Y ] = sin2(A−B)

Quantum	
  sta1s1cs:	
  

Hence,	
  for	
  neighbouring	
  angles:	
  

Pr[X �= Y ] = sin2 δ ≈ δ2



Proof	
  idea	
  

Let	
  G	
  be	
  a	
  “guess”	
  for	
  X0.	
  

Set	
  p	
  :=	
  Pr[G=X0]	
  

It	
  follows	
  that	
  

Pr[G=XNδ]	
  ≥	
  p	
  –	
  Nδ2	
  

On	
  the	
  other	
  hand	
  

Pr[G=XNδ]	
  =	
  1-­‐p.	
  

Combining	
  the	
  above,	
  
we	
  find	
  

1-­‐p	
  ≥	
  p	
  –	
  Nδ2.	
  .	
  

We	
  thus	
  conclude	
  that	
  	
  

p	
  ≤	
  ½	
  +	
  ½	
  Nδ2	
  ≈	
  ½.	
  

	
  

QKD Review: first notes

Artur Ekert1,2 & Renato Renner3

....

A B

0δ

2δ

4δ

Nδ

1δ

3δ

(N−1)δ

p

≥ p− 2δ2

≥ p− 4δ2

≥ p−Nδ2

≥ p− δ2

≥ p− 3δ2

1− p

...
...

Pr[XA = G] Pr[XB = G]



Proof	
  idea	
  

X	
  

W	
  →	
  G	
  Measurement	
  
specified	
  by	
  angle	
  	
  

A	
  

A	
  

Y	
  

Measurement	
  
specified	
  by	
  angle	
  	
  

B	
  

B	
  We	
  have	
  thus	
  shown	
  that	
  

That	
  is,	
  X0	
  is	
  completely	
  
random.	
  

Pr[X0 = G] ≤ 1

2



A	
  completeness	
  theorem	
  

Note:	
  We	
  have	
  now	
  seen	
  a	
  proof	
  sketch	
  in	
  the	
  special	
  case	
  of	
  measurements	
  
on	
  entangled	
  par1cles.	
  However	
  the	
  statement	
  can	
  be	
  extended	
  to	
  arbitrary	
  
measurements.	
  	
  

Theorem	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
  W	
  
and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
Then	
  W	
  does	
  not	
  provide	
  any	
  informa1on	
  about	
  the	
  
outcomes	
  of	
  future	
  measurements	
  (beyond	
  quantum	
  
theory).	
  	
  



What	
  does	
  this	
  tell	
  us	
  about	
  the	
  EPR	
  
ques1on?	
  



Implica1ons	
  and	
  ques1ons	
  

•  The	
  completeness	
  theorem	
  implies	
  that	
  	
  

•  Therefore,	
  the	
  quantum	
  mechanical	
  wave	
  
func1on	
  	
  	
  	
  	
  	
  is	
  maximally	
  informa1ve.	
  

•  But	
  is	
  the	
  wave	
  func1on	
  also	
  unique?	
  

PX|Ψ = PX|ΨW

Ψ



Further	
  implica1ons	
  



Implica1ons	
  

“The	
  wave	
  func1on	
  is	
  a	
  real	
  
physical	
  object	
  aoer	
  all,	
  say	
  

researchers.”	
  



The	
  wave	
  func1on	
  is	
  unique	
  
Corollary	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
  W	
  
and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
If	
  W	
  is	
  maximally	
  informa1ve	
  then	
  there	
  exists	
  a	
  
func1on	
  f	
  such	
  that	
  Ψ	
  =	
  f(W).	
  	
  



The	
  wave	
  func1on	
  is	
  unique	
  
Corollary	
  
Consider	
  an	
  extended	
  theory	
  which	
  allows	
  us	
  to	
  
make	
  predic1ons	
  based	
  on	
  addi1onal	
  parameters	
  W	
  
and	
  assume	
  that	
  
•  when	
  ignoring	
  W,	
  the	
  theory	
  reproduces	
  the	
  

predic1ons	
  of	
  quantum	
  theory	
  
•  measurement	
  sexngs	
  A	
  can	
  be	
  chosen	
  freely.	
  
If	
  W	
  is	
  maximally	
  informa1ve	
  then	
  there	
  exists	
  a	
  
func1on	
  f	
  such	
  that	
  Ψ	
  =	
  f(W).	
  	
  

Hence,	
  any	
  maximally	
  informa1ve	
  theory	
  compa1ble	
  
with	
  quantum	
  theory	
  is	
  equivalent	
  to	
  quantum	
  theory.	
  



Conclusions	
  

•  It	
  is	
  impossible	
  to	
  extend	
  quantum	
  theory	
  so	
  
that	
  it	
  allows	
  us	
  to	
  make	
  more	
  certain	
  
predic1ons	
  (unless	
  we	
  give	
  up	
  “free	
  will”).	
  

•  The	
  wave	
  func1on	
  of	
  a	
  physical	
  system	
  is	
  
uniquely	
  determined	
  by	
  any	
  maximally	
  
informa1ve	
  theory.	
  



Many	
  thanks	
  for	
  your	
  aaen1on	
  


