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IntroductionIntroduction

The The objectiveobjective:
ConstructionConstruction of new of new efficientefficient quantum quantum algorithmsalgorithms
forfor combinatorialcombinatorial ((algebraicalgebraic, , topologicaltopological) ) problemsproblems
The The generalgeneral contextcontext:
Quantum Quantum InformationInformation TheoryTheory in a in a generalizedgeneralized QQ--circuitcircuit
settingsetting ((SpinSpin Network Network QQ--automataautomata,  ,  discretizeddiscretized versionversion
of of TopologicalTopological QQ--computationcomputation))
The The resultsresults:
EfficientEfficient quantum quantum algorithmsalgorithms forfor approximatingapproximating
anyany observableobservable of of ChernChern--SimonsSimons TopologicalTopological Quantum Quantum 
FieldField TheoryTheory, i.e. , i.e. (colored) Jones Jones polynomialspolynomials for knotsfor knots
and and combinatorialcombinatorial invariantsinvariants of 3of 3--manifoldsmanifolds
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PartPart II
KnotKnot theorytheory and the and the JonesJones polynomialpolynomial
ComputationalComputational complexitycomplexity
Quantum Quantum automataautomata

PartPart IIII
KnotKnot invariantsinvariants in in ChernChern--SimonsSimons TQFTTQFT
UnitaryUnitary representationrepresentation of the of the braidbraid groupgroup
(Quantum (Quantum circuitscircuits))
Combinatorial invariants of 3Combinatorial invariants of 3--manifoldsmanifolds



KnotsKnots

KnotKnot theorytheory isis the the branchbranch of of 
topologytopology concerningconcerning withwith the the 
propertiesproperties of of knotsknots. . 
The The mostmost importantimportant problemproblem in in 
knotknot theorytheory isis thethe
classificationclassification of of knotsknots: : 
givengiven twotwo knotsknots determinedetermine
whetherwhether theythey are are topologicallytopologically
equivalentequivalent or or notnot. . 



More More knotsknots

the the ""figure 8 figure 8 knotknot""the the ““nonnon--alternating alternating 
1212--725 knot725 knot““



KnotKnot diagramdiagram



Algorithmic problems in knot theory,e.g. 
detecting the unknot

“Wheeler
Machine”



Unknotting Problem

Instance : A knot diagram D
Question : Does D a represents the ‘trivial’ knot? 
This problem is in  NPNP (the class of decision 
problems that can be checked in polynomial 
time on a deterministic Turing machine) 
Haken’s algorithm (1961) runs in exp- time.
Finding a Poly-time algorithm for an NP 
(complete) problem would imply P=NP (!)



Combinatorics of knot  diagrams

Reidemeister moves : Combinatorial 
transformations on the knot diagram that don’t 
change the equivalence class of the knot.
A knot diagram is unknotted if and only if there 
exists a finite sequence of Reidemeister moves 
that converts it to the trivial knot diagram.
Recursive procedure applied to subsets of the 
diagram: exp-growth in terms of the n° of
crossings (the measure of the ‘size’ of the 
input)



Reidemeister Moves



A A knotknot polynomialpolynomial isis a a knotknot ‘‘invariantinvariant’’ in the in the formform of of 
a a polynomialpolynomial whosewhose coefficientscoefficients encodeencode forfor some of some of 
the the topologicaltopological propertiesproperties of of classesclasses of of knotknot diagramsdiagrams..

The The JonesJones polynomialpolynomial can can distinguishdistinguish mirrormirror imagesimages of of 
knotsknots notnot detecteddetected byby otherother knotknot invariantsinvariants

1 2 4q q q− − −+ −

The Jones polynomialThe Jones polynomial

JP JP forfor
the the trefoiltrefoil knotknot J (q) =J (q) =

Laurent polynomial in one 
formal variable q



The The originaloriginal definitiondefinition of the of the JonesJones polynomialpolynomial (*) (*) 
isis givengiven in in termsterms ofof

the the tracetrace of  a of  a matrixmatrix representationrepresentation of theof the
braidbraid groupgroup intointo a a TemperleyTemperley--LiebLieb algebra TL(q)algebra TL(q)

SuchSuch anan operationoperation takestakes care of care of invarianceinvariance of the of the 
knotknot diagramdiagram(s) under (s) under ReidemeisterReidemeister movesmoves, , i.e.i.e.

J(q) J(q) dependsdepends onlyonly on on intrinsicintrinsic topologicaltopological featuresfeatures

(in a quantum (in a quantum computationcomputation frameworkframework::
search for unitary representationsrepresentations ))

(*) (*) V.F.R.V.F.R. JonesJones, Bull. , Bull. Amer.Amer. MathMath. Soc. 129 (1985), 103. Soc. 129 (1985), 103--112.112.



