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Abstract
Additive manufacturing (or 3D printing) is constantly growing as an innovative process for the production of complex-shape 
components. Among the seven recognized 3D printing technologies, powder bed fusion (PBF) covers a very important role for 
the production of structurally functional components starting from different metal powder. However, being PBF a production 
process involving very high thermal gradients, non-negligible deformations and residual stresses may affect the 3D printed 
component. One of the characterizing aspects of PBF is the evolution of the melt pool and the heat exchange with the sur-
rounding solid powder. In literature many attempts to simulate melt pool evolution have been carried out, however the only 
approaches leading to interesting results rely on the lattice Boltzmann method. In this work, starting from the Boltzmann’s 
equation, we derive the lattice Boltzmann equation and we introduce the needed assumptions in order to recover the lattice 
Boltzmann method. Finally, we apply the lattice Boltzmann method to study some interesting problems related to powder 
bed fusion process, including droplets wetting, thermal convection and solid–liquid phase change.

1 Introduction

Additive manufacturing (AM) technology (also often indi-
cated as 3D printing) is defined by the American Society 
for Testing and Materials (ASTM) as  the process of join-
ing materials to make objects from 3D model data, usually 
layer upon layer, as opposed to subtractive manufacturing 
methodologies, such as traditional machining [3]. The main 
advantage of AM is the possibility to manage very complex 
geometries, reducing the waste of material and energy.

Among AM techniques, in this paper, we focus on metal 
Powder Bed Fusion (PBF). At the beginning of a PBF pro-
cess, a layer of metal powder is deposited on the building 
plate, then a high-power heat source is used to melt selec-
tively the powder. Right after the passage of the heat source, 

the melted material starts to cool down until a complete re-
solidification. Once the heat source is removed, the roller 
pushes a new layer of material on the top of the previous 
one, then the process restarts until the final shape of the 
component is obtained.

A distinctive element among different PBF techniques 
lies in the type of heat source adopted to melt the powder: 
a laser beam in Selective Laser Melting (SLM), an electron 
beam in Electron Beam Melting (EBM).

PBF is used in several areas, including bio-medical, auto-
motive, and aerospace industry; however, a wide-spread use 
of PBF is possible only if the produced metallic parts meet 
strength and flexibility quality standards [15].

PBF is a very complex multi-physic and multi-scale pro-
cess, involving several phenomena [51], in particular, it is 
characterized of high temperature gradients causing pow-
der melting and giving rise to convective flows in the so-
called melt pool. The dynamics of the melt pool have a great 
impact on the porosity and on the surface roughness of the 
final part [80], furthermore, the fast cooling process may 
trigger a segregation between melted and solidified powder 
[75]; finally, high temperature gradients cause the insur-
ance of residual stresses, which could significantly affect the 
mechanical properties of the component [55]. The principal 
and the secondary physical effects rising during PBF process 
are shown in Fig. 1.
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It is recognized that the final quality of the component 
strongly depends on the adopted printing parameters (e.g., 
laser power, scanning velocity, layer thickness, etc.), as well 
as on the material properties (e.g., thermal and electrical 
conductivity, surface tension, etc.) [42]; therefore studying 
the influence of these parameters on the printing process has 
become mandatory to obtain the desired results in terms of 
component design and mechanical properties.

In the following, we focus on phenomena occurring at 
the microscopic scale, which introduce three main aspects 
that need to be considered in the modeling: (i) powder bed 
generation, (ii) heat source and energy absorption, and (iii) 
melt pool thermo-fluid dynamics.

Powder bed generation consists in reproducing the sto-
chastic powder distribution on the building plate. As exam-
ples, Meakin and Julien [54] and Körner et al. [39] studied 
2D powder bed generation using the rain-drop model; Markl 
[50], instead, developed a simplified free-fall discrete ele-
ment approach, while Zohdi [88] used the so-called direct 
particle method to simulate not only powder deposition, but 
also the complex particle-to-particle dynamics occurring 
during the deposition process.

Heat source and its interaction with the powder bed have 
to be modeled very carefully so to reproduce exactly the 
thermal gradients rising during the printing process. As 
examples, Zäh and Lutzmann [84] divided the heat input into 
a vertical and a horizontal component with the horizontal 
distribution modeled as a Gaussian density function; Wang 
and Kruth [78] developed an analytic ray tracing model to 
investigate the energy absorption in SLS processes, while 
Klassen et al. [36] adopted a semi-empirical approach to 
study the absorption phenomena in EBM process.

However, in PBF process, the melt pool dynamics are, 
for sure, the most important aspect to be caught through the 

simulation, since the evolution of the melt pool affects sev-
eral parameters of the final material, including local density, 
porosity, and roughness. Phase transition, wetting, capillar-
ity, surface tension, and Ma-rangoni forces are the principal 
phenomena influencing the thermo-fluid dynamics of the 
melt pool.

Many authors faced the simulation of melting process and 
melt pool evolution in PBF. Zohdi [88] developed a discrete 
element method, based on particle-to-particle representa-
tion, to study powder deposition and laser interaction with 
powder, including phase change prevision. Ganeriwala and 
Zohdi [20] included this model in a more general discrete 
element—finite difference framework in which the powder 
layer is modeled with, solid spheres while the solid under-
neath substrate is represented as a continuous mesh to be 
solved with finite difference scheme. The model is able to 
capture the temperature distribution during laser scanning 
and to predict the wetting behavior, though without directly 
calculating it.

