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Motivation I

Understanding supersymmetric theories is a challenging and fascinating prob-
lem

They are expected to be relevant in the next future experiments

Strongly interacting supersymmetric gauge theories are much studied since
in many respects they resemble Quantum Chromodynamics

While much is known analytically, the hope is that a discretized formula-
tion of supersymmetric gauge theories would provide information about non-
perturbative dynamics and additional information for supersymmetry

—— |attice formulation
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Lattice Gauge theory: General Remarks I

Discretization of space-time is achieved introducing an euclidean space-time

lattice with spacing a and volume L3.-T. The inverse lattice spacing a~1 acts
as an UV cutoff.

gl

The quark and antiquark fields (), (x) leave in the lattice sites z.

Gauge fields are represented by the link variable U,(z) which are group ele-

ments € SU(N) associated with straight-line path conecting nearest neighbour
pairs of lattices sites.
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Gauge invariant expressions on the lattice are traces of products of link vari-

ables along closed paths. The most elementary one is the Plaquette variable
1x1

X+av

X X+ap

P.(x) =U,(z)U,(x + aﬁ)U;ﬂ(az + ad)U] ()

that can be used to construct the lattice Yang-Mills action

There is no a unique way to discretize an observable on the lattice and the

only request is that have to reduce to the classical value in the continuum
limit (a — 0).
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Wilson propose the simplest one

Sw = zp: Sp=_03 (1 o TH(Pu () + ij(x)))
UV

x

Introducing the gauge field variables by

U,(x) = exp igoaAZ(x)Tb

and using Baker-Campbell-Haussdorf

P ~ 90 hu@)

2.2
9o

~ 14+ ig.aF,(x)— Fu(x)Fu(z)

in the limit a — 0

2
Sw=>» > <a4§ij\0]TrFWFW - O(a6)> .

T  pv
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So the continuum limit is
1

if we define g to be
__ 2N

ge

s
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The expectation value of an observable 2 that depends on the variable U

1 s
(Q) = E/Hm,MdUM(x)Q(U)e SwU)

and the functional integral Z is determined by requiring (1) = 1.

An efficient way to computing (€2) would consist in generating a sequence of
link variable configurations with a probability distribution given by the Boltz-
mann factor e 5(©), where S(C) is the action related to this configuration.

Monte Carlo method
o 1
<Qr> ()= _ZQL(Ci)
[

with {C},, (i =1,.--,n) denote the link configurations generated.

The Monte Carlo method consists in producing a sequence of configurations
Ul — @ - y® — ... with the appropriate probabilities in a statistical
way. This is done by the computer.
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[Fermions on the Lattice |

Recently, following the rediscovery of the Ginsparg-Wilson relation (1982),
it has emerged that chiral theories can be put on the lattice in a consistent
way:

e The overlap (Narayanan-Neuberger 1993,1995,1998)
e Domain wall fermions (Kaplan-Shamir 1992, 1993, 1994)
e Perfect action (Hasenfratz-Niedermayer 1994, 1998).

This was believed to be impossible for a long time [Nielsen-Ninomiya, 1981] the
no-go theorem.

A naive formulation of fermions on the lattice fails
1 _
Sr =7 > (@) (s + m)p(z) + hee
r

and the resulting propagator is
—1 ), YuSinky +m
>, sin%k, + m?

A(k) =
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There is a pole for small k, representing the physical particle, but additional

poles near k, = =m appears. Sr describes 16 instead of 1 particle. — Doubling
problem.

Two popular choices introduced in order to deal with this problem:

e \Wilson fermions: Get rids of the doubling species but breaks chiral sym-
metry explicitily by the Wilson term.

e Staggered fermions (Kogut-Susskind): Reduce from 16 to 4 fermions
and for massless fermions a remnant chiral symmetry remains.

In the Wilson formulation the bare mass m is hidden in the hopping parameter

by the relation k = m.
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Take Wilson's or staggered fermions for the quarks fields zpéc(a:), the complete
action is S = Sy + Srp. And for an observable we write down

@)= / Mo dU, () / Madip () dp () eSS,

After integrating out the quarks fields the expectation value reads

1 w
@)= / M, dU, ()1 det(D 4 m)Qe5,

where D is the Dirac operator.
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Supersymmetry I

Q|boson) = |fermion) Q|fermion) = |boson)

Such a symmetry makes:

the symmetry generator Q (and its hermitian conjugate QT) carry spin %

There is essential one possibility for the SUSY algebra:
{Qa, QL} = 205, P,
{Qa, Qs ={QL,Q} =0
[Pana] — [PanL] =0
Also,

o (), QT transform as spinors under the Lorentz group
e Q, QF commute with gauge symmetry generators

We may have more than one Q: Q% i=1,---N (extended supersymmetry)
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Lattice formulation of Super Yang-Mills theory I

e T he major obstacle in formulating a supersymmetric theory on the lattice
arises from the fact that the supersymmetry algebra, which is actually
an extension of the Poincaré algebra, is explicitly broken on the lattice
[Dondi and Nicolai 1977] .

In particular the Super Poincaré algebra is given by the anti-commutator
of a supercharge Q. and its conjugate ()3 yields the generator of infinites-
imal translations P,. Schematically,

{Qa, Q},} = 20%,P,

On the lattice there are no infinitesimal translations and therefore the
supersymmetry algebra must be broken.