BraidBraid groupgroup
The The braidbraid groupgroup on n on n strandsstrands, , BBnn,, isis a a finitelyfinitely

presentedpresented groupgroup on (non (n--1) 1) generatorsgenerators withwith a a simplesimple
geometricalgeometrical realizationrealization ((weavingweaving patternspatterns))

Presentation of Bn ::

(Second relation:
algebraic Yang-Baxter equation)



GeneratorsGenerators & relations& relations



Composition law



IdentityIdentity & inverse & inverse braidbraid



FromFrom knotsknots toto braidsbraids
AnyAny givengiven link link L (L (collectioncollection of of knotsknots))

LL ((‘‘coloredcolored’’ link )link )

can can alwaysalways bebe seenseen asas the the closureclosure of a of a braidbraid ((AlexanderAlexander theoremtheorem))
Any such transformation can be done efficientlyAny such transformation can be done efficiently





ComputationalComputational complexitycomplexity of of 
JonesJones polynomialpolynomial J(q)J(q)

WeWe knowknow thatthat therethere existexist no no efficientefficient classicalclassical algorithmsalgorithms
forfor itsits evaluationevaluation, more , more preciselyprecisely itit isis aa

#P#P--hard hard problemproblem

Can Can wewe constructconstruct anan efficientefficient ((employingemploying PPolynomiallyolynomially--
boundedbounded resourcesresources) ) quantum quantum algorithmalgorithm??

WhatWhat aboutabout ‘‘approximateapproximate’’ calculationcalculation??

JaegerJaeger, , VertiganVertigan and and WelshWelsh, , On the On the computationalcomputational complexitycomplexity of the of the JonesJones and and 
Tutte  Tutte  PolynomialsPolynomials, , MathMath. . ProcProc.  Cambridge .  Cambridge PhilPhil. Soc. 108(1990), 35. Soc. 108(1990), 35--5353



##PP--hardhard problemproblem: : ‘‘hardhard’’ meansmeans thatthat allall problemsproblems in in ##PP
can can bebe polynomiallypolynomially reducedreduced toto it.it.
#P isis the the complexitycomplexity class of class of countingcounting problemsproblems associatedassociated
withwith ‘‘decisiondecision’’ problemsproblems belongingbelonging toto NPNP. . TipicallyTipically::

(NP) (NP) IsIs therethere a a solutionsolution toto a a givengiven algorithmicalgorithmic problemproblem? (? (yesyes/no)/no)
((#P#P) ) HowHow manymany solutionssolutions are are therethere??

EX. EX. ExistenceExistence of of HamiltonianHamiltonian circuitcircuit(s) in (s) in graphsgraphs ((NPNP--cc & & #P#P))

A A #P#P problemproblem isis at at leastleast asas hard hard asas the the associatedassociated NPNP problemproblem

ThenThen efficientlyefficiently solvingsolving a a #P#P--hard hard problemproblem wouldwould implyimply
efficientefficient solutionsolution toto the the correspondingcorresponding NPNP--completecomplete problemproblem, , 
and so and so wewe couldcould prove prove P=NPP=NP



ItIt isis knownknown thatthat a fewa few #P#P--hardhard problemsproblems admitadmit
efficientefficient classicalclassical algorithmsalgorithms forfor theirtheir approximateapproximate solutionssolutions
((thisthis isis notnot the case the case forfor JonesJones polynomialpolynomial))

EvaluatingEvaluating ((generalizationsgeneralizations of the) of the) JonesJones polynomialpolynomial of of anyany
knotknot can can bebe donedone efficientlyefficiently withwith a quantum computer a quantum computer ifif wewe
search search forfor anan additive additive approximationapproximation of of itsits valuevalue whenwhen
the the formalformal variablevariable isis q=2q=2ΠΠi/ki/k (K=positive nteger)

In In factfact suchsuch approximateapproximate evaluationevaluation of (of (extendedextended) ) 
JonesJones polynomialspolynomials isis the first the first knownknown BQPBQP--completecomplete
problemproblem everever solvedsolved

D D AharonovAharonov, V , V JonesJones, Z  Landau , Z  Landau quantquant--phph/0511096/0511096
S S GarneroneGarnerone, A Marzuoli, M , A Marzuoli, M RasettiRasetti quantquant--phph 0601169 [QIC 7 (2007) 479]0601169 [QIC 7 (2007) 479]



