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Recent advances in civil engineering and architecture, especially in Digital Fabrication (DF), have enabled
the implementation of challenging solutions that yield components with improved and optimized perfor-
mances.
This work proposes an innovative optimization procedure based on an integrated Risk-Factor and

Stress-Constrained approach to design concrete structural elements; the algorithm produces lightweight
structures while properly taking into account the asymmetrical compression and traction strengths of
concrete-like materials. The algorithm is tested over a set of concrete material properties in a simply sup-
ported beam configuration. The Risk Factor approach is compared to a classical Von Mises stress condi-
tion, showing a more reliable capability in obtaining optimized beams, while handling a wide range of
asymmetrical stress constraints.
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1. Introduction

In the field of shape optimization and design, one of the major
contributions to the modern conception of structural optimization
is related to Bendsøe and Kikuchi’s work [1]. In their study, the
authors considered an optimization paradigm that went beyond
the sole optimization of shapes, including also changes in the con-
nectivity of the structure, discussing a distribution method based
on the use of an artificial composite material with microscopic
voids. Since then, topology optimization became the most general
form of structural optimization, providing evidence that efficient
solutions can be achieved starting from prescribed specifications,
such as performance design domain, load cases, and boundary con-
ditions. See ([2,3]) for extensive overviews of the subject.

Recently, topology optimization is gaining significant value
from the exploitation of recent advances in the field of digital fab-
rication (DF) and additive manufacturing (AM). In particular, the
development of DF and AM technologies makes possible the pro-
duction of extremely complex structures which would be scarcely
possible to be produced or would require unreliable efforts and
unacceptable costs using traditional production methods (e.g. for-
mative technology). In this way, the potential of digital technolo-
gies as key design methods can be maximized in the perspective
of obtaining optimized components from the earliest stages of
their conceptual development. As a result of this technological evo-
lution, in the last decade several research groups started to work
on this topic. Without the ambition of providing a complete liter-
ature review, we report in the following only some recent contri-
butions whereas a literature survey on current design
optimization approaches and on the impact of AM in the manufac-
turing field can be found in [4], or in the works of Zegard et al. [5]
and Brackett et al. [6] who give constructive overviews of issues
and opportunities encountered while bridging gaps between opti-
mization tools and the state-of-the-art of AM.

With regard to research works on constituent materials, Chaine
et al. [7] presented a study focused on voxel-based topology and
truss-based topology optimization approaches, with the aim of
manufacturing functionally graded porous structures. In [8], Meisel
et al. integrated an optimization step in the design process of com-
pliant mechanisms, investigating the synergy of topology opti-
mization with the multi-material capability of PolyJet 3D
printing technology. Chu et al. [9] proposed an original optimiza-
tion design method for the additive manufacturing of cellular
structures, embracing the research stream that exploit the flexibil-
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ity of AM towards new materials and their innovative combina-
tions. In [10], Jewett and Carstensen investigated the topology
optimization of plain concrete beams, studying both the classical
compliance minimization problem, and the stress constrained
problem. The stress limits are imposed by means of Drucker-
Prager criteria. The authors point out how the considered stress-
constraints formulation can lead to solutions that require a signif-
icant intervention of post-processing prior to construction, that can
possibly alter the structural behavior of the beam.

Focusing on larger scale applications, Aage et al. [11] presented
a topology optimization algorithm to maximize structural stiffness
in large scale problems, describing a tool able to produce designs
with giga-voxel resolution, while da Silva et al. [12] tackled the
stress-constrained problem considering manufacturing uncertain-
ties, designing a non-probabilistic robust formulation able to pro-
vide reliable optimized solutions.

These encouraging results let the scientific community focus on
the coupling between structural optimization and DF/AM tech-
nologies in a wide variety of application fields. Focusing on civil
engineering and particularly on DF/AM technologies available for
concrete material ([13,14]), topology optimization methods are
still far from achieving a proper integration in the design-to-
production route of concrete elements. This is probably due to
the fact that concrete or cement-based material printing presents
more challenges and technological constraints if compared, for
example, to plastic materials. Nevertheless, the development of
suitable topology optimization methods to be applied to concrete
structures has gained a growing attention in recent years. As exam-
ples, references [15–17] investigated on the so-called strut-and-tie
models for RC members obtained from topology optimization,
examining practical examples and real material parameters. Amir
and Mass [18] tackled the problem of optimizing structural lay-
outs, with the goal of devising a building process that can be car-
ried out without using temporary supports or scaffolds, while a
new methodology was presented in [19] to address the design of
prestressed concrete beams.

Other significant contributions are related to the simultaneous
optimization of concrete and steel to obtain an optimal concep-
tual design of reinforced concrete structures ([20]). On this topic,
a conventional approach is to represent the concrete material
through a gradient-enhanced continuum model while modeling
the reinforcement as elastic bars that are embedded into a truss
ground structure ([21–24]). In terms of structural design
approach, possible interactions between topology optimization
and structural code prescriptions can be implemented as mechan-
ical constraints in terms of in-services allowable strains or stres-
ses. However, stress-constrained optimization problems bear
more challenging issues such as high non-linearity ([25,26]) or
complex loading configurations. In spite of notable efforts in this
research stream, most of the mentioned methods do not tackle
stress-constrained optimization problems and, when available,
they often make use of the Von Mises stress criterion as failure
constraint, which is more suitable for metal materials rather than
cementitious ones.

