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1. QCD and chiral symmetry

2. Spontaneous symmetry breaking

3. Chiral perturbation theory for mesons
4. Chiral perturbation theory for baryons
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Motivation of Keywords

e Chiral perturbation theory (ChPT) is the effective field
theory (EFT) of the Standard Model/strong interacti-
ons at low energies.

e EFTs are low-energy approximations to (more) funda-
mental theories.

e Instead of solving the underlying theory, low-energy
physics is described with a set of variables (effective
degrees of freedom) that is suited for the particular
energy region you are interested in.

e In our case: Pions and nucleons instead of the more
fundamental quarks and gluons of QCD.



Calculate physical quantities in terms of an expansion
in p/A, where p stands for momenta or masses that are
smaller than a certain momentum scale A.

T here exists a regime where both fundamental and ef-
fective theories yield the same results.

EF Ts are based on the most general Lagrangian, which
includes all terms that are compatible with the sym-
metries of the underlying theory. = Infinite number
of terms. Each term is accompanied by a low-energy
coupling constant (LEC).

One needs a method that allows one to decide which
terms contribute in a calculation up to a certain accu-
racy: Weinberg’s power counting.



e In actual calculations only a finite number of terms in
the expansion in p/A has to be considered. = Predictive
power.

e Effective field theories are non-renormalizable in the
traditional sense. However, as long as one considers all
terms that are allowed by the symmetries, divergences
that occur in calculations up to any given order of p/A
can be renormalized by redefining fields and parameters
of the Lagrangian of the effective field theory. The so-
called non-renormalizable theories are actually just as
renormalizable as renormalizable theories.



e First example from electrostatics illustrating the idea
of a scale (here distance scale).

Consider charge distribution p(Z’) which is localized in-
side a sphere of radius R.

Potential from solution to Poisson equation,

A¢ = —pP,



reads
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— Far away, only the leading-order terms contribute.

— Systematic improvement possible.



— For smaller r, higher multipoles become more im-
portant.

— q1,mm Parameterize short-distance physics.

2111}7%(51@) determine the long-distance effects of

short-distance physics.

— (Simplified) analogies?!

Multipole expansion EFT
dim LECs
1 Y, (0,9
2T 1 lrl(—l—l ) Structures of most general LypT

— Here: Simple separation of scales (R).

— ChPT: Scales depend on underlying dynamics and
masses of the participating particles.

lObservables will be calculated in perturbation theory using Lgpr.



Second example: “Integrating out” a heavy degree of
freedom in a toy model (m < M):

1 1 A
L = 5(8H<I>8“<I> — M?*®?) + 5(8“908“50 — m?p?) — §<I>g02.

Equations of motion:
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and expand to leading order in 1/M?:

)\2
2M 2
What is the corresponding effective Lagrangian to this
order?

go?’:O.

[l —|—m2<,0 —

)\2

4
sM2t

1
Lo = (upd'p — m*p%) +
Compare with original Lagrangian:

— Heavy degree of freedom is gone.

— A different interaction term has appeared.



Do the two Lagrangians produce the same low-energy
scattering amplitude for ¢(p1) + @p(p2) — w(p3) + ©(P4)7?

Calculation with original Lagrangian.

Dotted line: Light particle; solid line: Heavy particle.

Mandelstam variables

s = (p1+p2)° = (p3s+pa)?,

¢ (p1 — p3)? = (pa — p2)°,

u (p1 — Pa)® = (p3 — p2)?,
s+t+u = 4m?2.



Condition: {s, [t|, |u|} < M? = AZ. (%)

Result:

= (—i))?
Mfund ( z) (3—M2—|—i0++t—M2—|—’i0++U—M2‘|‘iO+)

(¥) 312 {s,t,u}
R [HO( M? )

Effective theory: Description in terms of contact inter-
action

R iIA%4!l 302
Ml = gp2 = M2

Both calculations vield the same result!

EFT calculation simpler.



e Weinberg’s effective field theory program:2

. iIf one writes down the most general possible
Lagrangian, including all terms consistent with
assumed symmetry principles, and then calcu-
lates matrix elements with this Lagrangian to
any given order of perturbation theory, the re-
sult will simply be the most general possible S—
matrix consistent with analyticity, perturbative
unitarity, cluster decomposition and the assu-
med symmetry principles. ...

Explanation of terms:

— Symmetries: Poincaré invariance, discrete symme-
tries C, P, T, but also internal symmetries such as
Isospin symmetry, chiral symmetry including the pos-
sibility of a spontaneous symmetry breakdown.

°S. Weinberg, Physica A 96, 327 (1979)



— Analyticity «— Causality.

— Unitarity: The sum over the propabilities of the final
states must yield exactly 1:

> KfISI? = 1.
f

— Cluster decomposition:3 Loosely speaking, distant
experiments must vield uncorrelated results:

Sy+d—atp = S5—pSy—a-

3S. Weinberg, The Quantum Theory Of Fields. Vol. 1: Foundations
(Cambridge University Press, Cambridge, 1995), chapter 4



e Aim of these lectures:

Most general description of the strong interactions at
low energies: «w, wIN, etc.

e Challenge:

We need the
1. the most general Lagrangian;

2. a consistent power counting scheme to perform per-
turbative calculations.
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QCD and Chiral Symmetry
Some Remarks on SU(3)

SU(3) in the context of the strong interactions
1. Gauge group of quantum chromodynamics (QCD)
2. Flavor SU(3)

3. Chiral symmetry for massless u, d, and s quarks
SU(3)L X SU(3)R

Definition

SU(3) = set of all unitary, unimodular, 3 x 3 matrices U':

U'U =1, det(U) = 1.



Exponential representation

8
A
U(©) =exp | —i Z ®,~—~ |, O, real numbers.
2
a=1
Gell-Mann matrices
A oU
e _ (0,---,0),
2 00,
Ao = Al
Tr()\a)\b) — 25ab9
Tr(Aaj) p— Oo



EXxplicit representation
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Set {i\y}: Basis of the Lie algebra su(3).

Commutation relations

>\a, >\b . >\c
?7? =1 abc?

Totally antisymmetric real structure constants

f abce

) 1
EXxercise: ZTr([)\a, AplAe)
1

abc

123

147

156

246

257

345

367

458

678

f abc

1

1

2

1

2

1

2

1

2

1

2

1

2

1V3

Anti-commutation relations

Totally symmetric d,p.

4
{)‘aa >\b} — géab + 2da,bc)‘c

EXxercise:

dabc

iTr({)\a, AptAe)




Introduce

Ao = v2/3diag(1,1,1)
Arbitrary 3 X 3 matrix M can be written as

8
M = Z My,

a=0

M, complex numbers

1



The QCD Lagrangian

Quantum chromodynamics (QCD) is the gauge theory of
the strong interactions with color SU(3) as the underlying
gauge group

e Ingredients

T he matter fields of QCD are the so-called quarks which
are spin-1/2 fermions, with six different flavors in addition
to their three possible colors

flavor u d S
charge [e] 2/3 —1/3 —1/3
mass [MeV] 514+0.9 9.3+14 175 + 25
flavor C b t

charge [e] 2/3 —1/3 2/3

mass [GeV] | 1.15 —1.35 [ 4.0 — 4.4 | 174.3 + 3.2 £+ 4.0




Quark field components

df,A,a

1,2,3,4,5,6: flavor index (u,d,s,c,b,t)
,2,3: color index (red,green,blue)

f
A=1,2
a=1,2,3,4: Dirac spinor index

QCD Lagrangian (apply the gauge principle with respect
to the group SU(3))

Long version

Lqocp = Z Z Z df A, (’Yaa’za” mf(saa’)(sAA’
' f/=1 A A'=1 o/ =1 —

A AA/
+92Aﬂv Yoo 101 Apara | Z GuwaGl”

R a=1

from gaugire principle




Short version

. 1
Locp= Y qGf(iD—my)qs — Zguu,agé’f”'

f':uvdasa
c,b,t

Extremely short version

1
Lqocp = q(2PD— M)q — §Trc(gu,,gl“/)

Gauge transformation of the quark fields

qf,r

ar = | 4f.g
df,b

_ . _
_ A

— qf=exp | =i Y Oa(@) 3| a5 = UlO(@))ay
a=1

Transformation behavior of the gauge fields

\ .
Ay = Ay — UAUT - ‘o, uUt
g



Covariant derivative of the quark fields

. ExerC|se
Duqy = (9 — 19 Au)qy

transforms as quark fields

(Duq]”) — CI} = UDpqy

Field strengths transform as

Exe rcise:

Aa
g,ul/ = g,uu a 5 ap,AV — 81/Ap, +1g [Ap,a AI/] U.g/,u/[]T

Equivalent (Gell-Mann matrices!)

g;u/,a = 6u¢4u,a — 81/~/4u,a, + gfa,bCA/,L,bAV,C

Exercise: Lgocp invariant under local SU(3)



Gauge invariance also allows for
g%0
€
6472
g%0

T 3272 e PITre(GuvGpo)

8

_ vV po a a

Lo = Hep Z 9109 po
a=1

+1 if {p,v, p,o0} even permutation of {0,1, 2,3}
€uvpe = § —1 if {u,v, p,0} odd permutation of {0,1, 2,3}
0 otherwise

So-called 6 term implies explicit P and CP violation in the
strong interactions

~, e.dg., electric dipole moment of the neutron

empirical information: very small



Accidental, Global Symmetries of Lqcp

The pion is special!

quark content mesons

ud =wT,pt
(i — dd)/vV2 =Y, p°
du 7w ,p

M_; =140 MeV < M, = 776 MeV,
M; < mp=938MeV.

Mﬂ__|_ < MK"‘ = 494 MeV,
M_. < Mp:+ = 1869 MeV.



my = 0.005 GeV me = (1.15 — 1.35) GeV
mg = 0.009GeV | € Ay =~ 1GeV < mp = (4.0 — 4.4) GeV
ms = 0.175 GeV my = 174 GeV

Motivation
My > 2my, + my

Consider the light-flavor quarks in the so-called chiral limit
mqy, Mg, Mg — 0 as starting point in the discussion of low-

energy QCD:

, 1
Locp = ) @iPa - Zguv,agff”

l=u,d,s

What are the global symmetries of £%CD?



Chirality matrix

) 2
vs =% = iy 23 =40, {y*, s} =0, 2=

Projection operators
1 1
Pp=_(1—17)= Pl, Pp= S +75) = P
Exercise: Properties
Pr + Pp =1
Pf =P;, Pj=Pg
PrPp = PpPr =0
Left- and right-handed quark fields g7 and ggr
qr, = Prq, qgr = PRrq
EXxercise:

aT.q — | @F1ar +drligr for Ty € {4#,yH s}
’ qrl'2qr + @rl2qr for Tz € {1,7v5,0""}

(g = qPRr and qr = qPr)

1



QCD Lagrangian in the chiral limit

EQCD = Y (GriiPar; + driPar,) — _g,uu,ag HY
l=u,d,s

invariant under (covariant derivative flavor independent!)

ur, ur, A 5 [ UL

di | — Uz | df | =exp | —i Z @L 2l e " [ dp

SL SL SL

UR UR 8 A r [ “R

drp | —»Ugr| dp | =exp|—i) OF|e | dg
2

SR SR a=1 SR

EQCD has a classical global U(3)7 x U(3) g symmetry

Applying Noether’s theorem from such an invariance one
would expect a total of 2 x (8 1) = 18 conserved currents



Noether’s Theorem

Continuous symmetries «— conserved quantities I

Lagrangian £ depending on n independent fields ®;

n equations of motion
oL oL
_ 3#
o0P; 88H<I>i
Consider transformations which depend on r real local pa-
rameters €,(x) (method of Gell-Mann and Lévy)

=0, i=1,---,n

®i(z) — Pj(z) = ;(x) + 6Pi(x) = Pi(x) — iea(x)F'[®5()]



Variation of the Lagrangian

oL 5 + oL
o®;, ' 00,9,

6L = L(D),8,P)) — L(P;,0,P;) =

0u0®; = —i[Opeq(x)|F) — ieq(x)OpFy

oL oL oL
— —1 F¢ — 0 Fa 0 F2
e“(w)( ‘00, ‘8o, " >+ g ea(w)( "90,,®; ")
€a(x)0y I + Oyeq(x) JH

Consistency for solutions to the EOM

oL oL oL oL
BTt = —i (a“ ) Ff—i O, F} = —i——Ff—i 8, F?
80,,®; 80,,®; b, ®;




Currents and divergences of currents from variation

Jia 0oL
00€q
5, JHa _ 0oL
H Oeg

Assume Lagrangian to be invariant under a global trans-
formation:

O0L=0 A Oueq(z)J"* =0
= Current J*? js conserved
aujﬂaa
Charge

Q") = [ d’1(t,3)

IS time independent, i.e., a constant of the motion



Classical conservation laws (taken from M. Mojzis, Bosen

lectures 2006)

p(x) — p(x) + edp(x)

symmetry | conservation law current or charge
5L =0 BuJH(z) = 0 Tt = 8o g
5L = ed,TH | 9 JM(z) =0 T = bpggecy — T
0L =0 diQ(t) =0 Q= d?’a:égoa(aafso)
0L = edQ(t) dtQ(t) =0 Q=] d3335903(%£ y— <2
0S =0 OuI* =0 I* not explicitly known




Transition to a Quantum (Field) Theory

Analogy: Point mass m in a central potential V(¥) = V(r).
Lagrange and Hamilton functions are rotationally invariant.

—

Consequence: Angular momentum [ = ¥ X p is a constant
of the motion.

Transition to quantum mechanics. = Operators

(&4, P5] = 10;5, [®4,24] =0, [P, D] = 0.

Components of the angular momentum operator

A

li = €ijr®jPr = —1Pj(—1i€;k) Tk
satisfy the commutation relations
L5 U] = e 5lk
I.e., they cannot simultaneously be diagonalized.



Angular momentum operators are generators of rotations:

¥’y = exp(—ial;)|P).
Rotational invariance of the quantum system

[I:Ia iz] =0
l.e., l}- are still constants of the motion.

Simultaneously diagonalize H, 12, and 5.

Multiplets with eigenvalues I[(l + 1) and m = —1[,.--,1
(I=0,1,2,--).

Energy eigenvalues depend on V (dynamics).

Classify operators accorqling to transformation behavior.
Example: Components A; of a vector operator

l;, Aj] = i€ A
Use Wignher-Eckart theorem to calculate matrix elements.



Analogous case in quantum field theory

Canonical quantization: Fields ®; and their conjugate mo-
menta II;, = 0L/0(99®;) = operators.