BQP BQP = = BBoundedounded errorerror QQuantumuantum PPolynomialolynomial time:time:
the class of the class of decisiondecision problemsproblems solvablesolvable byby a quantum  a quantum  
computercomputer in in polynomialpolynomial time time withwith anan error error probabilityprobability < < ¼¼

TheseThese are the are the problemsproblems thatthat a quantum computer can a quantum computer can 
‘‘reasonablyreasonably’’ solvesolve

AA BQPBQP--completecomplete problemproblem isis importantimportant toto compare quantum compare quantum 
and and classicalclassical modelsmodels of of computationcomputation asas wellwell asas complexitycomplexity
classesclasses of of algorithmicalgorithmic problemsproblems

BordewichBordewich, , FreedmanFreedman, , LovaszLovasz, , WelshWelsh,, ApproximateApproximate countingcounting and quantum and quantum 
ComputationComputation, , CombComb. . ProbabProbab. . ComputComput. 14(2005), 737. 14(2005), 737--754754



An additive approximation of J (L, q) (L:link) is a 
random variable X such that, for each small δ ≥ 0, the 
value X is accepted as the result of the (quantum) 
computation with

Prob { |J(L,q) –X|  ≤ δ } ≥ ¾
In case q= k-th root of unity the approximate value  X of 
J (L, q) can be evaluated `efficiently’, namely the 
running time of the quantum algorithms (AJL & GMR) is 
bounded from above by 

O [ poly (N, κ) ]
N= # of strands of the associated braid 
κ= # of crossings of the link diagram

(GMR): ‘colored’ Jones polynomial J (L, q; j1, j2,…,jN) 
and the result holds for each choice of (j1, j2,…,jN) 
(see below)



TuringTuring machinemachine

Computing Computing machinesmachines

(quantum)(quantum)



Classical physics and quantum mechanics support several Classical physics and quantum mechanics support several 
different implementations of the Turing machine model  of  different implementations of the Turing machine model  of  
computation (abstract computation (abstract universal modeluniversal model) ) 

These reference models are equivalent to Boolean circuits    These reference models are equivalent to Boolean circuits    

Complexity classesComplexity classes of algorithmic problems are of algorithmic problems are 
defined with respect to such universal models:defined with respect to such universal models:

PP w.r.tw.r.t.  classical Turing machine  .  classical Turing machine  
BPQBPQ w.r.tw.r.t. . quantum circuitsquantum circuits based on based on qubitsqubits and a set        and a set        

of elementary unitary gatesof elementary unitary gates



Quantum computingQuantum computing

SuperpositionSuperposition
EntanglementEntanglement
UnitaryUnitary
evolutionevolution

IngredientsIngredients::

WhatWhat isis aa quantum quantum algorithmalgorithm??

A A computationalcomputational procedure procedure whichwhich can can bebe
performedperformed on a quantum systemon a quantum system



When dealing with When dealing with combinatorial problems combinatorial problems 
it may be useful to switch to it may be useful to switch to automaton  automaton  
architectures architectures 
A finiteA finite--states & discretestates & discrete--time time quantum quantum 

automaton is a  automaton is a  graphgraph--like structurelike structure where where 

Nodes encode for computational finiteNodes encode for computational finite--
dimensional  Hilbert spacesdimensional  Hilbert spaces
Links between contiguous nodes represent  Links between contiguous nodes represent  

admissible unitary evolutions (each admissible unitary evolutions (each 
corresponding to  1 computational step) corresponding to  1 computational step) 



‘‘SpinSpin NetworkNetwork’’ quantum simulatorquantum simulator
NodesNodes: : HilbertHilbert spacesspaces of N of N binarybinary coupledcoupled SU(2) SU(2) angularangular momentamomenta
EdgesEdges: : unitaryunitary operationsoperations ((RacahRacah--WignerWigner 6j6j--symbols)symbols)

A. Marzuoli  and M. A. Marzuoli  and M. RasettiRasetti
AnnAnn. . PhysPhys. . 318 318 (2005) 345(2005) 345



Spin Network quantum automataSpin Network quantum automata

The spin network simulator The spin network simulator schemescheme reliesrelies on the on the 
RacahRacah--WignerWigner tensortensor algebra of the algebra of the groupgroup SU(2).SU(2).

ItIt can can bebe thoughtthought of of asas nonnon--BooleanBoolean versionversion of the quantum of the quantum 
circuitcircuit model, model, withwith unitaryunitary gatesgates expressedexpressed byby recouplingrecoupling
transformationstransformations (3nj (3nj symbolssymbols) ) amongamong inequivalentinequivalent binarybinary
couplingcoupling schemescheme of N  SU(2)of N  SU(2)--angularangular momentamomenta
((notnot just just ½½ spinsspins).  ).  