The main contribution of the present paper consists in the def-
inition of a structural optimization procedure based on an inte-
grated Risk-Factor and Stress-Constrained approach to design
concrete structural elements, able to take into account the asym-
metrical compression and traction stresses that characterize con-
crete materials. We embed this approach in an iterative heuristic
algorithm, that is then tested over a broad set of concrete classes
in a simply supported beam configuration. The results show that
the proposed method is capable of improving the classical Von
Mises paradigm, providing optimized beams that properly handle
a wide range of asymmetrical stress constraints.
2. Optimization methodology

2.1. The minimum compliance optimization problem

As it can be found in common literature, most of topology opti-
mization studies address the problem of compliance minimization.
The use of compliance, as the inverse of structural stiffness, repre-
sents a practical attempt to control the response of the structure
and corresponding failure modes.

Generally, the mechanical problem of interest is handled
through the Finite Element (FE) method, assuming a proper
density-based model, as done for example in [27]. Then, it is neces-
sary to introduce a mesh M composed by nx � ny elements as well
as a design variable xe (or, in an equivalent framework, decision
variable) for each element e of the mesh, representing the density
of e in the current design, thus requiring 0 6 xe 6 1;8e. Practically
speaking, the elements of the mesh are mechanically activated
according to their corresponding xe values: a value close to 1 let
the element contribute to the global stiffness matrix, while when
its value is close to 0 the element is unresponsive.

Following this classical approach, intermediate densities do not
have a clear physical interpretation, so it is customary to use a
penalization technique to obtain a solid-void physically consistent
solution. One of the most utilized penalization technique is the
SIMP method (Solid Isotropic Material with Penalization) ([28–
30]) which is based on a heuristic relation between xe and the ele-
mental Young’s modulus Ee, given by:

Ee ¼ Ee xeð Þ ¼ xpeE0 xe 2 0;1½ �; ð1Þ
where E0 is the Young’s modulus of the solid material and p is the
penalization power exponent (usually p P 3). Moreover, in order
to avoid numerical singularities, a modified SIMP approach uses
the following relationship:

Ee ¼ Ee xeð Þ ¼ Emin þ xpe E0 � Eminð Þ xe 2 0;1½ �; ð2Þ
with Emin being the non-zero elastic modulus of a fictitious void-like
material. Accordingly, the general compliance optimization prob-
lem reads as follows:

min
XN
e¼1

xpe
� �

uT
ekeue ð3Þ

s:t:

Ku ¼ f
ð4Þ

V xð Þ
V0

¼ / ð5Þ

x 2 0;1½ �N; ð6Þ
where x is the vector of design variables representing the densities
of the elements of the mesh, xe is the single element density, and N
indicates the number of elements. The quantities ue and ke are the
element displacement vector and stiffness matrix, respectively;
K ;u, and f are the global stiffness matrix, the global displacement
and force vectors, respectively. Finally, volume constraints are
enforced by means of Eq. (5), where V xð Þ is the volume of the cur-
rent designed solution, V0 is the total volume of the physical
domain, and / is a prescribed volume fraction. Structural problems
described through Eq. (3) are typically addressed by means of Opti-
mality Criteria methods [27], Sequential Linear Programming [31],
or the Method of Moving Asymptotes [32].

2.2. The stress constrained problem

Even though complianceminimization problems have been suc-
cessfully solved in different engineering fields [33], the possibility of



Fig. 1. Representation of the stress constraints with asymmetrical traction (rþ) and
compression (r�) bounds.
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tackling particular structural layouts may require an optimization
approach different from simple stiffness (i.e. minimum compliance)
or strength (e.g. with stress measurements) maximization, espe-
cially if the material used in the structure is characterized by a dif-
ferent behavior in tension and compression. This feature is
particularly notable in the case of concrete-like materials that typi-
cally exhibit compressive strengths one order of magnitude higher
than corresponding tensile strengths. Therefore, such a specific
mechanical aspect would require a stress-constrained optimization
strategy, rather than the solution of a classical compliance problem.

In the present study we address the problem of designing light-
weight concrete structural beams by means of a stress constrained
mechanical framework. In detail, we propose a new approach
which includes stress limitations associated to given concrete con-
stitutive behaviours; then, we compare the approach with the clas-
sical VonMises stress criterion, commonly employed for metal-like
materials. The resulting optimization problem can be described by
means of the following model:

min
XN
e¼1

xe ð7Þ

s:t:

Ku ¼ f
ð8Þ

r� 6 g reð Þ 6 rþ 8e ð9Þ
x 2 0;1½ �N ð10Þ
where the decision variables xe and the physical quantities appear-
ing in constraint (8) are as in (3). Concerning the stress constraints
(9), g �ð Þ is a real-valued function of the stress tensor r, and r� and
rþ are, respectively, the maximum stress allowed in compression
(�) and traction (+) with respect to g �ð Þ.