Lattice SUSY, Pavia 2008 12



Ordinary Poincaré algebra is also broken by the lattice but the hyper-
cubic crystal symmetry forbids relevant operators which could spoil the
Poincaré symmetry in the continuum limit —

The Poincaré invariance is achieved automatically in the continuum limit
without fine tuning since operators that violate Poincaré invariance are
all irrelevant.

However, in the case of the super Poincaré algebra, the lattice crystal
group is not enough to guarantee the absence of supersymmetry violating
operators.
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Failure of the Leibniz rule I

On the lattice the Leibniz rule does not hold anymore. [Fujikawa, hep-

th /0205095]
%(f(x +a)g(z +a) — f(x)g(x)) =
= (e +a) ~ F@)g@) + F() (9 +a) — g(2)

o (f@@ +a) — F(2) > (9(x + a) — ()
= (VF@)g(@) + f@)(Vo()) + a(VF () (Vo(x))

the breaking of supersymmetry is of order O(a).
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e If the supersymmetric theory contains scalar mass terms they break su-
persymmetry. Since these operators are relevant fine tuning is needed in
order to cancel their contributions.

e A naive regularization of fermions results in the doubling problem [Nielsen
and Ninomiya, 1981] — wrong number of fermions and violation of the
balance between bosons and fermions
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Without exact lattice supersymmetry one might hope to construct
non-supersymmetric lattice theories with a supersymmetric continuum
limit.

This is the case of the Wilson fermion approach for the 4d N = 1 supersym-
metric Yang-Mills theory where the only operator that violates supersymmetry
is a fermion mass term.

By tunning the fermion mass to the supersymmetric limit one recovers su-
persymmetry in the continuum limit [Curci and Veneziano, 1987; I. Montvay, hep-
lat/0112007, hep-lat/9510042; Feo, hep-lat/0305020]

Alternatively, using domain wall fermions [Kaplan and Schmaltz hep-lat/0002030]
or overlap fermions [Huet, Narayanan, Neuberger, hep-th/9602176] this fine tunning
iIS not required.
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In the case of theories with extended supersymmetries the fine tuning of
coupling constant is neither feasible nor theoretically practical.

Due to difficulties in realizing exact supersymmetry on the lattice, all that
remain us it to realize part of the supercharges as an exact symmetry on the
lattice:

This exact lattice supersymmetry is expected to play a key role to
restore continuum supersymmetry without (or with less) fine tuning of
the parameters of the action.
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Two ways to study SUSY on the lattice

e Construct non-SUSY lattice theories with a SUSY continuum limit.

— N=1 Super-Yang Mills
(with Wilson fermions — Curci and Veneziano formulation)

o Keep some exact algebra of SUSY on the lattice in order to recover the
continuum limit with no (or less) fine tuning of parameters of the action.

— N=1 Super-Yang Mills
(with Domain Wall-fermions — Kaplan formulation) — the zero gluino mass term
is achieved without find tuning
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Outline I

e Lattice formulation of N =1 SYM theory

— Curci-Veneziano: Wilson fermions

— Kaplan-Schmaltz: Domain wall fermions

Numerical simulations

— Chiral symmetry breaking
— Low-lying mass spectrum

— SUSY WTi — Renormalization constants for the supercurrent.

Exact supersymmetry on the lattice?

— N =1 Wess-Zumino

— N =2 SYM theory ind =2

Conclusions and perspectives

Lattice SUSY, Pavia 2008
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N =1 SYM dynamics: open questions I

The basic feature of N =1 SYM dynamics (similar to QCD):
e Confinement

e Spontaneous chiral symmetry breaking

anomaly spontaneous

ULy — Zon, — 22
Gluino condensation: (A\) # 0
e Low-lying mass spectrum
e SUSY Ward-Takahashi identity (WTi) (anomaly?)

This are non-perturbative effects
— Lattice formulation

Lattice SUSY, Pavia 2008
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T he Model I

The continuum action of N =1 SYM and gauge group SU(N,.) reads

1 a a 1 Na a Na\a
L= _ZFH}/ Fuu + > A Yu(DpA)* + MmgA" A",

A= AT |s a Majorana spinor in the adjoint representation of the gauge group
that satisfies the Majorana condition

A=\, A= CON'

The gluon fields are represented by

Fu = —igh,T"
DA = A+ gfacARN°.

‘The action has for m; = 0 a supersymmetry respect to the SUSY transfor-
mations.
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The continuum SUSY transformations read

SAux) = —20X(x)ye

SMNz) = ——0,For(zx)e
g

SXN(z) = “EopFp(x)
g

where o, = %[%,%] and e is a global Grassmann parameter with Majorana
properties.

These transformations relate fermions and bosons.

They leave the action invariant and commute with the gauge transformations
so that the resulting Noether current S,(z) is gauge invariant.

For N =1 SYM theory the supercurrent is
Sy = —FopryuA” .

Classically the Noether theorem is conserved
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(if the fields satisfy the eq. of motion).
constraint

YuSu = 0.

Furthermore, it fulfills a spin 3/2

Lattice SUSY, Pavia 2008
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The existence of the renormalized supercurrent Sf IS assumed

8u55 = 2MRXR
where
- 1 a a
XR — ZxX; X = EFMVO-MVA :
mp IS the renormalized gluino mass.

o mR:O.