An alternative method to simulate melt pool evolution is 
represented by the smoothed particle method (SPH). Russel 
et al. [66], using this lagrangian mesh-free computational 
tool, simulated the melting process of a single powder line 
represented on a 2D domain. The model takes into account 
the surface tension and the Marangoni forces. The work 
includes various simulations of laser scans with different 
energy densities. The framework is able to reproduce melt 
pool evolution and to represent the surface of the solidified 
powder domain; although, according to the authors them-
selves, the method is still expensive in terms of computa-
tional efforts and, it is not eligible as an efficient compu-
tational tool to simulate a real PBF process. SPH method 
was adopted also by Blank et al. [6] who investigated the 
influence of powder shape on melting and wetting processes 
also including the presence of unmelted powder, showing 
that they can significantly influence the final surface of the 
solidified material.

Yuan and Gu [82] used the finite volume method to pre-
dict temperature evolution and final shape of the melt pool 
during PBF process. Nevertheless they approximate the 
powder domain with a continuous media, they concluded 
that Marangoni forces are mandatory to correctly predict 
heat and mass transfer as well as the geometry of the melt 
pool. Based on this approach, Heeling et al. [31] developed 
a level-set finite volume scheme to investigate melt pool evo-
lution in PBF process. The computational tool takes into 
account the Marangoni effect, the evaporation, the capillary 
forces, the buoyancy effect, and the recoil pressure, which 
has been shown to have high impact on the melt pool shape. 
Width and depth of the melt pool simulated with different 
scan powers, speed, and materials are compared, showing a 
good agreement with experimental tests; however, being the 
domain represented as a continuous media, it is impossible 

Fig. 1  Physical phenomena involved in Powder Bed Fusion (PBF) 
process. In blue the principal physical effects, in black the secondary 
physical effects. (Color figure online)
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to take into account porosity within the powder bed and the 
final solidified material.

Recently, Rauniyar and Chou [63] set up a mixed discrete 
element—finite volume framework to simulate powder bed 
deposition and melt pool evolution during laser scan. The 
position of each particle is mapped on a voxel mesh domain 
able to capture melt pool dynamics. The results show that 
the computational approach is able to capture the melt pool 
evolution both in terms of temperature and surface evolu-
tion; however, no evaporation and no recoil pressure are 
considered within the computations.

Lu et al. [48] adopted the phase field method to investi-
gate the balling effect in a simple 2D powder domain. This 
simulation approach is able to predict the domain shape evo-
lution after melting process and re-solidification; in particu-
lar the authors point out that voids rising due to the balling 
effect are strongly dependent on laser power and velocity. 
Different simulations have been performed and the results 
have been compared with experimental results showing a 
good agreement.

Many works based on the finite element method (FEM), 
have been proposed in recent years in order to simulate melt 
pool evolution in PBF process. Among the others, we recall 
Liu et al. [47] who adopted a FEM approach to predict melt 
pool dimensions and micro-structure of solidified material 
obtained with different combinations of laser velocities and 
powers. Luo et al. [49], instead, used FEM method to study 
temperature and stress field evolution within the melt pool. 
However, computational tools based on FEM rely on the 
strong approximation of a continuous domain; as a conse-
quence, they do not include any wetting, capillary and fluid 
dynamic effect; furthermore, they neglect voids formation 
and balling effect prediction.

A common limitation of all these methods is represented 
by the computational efforts needed to simulate PBF pro-
cess, which makes impossible to simulate more than micro-
scopic portions of the domain.

At the state of the art, the most frequently adopted and 
successful numerical approach to properly simulate the melt 
pool relies on the Lattice Boltzmann (LB) method. LB is 
a full explicit kinetic particle-based method which can be 
used to solve thermo-fluid dynamic problems. The first LB 
method able to simulate melt pool evolution in PBF was 
introduced by Körner et al. [39], who developed a 2D free 
surface LB method including phase transition, wetting and 
surface tension treatment. Ammer et al. [2] extended the 
previous 2D model [39] to three dimensions and set up a 
complete simulation framework for EBM process, vali-
dating numerical results through experimental tests. This 
computational tool includes powder bed generation, using a 
stochastic approach to define a probability density function 
for particle radi; electron beam gun representation with a 
multi-dimensional Gaussian distribution, energy absorption 

using Beer–Lambert law, and phase change performed with 
enthalpy based approach. Recently, Klassen et  al.  [37] 
improved this model, taking into account heat radiation and 
including material evaporation. Rai et al. [61] developed a 
coupled cellular automaton—LB method to simulate ran-
dom layer generation and melt pool evolution during melt-
ing process, including capillarity, wetting, evaporation, and 
voids formation among solidified material. Finally, Rausch 
et al. [64] used a free surface LB method to simulate pore 
formation during laser scan process on one hundred layer 
domain, reaching for the first time the millimeter scale with 
a mesoscopic PBF simulation.

To the authors knowledge, LB is the only method able 
to correctly predict melt pool evolution considering all the 
involved physical effects, moreover, being a full explicit 
computational scheme, LB can be massively parallelized 
on HPC and used to simulate PBF up to the mesoscale. 
According to the previous considerations and the high inter-
est toward LB methods for the description of the melt pool 
in PBF, the present paper aims at carefully, and step-by-step, 
introducing the reader to LB method, in the perspective of 
PBF simulations and with a special attention toward compu-
tational implementation and algorithmic details.

The paper is organized as follows:

• Section 2.1 introduces the continuous equations gov-
erning the melt pool dynamics in PBF and justifies the 
choice of the LB method as computational tool to face 
PBF simulations; moreover it delineates the origin of the 
LB method and presents a brief chronology of method;

• Section 2.2 introduces the Boltzmann Equation and leads 
the reader to the formulation of the LB method;

• Section 3.1 proposes the basic LB algorithm, validating it 
against the classic benchmark of the Lid-Driven-Cavity;

• Section 3.2 presents the thermal LB method, validating 
it against the classic benchmark of the Rayleigh Benard 
convection;

• Section 3.3 reviews the original Shan-Chen method used 
to simulate multiphase flows and validates it against the 
problem of a droplet wetting on a smooth surface.