[(I)i(ta i)a Hj(t7 ?7)] — 7:53(5 o 5)57/,7 — aAj’l’ ﬁj] — i(sij
[®@i(t, %), ®;(t, §)] =0 < [&;,2;] =0
[Hi(ta CE))9 Hj(ta g)] =0 < ﬁzv ﬁg] =0

Consider infinitesimal transformations which are linear in
the fields,

P;(x) — <I>,'L(:1:) = @i(m)—iea(m)t%q)j(w) — X ii—iek(—iekij)i?j

tg"j are constants generating a mixing of the fields



QU(t) = / dPwTl(2)t$®(z) — I, = —ipi(—iepi;)®j = exijdib;

where JH%(x) and Q%(t) are now operators

Transformation behavior of field operators

QO(t), By (t, )] = —itd / d3a [TL;(t, B) @ (t, ), By (t, 7)]
—th ](t J)
gy &;] = i€g;jd;

Q¢ are dgenerators of the transformations acting on the
states of Hilbert space



Global Symmetry Currents of the Light Quark Sector
Consider infinitesimal, local tranformations

A
qr, — 1—zZeL—a—ze qr,

qr —
Variation

A
0L{ep = ar | D 3#‘?5?& + due” | v"qL + (L — R)

a=1
Currents
846 L0 2@ 86,0
Lk QD _ giy* T qp,  8,LM0 = T2 =0

88Mea 2 ﬁea

86 LY 06 LY

h QCD _ _ _u  9,LM = QCD_O

8(‘9“6[’ qIfY qL M 86

+ analogous expressions for R*? and R*



Linear combinations

Aa
Aa
A = RO — LY = (7’)’”’)’5391

Vector and axial-vector current densities, respectively,
P: Vbt E) — Vlj"(t, — &)
P: AM%(t, &) — —AZ(t, — &)
Conserved singlet vector current
V# =RH+ LV = gy¥q, 0, VF =0
Singlet axial-vector current
At = RF — LV = qvF~5q

This symmetry is not preserved by quantization and there
will be extra terms, referred to as anomalies, resulting in

392

3272

BHAH = E,u,upaggyggaa €0123 = 1



The Chiral Algebra

Define “charge operators” as the space integrals of the
charge densities

)\a
Qi) = [dealt D atd), a=1,---.8
)\a,
Ak = [ Poaft.d) art.d), a=1,-.8
Qvt) = [ & [aft.Dar(t.3) + afy(t, Dan(t. D)
H(%CD exhibits a global SU(3) xSU(3)r xU(1)y symmetry

Qf, Hocpl = [Q%: Hocpl = [Qv; Hocpl = 0
Lie algebra of SU(3)y; X SU3)p X U(1)y

Q9. Q%] = ifapcQf,
[QaRang — ifach?{
Q%,Q%] = o

Q%,Qv] = Q% Qv] =0




How does one verify the commutation relations of the
charge operators?

1. Anti-commutation relations of Fermi fields
{QfaA,a (ta CE)) Q}/’Al’a,(t, g)} — 53(5 . g)dffléAA/éaa,
{qf,A,a(t, i)? qf”A/’a/(t, g)} —l
{q},A,a(t’ CE)? q}/,Al’a/(t, ,77)} = 0

2. Exercise: [ab, cd] = a{b,c}d—ac{b,d}+{a,c}db—c{a,d}b

3. Let F;, C;, and I'; be 3 x 3 flavor matrices, 3 x 3 color
matrices, 4 X 4 Dirac matrices, respectively

[q" (t, @) FLC1T1q(t, B), q' (¢, §) F2Cal2q(t, §)] =

83(Z — )q' (t, B) Fy F,C1CoI'Tag(t, §)
—3%(Z — )4 (t, §) Fo F1 C2C1 T2 g(t, T)



4. Insert appropriate projection operators
5. Integrate with respect to ¥ and y

Example (recall P} = P; and P2 = Py)

A A
Q4.Q%) = [ dadyla'(t,#) P} Pratt, @), a' (¢, 9) P} Pratt. 9]

Ao Ap
= / d3xd®ys3(& — §)qi(t, %) PIPLP] P ?—q(t 7)
PL

e NAa
- [ dadbys*@ - D't P alt D

= ifae [ Paal(t #) 2 PLa(t,T) = i func QS



Chiral Symmetry Breaking Due To Quark
M = diag(my, mg, mg)

Masses

Quark-mass term mixes left- and right-handed fields

L = —qMq = —(qrMaqr, + GLMqR)

Transformation of left-handed fields

qr, — 1—’LZ€

A
P2 ik

Variation 0Lz

8
—iqprM Z el 2

[$:x(

5L pq

8

D €a

a=1

Aa
qL—MqR — qRM—qL

A
+ el | qr +1qg, Z€L2a+€ Mgqpr

qrL

a=1

) + el (gpMar — GrMar)




Divergences

a(SL:M Aa, ACL
o, LM = = —t | qg—Mqgr — GrM—
" del g (qL , Mar — GrRM- qL)
0oL L _
oLt = aiy:_NﬂWWR—ﬂMWﬂ

+ analogous expressions for 9, R"“ and 9,R* (R < L)

More common (linear combinations)

A
VI = iglM, g
A
O A = @Q{gaaM}%q
I = 3g° H G po
8,“4 — 23qM75‘1‘|‘—€;u/p0'ga gL, €123 =1

3272



Summary

e Massless quarks: 16 conserved currents L#% and RH@
(V2 and AM?) 4+ 1 conserved singlet vector current
VH, Singlet axial-vector current A# has an anomaly.

e For any value of quark masses: flavor currents u~yHu,
dvH*d, and svy"s are always conserved.

e Equal quark masses m, = mg = mg:

8 conserved vector currents V4 ([Ag, 1] = 0).
SU(3) flavor symmetry.

8 axial-vector currents A*% are not conserved.
Microscopic origin of the PCAC relation (partially con-
served axial-vector current).

® 1M, = mg: ISOSpIin symmetry.



Green Functions and Chiral Ward Identities

Symmetry currents

\C
Vll'aa — R,“'aa' —+ LN?a — q_")’“?q
VI = gytq
\C
AT = RMO — LT = CTY'“’Y5;Q

+ scalar and pseudoscalar densities (see divergences of
currents)

Sa(x) q(z)Aaq(T)
Py(xz) = iq(x)v5Xeq(T)

Green functions: Matrix elements of time-ordered products
Lehmann-Symanzik-Zimmermann (LSZ) reduction forma-
lism: Relation to scattering amplitudes



Examples

‘“acuum’’ sector

(O|T[AL(z)Py(y)]|0) pion decay
(O|T[Pg(x)J”(y)Pe(2)]|0) pion electromagnetic form factor
(O|T [Py (w)Py(x)Pe(y)Py(2)]|0) pion-pion scattering
One-nucleon sector

(N|JH ()
(N]AG ()
(N|T[J*(x)J" (y)]
(N|T[JH () Pa(y)]

N)
N)
N)
N)

nucleon electromagnetic form factors
axial form factor 4 ...

Compton scattering

pion electroproduction

Q: Why chiral?

A chiral Ward identity relates the divergence of a
Green function containing at least one factor of V@
or A" to some linear combination of other Green

functions.

A: V2 and A®?% contain L*?% and R



Simple example

G (x,y) = (0|T[A%(z)Py(y)]|0)
O(xo — y0) (0| AX(z) Py(y)|0)

+0(yo — z0)(0| Py(y) Af ()|0)

Divergence
TGS (x,y)
= 07[0(x0 — yo) (0| AX () Py(y)|0) + O (yo — 0) (0| Py(y) Ak (x)|0)]
= &(x0 — yo)(0|AY(z) Py(y)|0) — 8(zo — o) (0| Py(y) A (x)|0)
+O(zo — yo) (0|95 Ak () Py(y)|0) + ©(yo — x0)(0| Py(y) 8 AX (x)|0)
= (xo — yo)(0|[Aq(z), Py(y)]|0) + (0O|T[8% AK (x) Py(y)]|0)

We made use of

9,0 (zo — yo) = 6(xo — yo)gop = —9,,0(yo — o)



Main features of (chiral) Ward identities:

1. Differentiation of the theta functions = Equal-time
commutators between a charge density and the remai-
ning quadratic forms = Reflection of underlying sym-
metry

2. Divergence of the current operator in question.

e Perfect symmetry = such terms vanish
Example: Electromagnetic case with its U(1) sym-
metry.

e Approximate symmetry = additional term involving
the symmetry breaking appears
For a soft breaking such a divergence can be treated
as a perturbation.



Via induction, the generalization of the above simple ex-
ample to an (n 4+ 1)-point Green function is symbolically of
the form

9, (0|T{J"(z)A1(x1) - - - An(zn)}[0) =
O|T{[0,,J"(x)]A1(x1) - - - An(zn)}0)
+0(z” — 29) (0| T{[Jo(x), A1(w1)] Aa(x2) - - - An(wn)}|0)
+6(z” — 29)(0|T{A1(21)[Jo(), A2(x2)] - - - An(n)}]0)
+oo 4 8(a” — 2))(0|T{ A (1) - - - [Jo (@), An(zn)]}|0),
where J! stands generically for any of the Noether cur-
rents.



The Algebra of Currents

Vo' (t, ), V' (6, )] = 8(F — §)ifapcVE (t, D),

[Voa(t7 ZE)’ V“(ta g) = 0,

V' (£, 2), A (£, )] = 8°(& — §)ifapcAL (L, D),

V' (8, E), Sp(t, )] = 0°(F — PifabeSc(t, &), b=1,--+,8,
:Voa(ta Cl_f), SO(t7 g) = 0,

:VOCL(tv f)v Pb(ta g) — 63(5 — g)ifabcpc(ta f)v b= 1,---,8,
:VOa(ta f)a PO(ta ?7) = 0,

:Ag(tv i)a pr’(t, g) — 53(£ — g)ifabcAg(tv f)a

[Ag (¢, &), VE(E, )] = 0,

AG(t, D), A ()] = 0°(F — §)ifapcVE (L, T),

[Ag(ta f)v Sb(ta g)] — 7:53(5 - g) [\/g‘sabPO(ta :i") + dabcPc(ta 5) ’

b=1,---,8,
[Ag(ta Z), So(t, y)] = 7;53(53’_ g)\/gpa(ta T),



[AG(t, @), Py(t, )] = —id3(& — ) [\/g%bso(ta %) + dapeSe(t, ©)
b=1,

[A(t, @), Po(t, )] = —id(& — *)f Sa(t, Z).

For example,

VO(t, @), Vi (t, §)]

[q (¢, f)l)\—q(t %), q'(t, y)vm")\—q(t J)]

Aa Ay } Ap A B
= (& —9) |4' (¢, 973)707“5—(1(?5 7) — qf (t, P10 22 22q(t, T)

2 2
= 8(& — §)ifapc VIR, T).



Caveats

e Schwinger terms

e Covariant time-ordered product

e Feynman’s conjecture



Naive application of equal-time commutation relations
may lead to erroneous results.

Illustration (due to Schwinger)
[JO(ta f)a Ji(ta g)] — [‘ij(ta CE’)\Il(tv CE)? \IIT(ta 77)70'773\11@9 g)]
= 83— T, D)[1,70%]TEt,T) =0 (%)

Schwinger: Result cannot be true.

Consider
[JO(ta 3_3’)9 6y * f(ta g)]
Current conservation: BMJ“ = 0. =>
[Jo(t, &), Vy - J(t, )] = —[Jo(t, ), 0 Jo(t, §)]

Assumption: (x) true. =

0 = [Jo(t, @), OJo(t, §)]



Evaluate for ¥ = y between the ground state:

0 = (0|[Jo(t, E), O¢Jo(t, E)]|0)

Insert complete set of states

=2 ((01Jo(t, ) |n)(n|8:Jo(t, )0) —(0]9:Jo(t, F) [n) (n]Jo(t, )|0))
n

Make use of

OrJo(t, &) = i[H, Jo(t, T)].
Thus

0 =21 (En — Eo)|(0]Jo(t, 3)|n)|?
n >0

Conclusion
(0|Jo(t, Z)|m) =0 Vn #£0

unphysical = (%) not correct



Corrected version picks up an additional, so-called Schwin-
ger term containing a derivative of the delta function.

Jackiw: Equal-time commutation relation between a char-
ge density and a current density can be determined up to
one derivative of the § function

[J§(0, &), JL(0, )] = iCapeJ{ (0, %)% (F—4)+S¢2(0, §)87 6% (F—),
Schwinger term possesses the symmetry
S%b(oa g) — S;');;I(Oaﬁ ’
C,be: Structure constants of the group in question.
Q: Do the chiral Ward identities still work?

A: Yes and no

Above derivation made use of the naive time-ordered pro-
duct (7).



Covariant time-ordered product (7'*) typically differs by
another non-covariant term (so-called seagull).

Feynman’s conjecture: Cancellation between Schwinger terms
and seagull terms such that a Ward identity obtained by
using the naive T product and by simultaneously omitting
Schwinger terms ultimately yvields the correct result to be
satisfied by the Green function (involving the covariant T*
product).

But: Not true in general.

Sufficient condition: Time component algebra of the full
theory remains the same as the one derived canonically
and does not possess a Schwinger term.



QCD in the Presence of External Fields and the Generating
Functional

So far: Explicitly work out the chiral Ward identity you are
interested In.

Q: Is it possible to somehow obtain all chiral Ward identi-
ties from a single expression?

A: Yes (without proof)

e Introduce into the Lagrangian of QCD the couplings of
the

1. nine vector currents

2. eight axial-vector currents



3. nine scalar quark densities
4. nine pseudoscalar quark densities

to external c-number fields v#(x), v‘é), at(x), s(x), and
p(x):
L = LYcp + Lext

1 .
Loxt = qyp(v* + gvf‘s) + v5a*)qg — G(s — iv5p)q-

Parameterization

8 8 8
A A
vh = Z ?afvé", at = Z ?aag, s = Z AaSas D= Z AaPa-
a—=0 a=0

a=1 a=1

e Combine all Green functions in a generating functional

exp(iZ[v, a, s, p]) = (O|T exp [ / d4w£ext<w)] 0)



e ODbtain Green function through a functional derivative
with respect to the external fields

Pedagogical illustration

L = £O(¢) ‘|‘£exta
Lext = J(x)p(x)
Generating functional for Green functions of the type

G, 2n) = (OT[d(w1) - - ()]0}
exp (i) = OT exp |i [ d'aloxi(a)| [0
= 1+i [ daj(@) 0lé@)0)

'ik
+ Z E / d4w1 coe d4azkj(a31) tee j(a:k)(0|T[gb(a:1) "t ¢(wk)]|0>
k=2

,1:2
SRR / d*z1 42 (1) (22) (O|T[(1) b(w2)]|0) + - - -



E.g.
G(z1,z2) = (0[T[¢(z1)d(x2)]]0)
5°Z]j]
0j(x1)0j(x2)|,_,
Powers and sort of functional derivatives must match:

= (—i)?