•• connectsconnects circuitcircuit schemesschemes forfor quantum quantum computationcomputation withwith
TopologicalTopological Quantum Quantum FieldField TheoryTheory; ; 
•• itsits combinatorialcombinatorial propertiesproperties are are relatedrelated toto SU(2) SU(2) ‘‘state state sumssums’’
usedused in in lowlow--dimensionaldimensional quantum quantum gravitygravity modelsmodels..



SpinSpin Network Quantum Network Quantum AutomataAutomata ((SNQA)SNQA) are are familiesfamilies of of 
finitefinite--statesstates quantum quantum machinesmachines generatedgenerated byby consideringconsidering the the 

tensortensor algebra of the algebra of the deformationdeformation of the of the universaluniversal
envelopingenveloping algebra of SU(2), algebra of SU(2), SU(2)U(2)q, where

q=2q=2ΠΠi/ki/k
kk≥≥3 (integer)3 (integer)

SNQA SNQA processprocess linearlylinearly
unitaryunitary representationsrepresentations of  the of  the braidbraid broupbroup
11--step unitarystep unitary transformations: transformations: 

•• U U ((σσi) (elementary braiding operator associated with each
generator of the braid group)

• U (q-6j ) (q-Racah transform implemented by the 
deformed version of the SU(2) 6j-symbol) 



From QSN automata to standard 
quantum computation 

Recall that complexity classes of algorithms are 
defined within the proper (classical, quantum) 
universal model of computation
Given a quantum automaton scheme it is necessary to 
prove that each computational step can be efficiently 
performed by a (suitable designed) standard Q-circuit
The SNQA states can be encoded efficiently into many-
qubits states and the unitaries U (U (σσi) & U (q-6j ) can 
be polynomially compiled by quantum circuits
(cfr. final slides)



KnotKnot invariantsinvariants in Quantum in Quantum FieldField TheoryTheory

UnitaryUnitary representationsrepresentations of the of the braidbraid groupgroup &&
realizationsrealizations of of JonesJones polynomialspolynomials asas ‘‘tracestraces’’ of of 

associatedassociated matrixmatrix representationsrepresentations

arisearise naturallynaturally in the in the contextcontext ofof

ChernChern--SimonsSimons TopologicalTopological Quantum Quantum 
FieldField TheoryTheory (CS(CS--TQFT)TQFT)

E. E. WittenWitten, , Quantum Quantum fieldfield theorytheory and the and the JonesJones polynomialpolynomial, , 
Comm.Comm. In In MathMath. . PhysPhys. 121(1989), 351. 121(1989), 351--399399



Chern-Simons TQFT

2
4 3M

kS Tr A dA A A A
π

⎛ ⎞= ∧ + ∧ ∧⎜ ⎟
⎝ ⎠∫

33--dimensional dimensional ‘‘topologicaltopological’’ quantum quantum fieldfield theorytheory::
the quantum the quantum partitionpartition functionalfunctional and and correlationcorrelation functionsfunctions
do do notnot dependdepend on the spaceon the space--time time metricmetric and and thenthen mustmust bebe
relatedrelated toto topologicaltopological invariantsinvariants

kk isis the (the (integerinteger) ) couplingcoupling constantconstant
AA isis a connection a connection oneone--formform, , valuedvalued in the in the LieLie algebra of algebra of 

the the groupgroup G G ((=SU=SU(2))(2)),, the the gaugegauge groupgroup
MM isis a 3a 3--dimensional dimensional closedclosed manifoldmanifold ((e.g.e.g. the 3the 3--sphere)sphere)

Classical action



ObservablesObservables in in CSCS--TQFTTQFT
Wilson Wilson looploop operatorsoperators associatesassociates withwith closedclosed, , 
‘‘knottedknotted’’ curvescurves (P: operator (P: operator orderingordering))

ρρ isis a a representationrepresentation of the of the gaugegauge groupgroup G;G;
CC isis a a knotknot (or (or linklink););
TT are the are the generatorsgenerators of of GG in in representationrepresentation ρρ;;
A  A  isis a connection on the a connection on the principalprincipal fibre fibre bundlebundle P(M,G)P(M,G)

IfIf GG=SU=SU(2)  the (2)  the expectationexpectation valuesvalues of Wilson of Wilson operatorsoperators
are (are (coloredcolored) ) JonesJones polynomialpolynomial ((suitablesuitable normalizednormalized))