• Section 3.4 introduces the free surface LB method based 
on the description of the interface boundary between the 
liquid and the gas phase;

• Section 3.5 investigates the phase change problem of a 
pure material in a square domain.

2  Lattice Boltzmann Method: An Overview

In this section we present the main characteristics of the lat-
tice Boltzmann (LB) method and we briefly discuss about 
the origins of the method and about its relation with the 
Boltzmann Equation (BE).
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2.1  Features and Origins

In computational fluid dynamic (CFD), there are three dif-
ferent levels at which it is possible to simulate fluid motion: 
(i) the macroscopic level, (ii) the kinetic level, and the (iii) 
molecular level.

At the macroscopic level the behavior of a viscous 
thermal-conductive fluid is classically described using the 
Navier–Stokes (NS) equations:

combined with the heat advection–diffusion (AD) equation:

where v denotes the velocity, t the time, � the density, p the 
pressure, � the viscosity, F the body force, T the temperature, 
cp the specific heat, k the thermal diffusivity and � the heat 
source.

On the other hand, the LB method is a kinetic particle-
based approach which conserves the essential information 
of particle dynamics, necessary to recover the conservation 
laws at the macroscale; in this respect, the LB method rep-
resents a bridge between the micro- and the macroscopic 
world and it is particularly suited to simulate phenomena at 
the mesoscopic scale.

The LB method [18] takes its origins from the lattice 
gas automata (LGA) method [27], which is a simplified 
approach to describe particle dynamics in a discrete domain 
of velocity and space, usually called lattice. The idea behind 
the LB method is to solve the statistical equations govern-
ing the time evolution of the particle mean distributions 
described by the BE, which was shown by Cercignani [10] 
to be a consistent formulation to represent a viscous thermal 
conductive fluid.

At the beginning of 90s, the LB method was tested on 
fluid dynamic benchmark problems with an analytical solu-
tion [53]. In 1993, Shan and Chen [67] developed the first 
LB method to simulate multiphase and multicomponent 
flows. However, only in 1997, He and Luo [30] demonstrated 
that the LB equation can be directly derived from the BE, 
giving a solid theoretical background to the computational 
method.

In early 2000s, the LB method was used to simulate parti-
cle-fluid suspensions [43] and incompressible flows through 
porous media [26]. Texeira et al. [73] and Palmer et al. [59] 
proposed two different lattice models to face thermal prob-
lems, while Yu et al. [81] extended the application of LB 
method to high Re number incompressible flows. In 2005, 
Chatterjee et al. [13] adopted the LB method to investigate the 

(1)
∇ ⋅ v = 0

�v

�t
+ (v ⋅ ∇)v − �∇2v = −

1

�
∇p + F

(2)
�(�cpT)

�t
+ ∇ ⋅ (�cpTv) = ∇ ⋅ (k∇T) +�

solid–liquid phase change, while Körner et al. [40] developed 
a free surface LB scheme to simulate foaming movement. In 
2006, Geller et al. [21] proposed an interesting comparison 
among various CFD tools, concluding that the LB method 
is particularly suitable to face problems with very complex 
geometries and boundary conditions; moreover, in the same 
year Zheng et al. [86] proposed a LB scheme to simulate 
multiphase flows with high density ratio. In 2011, Attar and 
Körner [4] adopted for the first time the LB method to inves-
tigate melt pool dynamics in EBM processes, including the 
powder melting process and the free surface evolution of the 
melt pool. In 2012, Gong and Cheng [23] used the LB method 
to simulate liquid-vapour phase change in high density ratio 
fluid mixtures; finally in 2013 Haung et al. [34] proposed 
an innovative LB scheme to face solid–liquid phase change 
problems.

The interested reader may also refer to several different 
books on this topics, such as Succi [70], Wolf [79], Zhou [87], 
Sukop [71], Mohamad [57], Guo and Shu [25], and Krüger 
et al. [41].

2.2  From Boltzmann Equation to Lattice Boltzmann 
Method

The statistical behavior of a thermodynamic system in a non 
equilibrium state is governed by the Boltzmann Equation (BE):

where f = f (x, �, t) is a particle distribution function describ-
ing the probability to find each particle at position x with 
velocity � at time t, while Q(f, f) is the collision term describ-
ing the interaction among particles.

Since the analytical expression of the collision operator is 
very complex, the solution of Eq. 3 is almost impossible. To 
avoid this problem, it is possible to linearize Q(f, f) through the 
so-called Bhatnagar-Gross-Krook (BGK) approximation [60]:

where � is the relaxation time of the collision operator and 
f eq is the equilibrium distribution function, which has the 
form of a Maxwellian distribution function [79]:

with d the space dimension, � the macroscopic density, v the 
macroscopic velocity, R the gas constant, and T the tempera-
ture. The macroscopic quantities � , v , and � can be recovered 
from the moments of the particle distribution function f as 
follows [10]:

(3)
�f

�t
+ � ⋅ ∇f = Q(f , f )

(4)Q(f , f ) = −
f − f eq

�

(5)f eq =
�

(2�RT)
d

2

exp

(
−
(� − v)2

2RT

)
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As stressed by He and Luo [30], to recover the LBM method 
from the BE we need three basic ingredients: (i) an evolu-
tion equation discretized in time, (ii) a quadrature formula 
to approximate the integration in velocity space � and (iii) 
a proper discrete equilibrium distribution function which 
allows to reproduce exactly the macroscopic quantities.