1, i / d*zj(x)(0|¢(x)|0) : too few terms

’ik

o | dteree diagg(en) () (0l(@) - - b)),k > 3

too many terms, because j is set equal to O at the end

Exercise: Make use of
6j(x)

_ sl
5j(y)_5( )

2
s | A @i OITR@w)I0) = OITlé(en)é(@)]0;



e Examples

— Scalar quark condensate in the chiral limit, (0|au|0),

(Ola(z)u(x)|0)o =

7 2 0 ) 1 0 .
5 [\/;530(:1:) + 553 () + \/§5SS($)] exp(tZ[v, a, s, p|)

Subscript 0: Chiral limit

v:a:s:p:ﬂ

— Two-point function of two axial-vector currents of
the “real world,” i.e., for s = diag(my,mg, ms), and
the “true vacuum” |0),

(0|T[A%(x)AL(0)]|0) =

)
60,'3(:13)50,’,;(0)

exp(iZ|v, a, s, p])

v=a=p=0,s=diag(m,mg,mys)



Q: But where is QCD?
A: In |0) and q (solutions to EOM)

(The actual value of the generating functional for a gi-
ven configuration of external fields v, a, s, and p reflects
the dynamics generated by the QCD Lagrangian.)

Q: But where is the (infinite) set of all chiral Ward
identities?

A: Ward identities obeyed by the Green functions are
equivalent to an invariance of the generating functional
under a local transformation of the external fields

The use of local transformations allows one to also
consider divergences of Green functions.

Q: What do we require of the external fields?



A: We want £ to be a Hermitian Lorentz scalar, to be
even under P, C, and T, and to be invariant under local
chiral transformations.

What does that imply for the external fields?

e Parity

Transformation behavior of quark fields

—> P —>
Qf(ta E) — '7OCIf(t7 —T)
Properties of the Dirac matrices I

L 1" a™ v | s
YoI'vo | 1 | Yu | Opuv | =5 | —Yu Y5




Requirement of parity conservation

L(t, &) & L(t, —F)
=
P u P (s) P P P

v = vy, Vis) VR a — —ay, s—s, p— —p.
(Change of arguments from (t,x) to (t,—&) implied.)

Example:

iy o - -~ P _ - ~ - -
q(t, w)'yuvu(ta E)q(t, ) — q(t, _w)VOV'UJUM(ta _m)'YOCI(tv — )

Tilde denotes the transformed external field.

Make use of table, i.e., Y0940 = v,

|
oo =q(t, —Z)yuou(t, —%)q(t, — &) = q(t, —&)vu,v*(t, —Z)q(t, — ).
We thus obtain

vu(t, B) o ok (t, —F).



e Charge conjugation

Transformation behavior of the quark fields

C

do,f — Capdgs,f;

f: flavor index

C

—1

ot — —48,fCga
a and 3: Dirac spinor indices,

O 0 0 -1
_.20_10 0 1 0 =1~ AT
C =1y = 0 -1 0 0 = —-C c'=-C
1 0 0 O
usual charge conjugation matrix
Properties of the Dirac matrices I
r Ll " | o |5 Y5
—CT'C | 1| =" | =o' | 75 | v#75




uUsing
qI'Fq = Ao, fVap¥r 193, 1/

—1 —

—> —q%fC’,ya FaBFff’Cﬁéqd,f’

Fermi statistics _ 1
= s,7' Frpr CraTapCps @y, f

F]’;’,’ P ((J—lr(J):{,y
= chT \(C’_lI‘C)I: q
cItTc—11
— —gCTTCFTq

Invariance of L.« under charge conjugation requires the
transformation properties

C T s) C s)T C T C T T
E ’U’(L)—>—’U/S), Ay — @y SsP — S8 2D

transposition refers to the flavor space.

e Time reversal: Nothing new



e Local chiral SU(3); x SU(3)r x U(1)y transformations

First step: Rewrite in terms of the left- and right-
handed quark fields.

EXxercise
We first define

1. Make use of the projection operators Py and Pr and
verify

ay" (v + —v,(,, $) 4 V5a)q =

1 1
ar"" ("“u + _U[(L )> ar + arY" (lu + g’v;(f)) qr.-
2. Also verify

qd(s — 1vsp)q = qr.(s — ip)gr + ar(s + ip)qr.



= QCD Lagrangian with coupling to external fields

1 1
£ = Lycp + ar” (lu + gvff)) ar, + ar7" (m + gvff)> IR
—qRr(s +1ip)ar — 4r(s — ip)qr. (*)
(*¥) remains invariant under local transformations
( .O(x)
qr — exXp | —1 3

( O(x)
qr, — exp | —1t

) Vr(z)qr,

) Vi (z)ar,

Vr(x) and Vi (x): independent space-time-dependent
SU(3) matrices, provided the external fields are sub-
ject to the transformations

ru — VeruVi+ VROV,

Iy — Vil Vi +ivia,Vvy,
fv,(f) —> fvl(f) — 0,0,
s+ip — Vg(s—+ ip)Vg,



s—ip — Vi(s— z'p)VI_-T{.

(Derivative terms in serve the same purpose as in the
construction of gauge theories, i.e., they cancel ana-
logous terms originating from the Kinetic part of the
quark Lagrangian.)

e Practical implications of the local invariance

Allows one to also discuss a coupling to external gauge
fields in the transition to the EFT.

1. Coupling of the electromagnetic field to point-like
fundamental particles results from gauging a U(1)
symmetry. Here, the corresponding U(1) group is to
be understood as a subgroup of a local SU(3) X
SU(3)R.

2. Interaction of the light quarks with the charged and
neutral gauge bosons of the weak interactions.



Q: What do we have to insert for the external fields to
describe the electromagnetic interaction of quarks?

A:
2 0 o
ru=1ly=—eQAu, Q=0 —3 0 quark charge matrix
1
0o o0 —1
Verification
Lext = —eAu(@rQy"qr + qr@v"qr) = —eApqQ"q
2 1 _ 1
= —eA, | -uv"u — —dv"d — —5+v*s
H (3 K 37 377 )
= —BAMJH.
“SU(2) version” of ChPT:
T3 e
T =lp = _BE‘AN’ "U/ELS) — —5.«4“,

because

Q=lyz+ 2
_62><2 2‘



Spontaneous Symmetry Breaking

Example: O(3) sigma model
‘C((I—;a 8MCI_;) — ‘C((I)l’ ®2, O3, auq)la au(I)2a au(I)?))

1 m? A
— Eaud)ic‘)“cl)i - 0 — Z(<I>i<1>i)2

m? < 0 | X > 0, Hermitian fields &,

L invariant under a global “isospin” rotation

g €SO(3): ®; — @, = D;;(9)®; = (e " 1k),. B,

T3, Tj] = i€, Tk

00 O 00 3 0
=00 —i|, Tm=| 000|, T3=| i
0i O —i 0 0 0

|
O O .

o o O



Two-dimensional rotationally
: : - 2 2 (z°+y?)?
invariant potential: V(xz,y) = —(z* + y*) + n

Exercise: Determine the minimum of the potential

m? A 2
V(®q, Pa, P3) = 7‘1’7:‘1%' + Z((I)iq)i)

We find

2
Brinl = || 5 =0, 18] = \/@F + 03+ 03




—

P.,in Can point in any direction in isospin space
= non-countably infinite number of degenerate vacua

Spontaneous symmetry breaking (hidden symmetry)

Select a particular direction which, by an appropriate ori-
entation of the internal coordinate frame, we denote as
the 3 direction,

0
(I)min = ’Uég = 0
(¥

&,.;, not invariant under full group G = SO(3)

Rotations about the 1 and 2 axis change &,

0 )

T®min=v| —¢ |, T2®Pyppx=v| 0
0 0



—

®,,;n INvariant under subgroup H of G: rotations about the
3 axis

heH: & =D0h)®=e*B8, DMhN)P,im=Pun T3Pmn =0

Exercise: Expand ®3 with respect to v: ®3(x) = v + n(x)

New expression for the potential

~ 1 A A
Vo= J(=2m)n” 4 don(®7 + @5 + %) + (8] + 85 + 1) — ot
m%l = m%h = 0, m,727 — —2m?

Model-independent feature of the above example:

For each of the two generators 17 and 7T5 which do not an-
nihilate the ground state one obtains a massless Goldstone
boson



Number of Goldstone bosons is determined by the struc-
ture of the symmetry groups:

e G symmetry group of the Lagrangian, ng generators

e H subgroup with n g generators which leaves the ground
state after spontaneous symmetry breaking invariant

e # of Goldstone bosons: ng — ng



Explicit Symmetry Breaking: A First Look

Modify potential by adding a®j3,

m? A
2
V(Pq, Py, P3) = 7@2@2- + Z(<I>7;<I>z-) + ads,

m? < 0, A >0, a > 0 and real fields ®;.

New potential has lower symmetry: O(2) symmetry (rota-
tions about the 3 axis)

Conditions for the new minimum (from VgV = 0) read
P = Py =0, )\(I)g—l—m2(1)3—|—a=0
Exercise: Solve using a perturbative ansatz

(@3) = &) + adl) + O(a?).

2
0 ™m 1 1
Sl b=

Result



3\”): Result without explicit breaking.

Expand potential with &3 = (®3) + x =

A A
2 2 2 2
mz = m = a\|——= ms = —2m~° + 3a
Pq D) _m?2’ X _1m2
Remarks:

e T he Goldstone bosons have acquired a mass.

e Squared masses proportional to a.

e Quantum corrections lead to observables which are no-
nanalytic in the symmetry breaking parameter a, €.9g. aln(a)
(so-called chiral logarithms).

e Analogue of a in QCD: Quark masses



Spontaneous Symmetry Breaking in QCD
Indications from the Hadron Spectrum

Example: Hg, IS isospin invariant
[Hstr, T3] = 0, [T, Tj] = i€ Ty,
Hadrons can be classified as irreducible multiplets of isospin

SU(2)

T P K+ K9
=3 (n) () (&)
_|_

0



e Q: Where does this symmetry come from?
e A: Accidental global symmetry of QCD
Consider linear combinations

Q% = Q%+Q2 L QY

Q4 = Qh— Qi Q4

Exercise: Commutation relations

Q%, Q%] = ifupcQS,  [QY, QY% = ifabcQ%y  [Q% QY] = ifupcQS

[Hocp» QY] = [Hycps Q4] = 0



Let
Hicpl¥) = E|¥), P|¥) = |¥)

Construct new state ®) = Q 4|V¥) (superscript a suppressed)

H{cpl®) = HQcpQal¥) = Qa Hicpl¥) = E|)

E|w)
P|®) = PQa|Y) ZJDQQP_EPl‘IO = —|®)
—Qa |T)

Not observed in hadronic spectrum

e Q: What’s wrong?

e A: We have tacitly assumed that the ground state of
QCD is annihilated by Q¢%.



Solution: spontaneous symmetry breaking

Symmetry of |0) # symmetry of H%CD

e Coleman theorem:* The symmetry of the ground state
determines the symmetry of the spectrum (reverse ar-
gument: infer symmetry of the ground state from the
symmetry of the spectrum)

e Goldstone theorem:® To each generator that does not
annihilate the ground state exists a massless Goldstone
boson

4S. Coleman, J. Math. Phys. 7, 787 (1966)
5J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962)



e Here

— H&CD invariant under G = SU(3); X SU3)p

— |0) invariant under
H={(V,V)} =SU(3)y flavor SU(3)

— idealized: 8 massless Goldstone bosons w, K, 7n

Another (sufficient but not necessary) criterion:® Nonva-
nishing scalar quark condensate in the chiral limit.

Analogy with a ferromagnet

—(M) - H < {(au)gmqy + (dd)omg + (3s)gms

6G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008
(2001)



Chiral Perturbation Theory for Mesons
Effective field theory’

. If one writes down the most general possible Lagrangi-
an, including all terms consistent with assumed symmetry
principles, and then calculates matrix elements with this
Lagrangian to any given order of perturbation theory, the
result will simply be the most general possible S—matrix
consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles. ...

For our purposes:

Most general description of the strong interactions at
low energies: wmw, wIN, NN, etc.

’S. Weinberg, Physica A 96, 327 (1979)




Perturbative calculations in effective field theory require
two main ingredients

(1) Knowledge of the most general effective Lagrangian
(2) Expansion scheme for observables in terms of a con-

sistent power counting

(a) Tree-level diagrams, loop diagrams, regularization
(of infinities)

(b) Renormalization

(c) Power counting scheme for renormalized diagrams



Commonly used methods

1. Expansion in powers of coupling constants (e. g., QED)

2. Loop expansion (expansion in h)

3. Momentum and quark mass expansion, ChPT



Effective Lagrangian
Starting point of Chiral Perturbation Theory:®

Write down the most general Lagrangian in an expansion
in (covariant) derivatives (— momenta) and quark masses
(— square of meson masses):

Leg = Lo+ Ly+ Lg+---

e Symmetry group of the Lagrangian as my, mg, mg — 0O:

SU(3)r, X SU3)r X U(1)y

e Symmetry group of the ground state:

8J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, 142 (1984);
Nucl. Phys. B250, 465 (1985)



e 8 pseudoscalar dynamical degrees of freedom which
transform as an octet with respect to SU(3)y

e Include explicit chiral symmetry breaking through quark
masses as a perturbation

Construction of the lowest—order Lagrangian

Following Gasser and Leutwyler the consequences of the
SU(3); XxSU(3)r X U(1)y symmetry of £QCD are analyzed
by

e introducing a coupling to color-neutral, Hermitian ex-
ternal fields:

L = AC%CD‘I-[«ext

= LQcp + Gt + () + y5at)g — G(s — ivsp)g

3(8



Iz Aa Iz I g Aa I
v 227%» a 227%7
a=1 a=1
8
S = Z AaSa, p — Z Aapa, AO — 2/3diag(1, 1, ].)
a=0 a=0

Ordinary three flavor QCD Lagrangian:

vt = ’vé) =at =p =0, s = diag(my, mg, mg)

Introduce
EXxercise
Using the projection operators Pr and Ppg, verify

1 1 1
av* (vu+§v,(f)+’75au)q = gry" (m + gv,(f)) ar+ary* (lu + gvff)) ar

qd(s — 1vsp)q = qr.(s — ip)qr + ar(s + ip)qr



e and promoting the global symmetry to a local symme-
try:

L — Vi(z), R — Vg(x)

Building blocks of the effective Lagrangian

Collect Goldstone boson fields in Hermitian, traceless, 3 x 3
matrix

7TO—I—%77 V2rt V2K

8
(x) =Y Aapa(z)=| Vv2r7 7m0+ %77 V3KO
a=1 \/§K_ \/51_{0 _%n

with the Gell-Mann matrices A\g and ¢q(x) = %Tr[)\aqb(a:)]

Define special unitary matrix

U(x) = exp (ngl(u‘j))



Transformation behavior under G = SU(3) 1 X SU(3) g, pa-
rity P, and charge conjugation C:

U S VRUV]

Uz, t) & Ul(-z,t)
v S uT

Introduce a covariant derivative and field strength tensors

DU = 8,U —ir U +iUl, & VgD, UV]

. G

fﬁ/ = Oury — Oyry — ilrp, ] — VRf/iVITi
. G

fﬁu = Ouly — Ol — tfly, ] — VLfﬁyvlif

and the linear combination x = 2By(s + ip)

E.g., pure QCD: x = 2Bgdiag(mqy, mg, ms)



Construct the effective Lagrangian in terms of U, Ut,
X XT, fﬁu, fﬁy and covariant derivatives of these
objects.