KaulKaul unitaryunitary representationrepresentation
CSCS--TQFT TQFT isis exactlyexactly solvablesolvable forfor eacheach fixedfixed valuevalue ofof
the the couplingcoupling constantconstant K. K. 
Procedure Procedure ((outlineoutline))

givegive a a knotknot presentpresent itit asas the the ‘‘platplat’’ closureclosure of a of a braidbraid
embeddedembedded in the 3in the 3--spheresphere
cut the cut the braidbraid withwith horizontalhorizontal lineslines in in suchsuch a way      a way      
thatthat betweenbetween twotwo lineslines therethere isis at at mostmost one one crossingcrossing
useuse KaulKaul unitaryunitary representationrepresentation of the of the braidbraid groupgroup toto
getget the the coloredcolored JonesJones invariantinvariant asas v.e.v.v.e.v.
((vacuumvacuum expectationexpectation valuevalue) of ) of itsits Wilson operatorWilson operator

R. R. KaulKaul, , ChernChern--SimonsSimons theorytheory, , coloredcolored--orientedoriented braidsbraids and and linkslinks invariantsinvariants, , 
Comm.Comm. In In Math.Phys.Math.Phys. 162(1994), 289162(1994), 289



KaulKaul unitaryunitary
representationrepresentation
of the of the groupgroup ofof
orientedoriented coloredcolored
braidsbraids

The The platplat--closureclosure of a of a 
braidbraid inside a 3inside a 3--manifoldmanifold

The standard The standard closureclosure of a of a braidbraid
pattern inside a 3pattern inside a 3--manifoldmanifold

j1 ,j2,…,jn
label irreps
of SU(2)q
(colors)



( )i iUσ σ→

The The finitefinite--dimensionaldimensional HilbertHilbert spacesspaces supportingsupporting KaulKaul
representationrepresentation are the are the conformalconformal blocksblocks of of WessWess--ZuminoZumino--WittenWitten
ConformalConformal FieldField TheoryTheory ((livingliving on 2 on 2 copiescopies of the 2of the 2--sphere sphere 
embeddedembedded in the in the ambientambient 33--sphere)sphere)

GeneratorsGenerators of the of the braidbraid groupgroup are are mappedmapped intointo
““elementaryelementary”” braidingbraiding operatorsoperators



Alternative basis states (odd, even)
& transformations (q-3nj recoupling coefficients)



Expression of the Jones polynomial as v.e.v. (trace) of the 
Wilson operator associated with the (plat closure of the) 
colored braid σ (::::::)

For each link L presented as the plat closure of a 
colored  2n-strand braid and for a fixed  q=2q=2ΠΠi/ki/k
there exists a SNQ automata whose computational
graph is ‘isomorphic’ to the diagram of the braid

[2ji +1]q is the q-dimension of the representation ji



Encoding Kaul states (I)

( )log 1n k∝ +⎡ ⎤⎢ ⎥

# # qubitsqubits

# # gatesgates

HereHere n n isis the the indexindex of the of the 
braidbraid groupgroup and k and k isis CS CS 
couplingcoupling constantconstant

( )n poly k∝ ×



Encoding Kaul states (II)



Quantum Quantum circuitscircuits forfor
U (U (σσi) and and U (q-6j )



U (q-6j )

The The unitaryunitary gate gate actingacting on the on the lastlast registerregister isis blockblock--
diagonaldiagonal and and itsits dimensiondimension isis fixedfixed byby the the couplingcoupling
constantconstant kk.  .  ItIt can can bebe efficientlyefficiently compiledcompiled byby
elementaryelementary unitaryunitary gatesgates..



U (U (σσi)

MeasuringMeasuring anan auxiliaryauxiliary qubitqubit entangledentangled withwith the system the system 
wewe can can obtainobtain anan approximateapproximate evaluationevaluation of the of the JonesJones
polynomialpolynomial efficientlyefficiently



CombinatorialCombinatorial invariantsinvariants of 3of 3--manifoldsmanifolds

AnyAny closedclosed 33--dimensional dimensional manifoldmanifold MM can can bebe presentedpresented asas the the 
complementcomplement of a of a framedframed knotknot ((linklink) ) LL embeddedembedded in the 3in the 3--sphere sphere 
SS

M M ≈≈ S S \\ LL

The The associatedassociated ChernChern--SimonsSimons quantum quantum partitionpartition functionalfunctional isis a a 
topologicaltopological invariantinvariant ((ReshetikhinReshetikhin--TuraevTuraev) ) thatthat can can bebe expressedexpressed
asas aa

weightedweighted sumsum of of coloredcolored JonesJones polynomialpolynomial

J (L, q; j1, j2,…,jN)

Efficient quantum algorithms for these invariants in Garnerone, 
Marzuoli,  Rasetti, quant-ph/0703037



33--manifoldsmanifolds
asas complementscomplements
of of knotsknots