The model presented in (7)–(10) is generally formulated for any
3-dimensional physical domain. However, without loss of general-
ity, in the following we restrict our discussion to 2-dimensional
structures.

It should be noted that the objective function in (7) aggregates
the contributions of all the elements in the mesh domain, without
taking into account their size. This means that the objective func-
tion results computed according to Eq. (7) of two different mesh
sizes of the same concrete structure would not be directly compa-
rable. For this reason, Eq. (7) can be properly re-written in order to
rescale the objective function, ruling out the influence of the
refinement of mesh. To do this, it suffices to consider an average
of the densities xe, thus giving:

min

XN
e¼1

xe

N
ð11Þ

s:t:

Ku ¼ f
ð12Þ

r� 6 g reð Þ 6 rþ; 8e ð13Þ
x 2 0;1½ �N ð14Þ
In the following, we will refer to the objective function of Eq. (11) as
average density.

The main feature of this mathematical formulation consists in a
new expression of the stress constraints. In common literature,
generally, g �ð Þ is assumed to be the Von Mises criterion (rvms).
For example, in the case of a 2D model rvms can be used to measure
the stress levels in the structure,

rvms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

x � rxry þ r2
y þ 3s2xy

q
; ð15Þ

where rx and ry are respectively the x and y-components of the
stress tensor, and sxy is the shear stress. Then, the associated stress
constraint (13) is expressed as follows,
rvms 6 rlim; ð16Þ
enforced for each element of the structure, where rlim is the maxi-
mum allowed stress according to the Von Mises stress criterion.

The Von Mises measure reported in (15) appears not to be prop-
erly suitable for concrete optimization purposes, being more repre-
sentative of an isotropic metal, rather than a concrete-like non iso-
resistant material. In Section 3.2, a numerical assessment of this
claim is set out through an example of comparative testing.

The proposed form of the stress constraints is based on princi-
pal stresses, and effectively allows the consideration of the differ-
ent material behavior in traction and compression, as concrete-
based elements require. Consequently, the stress constraints and
the material distribution law discussed in Section 2.3 are modified
and embedded in an iterative algorithm as follows.

Considering a domain of interest with an applied load, during
the generic iteration – as illustrated in Section 2.3 – a finite ele-
ment analysis is performed and the global stress tensor r of the
current structure is computed. At this point, rather than computing
the Von Mises stress and check Eq. (16), we express the tensor r in
terms of principal stresses. After such a computation, two separate
bounds are considered for the maximum and the minimum values
of the principal stresses, respectively. In this way, it is possible to
control asymmetrically the stresses either in the case of compres-
sion (bound on the minimum value) and traction (bound on the
maximum value).

For each element e of the 2D domain, we denote with re
1 e re

2

the two principal stresses of e in the x and y principal directions.
The new constraints can be represented as in Fig. 1 where, for each
element of the structure, the following rule is adopted: the value of
re

1 ¼ 0 indicates that, with respect to the x principal direction, the
element is not stressed; a value of re

1 < 0 indicates that the exam-
ined element is compressed, while re

1 > 0 indicates that the ele-
ment is under traction. The same applies to re

2 with reference to
the y principal direction.

Hence, for each element, we consider the following inequalities:

r� 6 re
1 6 rþ;

r� 6 re
2 6 rþ:

�
ð17Þ

Moreover, in order to properly handle these constraints throughout
the optimization process, we define the Risk Factors RF1 and RF2 for
each principal stress direction as follows:

RFe
1 ¼ max re

1
rþ

;
re
1

r�

� �
;

RFe
2 ¼ max re

2
rþ

;
re
2

r�

� �
;

8><
>: 8e: ð18Þ

Mathematically speaking, these variables give a quantitative esti-
mate of the computed values re

1 e re
2 with respect to the allowed

interval r�;rþ½ �. In other words, the ratios quantify how close the
principal stresses are to their upper/lower bounds. As the ratios
approach unity, there is an increased ‘‘risk” that local failures occur
into the concrete beam.

Consequently, whenever RFe
i > 1 it means that the stress is out-

side the allowed interval, and the current solution is not feasible.
Furthermore, as an added value, we observe how specific stress
requirements can be taken into account with the use of the risk fac-
tor approach. Indeed, while rþ and r� are strictly related to mate-
rial properties, in some optimization scenarios it can be desirable
to limit the stresses in a confidence interval which is more conser-



Fig. 2. General outline of Ps_TO.
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vative than the actual material strength limits. This approach aims
to closely match common practice in structural design where
material properties are handled by means of partial factors that
reduce strengths values depending on the relevant limit states
(e.g. ultimate limit state) [34]. If this is the case, a reduction factor
can be defined – expressed as a percentage of confidence (pr) – to
control the material stress limits rþ and r�. Then, the risk factor
allows a straightforward adaptation of the proposed method by
substituting RFi 6 1 with the following constraint

RFe
i 6

pr
100

; i ¼ 1;2 8e: ð19Þ

It is duly noted how there can be different choices in the implemen-
tation of stress-constraints. One notable expression would be the
Drucker-Prager yield criterion [35], that defines a smooth conical
failure surface in the principal stress domain. In our approach we
refer to separate bounds of principal stresses in order to better
and directly highlight the different influences that compression
and traction have on the optimization phase of the algorithm. Sec-
ondly, from a design/verification point of view, this direct compar-
ison is closer to common practices in structural engineering, as
above specified with respect to the use partial-factors in the field.