* Remark:

Consider elements (V,Vg) of G = SU(3) 1 X SU(3)p of the
type

o (V,V): (V1,V1)(Va, V2) = (V1 V2, V1 V3)
form subgroup H of G

o (Af,4): (al, a1)(Al, 42) # ((4142)F, 41 4,)
no subgroup

If we define the ground state as : ¢4(x) =0 or Uy = 13«3



e Uy invariant with respect to (V,V):
Uy — VUV = VVTU, = Uy

e U; not invariant with respect to (AT, A):
Uy — AUyA = AUy # Uy

Construction of invariants

Suppose we have matrices A, B,C,..., all of which trans-
form as



Form invariants by “multiplying” in the following way:

Tr(ABT) & Tr(vgA V] v BV}
—_—

1
— Tr(V{,vgAB") = Tr(AB")

e Generalization to more terms is obvious
e Product of invariant traces is invariant

e Assign (chiral) orders:

U = 0(q")
D, U = 0O(q)
rusly = O(q)
iR = o)

x = 0(q%)



e List of objects A up to and including order g2 which
transform as A’ = VRAVE:

U, DU, D.D,U, x, UfL,, fitU

e Construction of chirally invariant expressions (to order
q°):
O(q") : Tr (UUT> = Tr(1) = const.
O(q) : Tr (DMUUT) —0
important: excludes terms of the
type Tr[{O(q)] x Tr(...)

O(q®) : Tr (D,,,D,,UUT) (: —Tr [D”U(D“U)TD
T :DuU(DuU)T_

Tr :U(DMD,,U)Ti (: —Tr [D“U(D,,U)TD

e (w0)



Tr [(Uflf’y)UT} = Tr (fﬁy>

e Lorentz invariance:

Indices have to be contracted

guqu :g,u,l/fR —0

e Candidates:
Tr {DNU(D”U)T}
Tr (XU’r + Ux’f)

e Parity:
L(Z,t) & L(—, 1)



Tr(xUT — UxT) has wrong parity

e Charge conjugation [no additional constraint at O(q¢?)]

Lowest—order Lagrangian Lo !

Lo = FZ(?Tr DU (DMU)T| + FIgTr (xUT + UxT)

At O(g?) two parameters:

Fy =~ 93MeV, 3F35Bg= —(0|Gq|0)
e L-> has predictive power!

e However, we first need to discuss the power counting
scheme.



Weinberg’s power counting for the mesonic sector®

Q: How do different diagrams compare?
M(tp;, t*mg) = tP M(p;, mq) = O(q")

For small enough momenta (and masses) contributions
with increasing D become less important

oo
D = nNp—2Np+ Y 2kNy
k=1

O

= 2+ (n—2)Np+ »  2(k —1)Ny,
k=1

> 2 1n 4 dimensions

e Ny7: Number of independent loops

°S. Weinberg, Physica A 96, 327 (1979)



N7: Number of internal Goldstone boson lines

Nop.: Number of vertices from Lo,

Loops suppressed by (n — 2)Ny,

Relation between the momentum and loop expansion

Perturbative scheme in terms of external momenta and
quark masses (— meson massesz) which are small com-
pared to some scale [here: 47 Fy = O(1GeV)]



Examples (n = 4 dimensions)

D = 4-2—-2-34+2-2=6
24+2-24(2—2)-2

/—5\
@/ \
\ /
\——/

D=4.2—-2:-34+1-24+1-4=28



4.4—-2-5+2-2=10

D =



Proof:

Ny: £ of internal Goldstone boson lines

Nop.: # of vertices with 2k derivatives or £k quark mass terms

e Internal lines:

/d4k 1 M? — t2M?
k2 — M2 + ie

k

l

/ d*k L
t2(k2/t2

— M? + i€)
1

t2/d4l :
12 — M2+ ie

e Vertices with 2k derivatives or k quark mass terms:

tl

54(q)q2kz N t2k—454(q)q2k



— since p — tp If g Is an external momentum

— and k = tl if g is an internal momentum (see above)

e These are the rules to calculate S ~ §4(p)M
add 4 to compensate for the overall delta function

e Scaling behavior of the contribution to M of a given
diagram

oo
D =4+2Nr+ ) Nyu(2k —4)
k=1

e Relation between # of loops Ny, # of vertices Ny,
and # of internal lines:



oo
D=2+ ) (2k —2)Ny, + 2N > 2
k=1

In particular, diagrams containing loops are suppressed
due to the term 2Ny,



Simple applications at lowest order
Goldstone boson masses due to quark masses

No external sources: D, U — 0,U, x = 2BgM, my = mg =

A

m

ise 1
Lo Exercise 1 (8M7TOB“7TO _ Mﬁwow‘)) et Lo
N ~~ - ~ ——
sum of free Lagrangians 0((]54)

Read off

M? = 2Bgm

M3z = By(rn + ms)
2

M? = S Bo( + 2ms)

Remark: Without additional information about Bg one can-
not determine the absolute values of the quark masses.



mg
—a — N — - — 25.9
M?2 21 m

mg
— = — = — = 24.3
M2 3m m
Gell-Mann-Okubo formula

2 2 2
4MK — 3M77 -+ M7T
Insert
Mg = 496 MeV, M, = 135 MeV

and “predict”

M, = 567 MeV, experimental value: 547 MeV



Pion decay n ™ — pTv

M
d w' pt

e Interaction of quarks with the massive charged weak
bosons V\/’jE = Wi F iW2u)/\/§

gl()l — 2\/— {W+[ du'yu(l — '75)d + Vusu')’u(l — ’75)8] + h.c. }

|Va| = 0.9735 £ 0.0008, |Vus| = 0.2196 £+ 0.0023

Fermi constant is related to the gauge coupling g and
the W mass as

2
Gr = \/58]\94 = 1.16639(1) x 10~ ° GeV 2

2
w



Set

g
in Loxt, Where
0 V’l,Ld Vus
.= 0 0 o0
0 0 0

e Coupling of the W bosons to the leptons

O _
2f

Loo =———= Wi oM (1 — y5)u + Wi v (1 — vs)vp

e Coupling of the W bosons to Goldstone bosons

Insert covariant derivative



into Lo

F2 F2 F()
ZOTr[D,uU(D“U)T] = i70Tr(l“8“UTU)-|-...:?Tr(l“(‘?“(b)—k---

2
W, (VigdHrt + Vusa“K‘L)}

e Feynman propagator for W bosons
k k,,

—9uv ‘I‘

wo_ Juy | ( )
2 T 2
k—MW M3,

e Feynman rule for the invariant amplitude for the weak
pion decay

g

_ 7:gpa . Fy
— P(1 —
ok (1 —5)v,+ J

1 |—g L’u,d( ipa)
2
Mﬂr 2

\ . 7/

M =1

leptonic vertex W propagator hadronic vertex



= —GpVudFoty,p(1 — v5)v,+

p: four-momentum of the pion

e Decay rate

2
1 G2 |Vul? m?
1_ GrlVudl FiMmm? (1 - L
T 47 K M%_

e Fp: pion-decay constant in the chiral limit

e Empirical numbers:

Fr
Fi

92.3 MeV
113 MeV



7w scattering from £§¢

Consider the Lagrangian

Lo = FZZTI‘ (8HU8“’UT) + FIzTr (XU1L 4 UXT)

in the SU(2) sector with

m 0
X_zB(o m)

\ 4

Ve

M
and

3
X0 w0 2rT
v=ew(ip) 0=3 T = orm a0 )
1=
Remark on chiral limit:

e In the SU(2) sector it is common to express quantities
in the chiral limit without index O, e. g., F and B. By



this one means the SU(2) chiral limit, i. e. my = mg =0
but ms at its physical value.

e In the SU(3) sector the quantities Fy and By denote
the chiral limit for all three quarks: m, = mg = mgs = 0.

Substitution U «— UT. = L5 contains even powers of 0L
only:

Lo=L2°+L3%+....

e L5 does not produce a vertex with 3 Goldstone bosons.
= At D = 2, no s-, u-, and t-channel pole diagrams.

e At D = 2, wr scattering is generated by a 4 Goldstone
boson interaction term.



Expand

P 1¢* ¢ 1 ¢4
U=1 r_ - _ZFr 4 7 ...
+ZF 2F2 GF3 +24F4+

and identify L§¢ as (Exercise)

1
£37 = =3 | Tr((#: 0u0le, "¢]) + 2BTr(Ma?)) .

Remark: Substituting FF — Fy, B — Bg and the relevant
exprressions for ¢ and the quark mass matrix M the cor-
responding formula for SU(3) looks identical.

Insert ¢ = 7;¢0;,. = (EXxercise)
2

4 _ LY . Iz cehech - ch -
£2 — _Wezgm(bzauqﬁgeklm(bka ¢ + 24F2¢’&¢Z¢]¢J
) 2
— W(@aﬂqsiauququ — ¢;;0uP;0 ;) + —24F2¢i¢i¢j¢ja

where M? = 2Bm.



Feynman rule for Cartesian isospin indices a, b, ¢, and d:

M = 1 [6;2 (2 [6“”5“’(—7:19@ — ipp) * (Pc + ipq)
+89€6%(—ipg + ipe) - (—ipp + ipg)
+8996°%(—ipa + ipq) - (—ipp + ipc)}

_4 {5@”5“1 [(—ipa) - (—ipp) + (ipc) - (ipg)]
+895%9 (—ipg) - (ipe) + (—ipp) - (iDg)]
+6946%(~ipq) - (ipg) + (—ipy) - (ipe)] })



2
+

24F28(5ab50d + 5ac(5bd + 5ad5b0)]

i
3F?2

{5ab56d[(pa + pp)° + 2pa - Pp + 2Pc - Pa + M7

—|—5a05bd[(pa — pc)2 — 2Pa * Pec — 2Pp * Pad + Mz]
+8946%(pg — pa)® — 2pa - Pa — 2Py - Pe + M?] |

)
= ﬁ [60,1)5661(38 — p?l — p% — Pg - p?i + Mz)

+6%¢5%4(3t — p2 — p2 — p? — p2 + M?)
AR WS

— [(Sabécds — M? _|_5a,05bdt — M? _|_5ad5bcu_ M2]
F?2 F?

_ﬁ (5ab5cd 4 gacgbd | 5ad5bc> (Ag + Ap + Ac+ AG))

where Ay = p7 — M?2.



Mandelstam variables
s = (Pa + Pp)°? = (Pc + Pa)?;
t = (pa — pc)2 — (pd — pb)za

u = (pa — pa)? = (Pec — Pp)?
and

2Dq - Pp = 8 — P2 — Diy  2Pc*Pd =S — D> — P,
2 2 2 2
—2pq *Pc =t — D, — Doy —2Dp Dd =1 — Dy — Py

—2pq - Pg = U — P — D3y —2Pp*Pc = U — Pj — P2
T he last line of the Feynman rule disappears, if the external
lines satisfy mass shell conditions.

Scattering process w%(pg) + wP(py) — 7¢(pe) + ©(pg) at
O(q%):

2 2 2
T — 5ab50d8 o Mﬂ' 4+ 5a(:5bdt o Mﬂ' 4+ éaddbc’u’ o Mﬂ'
F7 £ £




We replaced

F — Fr, Fr=F(1+0(q%),
M2 - M2, M2 = M2(1+ 0O(q?)),

because the difference is of O(qg?) in T.
Consider (theoretical) limit M2, s, t,u — 0:
T — 0

e Goldstone bosons interact “weakly” at low energies.

Isospin symmetry. = Most general parametrization
T = (Sabéch(s, t,u) + 5acébdA(t, s,u) + 5ad5bcA(u, t,s)
with A(s,t,u) = A(s,u,t).



Isospin channels:

T!=0 = 3A(s,t,u) + A(t,u,s) + A(u, s, t)
T!I=1 = A(t,u,s) — A(u, s, t)
TI=2 = A(t,u,s) + A(u, s, t)

S-wave scattering lengths

T1=% e = 327a
T1=2), = 32ma?

e 7Tt scattering described by T1=2,

e Other physical reactions may be determined using the
appropriate Clebsch-Gordan coefficients.



Evaluate T' matrices at threshold. = s-wave 7w scattering
lenghts!0

TI:O|thI. = 3271'0,8, TI:2|thr = 3271'a(2).
Lower index 0: s wave; upper index: Isospin.

(TIIllthr vanishes because of Bose symmetry.)

Prediction at O(q?):
s — Mﬁ
F2

A(s,t,u) =

At threshold
Sthr = (2M7T)2
and thus
2
3MZ
F2

T

A(Sthra tihrs uthr) —

10The convention in ChPT differs by a factor (—M,) from the usual
definition of a scattering length in the effective range expandion.



e I = 0: Consider linear combination

BA(s,t,u) + A(t,u,s) + A(u,s,t)]inr

= [2A(s,t,u) + A(s,t,u) + A(t,u,s) + A(u, s,t)]ihr
6My | [s+t+u— 3Mzlun

FZ L
7M?2

F2

T

e I = 2: Consider linear combination

[A(ta u, 3) + A(ua S t)]thr
— [A(t7 u, 3) + A(ua Sy t) -+ A(Sa t, u) — A(Sa t, u)]thr

M2 3M?
- FR PR
2
_2M7
=~

T



e = Famous results of current algebra for the scattering

lengths:1!
7M2 M?2
ag = T =0.156, aj=——"-0 = —0.045.
327w F? 167 F 2

(Fr = 93.2 MeV and M,; = 139.57 MeV)

e ADbsolute prediction of chiral symmetry! Once we know
F, (from pion decay) we can predict the scattering
lengths.

e Different from Wigner-Eckart theorem which predicts
relations among processes of the same type.