° soft breaking of SUSY.
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Chiral symmmetry breaking I

Introducing a non zero gluino mass term

Lmass — mgj\a)\a

breaks SUSY softly — Non-renormalization theorem and cancellation of di-
vergencies are preserved

Girardello & Grisaru '82

In the massless case, the global chiral symmetry is U(1),

—1p7y b ol
A— e A, A — de 5,

It is anomalous (J7 = Ayuys))

N92
5 __ c Voo 170 a
8MJM = @5” P FMVFPU'

The anomaly leaves a Z,y subgroup of U(1), unbroken
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These transformations are equivalent to

mg — mge 2 Qgyy — Ogyu — 2Nep
In the SUSY case mz; = 0, U(1), symmetry is unbroken if

Y =Pk =+ (k:O71772NC_1)

Zon, is expected to be spontaneously broken to Zz by (AX) # O

Witten '82
Consequence of this spontaneous chiral symmetry breaking is
—= First order phase transition at mz =0

= EXistence of N. degenerate ground states with different orientations
of the gluino condensate

(A\) = cA3er (k=0,---,N.—1)
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Dependence of the gauge group

e case SU(2): Two degenerate ground states with opposite signs of the
gluino condensate, (AN <0, (A\) >0

e case SU(3): There are three degenerate vacua at k = k.
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Magnitude of the gluino condensate I

The value of the gluino condensate in N = 1 SYM theory has been calculated
using two different methods the % puzzle !

e Based on weak-coupling instanton (WCI) calculations

()=

1/3
Ay 167 exp 82
R 3N

Affleck, Dine & Seiberg '84
Novikov, Shifman, Vainshtein & Zakharov '85
Shifman & Vainshtein '88

with ¢ = 6.

e Based on strong-coupling instanton (SCI) calculations with ¢ :%
Novikov, Shifman, Vainshtein & Zakharov '83
Rossi & Veneziano '84

Amati, Rossi & Veneziano '84
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Discussions about the two methods

Amati, Konishi, Meurice, Rossi & Veneziano '88
Kovner & Shifman '97

Hollowood, Khoze, Lee & Mattis '00

Ritz & Vainshtein '00

More recently, a third elegant method has been used where the gluino con-
densate is directly calculated in the semiclassical approx.

Davies, Hollowood, Khoze & Mattis '99
Davies, Hollowood & Khoze '00

This method gives results in agreement with the weak-coupling calculations
(Affleck et al.) and

Finnell & Pouliot '95

Still another method makes use of exact solution solutions of N = 2 SYM
theories

Seiberg & Witten '94
Argyres & Faraggi '95
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One first compute the gluino condensate in the N = 2 SYM perturbed by the
adjoint mass term and then decouples the adjoint matter fields, going back
to pure N = 1 SYM. Results are equivalent to the weak-coupling instanton
calculation.

Also has been applied to softly N =2 SYM

Konishi & Ricco '03

confirm the correctness of the weak-coupling instanton calculation.
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Light hadron spectrum I

Veneziano and Yankielowicz '82 proposed an effective action to study the low
energy behavior of the SYM theory.

To construct the action they identify all degrees of freedom they expect to
govern the low energy dynamics. These are gauge invariant and colorless
composite fields

Fon Fun

FLF

AZ\

o b, A

The first three operators are known in QCD while y = au,,ngA@ IS a new type
of composite operator formed by the gluino XA and the gauge field F.
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The fields can be combined to form the chiral superfield

S(z,0) = ¢p(z) + V20x(x) + 00F (x)

= 22w Wl V2 = =22 iCn)aD + (0" 6u)aF)

The effective VY action is

1 S
Less =~ (ST p + (Slog 5 = S)lr + huel.

Expanding the effective action around its minimum, it is found the low-lying
spectrum forming a supermultiplet of the Wess-Zumino type consist of

Lattice SUSY, Pavia 2008 32



e A scalar meson ¢ = A\*)\®. In analogy with QCD. (The gluino is in the
adjoint representation). We call this particle a — fo.

e A massive Majorana fermion x = o, Fjj, A" called

e A pseudoscalar meson ¢, = j\a’y5>\a, called the a — n/.

It is not clear why glueballs should be absent in the low-lying spectrum.
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The introduction of a non-zero gluino mass breaks susy softly and leads to a
splitting of the multiplet.

How the spectrum of glueballs, gluinoballs and gluino-glueballs are influenced
by the soft SUSY breaking due to a non-zero gluino mass mgz = 0

4072 my|
M,_ = NN+ ——9 4 ...
n/ 84 + 3NC +
4872 |mg]|
M,_ = N.al - gt .
X al\ + 3N, +
5672 |my|
M, s = NoaN+—92 ...
fo al\ + 3N +

Evans, Hsu & Schwetz '97

The range of applicability of the linear mass formulae is not known because
the unknown magnitude of the constants and of the higher order terms.
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The question how to include glueballs in the low energy scenario has been
addressed by

Farrar, Gabadadze & Schwetz '98

They introduce an extra term in the effective action that gives the dynamics
for the glueballs.

For unbroken supersymmetry the masses of these two supermultiplets are not
identical. The heavier supermultiplet corresponds to the VY multiplet. The
lighter one contains

o A O glueball = F,etP7F,,.
e A gluino-glue ground state.
e A Otglueball ~ F,,F,,.

In the low effective action of FGS there is a possible non-zero mixing between
the states in the two light supermultiplets. In particular there can be a mixing
of the a — fo gluinoball and 0T glueball.
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Masses I

Mass

gluino-glueball

glueball
gluino-glueball

glueball

softly broken SUSY
SUSY with
mass-mixing 0 my

SUSY without mixing
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Information on the Super Yang-Mills Spectrum I

It can be demonstrated that with an extended Lagrangian approach one can

accomodate either the possibility in which the glueballs are heavier or lighter
than the gluinoball fields.