Introducing the total derivative operator d and substitut-
ing Eq. 4 in Eq. 3, it is possible to rewrite the BE as follows:

which is, from a mathematical point of view, a first order 
differential equation with a constant coefficient 1∕� ; hence-
forth, integrating Eq. 7 over a time interval �t , we obtain:

As detailed in He and Luo [30], after some regularity 
assumptions and linearizing the term exp (−�t∕�) , Eq. 8 
can be rewritten as follows:

where � is a dimensionless relaxation time defined as 
� = �∕�t.

With respect to the equilibrium distribution function, per-
forming a low Mach number expansion [44], Eq. 5 can be 
rewritten as follows:

The next step to derive the LB method is the introduction 
of a quadrature formula, for the integration in the momentum 
space � . The generic quadrature formula can be expressed 
as follows:

where �(�) is a polynomial function and �i is the i-th weight 
coefficient of the adopted quadrature formula. The calibra-
tion of the weight coefficients is a crucial point, during this 

(6)
� = �(x, t) = ∫ fd�, v = v(x, t) =

1

� ∫ �fd�,

� = �(x, t) =
1

2� ∫ (� − v)2fd�

(7)
df

dt
+

1

�
f =

1

�
f eq

(8)

f (x + ��t, �, t + �t)

=
1

�
exp

−
�t

� ∫
�t

0

exp
t�

� f eq(x + �t�, �, t + t�)dt�

+ exp
−

�t

� f (x + �, �, t)

(9)

f (x + ��t, �, t + �t) = f (x, �, t) −
1

�

[
f (x, �, t) − f eq(x, �, t)

]

(10)

f eq =
�

(2�RT)
d

2

exp

(
−

�2

2RT

)[
1 +

� ⋅ v

RT
−

v2

2RT
+

(� ⋅ v)2

2(RT)2

]

(11)∫ �(�)f (x, �, t)d� =
∑
i

�i�(�i)f (x, �i, t)

step, in fact the quadrature formula must provide the exact 
evaluation of the macroscopic quantities (Eq. 6). More 
details about this topic can be found in He and Luo [30].

We observe that the introduction of a quadrature formula 
leads to the discretization of the velocity � into a set of n dis-
crete velocities ei ( i = 1,…,n) which are the abscissas of the 
quadrature formula. The velocity discretization is coupled 
with the discretization of the physical space into a grid of 
physical points. This grid, characterized by a space resolu-
tion �x , is commonly known as lattice grid. In the literature 
the combination of physical points and discrete velocities 
is indicated as lattice discretization. Accordingly, we can 
also introduce a characteristic lattice velocity c defined as 
follows:

Usually, the discrete LB schemes are denoted as DdQn, 
where d is the space dimension and n is the number of veloc-
ities ei of the specific lattice scheme. The most frequently 
adopted schemes in two and three dimension are respectively 
D2Q9 and D3Q19. These schemes and their associated dis-
crete velocities and weights are shown in Figs. 2 and 3.

Applying the lattice discretization and evaluating Eq. 9 
along the generic discrete velocity ei , we obtain:

where fi(x, t) and f eq
i
(x, t) are the components of the distribu-

tion function and the equilibrium distribution function along 
the i-th direction. We observe that in Eq. 13 the quantities fi 
and f eq

i
 depend indirectly from the variable � , since they are 

evaluated along a given discrete velocity ei.

(12)c =
�x

�t

(13)
fi(x + ei�t, t + �t) = fi(x, t) −

1

�

[
fi(x, t) − f

eq

i
(x, t)

]

with i = 1,… , n

Fig. 2  D2Q9 bi-dimensional lattice model with 9 velocities and 3 
weights
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The last issue to face is the definition of a proper discrete 
equilibrium distribution. Following He and Luo [30], the 
discrete equilibrium term is given by:

where wi are the weights related to the adopted lattice 
scheme and cs =

√
RT = c∕

√
3 is the so-called lattice 

sound speed. The macroscopic quantities are evaluated with 
zeroth, first and second moments of the discrete distribution 
functions:

An effective numerical solution of Eq. 13 is obtained by 
splitting the discrete evolution equation (Eq. 13) into two sub-
processes: (i) the streaming step, describing the advection of 
the particle distributions and (ii) the collision step, describing 
the collision among the particle distributions.

The streaming step is defined as follows:

where the particle distribution in position x at time t are 
streamed to position (x + ei�t) after a time step �t . At the 
end of the streaming process, the macroscopic quantities ( � 
and v ) can be evaluated trough Eq. 15, then the equilibrium 
distributions are recovered by applying Eq. 14.

(14)f
eq

i
= wi�

[
1 +

ei ⋅ v

cs
2

−
v2

2cs
2
+

(ei ⋅ v)
2

2cs
4

]

(15)

� = �(x, t) =

n∑
i=1

fi

v = v(x, t) =
1

�

n∑
i=1

eifi

� = �(x, t) =
1

2�

n∑
i=1

(ei − v)2fi

(16)f s
i
(x + ei�t, t + �t) = fi(x, t)

The collision step is defined as follows:

Equations 14, 15, 16, 17 represent the basic ingredients 
of the so-called LBGK method which is the simplest LB 
method and the core of more complex approaches. This 
method is well suited to simulate flows with low Re num-
bers, but becomes unstable at high Re numbers. To avoid 
this instability, Higuera et al. [32] proposed the so called 
multiple-relaxation-time method (LB-MRT), where the 
relaxation time � is replaced with a relaxation matrix in 
which various relaxation times ( �i ) are adopted for different 
velocities. More details about this method can be found in 
Krüger et al. [41] and D’Humiéres [16].

3  Lattice Boltzmann Method: Applications

In the following subsection we describe the application of 
the LB method to the simplest model problems, leaving the 
discussion on the method extension to more complicated 
problems to the following subsections.