2.3. Ps_TO algorithm

The optimization scheme on which the proposed algorithm
relies on is based on the technique firstly proposed by Biyikli and
To in [36], with the name of Proportional Topology Optimization
(PTO). The algorithm described in [36] is a heuristic technique that
finds a sub-optimal solution without the use of any gradient infor-
mation; in details, it follows an iterative two-step procedure that
integrates a FE analysis with a heuristic optimization phase. Start-
ing from an initial material distribution, the original PTO iterates
two distinct processes: (i) the analysis of the Von Mises stresses
and (ii) the update of the density of the current solution, by means
of a proportional distribution strategy. The Von Mises stress anal-
ysis along with the implementation of the corresponding material
constraints are expressed by means of (15) and (16), while the
optimization solution is updated in a way such that over-stressed
elements are filled with more mass. The proportional distribution
strategy, carried over using the Von Mises stress criterion, is what
gives the name to the algorithm presented in [36].

The approach that we propose and test in the present paper,
named as Principal Stress Topology Optimization (Ps_TO), is
obtained including asymmetric stress constraints into the PTO log-
ical scheme; in addition, the topology optimization process makes
use of the Risk-Factor approach to determine the distribution of
material (mass) in the concrete structural element. Our approach,
as described in greater detail in the following, is summed up in
Fig. 2.

In particular, after the initialization phase, a starting solution is
built by filling each element of the FE mesh with a constant
amount of material, xst 2 0;1½ �; generally, xst is set to an initial
value of 0:5, see [36,37] for example. In the present analysis, we
adopt a higher starting value of the design variable, namely
xst ¼ 0:9. The reason for this choice is twofold: firstly, a value of
xst close to 1 would guarantee that the beam is structurally feasible
at the beginning of the iterative process. Secondly, we value the
choice of a high xst as a more natural optimization paradigm, in
which the weight of the beam is decreased during the execution
of the algorithm; in this way, the optimization procedure itera-
tively lightens the structure, yielding a sequence of stiffness-to-
weight improved structural elements.

After the construction of the first solution, a FE analysis is car-
ried out to compute the stresses in all the mesh elements and
the main loop of Fig. 2 begins, being executed for the whole dura-
tion of the procedure. Each iteration of the loop starts with a solu-
tion consisting in the mass update and ends with a feasibility check
– i.e. verifying constraints (17) via (18) –. The stresses in the struc-
ture let the algorithm adjust the amount of material distributed in
the physical body. More specifically, if the computations reveal
that some points of the structure are over-stressed, i.e. that
RFe

i > 1 for some e, then some material is added to the domain,
otherwise, a lighter structure can be obtained by removing
material.

To do so, after each FE analysis, as in [36], the algorithm deter-
mines a target amount of material (xTarget) to be distributed in
the beam,

xTarget ¼

XN
e¼1

xe þ 0:001 � N; if 9e : RFe
1 and=

or RFe
2are beyond allowed limits;XN

e¼1

xe � 0:001 � N; otherwise:

8>>>>>>><
>>>>>>>:

ð20Þ

Having set each xe of the solution vector to zero, xTarget is dis-
tributed proportionally among the elements of the mesh. Material
distribution is carried out in the way that elements with higher
stress values are filled with more material. This strategy is trans-
lated in the Ps_TO algorithm in terms of principal stresses and Risk
Factors. In this framework, design variables xe are reset to zero in
each iteration in order to let depend the solution only on the cur-
rent stress state rather than the previous density configuration.
According to this new modeling paradigm, the material distribution
for each element of the mesh e has to be modified in line with the
following proportional update factor:

pre ¼
RFe

1

� �q þ RFe
2

� �q
PN

j¼1 RFj
1

� �q
þ RFj

2

� �q� � ; ð21Þ
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where q is the proportion exponent, that throughout the testing
phase has been set to a value of 3.

As reported in scientific literature, checkerboard pattern can
arise as pathological behavior in topology optimization [38–40].
This phenomenon consists in the appearing of alternating areas
with void and solid spaces in the discrete domain, disrupting con-
sistency and continuity in the optimized beam design. In order to
mitigate its occurrence, one of the most common approaches con-
sists in the use of a density filter, which rescales the density of each
element of the mesh with respect to the densities of its neighbors.
The procedure adopted in this work is a weighted local average
([41]) given by the following equation:

�xi ¼
P

jwijxjP
jwij

; ð22Þ

with

wij ¼
rmin�rij
rmin

; when rij < rmin;

0; otherwise;

(
ð23Þ

where �xi is the filtered density of the ith-element, xj is the density of
the jth-element before the filtering operation, rij is the Euclidean dis-
tance between the centers of elements i and j, and rmin is the filter
Algorithm 1. Pseudo-code for the proposed Ps_TO algorithm.
radius. Coherently with [36], throughout the numerical testing the
radius rmin is set to a value of 1:5. Additionally, since the components
of the filter matrix only depend upon pairwise distances between
mesh elements, W is computed a single time before the main loop.