If one use information about ordinary QCD one can deduce that the lightest
states in super Yang-Mills are the gluinoballs.

Merlatti and Sannino, hep-th/0404251
Feo, Merlatti and Sannino, hep-th/0408214

Lattice SUSY, Pavia 2008 37



1.75 ¢t
1.5 |
1.25 ¢t

0.75 |
0.5 ¢
0.25 |

700
60 |
50 |
40
30}
20

10|

05

15

25

Lattice SUSY, Pavia 2008

38




meeeesssmmm  (Glueballs

Gluinoballs
SYM YM " YM
] ] ]
m —> co
1/N

QCD+1 massless Flavor
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Wilson fermions I

Propose to give up manifest SUSY on the lattice and restore it in the con-
tinuum limit.

Curci & Veneziano '87

SUSY is broken by the lattice, by the Wilson term and a a soft breaking due
to the gluino mass is present.

e SUSY is recovered in the continuum limit by tuning the bare parameters
g and gluino mass mg to the SUSY point.

e The chiral and SUSY limit can be recovered simultaneously at mz = O.

The inclusion of a gluino mass breaks supersymmetry softly and the bare
gluino mass has to be tuned numerically to its critical value which is the
chiral = SUSY limit — m3 =0
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Wilson fermions I

The Curci and Veneziano action reads
S = SG + SF7

Se = gzz <1 — NiReTr UW(Q;)> ,

T pv

and ¢ = ch/gg correspond to the bare gauge coupling.
Se = Tr {% (X(x)(w — U@ + af)Uy(z)
~X(z + afi) (v + r)UmA(az)U;(x)) + (mo + 4—) X<x>/\<az>} .

The Grassmann variables A\ and )\ are not independent
A=\, A= Cx.
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Monte Carlo simulations : A different parametrization is used. The hopping
parameter k is

1
h= 2(4 4+ moa)

The lattice Wilson fermion action

( 4
NAE— kY
pu=1

_g+ﬁVab,xﬂ(1 + ’Yup\g; +

\

1_ 1
SFZE,\QAZE;<

j‘aVa{,xM(l _ /YM)Ag—F,EL }

Montvay '98

with the adjoint link V; ,,(«) in the adjoint representation

Vab,mu = Vab,:cu[U] =

2Tr(U} ToUnT)) = =V

*
ab,xp ab,xp
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The path integral over the Majorana fermions gives the Pfaffian

/ [d)\]e 3@ = / [d)\]e 3N CN = pr(M) = Vet Q.

sign

where M = CQ = —M7T is an antisymmetric matrix.
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Algorithm for numerical simulations I

The effective action is

Scy = BZ (1 — —TrUpl> — %Iog det Q[U] .

Curci & Veneziano '87

The ommited sign of the Pfaffian can be taken into account by the reweighting
formula

<O SignPf(M)>
<O — cVv
<signPf(M)>

cVv

may rise to the sign problem

Spectral flow method: for the sign.

Q/2 Q/2

iPr)| =[N, = Prn) =] X.
=1

/I,_
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If the value of an eigenvalue X; changes sign, the sign of Pf(M) has to change
too.

0.02 ; ; ; 0.02 ‘ | ‘ |
L . i L ° . i
°
0.01 . <+ 001+ ®®0000| -
r [ ] 7 r o0 O b
° °
0 Coq, e 0 o’
L %ee, | L °® |
°
-0.01 - -0.01 - —
| | . -
-0.02 4A—l_.1_0..q. '..\.. ° | -0.02 ) | . | .
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L Y J L [ ] ° o
0.01 ° - 001 ®%00000eq
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0 C0ee 0 Lo 0000000y
L | L R |
-0.01 o © q0000ee | 001 - 4 -
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0.185 0.19 0.195 0.2 0.185 0.19 0.195 0.2

The spectral flow of the hermitian fermion matrix Q for a configuration on 63x 12 at g = 2.3.
The value of k£ in the simulation correspond to the vertical line. Montvay et al. '99. For
k < k. — no serious sign problems!
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The simulation has been develop in the Two-step multibosonic algorithm
(TSMB)

Montvay '96,'98

To represent the fermion determinant ones uses a first polynomial Pﬁ})(x)
for a crude approximation realizing a fine correction by another polynomial

Pi2 ()

P ()PP (2) a2 z e [g,A].
The fermion determinant is approximated as
1

det PP (QTQ)det P2 (Q1Q)

det(QTQ)N ~
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A new lattice fermion regulator. Very nice innovation. Application of DWF
in SUSY theories

Neuberger '98
Kaplan & Schmaltz '00

Monte Carlo simulation for N =1 SU(2) SYM with DWF

Fleming, Kogut & Vranas '01

DWF were introduced by
Kaplan '92,’93

and further developed in
Narayanan & Neuberger '93,'94,'95

Shamir '93
Furman & Shamir '95
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Difficulties in using Wilson fermions.

e Need to fine tuning.

e T he Pfaffian.
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DWF are defined extending space-time to five dimensions.

L. is the size of the fifth dimension.
L Q f R

In the limit Ls — oo chiral symmetry is exact, even at finite lattice spacing.
e T here is not need for fine tuning.