3.1  Single Phase Flows

In this section we focus on the LBGK method to solve sin-
gle-phase flows at low Reynolds (Re) numbers and on the 
corresponding algorithm. In particular, we test the proposed 
algorithm on a reference benchmark CDF solution, i.e. the 
Lid-driven-cavity (LDC) problem [8]; in this problem a 
square cavity is filled with fluid and a constant horizontal 
velocity is imposed on the upper side of the domain (see 
Fig. 4).

The first step of our algorithm consists in the conver-
sion of the dimensional quantities into lattice units. As 

(17)
fi(x + ei�t, t + �t) = f s

i
(x + ei�t, t + �t)

−
1

�

[
f s
i
(x + ei�t, t + �t) − f

eq

i
(x + ei�t, t + �t)

]

Fig. 3  D3Q19 three-dimensional lattice model with 19 velocities and 
3 weights Fig. 4  Lid Driven Cavity (LDC) problem: boundary conditions and 

imposed velocity
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discussed in the previous chapter, the LB method relies 
on a discrete domain called lattice. Each lattice scheme 
is defined by a time resolution �t and a space resolution 
�x , which can be defined in any set of units (e.g. SI), 
although in literature almost all the works are realized 
in lattice units which are a fictitious unit system scaled 
such that �t = 1 and �x = 1 . The conversion procedure 
between physical units and lattice units is not unique. In 
the present work we adopt the scheme proposed by Krüger 
et al. [41] based on the Law of Similarity which states that 
two incompressible flow systems are fluid-dynamically 
similar if they have the same Reynolds number and the 
same geometry.

In single phase flow problems the Reynolds number can 
be expressed as follows:

where L′ is the typical scale of the physical problem, V ′ is the 
typical velocity of the physical problem and �′ is the physical 
viscosity. In LDC the scale of the problem is given by the 
cavity dimension, while �′ depends on the chosen fluid; fur-
thermore from L′ and V ′ we can easily define the typical time 
scale T � = L�∕V � . Once defined the grid resolution Nx × Nx 
we can evaluate the physical grid spacing as:

and we can define a conversion factor for length as follows:

from which it is simple to derive that L = Nx.
The definition of V and � is not straightforward because 

in LB method, to avoid instability problems, we must 
ensure that V < cs and the relaxation time � is not too close 
to 0.5 [41]. Once defined a proper value for � , we can 
derive the kinematic lattice viscosity as follows [18]:

Now, considering the physical dimensions of the viscosity, 
we can write the following relation:

where C� is the viscosity conversion factor and Ct is the time 
conversion factor. Finally we can derive the lattice velocity 
V as follows:

(18)Re =
L�V �

��
=

LV

�

(19)��
x
=

L�

Nx

(20)Cx =
�x�

�x

=
L�

L

(21)� = cs
2
(
� −

1

2

)

(22)��

�
= C� =

Cx
2

Ct

, → Ct =
Cx

2

C�

(23)V =
V �

CV

, → V = V �
Ct

Cx

where CV is the conversion factor for the velocity. Moreo-
ver, knowing Ct , we can derive the physical time step as 
��
t
= Ct�t and we can calculate the number of iterations 

needed to cover the desired time interval. If the resulting lat-
tice velocity V is not consistent with the method constraints, 
as first step we may try to change the relaxation time � , 
alternatively, we can change the lattice grid resolution Nx.

We also observe that the density in LB method is a 
pure scaling parameter, that does not affect the stability 
of the method, so it is possible to adopt any desired value 
of � ; nevertheless, to be consistent with the previously 
assumptions it is common to assume � = 1 and to define 
the associated conversion factor as follows:

where �′ is the physical density.
Once performed the parameters conversion, the distri-

bution functions fi are initialized, at the equilibrium state 
through Eq. 14, and the iterative process starts.

The algorithm, presented in Fig. 5, consists of two 
loops: a main loop over the time and a loop over the cells. 
During the streaming step we impose the boundary condi-
tions, in particular we implement the Dirichlet boundary 
conditions proposed by Zou and He [89] to impose the 
fixed velocity on the upper side of the domain, while we 
apply the simple bounce-back scheme to reproduce no-slip 
boundaries on the other sides:

where subscript index ir denotes the opposite direction to the 
considered velocity ei , such that: eir = −ei.

After the streaming step we evaluate the density � and 
the velocity v trough Eq. 15, then the equilibrium distri-
butions can be computed and finally the collision among 
particle distributions takes place (Eq. 17).

We tested the proposed algorithm solving the Lid 
Driven Cavity problem for three Re numbers: Re = 100, Re 
= 400 and Re = 1000. The square cavity, of length L = 1 
m, is filled with water with kinematic viscosity � = 10−6 
m 2 /s and the lattice grid dimensions are: 300 × 300.

Figure 6 shows the simulation results of the LDC prob-
lem. The first three plots represent the velocity distribution 
(L2 norm) of the steady state solution for various Reyn-
olds numbers. The results have been validated through a 
comparison with the solution proposed by Ghia et al. [22] 
which is commonly considered a reference solution for 
this kind of problem.

In particular, the normalized horizontal and vertical 
velocity components (u and v-velocity, blue lines) along 
vertical and horizontal symmetry lines have been com-
pared with the reference solution (red bullets). We observe 

(24)C� =
��

�

(25)f s
ir
(x + ei�t, t + �t) = fi(x, t)
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a good agreement between the solution obtained with the 
LBGK simulation and the one proposed by Ghia et al. [22].

3.2  Thermal Lattice Boltzmann Method

As mentioned in Sect. 2.1, the LB method is well suited 
also to describe the thermal flows. In literature, the mostly 
adopted thermal Lattice Boltzmann (TLB) methods are the 
multi-distribution method [59] and the multi-speed method 
[73], but McNamara et al. proved that [52] the latter method 
suffers of instability problems.