11S. Weinberg, Phys. Rev. Lett. 17, 616 (1966)



Experimental data
mtp — Trtn:l? af = 0.204 4 0.014 (stat) £ 0.008 (syst),

KT — nrn~eTve:13 a = 0.216 + 0.013 (stat) & 0.002 (syst)
$0.002 (theor),

rtr~ atom lifetime:'* |ad — a2| = 0.264170:053,

K* — 7nt7070:15 60 — a2 = 0.268 4 0.010 (stat) £ 0.004 (syst)
+0.013 (ext),

= —0.04140.022 (stat) +-0.014 (syst).

Q
oN

12M. Kermani et al. [CHAOS Collaboration], Phys. Rev. C 58, 3431
(1998)

138, Pislak et al., Phys. Rev. D 67, 072004 (2003)
14B. Adeva et al. [DIRAC Collaboration], Phys. Lett. B 619, 50 (2005)

15J. R. Batley et al. [NA48/2 Collaboration], Phys. Lett. B 633, 173
(2006)



Predictions for the s-wave scattering lengths at O (¢%)!°

O(q%) O(q"): +28% 0(q%): +8.5% total
a) = 0.156 + 0.039+ 0.005 -+ 0.013 + 0.003 + 0.001 = 0.217,

N—— | =~ N———
L anal. k; L anal.

O(¢?) 0O(q*): +21% O(¢%): +6.6% total
f O 0.25%.

ag — aj 0.207 + 0.036 + 0.006 + 0.012 + 0.003 + 0.00T = 0.25

L anal. k; L anal.

16 J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. E. Sainio, Phys.
Lett. B 374, 210 (1996)



Dimensional regularization: Basics

Simple example

k
yad 4\
| \
\ I
/
S
d*k ? 2 2 72
I:/(Zﬂ')4k2—MZ—I—iO+’ W=ko—k
Introduce
a = \/Ez -+ M2 >0
and define
1
f(ko) =

[ko + (a — i0T)][ko — (@ — i07T)]



Consider f in the complex kg plane and make use of Cauchy'’s
theorem

]i’dzf(z) =0

for functions which are differentiable in every point inside
the closed contour C

Im(kq) g7~
: Y
\\ 2
i wo
-------------------------- -»----------;\
®* a-10+
Y Re(kq)
L m
74 AN :




4
0= dzf
z’=1[7i )
[ 1@z = [ swae
71 —00
f(z)dz = 0
72
f(z)dz = / f(2t)idt
73 o0
f(z)dz = 0
Y4

= the so-called Wick rotation

/_o; F(t)dt = —7:/_00 dt f (it) = z/o; dt f (it)

. @) —



Intermediate result

I p— 41/ dki() / d k . 5 _,2 5 .
d4l 1
(27r)4l2 + M?2 — 40t

1 =12 + 12 + 12 + 12 denotes a Euclidian scalar product
e I diverges for large values of [ (ultraviolet divergence)

e M2 — 0: I diverges for small values of [ (infrared diver-
gence)



T he degree of divergence can be estimated by simply coun-
ting the powers of momenta.

If the integral behaves asymptotically as
/d4l/l2 . diverges quadratically
/d4l/l3 . diverges linearly

/ d*/1* . diverges logarithmically

I diverges quadratically



Dimensional regularization: Generalize from 4 to n dimen-
sions and introduce polar coordinates

li = lcos(61)
lo = [sin(601) cos(02)
I3 = lsin(61)sin(f2) cos(03)

lpn—1 = lsin(0q)sin(62)---cos(0,—1)
ln, = lsin(07)sin(O2)---sin(6,_1)

0<l, 6,€[0,nw],i=1,---,n—2, 6Oph_1 € [0,2n]

A dgeneral integral is then symbolically of the form

o0
/d"l---:/ " 1di
0

27 T T
X / d6,,_1 / dO,,_osin(Bp_2) - - - / df; sin"~2(;) - - -
0 0 0



If the integrand does not depend on the angles, the angular
integration can explicitly be carried out:

n
2

[ 90 =257

Example

3/2 3/2

v v

Va2 T(3/2)

7T
1/2

We define the integral for n dimensions (n integer) as
d"k )

(2m)" k2 — M2 + 30T

Scale u: Unit of mass, 't Hooft parameter, renormalization
scale (integral has the same dimension for arbitrary n)

In(Mz,”Z) — ”4—77,




Integral formally reads

I (M2, u2) = ptn 2 ” ! /oo a
MR = R T (2) 2o Jo 12+ M2
Rf—/ ~~
angular integration elementary
— i m o w2 L Mz)g—lr ()T (-3
' () (2m)"” 2 I'(1
(3) (2m) \(/_),
1
4—n
n n
= Ay (1= )
(47)? 2
I'(z) is single valued and analytic over the entire complex
plane, save for the points z = —n, n=0,1,2,---, where it

possesses simple poles with residue (—1)"/n!

a® = exp[ln(a)z], a € RT is an analytic function in C



Define (as a function of a complex variable n)

9N
M? 47T;L2 2 n
I(M?2, u?,n) = r(1—-—

As n — 4 Gamma function has a pole = I(M?2, u?,n) has
a pole

How is this pole is approached?

Important property: I'(z + 1) = zI'(2)
e(1-1) - r1-2+1) T@2-2+1) _ T(1+§

1 — — —
2

where e =4 — n.

a® = exp[ln(a)x] = 1 + In(a)x + O(x?)

1
1-3 (1-%)(2-%) DO-953

M? 2 M?
I(M?, % n) = ~Z_1'1) -1 —In(4 n|— | +0
O hm) = g |~ D@ -t - Ind fr>+n(“2)+ (©




Summary I

M? M?
2 2 _
where
2 /

N——
MS MS

\ . 4
-~

MS




The Chiral Lagrangian at O(qg%)
S. Weinberg, The Quantum T heory of Fields, Vol. I, Chap. 12

... the cancellation of ultraviolet divergences does not real-
ly depend on renormalizability; as long as we include eve-
ry one of the infinite number of interactions allowed by
symmetries, the so-called non-renormalizable theories are
actually just as renormalizable as renormalizable theories.

Conclusion: Adjust (renormalize) parameters of L4 to can-
cel one-loop infinities!

L. — L'+ i p  i—1 10
T Z+3271'2 s L= Ly,
A .

3272



L4 of Gasser and Leutwyler:1’

Ly = In {Tr[DuU(D“'U)T]}2 + LoTr [DNU(DVU)T} Tr [D“U(D”U)T
+L3Tr :DMU(DHU)TDVU(DVU)T}
+L4Tr :DMU(D“’U)T} Tr (XUT n UXT)

+LsTr [D,U(DFU) (Ut + Ux)
+Lg [Tr (XUT I UXT)}Z v L {Tr (XUT B UXT)}2
+LgTr (UXTUXT 4 XU‘LxUT)
—iLyTr [ DMU(DYU)T + £L,(DHU) DU
+LioTr (U L ut fgu)
+HTr (ffufz’é” 4 fﬁ,,ff”)

(

+H>Tr XXT)

17). Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)



Coefficient | Empirical Value | TI;
3

L£ 0.4+ 0.3 ?
L 1.35 0.3 | 15
L5 —3.51x1.1 0
L —0.34+ 0.5 %
Lz 1.4 £ 0.5 3
11

Ly —0.2 0.3 | 141
. —0.4 £0.2 0
L% 0.9 £ 0.3 %
Ly 6.9 £ 0.7 %
LY, —5.5x 0.7 | —3

The renormalized coefficients L;f depend on
introduced by dimensional regularization and
at two different scales 1 and po are related by

F.
L (p2) = L (1) + —5In (

1672

H1
2

)

the scale u
their values



Present status of the mesonic Lagrangian [SU(3) ><SU(3)]18
(7, K,m)

\2,_; + 10+2 4 QO-I—i-I-Z?; +
O(q”) O(g?) O(q%)

e ¢g: Small quantity such as a pion mass

e Even powers

e Two-loop level

18, Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985);
H. W. Fearing and S. Scherer, Phys. Rev. D 53, 315 (1996);
J. Bijnens, G. Colangelo, G. Ecker, JHEP 02, 020 (1999);
T. Ebertshauser, H. W. Fearing, S. Scherer, Phys. Rev. D 65, 054033

(2002);
J. Bijnens, L. Girlanda, P. Talavera, Eur. Phys. J. C 23, 539 (2002)



Masses at O(q?)

Definition of the propagator of a (pseudo-) scalar field:

iA(p) = / dtze= P (O[T [B(x) $o(0)] |0)

index 0O: bare unrenormalized field

At lowest order (D = 2) the propagator simply reads
, )
tA(p) = P2 — M§ 10t
with lowest-order masses My
M2, = 2By
MIZ{,z Bo (1 + ms)

M? ’B (1 + 2my)
7772 3 0 s

Full propagator in terms of the so-called proper self-energy
insertions —iX(p?)



Summation via a geometric series

1

Aln) —
) ()
—iX(p?
+P2—M§+i0+£ iy )]pz—M§+iO4:
X
+ ...
= i 1+ x+ 2%+ -]
- pz—Mg—I—iO"“ ~ g
1/(1 —x)

i
p?> — Mg — (p?) + 0+

—iX(p?): one-particle-irreducible diagrams

Definition of the physical mass

M2 — M2 — S (M?) =0



Self-energy contributions at D = 4.

\

/
\
D -G
2 4
Ling = £3° + £5°

At O(q*) the self-energies are of the form

>4(p?) = Ay + Byp®
A¢ and qu receive a tree-level contribution from L4 and a
one-loop contribution with a vertex from Lo

Example: pion-loop contribution to the =« self-energy



;
2
m(—ﬁlp + Mq%,z)I(Mf-,za ,UJ27 n)
0

diverges as n — 4



Example:

M? 1 1 1
A, = — ™20 “1(M2.)— —I(M2.) — —I(M?>
7 FO2 {\ 6 ( 71',2) 6 ( ,2) 3 ( K,2)j

one-loop Ef)ntribution
:|—32[(2m + mg)BoLg + mBoLgl}
contact contribution

2I(M2,) 1I(M%,) 16B,

Masses at O(q?)

M? = M¢+X%(M?) = M§ + A+ BM?
M2+ A
= -5 =M1+ B)+A4+0(")

because A = O(q*) and {B, M2} = O(q?)




Final result
2 2 2 2
M2, = M2,{1+ Mrz g, (Mr2) - Ma2 (i
™4 2 3272 F2 2 9672 F 2 2

(2m + ms)Bo(2Lg — L)) + mBg(2L5 — g)]}

2[
FO

Remarks:

1. Expressions for the masses are finite. The bare coef-
ficients L; of the Lagrangian of Gasser and Leutwyler
must be infinite in order to cancel the infinities resulting
from the divergent loop integrals.

2. At any order O(q?*™) the masses of the Goldstone bo-
sons vanish, if the quark masses are sent to zero.



. The quark masses appear in combination with By. No
absolute statements about quark masses possible wi-
thout knowledge about Bj.

. Analytic terms ~ m?l multiplied by the renormalized

low-energy coupling constants L;.

. Non-analytic terms ~ m(zl In(mq) (so-called chiral loga-
rithms) contain no new constants.

. Physical observables do not depend on the scale u.



Wess-Zumino-Witten effective action and ‘“anomalous’” pro-
cesses

e Q: Is a symmetry of classical physics necessarily a sym-
metry of quantum physics?

e A: No! Quantum fluctuations can break classical sym-
metries. = misleading name “anomaly”

Problem: Lagrangians L£»> and £4 have a larger symmetry
than the “real world” 1°

Consider

p(x) — —¢(x) < U = exp(ip/Fy) < exp(—i¢/Fy) = UT

I9E. Witten, Nucl. Phys. B223, 422 (1983)



E.g., ‘pure QCD:”

F2 F2 F2
IOTr((‘?HUB“UT) — TOTI’(BMUTa“U) = IOT"(‘?MUBHUT)

Analogy
f(z) = f(—=)

= Lo (“pure QCD”) contains interaction terms with an
even number of Goldstone bosons only (even intrinsic pa-

rity):

Cannot describe, e.g, KT K~ — a#ta—#0

Analogously: L5 and £4 cannot describe x0 — Yy

e What's wrong??



Witten: Add the simplest term possible which breaks the
symmetry of having only an even number of Goldstone
bosons at the Lagrangian level

Equation of motion

F2
9, | LUdstUT | + AetvPoU B UTUB,UTUS  UTUB,UT = 0
m p p

A is a (purely imaginary) constant

Surprise: Action functional corresponding to the new term
cannot be written as the four-dimensional integral of a
Lagrangian expressed in terms of U and its derivatives



Mathematical trick: Extend the range of definition of the
fields to a hypothetical fifth dimension,

) = o (10%)

0
yz (.’L‘H,a),izo,---,él,ogagl

Minkowski space is defined as the surface of the five-
dimensional space for oo =1

Wess-Zumino-Witten action?® in the absence of external
fields (denoted by a superscript 0):

0 0
Sano — nSWZW
: 1
0 _ ¢ 4 ijkl L L
SWZW = _2407‘_2‘/0 da/d :1367’3 mTr (UZ ---Um)
where

eo1234 = —€21234 =1, uyl =vlou/oy’, X =in/(487?%)

20J. Wess and B. Zumino, Phys. Lett. B 37, 95 (1971), E. Witten,
Nucl. Phys. B223, 422 (1983)



Witten uses topological arguments to show that n must
be an integer

O. Bar and U.-J. Wiese, Nucl. Phys. B609, 225 (2001):

“Traditional” argument relating n with number of colors
Ne IS wrong!

0 ]
Consequences of SWZW.

U(y) = 1 +iap(x)/Fy + O(¢?)

5¢) 1 ! 4 ikl
S = / da/d xetIrtm

X Tr[0;(axg) (@) O () Oy () Om ()]

1

. 4
T 24072FD / d*zetPTr (40,01 0o )




e “Ordinary action” in four space-time dimensions.
e Constructed by Wess and Zumino order by order.

e Describes interactions of an odd number of Goldstone
bosons.

e WZW action takes care of the chiral anomaly in QCD.
e Q: How can one identify n?
e A: Introduce a coupling to electromagnetism.