The domain wall action is

Sp = — Z \Tja:,s(DF)x,s;a:’,s’Waz’,s’

! /
x,x',s,s
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The effective action is

Skgs =

1 1
BY (1 — 5TrUpl> — Slog det Dp[U]

pl

1
—|—§Iog det Dp[my = 1, U].
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Difficulties in using DWF.

e 2 extra parameters in DWF: Ls and mg (mo is the domain wall height or
five-dimensional mass that controls the number of flavors).

mefr = mo(2 —mo)[ms + (1 —mo)™], 0<mp <2

e [ he two chiralities do not decouple — no restoration of chiral symmetry.
(Need large values of L)

e Harder to simulate than QCD (with Wilson fermions easier to simulate
than QCD)
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Dynamical gluino condensate at my = 0 vs Ls on two different lattices. (Fleming, Kogut,

Vranas '00)
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phase structure

\
\
N
\‘
o (AN)<0
.0
g
.\?\@{}
\’\_\ju
K \Ii]p X3
~. sy, g
.2 _Walls, p
(AN)>0 -~=r Pubbles
B SO O OO SO O TSSO T OO OOT OO TSSOSO OTOTY
8
g

Expected phase structure of SYM in the (3,k) plane. Dashed line k = k.(3) is a first-order
phase transition (or cross-over) at mz = 0.
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10 lattice: 6%+ 12
=23
K =0.19
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p

Distribution of the gluino condensate for different k values at 8 = 2.3 and lattice size 63 x 12,
k. = (0.1955 4+ 0.0005) and N. = 2. (Montvay et al., '99)
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Condensate . K=0.195, Lattice= 4° 8 6:56
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Distribution of the gluino condensate for £k = 0.195 at 8 = 5.6 and lattice size 43 x 8 and
N. = 3. (Montvay et al., '00)
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Light hadron spectrum in lattice units (Montvay et al., '00, '01). k. = (0.1955 + 0.0005).

L attice size 123 x 24.
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Exact supersymmetry on the lattice |
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Four dimensional lattice Wess-Zumino model with GW fermions I

We show that it is actually possible to formulate the theory in such a way
that the full action is invariant under a lattice superymmetry transformation
at a fixed lattice spacing.

The action and the transformation are written in terms of the Ginsparg-Wilson
operator and reduce to their continuum expression in the naive continuum
limit ¢ — O.

The lattice supersymmetry transformation is non-linear in the scalar fields
and depends on the parameters m and g entering in the superpotential.

We also show that the lattice supersymmetry transformation close the algebra,
which is a necessary ingredient to guarantee the request of supersymmetry.

Bonini and Feo, hep-lat/0402034, hep-lat/0504010
Feo, hep-lat/0512028 and in preparation.
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The Ginsparg-Wilson (GW) relation
vsD 4+ D~vs = aD~sD

implies a continuum symmetry of the fermion action which may be regarded
as a lattice form of the chiral symmetry (Lischer '98).

A solution was given by Neuberger '97,'98

1 1
D:—(l—X ) X =1—-aD,,
a XX

where

1 * a *
Dy = (Vi + Vi) = SV,
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In terms of the component fields the lattice Wess-Zumino action reads
(Fujikawa 2002) and (Fujikawa and Ishibashi 2002)

with

Swz = So + Sint

1_ a _ 1
So = Z {Ex(l — EDl) 'Dox — g(ADlA + BD1B)

x

+ F(1—§D1) lFp+ G(1—§D1) 1G}

1
Sint = Z {mex +m(FA+ GB) + gx(A + iv5B)x

x

V2

L J[F(A% - B?) + 2G(AB)] } |

s

where A, B, F' and G are real scalar fields and x is a Majorana fermion which
satisfies the Majorana condition.
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The supersymmetric transformations I

The total action is invariant under the transformations
JA = exy = xe
0B = —igysx = —iX7s€
ox = —D2(A —ivsB)e — (F —ivsG)e + gRe
OF = Doy
0G = 1eDaysx ,

R:R(1)+9R(2)_|_...
where
RM = ((1 - %Dl)—lDQ +m) AL

with

AL = i{z(ADQA — BD2B) — D2(A2— B2) +2ivs [(ADQB + BDyA) — DQ(AB)} }

V2
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and for n > 2

R™ = —v/2((1 - ng)_lDz +m) 1A+ ivs B) R D).

[(1- %Dl)_lDQ + m + vV2g(A+ivsB)|R = AL.

It has been shown that the algebra associated to the lattice supersymmetry
transformation closes.

T he existence of this exact symmetry should be responsible for the restoration
of supersymmetry in the continuum limit without fine tuning. We prove this
using the WTi to order g, g2, g3.
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Two-point Ward-Takahashi identity I

Order g2

<Xy>zsc> - <D2yz(Az - iVSBz)A:c> - <(Fy - i’YSGy>Am> + g(RyAx> = 0.

This WTi is satisfied at fixed lattice spacing and in the continuum limit.