In the following, we adopt the multi-distribution approach 
proposed by Guo et al. [24] to set up a TLB method for 

incompressible fluids and we test it on a conventional bench-
mark i.e., the Rayleigh–Benard convection (RBC). In this 
problem a rectangular cavity is filled with fluid and a tempera-
ture difference is applied between upper and bottom bounda-
ries to give rise to a convective flow as represented in Fig. 7.

In multi-distribution approach two sets of distribution func-
tions, namely f and g, are taken into account: f is the distribution 
used to study the fluid-dynamic problem, while g is adopted 
to study the thermo-dynamic problem. The discrete evolution 
equations governing a thermo-fluid dynamic problem are:

Re = 100 Re = 400 Re = 1000

Re = 100 Re = 400 Re = 1000

Re = 100 Re = 400 Re = 1000

Normalized u-velocity along horizontal line at x/L = 0.5

Normalized v-velocity along vertical line at y/L = 0.5

Velocity distribution in the Lid-driven-cavity

Fig. 5  LBGK algorithm. The scheme consists of two loops. A main loop over time and a secondary loop over lattice cells. The bounce back rule 
is adopted to impose no-slip boundaries and the Zou-He [89] conditions are used to impose constant velocity on top boundary
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(26)

fi(x + ei�t, t + �t) = fi(x, t) −
1

�

[
fi(x, t) − f

eq

i
(x, t)

]

gi(x + ei�t, t + �t) = gi(x, t) −
1

�F

[
gi(x, t) − g

eq

i
(x, t)

]

with i = 1,… , n

where � and �F are the relaxation times for the fluid and 
the thermal problem respectively. An effective numerical 
solution of Eq. 26 can be obtained by splitting the solution 
process into a streaming and a collision step.

The streaming step is defined as follows:

At the end of the streaming, the macroscopic quantities are 
obtained as follows:

(27)
gs
i
(x + ei�t, t + �t) = gi(x, t)

f s
i
(x + ei�t, t + �t) = fi(x, t)

(28)

� = �(x, t) =

n∑
i=1

f s
i

v = v(x, t) =
1

�

n∑
i=1

eif
s
i

T = T(x, t) =

n∑
i=1

gs
i
(x, t)

Fig. 6  Lid driven cavity (LDC) 
problem performed at differ-
ent Reynolds (Re) numbers. 
The normalized horizontal and 
vertical velocity components in 
the middle of the domain are 
compared with the solution pro-
posed by Ghia et al. [22], show-
ing a good agreement for the 
considered Reynolds number

Fig. 7  Rayleigh–Benard convection (RBC) problem: boundary condi-
tions and imposed temperatures
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Henceforth the equilibrium distributions are evaluated as 
follows [24]:

Finally, the post collision distribution functions are given by:

The coupling between mass-momentum conservation 
and advection–diffusion, when considering buoyancy driven 
flows, can be performed by introducing the so-called Bouss-
inesq approximation [7]. This approximation states that den-
sity variations, caused by temperature gradients, are taken 
into account only when they are multiplied by the gravity. 
Considering Eq. 1, we can expand the body force term F as:

where g denotes the gravity acceleration. Applying the 
Boussinesq approximation, we can rewrite Eq. 31 as follows:

where � is the coefficient of thermal expansion and T0 is the 
average fluid temperature. The first constant term of Eq. 32 
can be condensed into the pressure term of Eq. 1, so we can 
rewrite the NS equations as follows:

The buoyancy force (Eq. 32) can be included in the TLB 
method by adding a forcing term F to Eq. 17:

Henceforth, following an analogue procedure to the one 
proposed by He et al. [28], we can write the discrete forcing 
term as follows:

(29)
f
eq

i
= wi�

[
1 +

ei ⋅ v

cs
2

−
v2

2cs
2
+

(ei ⋅ v)
2

2cs
4

]

g
eq

i
= wiT

[
1 +

ei ⋅ v

cs
2

]

(30)

fi(x + ei�t, t + �t) = f s
i
(x + ei�t, t + �t)

−
1

�

[
f s
i
(x + ei�t, t + �t) − f

eq

i
(x + ei�t, t + �t)

]

gi(x + ei�t, t + �t) = gs
i
(x + ei�t, t + �t)

−
1

�F

[
gs
i
(x + ei�t, t + �t − g

eq

i
(x + ei�t, t + �t)

]

(31)F = �g

(32)F = �g − ��g(T − T0)

(33)
∇ ⋅ v = 0

�v

�t
+ (v ⋅ ∇)v − �∇2v = −

1

�
∇p − �g(T − T0)

(34)
f (x + ��t, �, t + �t) = f (x, �, t)

−
1

�

[
f (x, �, t) − f eq(x, �, t)

]
+ F

(35)Fi = ���i

[eig
c2
s

]
(T − T0)

which is included in the algorithm as an addend of the 
right hand side of the collision process among fi particle 
distributions:

The adopted TLB algorithm is proposed in Fig. 8. The con-
version procedure between real quantities and lattice quantities 
is similar to the one presented in Sect. 3.1 and it is based on 
two non dimensional numbers describing a convective flow: 
Prandtl (Pr) number and Rayleigh (Ra) number. Prandtl num-
ber describes the ratio between kinematic viscosity and ther-
mal diffusivity:

while Rayleigh number states if the heat is primarily trans-
ferred by conduction or convection:

where apex ′ indicates the physical quantities. Properly com-
bining Eq. 37 with Eq. 38, we obtain:

Considering that the non dimensional groups PrRa and 
Ra / Pr have to remain unchanged during the conversion 
between physical and lattice quantities, we can write the 
following relations:

The conversion factor for length is defined as proposed in 
Sect. 3.1, then following the procedure proposed by Latt 
[45], we can evaluate � and k as follows:

We notice that the conversion factor for temperature does not 
appear in Eq. 41 and this may be justified by the adimen-
sional nature of the coefficient ��t . In general the choice of 
the conversion factor for the temperature does not affect the 
solution, since the advection–diffusion equation is linearly 
dependent from the temperature [45].