In the presence of external fields there will be an additional
term in the anomalous action,

Sano = Sgno + Seng = n(Swzw + SWwrw)



with

Sext

Z;U/pa' —

1

4
WZW — T /d x e"PTTY(Zpypo)

1
- Ul U r,ULUTr,

+ ULl U re — UTrpryr,Uly
+3UBl UV ry — iU r7 Ul
+38, 1, Ul UV ry — i8,l,UVr Ul
— iU LU Uly + ihftr, UL,U T r,
— iUl ply + UL T T oo

1 1
+§uﬁUTa,,erla - 5U5U8,,IPUT7~U

1 1
—|—§U£UTT,/U8plg - §U5UZVUTOPTJ
—UULU T Ul +UTUSULU T,
HUL Bl ply — U BT pro



o UM, — Ul Ul
— iU U ULy + USTUS U T,
Abbreviations U = UT9,U and U} = U, UT
Special case:
ry =1y =—eQA,

corresponds to

2 1 _ 1
L = —eA, |—-uv*u — —d~v*d — —5~Hs
Yqq 1 3’7 3’7 37
if
2
3 00
1
o o0 -1
1 1
B&W 2Nc+§ 10 1 0
= 0 2N, 2 0

|
bl =



WZW in the presence of electromagnetism: I

ne? oo 2 i i
+1 871'26 O A, A Tr2Q°(U8, U —U'9,U)

—QU'Qa,U + QUQS,UT)
The current
chvpo

Jr = o Tr(Qa,UUT8,UUT8,UUT

+QUA,UUT,UUTO,U), ep1a3 =1,

by itself is not gauge invariant

The additional terms containing two A’s are required to
obtain a gauge-invariant action



How can one identify n?

Find the interaction Lagrangian which is relevant to the
decay 7wV — v

U =1+ idiag(n’, —7%,0)/Fy + - - -,

LWO'W - N_.3272

Invariant amplitude

n 82

_ UV po * *
M = ZN 471_214_106 q114€1,92p€2
C

Decay rate
a* M3, n? v (n)2
0_, = = (.0€V X | —
Y 64n3FE N2 N
in good agreement with the experimental value (7.7 £ 0.6)

r




e Bar und Wiese: No indication for N, = 3!

e One should rather look at n — 7T~

e But: Important sub-leading terms which are needed to
account for the experimental decay widths and decay
spectra?l

°1B. Borasoy and E. Lipartia, Phys. Rev. D 71, 014027 (2005)



Chiral Perturbation Theory for Baryons

e Interaction of pions and nucleons??

e Most general Lagrangian

1 2
Lo = £8+ £0 4

Transformation properties of the fields

- (2

Transformation behavior under isospin SU(2)

v i— VU

Nucleon field

22]). Gasser, M. E. Sainio, A. Svarc, Nucl. Phys. B307, 779 (1988);
A. Krause, Helv. Phys. Acta 63, 3 (1990)



Introduce
u?(z) = U(z)
Define K(Vr, Vgr,U) in terms of

u(x) — u'(x) = \/ VRUV] = VeuK ~Y(Vy, Vg, U)

1.e.

KV, Vg, U) =4 'Vgu = \/VRUVg—lva/ﬁ

Transformation properties under local SU(2); X SU(2) g X
U(l)y

(%)= (0) = (owielvams )

Exercise: Verify

K(V}, Vi VRUVHK (VL, VR, U) = K(ViVL), (VEVR), U)



We need a covariant derivative of the nucleon field with

D;i\Il, — eXp(_i@)K(VLv VR? U)DN\II (*)

Introduce

1
and define

D,¥ = (8, + T, — iv}?)w

Exercise: Verify (x)

Define

Uy =1 {uT(BM —iry)u — u(Oy — ilu)uT]
Behavior under parity

Uy, L i [u((’?“ — i)l — uT(o* — ir“)u} = —ut



Exercise: Using
u' = VRuK’Jr = K'uVI?/L
show that, under SU(2); X SU(2)g X U(1)y, u, transforms
as
Uy — KuuKT

Counting scheme for the (new) elements of baryon chiral
perturbation theory?3

U, ¥ = O(q")
D,¥ = 0(q")
(2D —m)¥ = O(q)
Ly Yy Y5 Yy Oy = O(qo)
75 = O(q)
order given is the minimal one

23A. Krause, Helv. Phys. Acta 63, 3 (1990)
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Two parameters not determined by chiral symmetry:

e nhucleon mass m in the chiral limit

o
e axial-vector coupling constant g4 in the chiral limit

[Physical nucleon mass: my = 939 MeV. Theoretical ana-
lysis: m =~ 883 MeV (at fixed mg # 0). Physical axial-vector
coupling constant from neutron beta decay: g4 = 1.267.]



SU(3)

-2, ° °

=7 (1321)(dss) =0(1315) (uss)

>~ (1197)(dds) ¥0(1193) (uds) »1(1189)(uus)
-1, Y P o
A(1116)(uds)

0., o o

1(940) (udd) p(938) (uud)

'-1 .-1/2 '0 '1/2 ‘1



1 50 +
5% >
z:a‘k- > —iEmeA n
- - V2 V6
= =0 —2A
V6

Transformation behavior under flavor SU(3)y

B— VBV

Transformation behavior under SU(3); X SU(3)r

( g ) ~ ( g: ) N < K(VL, VR, X?gK%(VLavRa U) )

Covariant derivative



Most general Lagrangian at O(q)

) D_ F_
V. = Tr [B (ip — M) B] Tt (Bv*y5{up, BY) =5 Tr (By"ys[uy, B))

Three parameters not determined by chiral symmetry:
e Mass of the baryon octet in the chiral limit M|

e D and F' may be determined by fitting the semi-leptonic
decays B — B’ + e~ + s, at tree level:

D =0.80, F = 0.50



Power counting and renormalization: Outline of the pro-
blem

e Power counting: Associate chiral order D with a dia-
gram
— Loop integration in n dimensions ~ O(q")
— Vertex from Lo ~ O(q%F)
— Vertex from 2¥) ~ o(g¥
ertex from L i, ~ O(q")

— Nucleon propagator ~ O(q_l)

— Pion propagator ~ O(g~?)



e Example: Contribution to nucleon mass

k

/’I \\

Goal: D=n-1-2:-1—-1-14+42-1=n-1

Result

2

= _?;913420[(11 +m)In + M*(f +m)INg(—p,0) + -]
0




Apply 1\7I§ renormalization scheme

39°
S = =g MW+ m) g}“vﬁ(—p, 0) +-] = O(g?)
1671-2 T

GSS:2% It turns out that loops have a much more complica-
ted low-energy structure if baryons are included. Because
the nucleon mass mpy does not vanish in the chiral limit,
the mass scale m (nucleon mass in the chiral limit) occurs

in the effective Lagrangian [,7(71])\, ... . T his complicates life
a lot.

BKKM:2®> Stated differently, the consistent power coun-
ting scheme present in the mesonic sector is altered when
baryons are included and one no longer has a one-to-one
mapping between the loop and small-momentum expansi-
on.

24J). Gasser, M. E. Sainio, A. Svarc, Nucl. Phys. B307, 779 (1988)

25V. Bernard, N. Kaiser, J, Kambor, U.-G. MeiBner, Nucl. Phys. B388,
315 (1992)



Solutions

Solution 1: Heavy-Baryon Approach 2

e Trick: Let p = mv + kp, v2 = 1, 09 > 1 [Often vH =
(1,0,0,0)]

‘II(ZB) = e_imv.w(N’v —|— HU)
with
Nv — e-l—imfv-w%(l 4+ ;{))\IJ

: 1
e—|—zmv-a:_(1 . ;(/))\Il

Ho 5

e Using the equation of motion for ‘H,, one can eliminate
H, and obtain a Lagrangian for A/,

2°E. Jenkins and A. V. Manohar, Phys. Lett. B 255, 558 (1991)



e [0 lowest order

L1 = Noy(iv - D + gaSy - wN, + O(1/m)

1/m expansion of the Lagrangian similar to a Foldy-
Wouthuysen expansion

e Power counting works as in the mesonic sector (l\7§
scheme)

e But ...



e ... problems with analyticity

Simple example (T. Becher, Chiral Dynamics 2000)

\ q q, /
\ /7
\\ 4
\ /7
\ /7
= D = < -

p p+q p’

Singularity due to the nucleon pole in the s channel is
understood in terms of the relativistic propagator

1 1
(p+q)2 —m% 2p-q+ M2

pole at 2p.q=—M?



Heavy-baryon type of expansion (with p/* = mpnv*)
1 1 1

. 2 M

2p-q+ M:= 2mN'u-q—|—27T

To any finite order the heavy-baryon expansion produces
poles at

veq=20
instead of a simple pole at

v-q=—-MZ2/(2mp)



Second example: Triangle diagram

k B kiq
7
-— e
p p—k p+q

e Problems in the analytic behavior of form factors in the
time-like region

e Example: Scalar form factor



Solution 2: Infrared regularization27

Special treatment of one-loop integrals based on the Feyn-
man parametrization

1 1 dz
ab /0 laz + b(1 — 2)]2

(p— k)? —m? +i0T
k* — M? 4+ 407"

a

b

1 o0 o0
H:/dz... — / dz...—/ dz...EI_I_R
0 0 1

e I: power counting o.k.

e R: violates power counting; regular, i.e., can be absor-
bed in counterterms

27T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999)



Infrared regularization in more detail.

Consider dimensionally regularized one-loop integral?®

H(pzv mza Mz; n)

B d"k 1
- (2m)" [(p — k)2 — m2 + i0H][k2 — M2 + 0]
. [ d"k 1
= —1 .
(2m)"[k2 —2p -k + \(Pz 1m22+i0+][k2 — Mj +307]
O(q) O(q?)

Qualitative discussion:

e Ultraviolet behavior:

Estimate of degree of divergence: For large values of k
integrand behaves as k"1 /k4. =

8Note the minus sign. Factor p*—" omitted.



— n = 4: Logarithmic divergence (dim. reg.: 1/(n —4)).

— n < 4: Integral converges.

e Infrared behavior: Consider limit M2 — 0.

— n = 4: Integral is infrared regular for both p? = m?

and p? # m?, because, for small momenta, the inte-
grand behaves as k3/k3 and k3/k?, respectively.

— For n = 3 the integral is infrared regular for p? # m?

but singular for p? = m?2.

— For any smaller value of n it is infrared singular for
arbitrary pZ.

— Infrared singularity as M?2 - 0 originates in the re-
gion, where the integration variable k is small, i.e.,



of the order O(q). Counting powers of momenta, we
(naively) expect this part to be of order O(¢g™3).

e Intermediate region:

On the other hand, for loop momenta of the order
of and larger than the nucleon mass we expect power
counting to fail, because the momentum of the nucleon
propagating in loop integral is not constrained to be
small.

Explicit evaluation of integral H (p?, m?, M?;n):

Feynman parameterization:

1 _/1 dz
ab Jo [az + b(1 — 2)]?
with a = (p — k)2 —m? 4+ 40T and b= k? — M? +i0™.



Interchange the order of integrations:

I / 4 / d"k 1

= —1 =< .
0 (2)" [k2 — 2k - pz + (p?2 — m2)z + zM?2 + 1012

Perform the shift £k — k + zp:

2 . [ 4k 1
H (p®, m?™, M n) = /d /(2«)% k2 — A(z) +i01])%

where

A(z) = 2%p? — z(p? — m? + M?) + M?.
Make use of (Exercise)
/ d"k  (K*)P i(—)Par (P+3)T(a=P—3) pi2g
(2m)" (k% — A)?  (47)2 T (3)T(q)
in dim. reg.

Apply to H with p =0 and g = 2. =



Intermediate result:

H(p%,m?2, M2?;n) = —L1,T (2—-3%) fol dz[A(z) — iO"‘]%_z.

(4m)2

Discussion of relevant properties at the threshold:

(m + M)?,

2%(m + M)? — z[(m + M)? — m? + M?] + M?
[2(m + M) — M]? > 0,

zo = M/(m+ M), Atne(z0) =0.

Splitting integration interval into [0, zg] and [z, 1], we have,
for n > 3,

1 n
/ dz[Ag(2)]3 2
0

2
Pihr
Athr(z)

/OZO dz[M — z(m + M)]" 4

—I—/z1 dz[z(m + M) — M]”_4

L 1 n—3 mn—3
= m—gmian L ™)




Analytic continuation for arbitrary n:

r2-—% M3 n—3
H((m+M)? m?, M?n) = (n 2) + e :
(4m)2(n — 3) m+M m+M

Discussion

e T he first term, proportional to M"_3, IS defined as the
so-called infrared singular part 1.

e As M — 0, I behaves as in the qualitative discussion
above.

e M — 0 implies p7, — m?. I is singular for n < 3.

e T he second term, proportional to m”_3, IS defined as
the so-called infrared regular part R.



e Can be thought of as originating from an integration
region where k is of order m.

e For non-integer n the infrared singular part contains
non-integer powers of M.

e EXxpansion of the regular part always contains non-negative
integer powers of M only.

Formal definition of the infrared singular and regular parts
(for arbitrary p?).

Introduce the dimensionless variables

M
o0 = — — O(q),
TTZL 2 2
p°—m° — M
Q = = O(gY).



Rewrite A(z) as

A(z) = m?[2? — 2002(1 — 2) + a?(1 — 2)?] = m2C(2).

= H is now given by

1 n
H(p?, m?, M%;n) = k(m;n) / dz[C(z) — i0H]3-2,
0
where
re-73)
(4m)3

n—4

k(m;n) = m

e Infrared singularity originates from small values of z,
where C(z) goes to zero as M — 0.

e Isolate divergent part by scaling integration variable z =
ax. Upper limit z = 1 Iin Feynman parameterization
corresponds to x =1/a — oo as M — 0.



e Define integral I having the same infrared singularity
as H. To that end replace upper limit by oc:

I = r(m;n) /O ” dz[C(z) — 052

o0 n
= k(m; n)an_S/ dz[D(xz) — i0T]272,
0
where
D(xz) =1 —2Qx + 2 + 20 (Qx — 1) + o?x?.

(The pion mass M is not sent to zero.)

e Define regular part of H as
oo n
= —k(m;n) / dz[C(z) — i0T]272,
1

so that
H =1+ R.



o Q: Do these definitions indeed reproduce the behavior
for pthr

A: Yes!

Verification: i, = 1.

e T hreshold value of the infrared singular part:

o0 n_o
Iy — (m: n)an_S/ dz {[(1+ a)z — 1)2 —iot}?
0
which converges for n < 3.

In order to continue the integral to n > 3, we write

{[(1 fa)e—1]2— i0+}%_2 _

(1t a)rx—-1d
(14 a)(n—4)dx




and make use of a partial integration

/oo dx {[(1 + a)x —1]% — i0+}%_2 =
’ 14+ ax)x—1 0 n_9]®
[(1+a)(n_4){[(1—|—a)w—1] — 0"} ]0

— 4/000d:13{[(1 +a)z—1]2 — i0+}%_2.