This WTi determines the finite part of the scalar and fermion renormaliza-
tion wave functions which automatically leads to restoration of susy in the
continuum limit. In particular these wave functions coincide in this limit.
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The two dimensional N = 2 Super Yang-Mills theory I
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The two dimensional continuum theory I

The two dimensional N = 2 Super Yang-Mills theory can be written as
topological field theory form or Q-exact form [Wwitten, 1988]

pr— pr— 1 1 _— . . -—
Sovar = QQ—QQ / d*zTr [Z’?[Cba ¢] —ix12®P + x12B12 — Z@DMDugb] :
0

where 1 is the index for the two dimensional space-time

The bosonic fields are represented by two scalar fields ¢ and ¢, a vector field

A, and another commuting field B1o, which is an auxiliary field

The fermionic fields are represented by a vector v, an anticommuting scalar

field n and a field 12 conjugate to Bi»

P is a function of the field strength £}, and for two dimensions is given by
P = 2F12.
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() is one of the supercharges of N = 2 Super Yang-Mills theory and its
transformation rule over the fields is given by the following rule,

QAM = Yy

Q@Du — iDqu
Qe =0

Qx12 = Bi12
QB12 = [¢, x12]
Qop=mn _

Qn = [¢,¢].

() is nilpotent up to infinitesimal gauge transformations with parameter o,

i.e., the square of @ yields an infinitesimal gauge transformations, Q? = 52,
with parameter ¢. Carrying out the (@-variation leads to the more explicit
form for the N = 2 Super Yang-Mills action,

pr— pr— 1 1 — .
Sész\%d s = 2—98 / d>xTr lz[@ ¢]2 + B%z — 1B1o®

_1 _
+ DudDyug — Z??[cb, nl — x12le, x12] + Yule, ¥l

+ ix12QP + iquun] .
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and integrate out the field Bis gives

o 1 1. _

Sevar’ - = 252 / d*zTr lz[ﬁb, $1° + Fi,
1 _

+ Du¢Dud — 71lé, nl — x12(é, x12] + Puld,

+ ix12QP + iqu/ﬂ?] .
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Lattice Formulation with One Exact Supercharge I

F.Sugino, hep-lat/0311021, hep-lat/0401017, hep-lat/0410035;
S. Catterall, hep-lat/0410052, hep-lat/0503036, hep-lat/0602004;
D'Adda, et al., hep-lat/0406029, hep-lat/0507029.

Start with a formulation of the theory on a two dimensional hypercubic lattice
where the gauge field A,(z) is represented by the unitary link variable U, (x) =
eiaAu(x) [Sugino]

the Q-transformation can be generalized on the lattice preserving the property
that Q2 = (is an infinitesimal gauge transformation with the parameter ¢)

A possible solution is
QUM(SU) — iwu(x)Uu(w)
QU (2) = i ()b () — i(cp(:c) U () + mU;m)

Qep(z) =0

Qx12(z) = Bi2(x)
QB12(x) = [¢(x), x12(7)]
Qo(x) =n(z)

Qn(z) = [¢(z), ¢(z)]
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where the dependence on the lattice spacing for each field variable is the
following,

Q = 0(a'/?),

¢M($)>_X12($)a 77(56) — O(CL3/2) )
¢(z), p(z) = O(a),
Bia(z) = O(a?),

All transformations are the same in the continuum except for QU,(z) and
In fact,
Q*Uu(z) = Q(ithu(x)Up(x))
= (¢(2)Upu(z) — Up(z)9(z + 1))

then we have

Q*¢Yu(z) = Qlivu(2)¢u(x) — i(d(2) — Up(x)p(x + B)Uu(2)")]
= [¢(2), Yu(x)]
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Once one have the @Q-transformation rule closed among all the lattice vari-
ables, it is easy to write the lattice action with the exact supersymmetry @,

S = Qg 3 T | p1@)[6(), 50)] — az() () + x12(0) Bra(a)
0

4
+ 4 Z Yu(z) <¢($) — Un(z)9(z + ﬁ)Ul(m))]
p=1

where ®(z) = —i(P1o(z) — Por(z)) and Pio(z) = Uy(z)Us(z + 1)Ul (z 4+ 2)Ul(z)
and

Clliﬂg d(z) = 2F12(x) .
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that originates the lattice N = 2 SYM action
37 = = [ 11|10, 81 + B — B (@)
3 (¢<x> U)oz + mUm)*) (w) ()3 + mUu(m)*)
- %n(az)[cb(a:), n(z)] — xi2(z)[é(z), x12(2)] 4+ ix12(2) QP (z)

- ZZ Yu(x) (n(:v) — Up(z)n(z + ﬁ)Uu(fL’)T)
"

= 2 Yu(@)u(a) (CE(:E) — Up(2)b(z + ﬁ)Uu(m)T)]

and reduces to the continuum N = 2 SYM action in the limit a — 0 without
any fine tuning of the parameters of the action.
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In fact, the fermionic kinetic term,
M2()Q(@) i 300 (1) ~ UpdnCe + V(@' )
M

has the correct continuum naive limit and contains no doublers. The contin-
uum naive limit is

Clli_r)wg iTr(x12QP(x)) = 2iTr[x12(D1v2(x) — Dap1(x))]

is of order O(1) and is exactly the continuum value, while the second term
gives i, (z)D,n(x). Moreover, the second term of the lattice action gives
D, o(x)Dyo(x), while the last term gives ¢, (z)[¢(x), P, (x)].
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After integrating out the auxiliary field Bi2(x), one is left with a gauge kinetic
term of the form

LQZZW[ — (U () — Uvu(m)>2]
295

T pu<v

which is slightly different to the one corresponding to the Wilson action

1
2—98 Z ZTr [2 — U (x) — U,,M(a:)] .