(36)

fi(x + ei�t, t + �t) = f s
i
(x + ei�t, t + �t)

−
1

�

[
f s
i
(x + ei�t, t + �t) − f

eq

i
(x + ei�t, t + �t)

]
+ Fi

gi(x + ei�t, t + �t) = gs
i
(x + ei�t, t + �t)

−
1

�F

[
gs
i
(x + ei�t, t + �t − g

eq

i
(x + ei�t, t + �t)

]

(37)Pr =
��

k�

(38)Ra =
g′��T �L�3

��k�

(39)PrRa =
���T �g′L�3

k�2
and

Ra

Pr
=

���T �g′L�3

��2

(40)
PrRa =

���T �g′L�3

k�2
=

��TgL3

k2

Ra

Pr
=

���T �g′L�3

��2
=

��TgL3

�2

(41)� =

√
Pr

Ra

Ct

Cx
2

and � =

√
1

PrRa

Ct

Cx
2
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Fig. 8  Thermal lattice Boltz-
mann (TLB) algorithm, based 
on the multi-distribution 
approach. DFs represent the 
fluid-dynamic distributions; 
GFs represent the thermo-
dynamic distributions. The 
bounce back rule is adopted 
to impose no-slip boundaries, 
while Dirichlet boundary condi-
tions have been implemented to 
impose fixed temperature on the 
upper and the bottom sides of 
the domain [46]
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Finally, the relaxation times can be derived as follows:

(42)
� =

�

cs
2
+

1

2

�F =
k

cs
2
+

1

2

If the relaxation times are close to 0.5, as highlighted in 
Sect. 3.1, the algorithm becomes unstable; in this case we 
need to modify Ct , changing the physical time step, or as 
second choice we can change the lattice scheme resolution.

The core of the algorithm is basically the LBGK method 
which is performed on the fi and gi distributions. At the 
beginning of the simulation the fi and gi distributions are 
initialized at the equilibrium state trough (Eq. 29), then at 
each time step a loop over all the cells is performed.

The algorithm proposed in Fig. 8 is specific to solve the 
Rayleigh–Benard convection problem. During the stream-
ing step we impose the boundary conditions. For the fluid-
dynamic problem we adopt no-slip boundaries on the upper 
and the bottom sides, while periodic boundaries are adopted 
for left and right sides:

where S is the distance between the periodic boundaries of 
the domain. For the thermo-dynamic problem, we adopt 
periodic boundaries on the left and the right sides, while 
a fixed temperature is imposed on the upper and the bot-
tom sides of the domain. The fixed temperature can be 
easily imposed with Dirichlet boundaries as shown in Liu 
et al. [46] (Fig. 9).

(43)f s
i
(x + S, t + �t) = fi(x, t)

Fig. 9  Variation of the Nusselt (Nu) number in function of the Ray-
leigh (Ra) number. The results are compared with the solution pro-
posed by Clever and Busse [14]

Temperature distribution in the cavity
Ra = 10,000 Ra = 50,000 Ra = 100,000

Ra = 10,000 Ra = 50,000 Ra = 100,000

Ra = 50,000 Ra = 100,000

Temperature isolines

Velocity isolines
Ra = 10,000

Fig. 10  Steady state solution of the Rayleigh–Benard convection obtained with Prandtl (Pr) number = 1 and varying Rayleigh (Ra) numbers
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Figure 10 shows the steady state solution of RBC problem 
in a rectangular cavity. We adopt Pr = 1, which is a typical 
value for air or gases in general, and we study the effects of 
Rayleigh numbers variation on simulation results: in particu-
lar, we consider: Ra = 104 , Ra = 5 ⋅ 104 and Ra = 105 . The 
temperature results are normalized with the formula ( T − Tl
)/�T proposed by He et al. [28]; the velocity results are nor-
malized on the maximum velocity. We validate the results of 
the Rayleigh–Benard convection through a comparison with 
the solution proposed by Clever and Busse [14], which is con-
sidered a reference solution for this problem. The results are 
expressed in terms of Nusselt (Nu) number, which describes 
the ratio between the convective heat transfer and the conduc-
tive heat transfer. In lattice quantities Nusselt number can be 
expressed as follows [35]:

where ⟨⟩ are the Macaulay brackets and H is the height of 
cavity.

3.3  Multiphase Flows

Multiphase fluids or mixture of immiscible fluids are very 
interesting problems for mechanical applications, including 
Powder Bed Fusion process, in which melted metal and vapor 
plum interact giving rise to the final shape of the component.

In this section we present Shan and Chen [67] method for 
single component multi-phase flows. In this method a so called 
pseudopotential function �(x, t) is introduced to simulate the 
interaction among neighboring particle distributions. The great 
innovation of Shan and Chen [68] method consists in the pos-
sibility to simulate phase segregation without the necessity of 
any method to track the surface between different phases [19].

In this paper, Shan and Chen [67] method is used to face 
the classical problem of a droplet wetting on a smooth surface: 
this problem is very interesting for several applications and it 
has been successfully studied by many authors; for example 
Raiskinmäki et al. [62] adopted Shan and Chen [67] method 
to simulate droplets spreading on smooth and rough surfaces.