Given the filtering process, it has to be noted that the actual
amount of total material distributed among the elements, xDist,
can be less than the xTarget computed. For this reason, the
remaining material, xRemaining, obtained as the difference
between xTarget and xDist, is again distributed among the ele-
ments of the mesh, with the same proportional strategy and up to a
certain residual value.

As last step of each iteration, the stopping criteria are checked.
The stopping criteria let the algorithm stop if and only if both the
two following occurrences take place: (i) a minimum number of
iterations has been performed, (ii) the maximum of all the risk fac-
tor RFe

i among all elements is close to 1 (i.e. within a tolerance of
0:001). The first condition prevents premature convergence to poor
quality solutions, while the second condition is related to the
heuristic observation that the lightest structure is most likely
obtained once it is no longer possible to subtract any amount of
material due to the stress limitation, i.e. when the stresses cannot
be pushed any further. As the algorithm terminates, the output
solution is the lightest feasible design solution encountered during
the search process. As a final remark, we observe how the stopping
criteria has not a fixed number of iterations since condition (ii)
depends upon Risk Factor values – and thus principal stress values
in the beam –. As a consequence, different combinations of loads
and strength classes could lead to different numbers of total itera-
tions. For the sake of clarity, a scheme of the described optimiza-
tion strategy is reported in Algorithm 1.
3. Test problems and optimization results

This section analyzes the efficiency of the Ps_TO algorithm in
optimizing structural design of concrete beams.

To this aim, we consider a 2-D simply supported concrete beam
loaded with a force F in its mid span. The physical dimensions of
the beam are reported in Fig. 3, while the mesh used for the FE



Fig. 3. Representation of the case study used for testing the Ps_TO algorithm.
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analysis has a total of 900x200 elements. In terms of FE analysis,
we implement an isoparametric bi-linear quadrilateral element,
adopting a Gauss-Legendre quadrature technique ([42]) for the
computation of the element stiffness matrix.

Given the symmetry of the physical problem, the loads are
applied on half of the beam represented in Fig. 3, following the
scheme depicted in Fig. 4.

Our investigation can be divided in three different sets of
numerical tests: (i) the optimization of beams made of concretes
belonging to different strength classes [43], (ii) a comparative anal-
ysis of our optimized solution with a beam designed using Von
Mises stress constraints, and (iii) an application of our procedure
including a project-specific displacement constraint.

In the first set of numerical tests we focus on the optimization
of beams made of concretes belonging to several strength classes.
In the following, each strength class is denoted as Cf ck/f ck;cube,
where f ck and f ck;cube are the characteristic (5%) cylinder and cube
compressive strength of the material (expressed in MPa), respec-
tively. In the numerical tests we consider a wide range of strength
classes having the strength and deformation characteristics for
concrete reported in [43]: C20/25, C30/37, C40/50, and C60/75.
We consider two distinct load scenarios: a first one in which the
force is fixed for all classes (11:11 kN), and a second load scenario
that scales the forces according to the concrete class of the beam,
assigning higher loads to concretes with higher strength. The aim
of this first set of numerical tests is to investigate the versatility
of our method over an assorted set of material parameters repre-
senting a wide range of commonly adopted concrete properties.

The second set of numerical tests is focused on the comparison
between our Risk-Factor approach and the solution obtained using
the classical Von Mises constraints. The goal is to point out the
necessity for an optimization method that is able to handle com-
pression and tensile stresses of different magnitudes, rather than
grouping together stress requirements in a single expression as
done in Von Mises-like approaches.

Lastly, we conclude our numerical trials showing how our algo-
rithm allows the inclusion of project-specific constraints. As an
example we consider an additional restriction regarding the max-
imum deflection found in the optimized beam.

All computations are conducted on a computer with a 2.6 GHz
Intel Core i7 processor with 8 GB of RAM, and an Ubuntu 16.04
operating system.
Fig. 4. Representation of the half-beam, kinematic constraints, an load scheme used
in the Ps_TO testing phase.
3.1. Strength class analysis

This first set of optimization runs is carried out to asses the
computational performances of the algorithm over a diverse set
of material parameters. In order to test the flexibility of our
method, we divide this analysis in two different steps: a fixed load
analysis, and a proportional load analysis. The goal of the former
step, in which the same load (specifically 11:11 kN) is considered
for each concrete class, is to test the capability of the algorithm
to be sensitive to different strengths, i.e. different values of rþ
and r�, and to design different optimized solutions accordingly.
In the latter step, the loads are scaled according to material param-
eters, and the aim consists in verifying the performances of the
algorithm while handling a variety of load scenarios, ranging from
10:56 kN to 24:44 kN.