T p<v

As has been discussed in [Sugino], while the term here gives a unique minimun
Uw(x) =1, the piece above contains many classical vacua +1. This problem
was resolved later on where and admissibility condition on the plaquette vari-
able was included, similar to the one used for the Ginsparg-Wilson operator
without spoiling the exact supersymmetry on the lattice.
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Lattice Action for the Other Three Supercharges I

We extended Sugino’s formulation [A. Feo, in preparation] and showed that it
IS possible to construct other three supercharges that are nilpotent up to

infinitesimal gauge transformations and we write the lattice action as an
exact

Q,Q1,Q>-form.

The continuum @, Q1, Q> supercharges are given in
Kato, Kawamoto, Miyake, hep-th/0502119
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Supersymmetry Q I

Using the same naive discretization for the derivative,

O () = e (qs(a:) U)o+ D>Ui<x>) —iem (@) ()

C:)Uu(a:) = i€ (2)U,(x)
Qp(x) =0

Qé(z) = 2x12(x)
(GB1() = S [6(), n()]
Qn(z) = —2B12(x)

Qxia(@) = S[6(2), 5(2)]

Q iS nilpotent up to infinitesimal gauge transformations, in fact,
Q*Uu(z) = Qicuth, (x)Upu(x))
— ieuV[iEVp(Qb(x) - Up(x)ﬁb(x + ﬁ)U;f(x)) — iEVp¢V($>¢V(x)]Uu($>
- ieuﬂpV(x)(ieupwp(x)Uu(x))
= (¢(z)Uu(z) — Up(z)p(z + 1))
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and

Q*¢u(x) = Qlicuw(d(x) — Up(2)p(z + 2)UN(2)) — ieuuibu(@)bu(x)]
= [¢(2), Yu(z)]

The action can be written as a Q-variation of

S = 052 3 Tr| 302(l6(). 5] = 31()Bra(a) + Zn(2)()

+1 3 6@ (3) - V(@) + U@ )|

11,

and is Q-invariant since it is a Q-exact form.
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Applying the Q-variation over the different pieces we get
S = [ 7|10, 5@ + B, — iB120() ‘
- 0@ 16, ()] + X126, x12(@)] — Zn(@) QD)
+3 (qs(a:) U(a)o(a+ a>Uy<x>T) (q3<a:> (@) + mUm*)
m

— 2 Z €uptp(T) (Xlz(ﬂv) — Up(z)x12(x + ﬁ)Uu(x)T>

s

S (@) () (cm + Un(2) 3 + mUu(xﬁ) (1- w]
14,p

which is exactly the lattice N = 2 Super Yang-Mills with the change of
variables

P1(@) = —2(@) 42(@) — $1()  x12() = H0(@) 50() = —x12(2)

which corresponds to a transformation WV — o102V
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where the fermionic fields components can be combined in a two-components

Dirac spinor as
\U:—Z( ¢1+Z¢7$ )7
X12 ‘|"L§

After applying these change of variables we get

tim | - %Tr(n(w)@b(w))] = 2iTrixia(D1a(z) — Dagor (2))]

and the action reduces to the continuum N = 2 SYM without fine tuning of
any parameters of the action.
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Supersymmetry Q, I

We now show the algebra associated with the supercharge ¢),, which can be
naively discretized as,

QuU) = iemx12()Un() = 8um(@) U ()
Qui(a) = ~2i(3(a) - Uu()3(e + UL ) - i6urP ()
Quxia(z) = iy <q3<x> U (@)3( + 17>Ui<x>) Figa(a)

Quirn(@) = e Bra + S6wlo(w), ()

Qu?lQ(x) — [5u1/¢1/(5’7)7 ?E(x)]
Qu(b(x) =0
Qué(z) = 2¢u(z) .

The terms %nz and X%Q are O(a) improved respect to the other ones thus, in
the continuum limit they disappear and these lattice transformation goes to
the continuum one.
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One can close the algebra associated with )1 and )», separately,

QiU (z) = —gn<x>Ul<x>, Q1U2(x) = ix12(2)Ua(2)
Quita) = ~2i( 3a) - V(@) + DUIG) ) - i)
Q1x1(w) = z'(<5<x>  Us(2) (o + 2>U;<x>) +ix2y(@)

Qun(@) = 16,3, Quva(a) = Bia(a)

QuB12(x) = [a(a), 5(2)]
Qio(z) =0
Q1¢($) — 2?701(56) )

where the following rules for Q7 are satisfied,
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tn(e) = @u | - 2i(3(2) - Wi+ DUL@) - i)
= (), ()]

and

Qx1a(z) = Q1 [z-@(x) L (Us(2)3(x + 2)UL()) + v:x%2<x>]

= [x12(z), ¢(x)] .
Then we also have,
QL) = Qu(—5in()V1(x))
— _(3(2)U1(x) - U1 (2)(e + 1))

and similarly,

QiUx(z) = Q1(ix12(z)U2(z))
= —(¢(z)Uz(z) — Ua(z)p(x + 2)) .
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Since ()1 is nilpotent up to infinitesimal gauge transformations, we can write
the action as a @)i-variation of,

S§ﬁ=@5%§ngmmmam@@n+wwﬂmw»4wmmww
05

+ %n(x) (gb(:z:) — Ui(z)p(x + 1)UI(37))

—mummaw—vxwam+m@m0].