For n < 3, the first expression vanishes at the upper
limit and, at the lower limit, yields 1/[(1 + a)(n — 4)].

Bringing the second expression to the left-hand side,
we may then continue the integral analytically as

/ood {11+ e)z — 1)? '0+}%_2 1
A (n—3)(1+a)’
so that we obtain for I;j,
-3
- 1 re-3 M~

e = ) ) (1T a)  (am)b(m — 3)ym + M



Agrees with the infrared singular part discussed above.

e T hreshold value of the regular part obtained by analytic
continuation from n < 3 to n > 3:

— —F (2 _ %) - z|lz(m — n—4
Ruw = | aslzm 4+ M) - My
— _F (2 - %) 1 (oon—?) . mn—3)

(4m)z (n —3)(m + M)
n<3 T(@2-% mn°
(4m)2(n — 3)m + M

Agdain, agrees with the regular part discussed above.




e Distinction between I and R:

For non-integer values of n, the chiral expansion of 1
gives rise to non-integer powers of small quantities.

Regular part R may be expanded in an ordinary Taylor
series.

I satisfies power counting; R does not.

Basic idea of the infrared regularization: Replace gene-
ral integral H by its infrared singular part I, and drop
the regular part R.

In the low-energy region H and I have the same ana-
lytic properties.

Contribution of R, which is of the type of an infinite
series in the momenta, can be included by adjusting the
coefficients of the most general effective Lagrangian.



e Generalization to arbitrary one-loop graph.

— Reduce tensor integrals involving an expression of
the type kM1...EkH2 in the numerator to scalar loop
integrals of the form

d"k 1 1
(27)"ay - amby .- by

9

a; = (q; +k)?> — M? +i0T: Inverse meson propagators;
b; = (p; — k)?> —m? 41071 Inverse nucleon propagators;
q;: four-momenta of O(q);

p;: four-momenta which are not far off the nucleon
mass shell, i.e., p? = m? 4+ O(q).

— Using the Feynman parameterization, combine all
nucleon propagators separately and all pion propa-
gators separately.



— Write the result such that it is obtained by applying
(m — 1) and (n — 1) partial derivatives with respect
to M2 and m?, respectively, to a master formula.

Simple illustration:

1 /1 0 1 _ 0 /1 1 1
ai1a2 0 a1z + az2(1 — 2)]2  OM?2 )y a1z + az(1l — z)’
where a; = (q; + k)2 — M? +i0™.

EXxpressions become more complicated for larger num-
bers of propagators!

Relevant property of the above procedure:

Result of combining the meson propagators is of the
type 1/A with A = (k + q)? — M? + i0™, where q is
a linear combination of the m» momenta q;, with an
analogous expression 1/B for the nucleon propaga-
tors.



— Finally, treat expression
d"k 1
(2m)" AB
iIn complete analogy to H: Combine denominators

and identify infrared singular and regular pieces are
identified by writing

1 o0 o0
/dz...:/ dz..._/ dz - - -
0 0 1




— Q: Does the infrared regularization respect the cons-
traints of chiral symmetry as expressed through the
chiral Ward identities?

A: Yes

The argument is as follows.

* Total nucleon-to-nucleon transition amplitude is
chirally symmetric.

(Invariant under a local transformation of the ex-
ternal fields.)

* Calculation within EFT:

Contribution from all the tree-level diagrams is
chirally symmetric so that the loop contribution
must also be chirally symmetric.

* Dim. reg.: Statement holds for an arbitrary n.



Now: Separation into infrared singular and regu-
lar parts amounts to distinguishing between con-
tributions of non-integer and non-negative integer
powers in the momentum expansion.

These powers do not mix for arbitrary n. = Infra-
red singular and regular parts must be separately
chirally symmetric.

Finally, regular part can be expanded in powers of
either momenta or quark masses, and thus may
as well be absorbed in the (modified) tree-level
contribution.



Solution 3: Extended on-mass-shell (EOMS) scheme??

Main idea: Perform additional subtractions such that re-
normalized diagrams satisfy the power counting

Motivation for this approach3°

Terms violating the power counting are analytic in small
quantities (and can thus be absorbed in a renormalization
of counterterms)

e Example (chiral limit)

d"k )

2 2, — _
H(p s TN 7”’) — (271')” [(k _ p)2 —m2 4+ f,j()‘l'] [k2 + ’iO"‘]

29T. Fuchs, J. Gegelia, G. Japaridze, S. S., Phys. Rev. D 68, 056005
(2003)

30J. Gegelia and G. Japaridze, Phys. Rev. D 60, 114038 (1999)



Small quantity

2 2
P —m
A = — = 0(q)
m

We want the renormalized integral to be of order

Result of integration

H ~ F(n,A) + A" 3G(n, A)
F and G are hypergeometric functions; analytic in A for
arbitrary n

Observation31

F corresponds to first expanding the integrand in small
quantities and then performing the integration

31). Gegelia, G. Japaridze, K. S. Turashvili, Theor. Math. Phys. 101,
1313 (1994)



= Algorithm: Expand integrand in small quantities and
subtract those (integrated) terms whose order is smaller
than suggested by the power counting

Here:
gsubtr [ d"k v
(2m)" (k% — 2k - p +40T) (k2 +40T) | 2,
= —2X\+ 3 + O(n — 4)
where
X = Z:);l {n i - % In(4m) + I’ (1) + 1}}

HR — F — Hsubtr _ O(qn—3)



General case including pion mass

1
(k? — 2k - p + i07T) (k2 + i01)

p2=m?2
1 1

_|_ ¢ o

2m2 (k2 —2k-p+ r,;()—l—)z ]p2:m2
1

(k2 — 2k - p + i0t) (k2 + i0T)?

+(p? — m?) [

+ M2

p2=m?2

~+ ...



Remarks:

e (Axial) Vector mesons can be consistently included3?
— Improved phenomenology33

— Larger radius of convergence

e IR renormalization can be reformulated in terms of
EOMS34

— Formal equivalence shown at one-loop level

32T. Fuchs, M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B
575, 11 (2003)

33M. R. Schindler, J. Gegelia, and S. Scherer, Eur. Phys. J. A 26, 1
(2005)

3*M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B 586, 258
(2004)



— Known integrals tested

e One two-loop example has been explicitly tested3®

k T D
1 / k \

PR alN ! [

/ \\ \\ /
| e . —> s > &
| SN /P p p

N 7

\4_/
k

(a) (b) (c)

35M. R. Schindler, J. Gegelia, and S. Scherer, Nucl. Phys. B682, 367
(2004)



The EOMS approach in more detail

Calculation of the nucleon mass up to and including order
O(q?)

Full propagator
1 1

So(p) = p— mo — Xo(p) = p—m — X(p)

e g bare mass

e m nucleon mass in the chiral limit

e Yo(p) self energy



Definition of the nucleon mass

my —mg — Xo(my) =my —m —3X(my) =0
e Tree-level contribution

Recall 7N Lagrangian at order O(q?)

2 — C9 _
57(71)\7 = ¢ Tr(x4+)¥¥ — T2 ¥ Tr(uyu,)DFDYW + H.c.]
— | C3 .C4 1
+ v [? Tr(uyul) + ZZ[UH’ uy] + ¢5 | X+ — 5Tr(x4_)
C6 1 C7 (s)
‘|‘?.f“,/ + ?Uul/] oh’ W
Only c¢; term contributes to the self energy

—401M2

No contact contributions from the Lagrangian 57(73])\,



e Loop contributions

Expand ESJ)V up to and including two pion fields:

lg
(1) AO\IJ'y“'y5Tb8uqbb\Il — ——UAHP. B X Buqb\I!

Fint = 3 Fy AF3

Feynman rules

)

2 (:) ., 2F, kv57a
D D
e R
\\fi\(// =) (¥ + k )€abeTe

> >
p =y 4F;



Two types of loop contributions at order O(g3)

k
k ,’A\\
/’>\\ \ !
/ \ \/\(I
(1) —»—1)» > 1 >
% p—Kk p p N~ p

Second diagram does not contribute: eggqec = 0

Feynman rules 4 propagators 4+ 747 = 3
7

p2 — M2 + 40T

. pt+m— 0T

’ p2 —m?2 4 i07T

1Ax (D)

iSn(p) =



— contribution of the first diagram in dim. reg.

—iElOOp(y}) _
B0a0, e [ A K(p — m — )k
ar2 " (2m)" [(p — k)2 — m?2 + 0] [k2 — M2 + i0H]

Simplify numerator using {vu, 7w} = 2g9uv

—(p+m) U +(p® —mAE — |(p— k)? —m?| ¥
k% — M? + M?



Intermediate result
2
(@)

loop _ 3 9 40 . m)ud—" d"k 1
LT {0t (2m)" [(p — k)% — m? + i0F]
A2 A, d"k 1
~P A mIMET o (o = k)2 — m2 + i0H] (k2 — M2 + 0]
d"k K

2 2\, 4—n .
—I—(p — m )p, 2 (271')” [(p T k)2 — m?2 + i()—l—] [k2 — M2 + i()-l-]

4—n,; d"k k }
— 1
H (2m)" [k2 — M2 + 0]

Last term vanishes (integrand odd)

Convention

IN...ﬂ-...(pla *tc9qly )
d"k 1

_ 4-—nn-

= p

(2m)"*[(k + p1)2 — m2 4+ 40t] -+ [(k + q1)2 — M2 4+ i01] - - -



To determine the vector integral use the ansatz
d"k k.

(27)" [(p — k)2 — m2 + i0T][k2 — M2 +i0F]
Multiply by p* =

4—n -

1)

PuC

1
C = 2—192 {IN — Ir + (p2 — m? + MZ)INW(_pa 0)

Using the above convention the loop contribution to the
nucleon self energy reads

o2

Sloon(p) = 2940 (4 m) Iy + (p + m) M Ine(—p,0)
0

~? = m) L [In = n - (0% = m? 4 M) I (=, 0)] }



T he explicit expressions for the integrals are given by

M2 | M?2
I = R+ 1 —
m 1672 o 2
1 m _R—|—l m
p— n\|\ —7
N 1672 2
In(p, 0) ! -R—|—l mE
p— n R J—
Nﬂ' p? ]_67'('2 _ Mz
pz—'mz—M2 M 2mM
-+ 5 In|{— ] + 5 F(Q)
p m p
where
2
R = —4—[ln(4ﬂ')—|—I"(1)—|—1]

p2 — m2 — M?2
2mM




and

(V92 _1In (—Q—\/Q2—1>, Q< -1,
F(2) =1¢ V1 — Q2% arccos(—9), —1<Q2< 1,
\\/92—11n(9—|—\/92—1)—iﬂ-\/ﬂz—l, 1<Q.

e Xl0oP contains divergences as n — 4 (the terms propor-
tional to R) = needs to be renormalized

e For convenience: u=m

e MS renormalization:

— drop terms proportional to R

O
— replace all bare coupling constants (cj1,9 49, Fog) with
the renormalized ones, now indicated by a subscript
r



= MS renormalized self energy contribution
2
@]

Sl(p) = —2IAT (5 1) M2 IR (~p, 0)

—(p* — mz)z%z (p? —m? + MA)IN(—p) — I} }

Using
I" (—p.0) = —
N7r( D, ) 1671'2 _I_
= contribution of O(g¢?)
Solve for the nucleon mass
my = m+ ZP (my) + S0P (m )

= m — 4c;, M2 4 S1°P ()

e my —m = O(g%)



We need E,I,aOOP(mN) to O(q°)

Expansion of I}"WT

arccos (—) = T + ..

S
Nm ™ 1672

T his yields

myNy = m — 461TM2 +

Power counting problem

2
M
14— 4 ...
m
2
02 o

3gArM2 _SgA’I" M3
322k 3272 F2




Solution

Term violating the power counting is analytic in small
quantities and can thus be absorbed in counter terms

Rewrite

3mg?4
12872 F2

cir = c1 + 0cy, ocy = + ...

Final result for the nucleon mass at order (’)(q3)

o2
39, M3

3272 F?2

msz—4clM2—



Infrared regularization reformulated3°

Basic idea

1 €T
ab :/0 laz + b(1 — z)]2

(k p)? — m? 40T
Mz—l—zO+

H = /dw —/ dx - / de---=1+ R

In R expand the integrand in small momenta and masses
and interchange summation and integration?’7

a

— integrals over x of the type

w .
I, = —/ dexz™*, i integer number
1

35M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B 586, 258
(2004)

37T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999)



I; are calculated by analytic continuation from the domain
of n in which they converge, i.e.

I-:— —
¢ n+i+ 1) nt+i+1

EOMS:
e Expand integrand in small momenta and masses
e Interchange summation and integration

= eXxactly the same expansion as for the IR regular part of
the IR regularization with the only difference that instead
of the integrals I, we now have

1 :
Jiz/ dex™ "
0



Calculating these integrals by analytical continuation from
the domain of n in which they converge, we obtain:
mn-l—z-l—l 1 1

J': p—
¢ n+it+ll nt+itl




IR and EOMS renormalization of two-loop diagrams38

For simplicity: toy model Lagrangian (no spin or chiral
structure):

1 1
L = E(Buﬁa“w — M?*7?) + 5(f;v,u\I:a“xIJ — m20?)
—g 71'2\1’2 + L4
4
Power counting:

e Loop integration in n dimensions ~ O(q")

o ¥ vertex ~ O(q)

33M. R. Schindler, J. Gegelia, and S. Scherer, Nucl. Phys. B682, 367
(2004)



e 7 propagator ~ O(q—?)
e ¥ propagator ~ O(q— 1)

Example:

k2

A
»:»; >
L
k1

(1)

D=2-n—2-2—-1=2n—-—75



Dimensional counting analysis:39

Yy = F(p23m27 Mzan) + M’n—ZG(pZ’mZ’ Mzan)

F, G, H are analytic in M?