The reference load considered in the fixed load analysis
(11:11 kN) is obtained starting from the classic Navier’s formula
for the computation of the maximum stress attained in a beam
cross-section under simple bending:

rmax ¼ M
I
h
2
: ð24Þ

Considering a simply supported beam with a rectangular cross sec-
tion subjected to a concentrated load, the moment at the mid-span
is M ¼ F � L=4, where L is the length of the beam, and I is the
moment of inertia. Hence Eq. (24) becomes:

rmax ¼ 3FL

2bh2 ) F ¼ 2rmaxbh
2

3L
: ð25Þ

Taking into account the dimensions of the beam (as in Fig. 3), and
imposing rmax ¼ 1, Eq. (25) gives F ¼ 11:11 kN.

The input parameters considered in the fixed load analysis are
summarized in Table 1, which lists, for each concrete class: the
elastic modulus (E), (cylinder) compression (r�) and traction
(rþ) stress limits, computed according to the Table 3.1 Strength
and deformation characteristics for concrete of Eurocode 2 [43],
and the applied load (F). For all numerical tests, the pr value
included in Eq. (19) is set to 100.

The results obtained by the implementation of the Ps_TO
method are reported in Table 2 and displayed in Figs. 5–8. More
specifically, for each concrete class Table 2 lists: the average den-
sity of the optimized solution, the maximum stresses in compres-
sion and traction computed in the beam, respectively r� and rþ,
the maximum mid-span deflection detected, maxU, and the itera-
tion in which the best solution was found, BestIt. On the other
hand, Figs. 5–8 report density values that characterize the opti-
mized beams – as in Eq. (10) –, and two plots, depicting the evolu-
tion of the average density (D-plot) and the maximum of the Risk
Factor among all elements (RF-plot) through the execution of the
algorithm. Additionally, for the case of C20/25, Fig. 5 reports the
distributions of r1;r2, and maxi¼1;2RFiin the optimized beam.
Coherently with the tensile and compressive characteristic
strengths of the material, it is evident from the distributions of
r1;r2, and maxi¼1;2RFithat the critical elements in the beam are
those under traction. For the sake of brevity, these plot are
Table 1
Material parameters considered in the fixed load optimization.

Class E (GPa) r� (MPa) rþ (MPa) F (kN)

C20/25 30 �20 2.2 11.11
C30/37 33 �30 2.9 11.11
C40/50 35 �40 3.5 11.11
C60/75 39 �60 4.4 11.11



Table 2
Characteristics of optimized solutions obtained for concrete beams subject to a fixed load value.

Class Avg density (%) r� (MPa) rþ (MPa) maxU (mm) ItBest

C20/25 19.0 �10.999 2.199 �0.6858 650
C30/37 14.9 �12.921 2.755 �0.9539 794
C40/50 14.0 �13.784 3.421 �0.9719 791
C60/75 13.8 �15.641 4.376 �1.0088 763
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reported exclusively in the case of fixed load analysis of strength
class C20/25.

Observing the RF-plots of Figs. 5–8, we can see how the maxi-
mum Risk Factor increases when the amount of material used in
the beam decreases, as expected, meaning that as the structure
becomes lighter, the applied load causes higher stresses. Moreover,
in each one of the RF-plots, we find that below a certain average
density value, instability spikes occur in the Risk Factor, which
locally passes the limit value of 1. Taking as example the RF-plot
in Fig. 5, we can see how such spikes can be observed starting from
Fig. 6. Fixed load analysis: Class C30/37.

Fig. 5. Fixed load analysis: Class C20/25.

Fig. 7. Fixed load analysis: Class C40/50.
iteration 580, when the average density approaches 20%. These
instability spikes indicates that the material strength limit has
been almost completely exploited, and that the design of a sensibly
lighter structure can be an unfeasible task. This algorithmic behav-
ior means that the technique itself, by means of the Risk Factor, is
able to detect whether the execution is getting close to the load-
carrying capability of the beam. Therefore it is reasonable to stop
the algorithm once the execution highlights these instabilities.



Fig. 8. Fixed load analysis: Class C60/75. Fig. 9. Proportional load analysis: Class C20/25.

Fig. 10. Proportional load analysis: Class C30/37.

8 T. Pastore et al. / Computers and Structures 224 (2019) 106104
Moreover, observing the optimized shapes presented in
Figs. 5–8 along with the corresponding average density values in
Table 2, its possible to note that the different beam configurations
depend on the corresponding strength class, and are mainly
limited by the values of rþ as expected. Additionally, as density
decreases, the global flexural stiffness of the beam decreases
accordingly, as can be noted by the higher values of maxU.

The second step of the first set of numerical tests is the propor-
tional load analysis. In these tests the magnitude of the applied load
is scaled according to the concrete material properties. For each
strength class, the value for the applied force F is obtained starting
from (25) adopting rmax ¼ rþ=2. The resulting load values are
reported in Table 3.

The results obtained in the proportional load analysis (reported
in Table 4, and in Figs. 9–12) show how the Ps_TO algorithm is able
to optimize beams loaded with a diverse set of forces, suitably
adapting design solutions to material properties. Furthermore,
comparing the RF-plots of Figs. 10–12 with the ones presented in
6–8, we can see how the increase in the loads is rightfully reflected
upon the Risk Factor values, that in the case of Figs. 10–12, imme-
diately start closer to 1. As an extreme example of the algorithmic
capabilities of handling high loads, we observe how in Fig. 12,
throughout the whole execution, the maximum Risk Factor is equal
to the limit value 1, meaning that the load of 24:44 kN intensely
Table 4
Characteristics of optimized solutions obtained in the proportional load analysis

Class Avg density % r� (MPa)

C20/25 20.0 �12.094
C30/37 23.5 �17.220
C40/50 25.6 �20.000
C60/75 55.4 �20.000

Table 3
Material parameters considered in the proportional load analysis.