Applying the @Qi-variation over the different fields we obtain
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S = 5,2 3 T |10, B + B — iB120() + 12010
— (D12, 3] — (@) 2 (e), 3]
L3 (&m U (@) + mUm) (qs(:c) U)o + mUjgcz:))
:
+ @) (96) - Vi@t + DU )
+3a(0) (9(0) ~ Ua)ito + 2)04(@)
- in@) (1) = U @)ta + DU@))
+ 2000200 (42(2) — Vo) (o + 2)UJ) )
+ S @U@ + DU ()

+ 2x12(2) Uz (z)d(x + 2)U§(w>] .
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This expression is the lattice N =2 SYM action after a change variables,

1 1

Y1 —>§77,¢2—> —X12,X12 — —¢2,5n—>¢1,

that corresponds a transformation W — ooW if simultaneously change

¢ —¢

It reduces to the continuum supersymmetric limit without any fine tuning of
the parameters of the action.
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Supersymmetry Q- I

QUi(x) = ~ix12(D)Ui(),  Qala(x) = —n(x)U2(a)
Qan(a) = —2i (<E<x>  Us(2)d(a + 2>U;<x>) ~ Zin ()
Oox1a(z) = —i(&(@ Uy ()3 + 1>Ui<a:>) i)

Qer(@) = ~Bu(),  Qava(a) = S[6(x), 3(x)]

Q2B12(z) = —[¢1(=), ¢ ()]
Q29(xz) =0
Q20(x) = 2¢a(x),

and close the algebra in the following way,
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QBn(2) = Qa2l-2i(3(x) — (U2(@)3(w + 2)UJ(@)) — Sin? ()]
= [n(=), 3(2)]

and

Q3x12(x) = Q2[—i((z) — (Ur(z)d(z + 1)U] (z)) — ix3o(z)]
= [x12(=), &(x)].

Then we also have,

QU1 (z) = Q2(—ix12(z)Ur(z))
= —(¢(z)Usr(z) — Ur(z)p(xz + 1))
and
QU () = Qo 5in(x)Ua(2))
= —(¢(z)U2(z) — Ua(z)p(z + 2)).
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The action can be written as an exact @»-variation of

S = Qa3 3 T J0a(@)[00). 6] — $a()Bra(a) + i (2) D )
0 2

+ %n(x) <q5(:1:) — Uz (z)¢(z + 2)U§(a:))

+ixaa(a) (¢<x> Uy (@) + 1>Ui<x>)] .

and applying the transformations rule we have,
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W =52 T 6@ B@I + B — iB10() - it (1)Q20()

— Ya(@) [Y2(x), ()] — Y1 () [$1(2), é(2)]
+> (QF(:L-) — Up(z)¢(z + ﬁ)U[ﬂ(@) (gb(:v) — Uu(z)p(ax + ﬁ)U[E(av))
il

+ @) (90) - Va@)ote +2)01(@)
+3a(0) (90) = Vi@t + DU
(@) (1420) = Ualo)ia(a + U@

- 2ixia(0) ¥2(0) ~ Ua(adae + DU (@)
+ i@ Ua(2)éa( + 2)UL()

232, (2) U ()1 (= + 1>U;f<a:>] .
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This expression is again the lattice N = 2 super Yang-Mills action with the
change of variables,

1 1

¢1—>X12,¢2—>§?7,X12—>¢1,§77—>¢2

and simultaneously,
¢ — _(Ea

that corresponds to a transformation, W — o1 W,

and reduces to the continuum supersymmetric action without any fine tuning
of the parameters of the action.
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Lattice Action as a QQ-form I

A natural question that can be analyzed is whether more than one supercharge
can be preserved exactly on the lattice using this formulation.

It is possible to writeNthe N = 2 Super Yang-Mills action as a product of two
supercharges Q and @, which are separately exact on the lattice,

S = Q@QLQS 3 Tr[ ~ Zn()xan(e) - %E(:cm(a:)] |

Applying Q we get,

= Q5 YT | Bra(a)xsa(@) + gn(@)o@). 5] - ixia(@)o(@) - 55)08(@) |
0 ¢

The first three pieces correspond are OK, while the last term should be
investigated more carefully and gives,
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ST - E@)Qe)| =
-3 S TQ U)o + DU+ 2)U1(@)
Ua(@)Un(x + 2)US(a + 1>Ui<x>]

i _
= —EZTrgb(ac)Fl(:c).
Now applying Q we have,

> Tr[ - %$<x>F1<x>] = —% ST [n(x)Fl(x) + q3<x>QF1<x>] |

Let us investigate its continuum limit:
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In the limit a — O the first piece gives,

DRl [nu)m(x)] Naoiy T [n(x)Du%(x)]

which is order O(1). Integrating by part we obtain
iwu(x)Dun(x) .

While the second piece
i _
5 ZTW(iU)QFl(CU) a0

gives two pieces:
> Trpu(@)[$(2), u()]
and

a®>  Tr(0ud () +i[Au(2), $(2)]) (8ud () +ilAu(@), 6(2)]) = a® > TrDud(x) Dug() -
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Collecting all terms we obt~ain the classical continuqm action without fine
tuning even if we used a Q@-form where the (Q and Q do not satisfy on the

lattice the condition,
{Q, @} —o.

(two dimensions?)
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Conclusions & Perspectives I

A big effort has been made it order to describe supersymmetry on the lattice.

Traditional Wilson fermions have been used in realistic computations with
nice results.

Improved chiral fermions results are starting too.

Exact supersymmetry on the lattice have been achieved for 'simple’ models
as Wess-Zumino and, on the other side, for N = 2 two dimensional SYM
theory.

N=1SYMind=4 77
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