92

2 2 2 _
F(p 7m ’M 7n) - _2(277)27?’

f(l)(pzv mza Mza n) + f(2) (pZ, m27 sz n)

39]). Gegelia, G. S. Japaridze, K. S. Turashvili, Theor. Math. Phys. 101,
1313 (1994)



A ZO<M2)’+~"Z(p 'fija(m* n)
7.7

f(2) _ Z (M2)’i-|—j(p2 2)2n 5—21—2j Z(p ]l(m ’I’L)
1,7=0

e Nonanalytic part in p? — m? satisfies power counting

e Analytic part violates power counting, but can be ab-
sorbed in counterterms = diagram (2)

>
p

p
(2)



M™2G(p?, m?, M?,n) =
n—41(2 — n/2) 1 I'(1 —n/2)
—a2 2 | 1 — (2 _ 2

Problem (at first sight): Part nonanalytic in M? that vio-
lates power counting

But: Counterterms from renormalization of one-loop sub-
diagrams generate contributions which exactly cancel the
part in M™2G(p?, m?, M?,n) that violates power counting
= diagram (3)

k
A\
oy
‘o
- \>( -
p p

(3)



S _ N 7

q\ /! \ ,{/ q\ /(/

/ q >\ q N\ q

-— - e 5 >

P g P PP p P
k k

M2n_4H(p2, mza M29 n)
Only terms that satisfy power counting

Overall: All terms violating the power counting can be ab-
sorbed in counterterms or are canceled by contributions
stemming from renormalization of one-loop subdiagrams

The road is open for consistent two-loop calculations I




Applications

Mass of the nucleon at O(g3)
e GSS (MS) 40

3g4. M? 3g4. M3
my = m — 4ct M? Ar-— o, — ZAr
N 1T 3anZp2 327 F2
394
0 T A u
ci = Cy — R
L= 12872
e EOMS 41
3'mg2
Cr p— C A e o o
1=t o2z T
3g% M3
myN = m — 4ClM2 — 3921;47172 + O(M4)

40J. Gasser, M. E. Sainio, A. Svarc, Nucl. Phys. B307, 779 (1988)

41T, Fuchs, J. Gegelia, G. Japaridze, S. Scherer, Phys. Rev. D 68,
056005 (2003)



Mass of the nucleon at O(q%)%2

M
my = m + k1 M? + koM3 + ksM?1In (—> + kyM* + O(M?)

m
3y
gA
k == —4C k = —
1 1, k2 3. 2’
3 o2
gA
ka = 8c1 — co — 4cqg — ——
o 2
ks = 394 (14 4cym) + co — 16e3g — 2eq115 — 2e€
4 = oo, 1 o2 22 38 115 116-

m = [938.3 — 74.8 + 15.3 + 4.7 + 1.6 — 2.3] MeV = 882.8 MeV

Am = 55.5 MeV I

Remark: m = mpy(my = 0,mg = 0, mg)

“°T. Fuchs, J. Gegelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



o term?*3

Definition of the so-called sigma commutator

o (z) = [Q%(20), [Q%(z0), Hep(2)]], a,b=1,2,3
where

Hsp, = GMq = mg(au + dd)

Measure of explicit symmetry breaking

= (plo" (0)lp)
my

43T. Fuchs, J. Gegelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



o

M
= o1M? 4+ 0oM3 + o3M?*In (-) + o4 M* + O(M?)
m

o1 = —4cy
o 2
oy — 094
2 647 F2
3 o ?
gA
o2 = 81 — co — 4cqg — ——
3 16m2F2 |~ 1 72 T T
3 _3 e 2 ]
ga o Cc3
o4 = +c1(1+ 2 —— | + o
4 <272 | 8 1( ga ) 5

o =45MeV = (74.8 — 22.9 — 9.4 — 2.0 + 4.5) MeV



Hellmann-Feynman theorem

Consider a Hermitian operator H(\) with

H(A)|a(A)) = EX)|a(N), (1)
aWla(V) = 1. (2)
Then
P eI Viae) @)
Because
OE(A) (1),(2) O
o ;A)lamwﬂ(wa(x» o o
- 25 HO)la() + @)1 75 Pla)) + @) Em 1%
@ E()\)—(a(A)la()\))+(a(>\)| ( )Ia(A)>
D (a1 ZE M a))




Here: Multiply (3) with A and identify

A — m,
la(A)) — |IN(m)),
E(A) — mN(m)a
OH OH _
. ZTQCD G+ dd.
O\ om
Note that M2 = 2B and thus
o = MzamN.
OM?2

Exercise: Using the expressions for k; and o; verify the
Hellmann-Feynman theorem applied to the sigma term and
the nucleon mass.



Masses of the baryon octet at O(g3)**

1330 MeV 1319 Mev _
1192 M

1174 Mev 12 VeV g
1113 MeV

1005 MoV 119 VeV

1039 MeV

40 MeV
\888Me\//90 N

SU(3)r X SURB)R SU(2)[ X SU(2)p SUQR)y

“B. C. Lehnhart, J. Gegelia, S. Scherer, J. Phys. G 31, 1 (2005)



Scalar form factor?®

Definition of the scalar form factor

(N (p")|7n[a(0)u(0) + d(0)d(0)]|N(p)) = a(p")u(p)o(t)
Form factor o(t) at O(q?)

140 140

Re 6 [MeV]
Im o [MeV]

120 + 120 F

100 — 100 —
80 — 80 —
60 — 60 —
40 — 40 —

20 20 -

—0.2“‘(‘)“‘012“‘ -0.2 0 0.2
t [GeV?] t [GeV?]

>T. Fuchs, J. Gegelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



Form factor o(t) at O(q>)

¢ ’ e
2 120 +~ 2 0
o) o) H
0] r L
100 - E I
L _10 [
-20 -
60
| -30 -
40 - |
i -40
20 -
0 | P R S BN -50 I PR R R ST B ‘
0.778 0.779 0.78 0.781 0.778 0.779 0.78 0.781

-1 -1
t [GeV?] x 10 t [GeV?] x 10



Electromagnetic form factors

Electromagnetic current operator

JH(x) = gﬁ(a})'y“’u(w) — %J(:D)'y“’d(:c) +..-=gQq+---

Definition of Dirac and Pauli form factors

v
(N@)THO)IN(p)) = @(p') |[Y'FL(Q?) + i —= F2(Q%)| u(p)
mN
" =p" —p', Q%= —¢*
Sachs form factors
2
¥ @) =N @) - L @)
N

G(@%) = F¥(Q%) + F3Y (Q?)



CVAvAY;

OVavaVY,

®VaVaV;

BN

@

@)

)

(12)



46

Electromagnetic form factors

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4

0% [GeV?] Q% [GeV? ]
1 1
0.8 0.8
I$ .
0.6 - 0.6
Q n o u
3 "u, 3 )
G o4 LGN "
0.2 0.2
01 0.2 0.3 0.4 0.1 0.2 0.3 0.4
0% [GeV? ] 0% [GeV?]

46B. Kubis and U.-G. MeiBner, Nucl. Phys. A679, 698 (2001);
T. Fuchs, J. Gegelia, S. S., J. Phys. G 30, 1407 (2004); data taken
from J. Friedrich and Th. Walcher, Eur. Phys. J. A 17, 607 (2003)



Vector meson dominance model — Important contributi-
ons to the electromagnetic form factors 47

In standard ChPT: Vector meson contributions in low-
energy constants

2
" " g2 ¢ .
VR Vel R Ve +<M2> +0o(d)

Inclusion of vector mesons = re-summation of higher-order
contributions

4’B. Kubis and U.-G. MeiBner, Nucl. Phys. A679, 698 (2001)



Additional Lagrangians®

L) = =FoTr(pM f,5) — Fuowh™ Fia) — Fodt fa)
Vuy —_ V/LVV — VI/VH/) V = P, W, ¢, V[,I/VV —_ auVy—I_ [Fu, Vl/:|

0 1 _
V:paw7¢

1 _
V=p,w,p
Additional rules:

e Vector meson propagator ~ O(q")

e Vertex from Eg) ~ O(q")

“8G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and E. de Rafael, Phys.
Lett. B 223, 425 (1989)



i i
(IT)

¢

+
(V)
Feynman diagrams involving vector mesons contributing to
the electromagnetic form factors up to and including O(q4)



E.m. form factors including vector mesons at O(g%) 4°

0.05
0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
0? [GeV?] Q% [GeV?]
1 1
0.8 0.8
0.6 N 0.6
o o ] L]
2 . = L
QQ%10.4 u %920.4
0.2 0.2
0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
0? [GeV?] 0? [GeV?]

M. R. Schindler, J. Gegelia, and S. S., Eur. Phys. J. A 26, 1 (2005);
data taken from J. Friedrich and Th. Walcher, Eur. Phys. J. A 17,
607 (2003)



Axial form factor G4 including the a; meson at O(g%) >0

1 1
N N

0.8 N T 0.8 \
= 4 % ! = !
— 0.6 ~ ~— 0.6 ~
< ~ < ~
) Sl ) Sl
~ ~
S S
S S
< <
@) @)

0.2 0.2

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
0% [GeV?] 0% [GeV?]

SOM. R. Schindler and S. S., arXiv:hep-ph/0608325, M. R. Schindler,
T. Fuchs, and S. S., in preparation



Universality of the p meson coupling in EFT °1

Chirally invariant effective Lagrangian including vector me-
sons

L = ‘Cbasic + Lt + Zfl

Lyasic = free Lagrangians

+ Gprr Ieabcﬂ_aauﬂ_bpcu

1
_ T L2 abc ade du ev
4 © PuPLPp

a

— T
+ 9pNN I Uyt P,

ID. Djukanovic, M. R. Schindler, J. Gegelia, G. Japaridze, S. S.,
Phys. Rev. Lett. 93, 122002 (2004)




Chiral symmetry = M 52

Counterterm Lagrangian

07
Lo = ~220 40, aom
I 07 _ 7@
+ [dg + g (Tp + 5Z\I,>] ‘1’7“7‘1’02

07
_|_ 5gp7r7r _|_ gpﬂ'ﬂ' (Tp _I_ 6Z7T>] eabcﬂ-aauﬂ-bpcu

3
_ (5g—|—§g5Zp> €abcauplc/zpbupcu

528, Weinberg, Phys. Rev. 166, 1568 (1968)



Evaluate self energy diagrams

A + /\ + =’: N

&/ .
(1) (2) (3)

O

;

—~
&)
~—
~—~
=)
~—

~6Zp = 219"+ 229x

—0Zy = wig (%)

_— 1+

(*)

/N

N——"



EFT approach generates consistency conditions among
the renormalized parameters of the Lagrangian

Evaluate renormalized vertex diagrams

) 2 3 n 5)
o T wm T @

Consider ppp vertex function =

Demand: Divergent loop contribution and counterterm con-
tribution cancel

3 3 3
L'1g°+T29,, — 09 — 595% =0



Insert (x) =

8g | =T19°+T2g>.. —3219° — 322997.. = F(9,gprr)

Consider p¥¥ vertex function =

Demand: Divergent loop contribution and counterterm con-
tribution cancel

1
D1 93 + dg + gE(SZp +gdZy =0

Insert (xx) =

= —D 93 — (zl + 2w1)93 — 22 gg,%mr = G(gagpﬂ'ﬂ')

= consistency condition: F' =G



Nontrivial solution

9o — g I universality

Next step: Chiral symmetry °3

2
Gprn = M,
T ZQF2
Combine with universality =
2
gz _ Mp
2F?2

KSRF relation | 54

53S. Weinberg, Phys. Rev. 166, 1568 (1968);
G. Ecker et al., Phys. Lett. B 223, 425 (1989)

54K. Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 16, 255 (1966);
Riazuddin and Fayyazuddin, Phys. Rev. 147, 1071 (1966)




e Kawarabayashi & Suzuki

PCAC + current algebra =

M2
_ P
gpnm = ﬁ
NB: Chiral Ward identity
T[9y; A ()05 A% (y)] = 80T (A} (x)A] (y)]

+aﬁa4(y — z)ieik Vi (y)
+6%(z — y)ihd;;g(v)q(w)

universality as an extra assumption = KSRF relation



e Riazuddin & Fayyazuddin

PCAC +4 current algebra (but a different Ward identity
similar to the Adler-Gilman relation of pion electroproduc-
tion, makes use of the analogue of the Goldberger-Treiman
relation) =

M,

2F?2

Dynamical assumption: =~ — 7#%+e~ +. dominated by the
p meson pole 4+ CVC hypothesis = universality = KSRF
relation

9gpnm —



Quantum electrodynamics for vector mesons °°

Inclusion of the electromagnetic interaction

Lpasic = «++— ielAN(p ;u/py p—pr_V)

consistency condition = k = ¢ I, c=-¢e/g I

e Gyromagnetic ratio of the p™: g = 2

° Mpo — Mpi ~ 1 MeV using KSRF

SD. Djukanovic, M. R. Schindler, J. Gegelia, S. Scherer, Phys. Reuv.
Lett. 95, 012001 (2005)



Inclusion of the A(1232) into ChPT °°
33
A(1232) .  I(JY) = G
Description in terms of a vector-spinor isovector-isospinor

\Illj’aa;iam
Too many components = Constraints

Dirac’s analysis using the Hamiltonian method:
B oL
0q;

L(g,q) — p; —  H(q,p) = piq; — L

But

®,,(g,p) =0 primary constraints

Introduce constraints in terms of Lagrange multipliers into
Hamiltonian

56C. Hacker, N. Wies, J. Gegelia, S. S., Phys. Rev. C 72, 055203
(2005); N. Wies, J. Gegelia, S. S., Phys. Rev. D 73, 094012 (2006)



Consider time evolution (in terms of Poisson brackets)

{Hp,®,} =0 = new (secondary) constraints
Iterate until all Lagrange multipliers have been solved.

In a consistent theory

initial # of d.o.f — # of constraints = correct # of d.o.f.
= Restrictions on the possible interaction terms

Example °'

‘Cﬂ'A — _\TIH[ 9

92

2

9 |

2

g,u,z/’Ya’Y5 Oa @

==V ¢ + Oud1)7s

+ YuY*V5Y O @] ¥

"T. R. Hemmert, B. R. Holstein, J. Kambor, J. Phys. G 24, 1831
(1998)



Analysis of constraints 58 29

g2 = Agi,
1
—5(1+24+ 3A%)g,

g3

Applications so far

e Mass of the nucleon

e Pole of the A

e NN scattering ©°

58(A parameter of the lowest-order Lagrangian)
5N. Wies, J. Gegelia, S. S., Phys. Rev. D 73, 094012 (2006)
°ON. Wies, thesis, Mainz, 2005



e Magnetic moment of the A resonance °!

e = [ o) e )] 5

Numerical results

K,(AS) = d; + 0.23 + O(q?),
k) = dy —0.22 +i0.37 + O(q%)

Compare with nucleon

nﬁ) = &7+ O(qh),
n%) = ¢g — 0.62 + (’)(q4)

61C. Hacker, N. Wies, J. Gegelia, S. S., Eur. Phys. J. A 28, 5 (2006)



Experiment 92

HA++ (3.7 —=7.5)unN,

A+ = (2.7__|_i:g(stat.) + 1.5(syst.) & 3(theor.)) un

SU(6) symmetry:

HA++

“°PDG, ntp — wpy; M. Kotulla et al.

(2002), vp — pr’y’

6un,

, Phys. Rev. Lett. 89, 272001
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