Class E (GPa) r� (MPa) rþ (MPa) F (kN)

C20/25 30 �20 2.2 12.22
C30/37 33 �30 2.9 16.11
C40/50 35 �40 3.5 19.44
C60/75 39 �60 4.4 24.44
stresses the beam. As concluding remark, we observe how this cir-
cumstance is handled by the Ps_TO, that properly fills up 55:4% of
the total physical domain.
3.2. Comparison with Von Mises’ criterion

In the second part of the study, we take on the comparison of
the Risk Factor approach with the beam design obtained using
the classical Von Mises’ criterion as stress constraint. Our goal is
rþ (MPa) maxU (mm) ItBest

2.199 �0.7079 650
2.859 �0.8460 692
3.497 �0.9441 665
4.398 �0.6581 361



Fig. 11. Proportional load analysis: Class C40/50.

Fig. 12. Proportional load analysis: Class C60/75.
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to show how, while working with non-isoresistant materials such
as concrete, it is highly advisable to decouple compression and
traction stresses.

The analysis is structured as follows: to carry out a proper com-
parison, we start from a set of reference material parameters and a
load considered for class C20/25 in the fixed load analysis (see
Table 1), and select three different representative limits for the
maximum Von Mises stress. Then, we run the optimization algo-
rithm for each of such limits, and as in [36], distribute material
Table 5
Characteristics of optimized solutions obtained in the VMS comparison analysis

C20/25, r� ¼ �20 MPa, rþ ¼
Case Avg density % r� (MPa

r0
vms 3.7 -20.00

r00
vms 15.0 -11.44

r000
vms 22.1 �11.00
in the beam according to the measured Von Mises Stresses in the
structure, rather than using our Risk Factor approach.

The three representative limit values for the Von Mises stress,
r0
vms;r00

vms, and r000
vms, are obtained as follows.

The value for r0
vms is set to the absolute value of the maximum

compression stress allowed for class C20/25,

r0
vms ¼ 20 MPa: ð26Þ

r0
vms is obtained considering the formula:

r0
vms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

x � rxry þ r2
y þ 3s2xy

q
ð27Þ

and assigning to rx;ry, and sxy the corresponding maximum abso-
lute values found in the reference beam domain (X), after the Ps_TO
optimization of the reference case (class C20/25, F ¼ 11:11 kN).
These three maximum stresses are, respectively,

max
X

jrxj ¼ 6:82 MPa;

max
X

jryj ¼ 8:07 MPa;

max
X

jsxyj ¼ 3:93 MPa:

Substituting these values in (27), we obtain r00
vms ¼ 10:14 MPa.

As last representative value for the Von Mises limit, we choose
the maximum Von Mises stress developed in the reference opti-
mized beam, thus

max
X

rvms ¼ r000
vms ¼ 9:82 MPa: ð28Þ

The results obtained in these optimization runs are outlined in
Table 5, while Fig. 13 depicts the density distributions of the opti-
mized beams obtained using classical Von Mises stress constraints.

Analyzing the outputs of the Von Mises optimization, we can
see how r0

vms is not a proper choice for the limit value, since the
resulting beam appears to be excessively thin, severely violating
the traction limit of the material (10:60 MPa � 2:2 MPa), and pre-
senting, at the same time, an unreasonable maximum displace-
ment (�14:04 mm). On the other hand, while cases r00

vms and
r000
vms distribute a relatively comparable amount of material with

respect to results found in Table 2 for class C20/25, once again
we can see how the Von Mises constraint alone is not able to
ensure the fulfillment of the specific traction requirement of the
concrete material, being both 2:95 MPa and 2:90 MPa greater than
the required limit of 2:2 MPa.

3.3. Maximum deflection constraint

In the final step of this study, we show how the proposed Ps_TO
algorithm is able to easily include other project-specific con-
straints. As an example of such limitations, we take into account
a restriction over the maximum deflection in the mid-span of the
beam. Considering the results obtained in the fixed load analysis
for class C40/50 (Table 2), we can see how the optimized beam pre-
sents a maximum deflection of �0:97 mm. Let’s assume that our
project requires, as a design constraint, a maximum deflection
not greater than 0:1% of the beam cross-section height. With
respect to the dimensions depicted in Fig. 3, this yields a maximum
2:2 MPa, F ¼ 11:11 kN

) rþ (MPa) maxU (mm)

10.60 �14.04
2.95 �0.88
2.90 �0.66



Fig. 13. Density distributions of beams obtained with Von Mises stress constraints:
Class C20/25.

Fig. 14. Density distribution of beam optimized with project-specific displacement
constraint: Class C40/50.

Table 6
Comparison of optimized solutions obtained with (w/) or without (w/o) considering
deflection constraint

C40/50, r� ¼ �40 MPa, rþ ¼ 3:5 MPa, F ¼ 11:11 kN, max jUj 6 0:5 mm

Case Avg density % r� (MPa) rþ (MPa) maxU (mm)

w/o 14.0 �13.784 3.421 �0.9719
w/ 27.9 �12.53 1.93 �0.4996
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allowed deflection value of approximately 0:5 mm. The technique
described in Section 2.3 admits a straightforward adaptation to
take into account this new constraint. More specifically, we let
the algorithm distribute material not only when the principal
stresses do not respect traction or compression limits, but also
whenever the limit displacement is exceeded. Recalling the nota-
tions introduced in 2.3, a total material update that includes
deflection constraints can be formally written as:

xTarget¼

XN
e¼1

xeþ0:001 �N;
if 9e :RFe

1 and=
or RFe

2 are beyond allowed limits
or max jUj>Ulim;XN

e¼1

xe�0:001 �N; otherwise:

8>>>>>><
>>>>>>:

ð29Þ

Furthermore, the stopping rule is modified accordingly, letting the
algorithm stop whenever – after the minimum number of iterations
is achieved – either the Risk Factor or the maximum deflection are
approaching their limit values.

As in the PTO and the Ps_TO without deflection constraints, the
purpose forcing a minimum number of iterations is to prevent pre-
mature convergence to low quality local-optima. Good values for
such number can be selected by means of a preliminary numerical
test. Practically speaking though, in our analysis immature termi-
nations were not recorded. This is in line with what observed in
[36], that recorded extremely rare occurrences of this behavior (a
single premature convergence in all the tests reported). Even if
there is no clear evidence of the need for such a parameter, we
account for it to foster robustness of our approach.

The inclusion of this new constraint in our algorithm yielded a
new beam outline, whose density distribution is depicted in
Fig. 14, that is able to respect the project-specific constraint, strate-
gically adding a small amount of material in the beam, as can be
observed in Table 6.
4. Conclusions

The present work has been focused on the design of concrete
beams using a Risk-Factor based optimization algorithm able to
generate lightweight structures with improved mechanical
performances.

The FE analyses carried out on practical cases study (i.e. using
conventional concrete material properties in a simply supported
beam configuration) demonstrated that this optimization strategy
adequately takes into account the strength anisotropy of concrete,
achieving beam configurations of notable interest (e.g. Fig. 5). For
fixed flexural load cases, the outcomes of the numerical tests
showed that the final average density of the beam depended on
the concrete class adopted whereas the increase of the applied load
inevitably required denser beam configurations; In the range of
C20/25 to C60/75 the algorithm produced stable optimized shapes
having densities between 13% and 19%. In each one of the tests of
the fixed load analysis, the stopping criteria arrested the algorithm
after a comparable number of iterations, that never exceeded 850.
Moreover, by comparing the results obtained for class C60/75 with
the ones obtained for other strength classes in the proportional
load testing (Table 4), it appears that the relationship connecting
the load and the average density of the optimized beam is non-
linear and should be carefully evaluated for final applications.
These results put the point of a proper definition of design require-
ments (e.g. load, displacement ecc.) whose inclusion could yield
sensibly different solutions. Indeed, to explore in this direction,
Section 3.3 presents a numerical test that includes a maximal
deflection constraint. The results reported in Table 6 indicated that
the design requirements on the deflection is properly integrated
adding additional material in the beam: indeed, such addition
increased the stiffness of the beam lowering both the maximum
deflection, and the stress values in the beam.

A further investigation was pursued in the comparison of Ps_TO
with Von Mises stress constraint condition. The tests evidenced
that the results obtained with the latter were not satisfactory in
terms of physical feasibility of the beam, due to the exceedance
of strength limits in traction for concrete material. Nevertheless,
alternative loading conditions could have generated different
results. In fact, we observe that to further validate the comparison
with Von Mises constraints, it would be useful to study cases of
loads in which either the compression is dominant or there is equal
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contribution of compression and traction to the design process (e.g.
the case of combined bending and axial load).

This work represents a first step towards the freeform design
of concrete-based structures, leveraging the opportunities offered
by emerging digital construction techniques. However, in order to
fully achieve the integration of topology optimization in the con-
text of additive manufacturing, greater care has to be paid to the
inclusion of technological constraints related to the printing pro-
cess. In fact, different printing technologies may require the addi-
tion of either geometrical or processing constraints; among the
others, the minimum size of the pattern defining the topology
must be compatible with the dimensions of the printing nozzle.
Similarly, constrained paths should be investigated in order to
be feasible for the printing robotic arm. See for example Fig. 12,
that would present a high degree of pattern variability in the
optimized topology, ranging from the relatively high thickness
of the beam external edges, to the very thin inner lines. The inclu-
sion of specific technological constraints is of fundamental impor-
tance since, as observed in [10], addressing printability in a
subsequent post-processing phase can have detrimental effects
on the element behavior, and thus invalidate the designs pro-
duced in the optimization phase. As final remark, further research
steps should also explore the inclusion of reinforcing steel in the
optimization procedure along with a proper experimental
validation.
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