The original Shan and Chen [67] method is based on the 
LBGK method presented in Sect. 3.1, except for the defini-
tion of the macroscopic velocity which is, here, given by the 
following relation:

where the velocity v is obtained with Eq. 15 and F = F(x, t) 
is a force acting on the fluid which is obtained from the 
contribution of three type of forces [33]:

(44)Nu = 1 +
⟨vy ⋅ T⟩H
k ⋅ �T

(45)vsh = v +
F

2�

(46)F(x, t) = Fint(x, t) + Fads(x, t) + Fest(x, t)

where Fint(x, t) is the particle to particle interaction force 
defined as [68]:

Fads(x, t) is the adhesion force between gas or liquid phase 
and the solid walls, defined as follows [5]:

and Fest(x, t) is a generic forcing term. In Eqs. 47 and 48, G 
is a parameter which controls the strength of interaction and 
adhesion force, � is the pseudopotential function and �w is a 
fictitious density assigned to the solid interfaces [5]; finally, 
s is a boolean function which is equal to one if the position 
x + ei�t is employed by a solid particle, while it is equal to 
zero if the position is employed by a fluid particle (Fig. 11).

The definition of the pseudopotential function is a cru-
cial point in the method setup; in this work we adopt the 
following formulation [29]:

where p is the pressure evaluated with the introduction of an 
Equation of State (EOS). The most common EOS are [83]:

• Van der Walls (VdW) [77] EOS, defined as follows: 

• Redlich–Kwong (R–K) [65] EOS, defined as follows 

• Carnahan–Starling (C–S) [9] EOS, defined as follows: 

(47)Fint(x, t) = −G�(x)
∑
i

wi�(x + ei�t, t)ei

(48)Fads(x, t) = −G�(x)
∑
i

wi�(�w)s(x + ei�t, t)ei

(49)�(x, t) =

√
2(p − �cs

2)

Gc2
s

(50)p =
�RT

1 − b�
− a�2

(51)p =
�RT

1 − b�
−

a�2√
T(1 + b�)

Fig. 11  Droplet wetting on a smooth surface: adhesion, external and 
internal forces acting on the liquid domain
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where a and b are the constants of the different models. 
In Eqs. 50, 51, 52 the first addend of the right hand side 
represents the repulsive term between phases, while the 
second addend is the attractive term.

The algorithm adopted to face the droplet wetting prob-
lem is presented in Fig. 12. The first step of our algorithm 
consists in the initialization of the density distribution in 
the domain. During the streaming step, as usual, we impose 
the boundary conditions. The bounce back rule is adopted 
to simulate non-slip boundaries on top and bottom sides of 

(52)p = �RT
1 + c + c2 − c3

(1 − c)3
− a�2 with c =

b�

4

the domain, while periodic boundaries are imposed on the 
vertical walls.

The proposed algorithm is used to study the wetting of 
droplets on a smooth surface. When fluid and vapor phases 
come in contact with a solid wall the capillary forces leads 
to the thermo-dynamic equilibrium between phases. At the 
state of the equilibrium a typical angle between fluid phases 
and the solid wall is observed. This angle is usually known 
as contact angle and it is described by the Young’s equation:

where � is the surface tension between solid (S), liquid (L) 
and gas (G) phase.

(53)cos(�eq) =
�SG − �SL

�LG

Fig. 12  Pseudopotential LB 
algorithm, based on Shan and 
Chen [67] method. The bounce 
back rule is used for no-slip 
boundaries. The Redlich–
Kwong EOS is adopted to 
describe the state of matter and 
He and Doolen [29] formulation 
is used to describe the pseudo-
potential function
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Benzi et  al. [5] showed that in Shan and Chen [67] 
method the contact angle can be adjusted by changing the 
density of the solid wall �w in Eq. 48. In Fig. 13 an example 
of droplet wetting is presented. This case study is carried 
out adopting the R–K EOS, with the parameters proposed 
by Huang et al. [33] (Fig. 14). 

Analogous parameters for the VdW and the C–S 
EOS have been proposed by Yuan and Schaefer [83]. As 
detailed in [5], the parameter �w in Eq. 48 can be used to 
calibrate the adhesion force and, in consequence, strongly 

influences the contact angle. In particular for the R–K EOS 
when �w varies between the vapor and the liquid density, 
the contact angle varies from 180!‘ to 0!‘. We evaluate 
the contact angle �eq in equilibrium conditions on the XZ 
plane; we underline that this choice does not influence 
anyway the results since the problem is radial symmet-
ric. The obtained equilibrium contact angles are summa-
rized in Table 1. The results are very similar to the ones 
obtained by Huang et al. [33] in the bi-dimensional case. 

Fig. 13  Droplet wetting on a smooth surface performed using the multiphase Shan and Chen [67] LB scheme, using the R–K EOS. Different 
contact angles are obtained through the variation of the solid wall density �

w

Fig. 14  Contact angle of a fluid in equilibrium conditions on a 
smooth surface

Table 1  Contact angle between 
the droplet and the bottom wall

�
w

�eq

2 153.3°
3 77.2°
5 14.6°
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In Fig. 15 we show an example of two droplets wetting on 
a smooth surface.

This example is carried out adopting the parameters 
proposed by Huang et al. [33]. We can appreciate how, 
during the wetting process, cohesion force develops 
between the two droplets as well as the adhesion force of 
the droplets with the bottom wall.

3.3.1  Thermal Multiphase Flows

In this section we propose an example of thermal multiphase 
fluid flow. The algorithm is based on Shan and Chen [67] 
pseudopotential lattice Boltzmann method (see Fig. 12), 
while the thermal problem is included using the multi-dis-
tribution lattice Boltzmann approach proposed by Guo et al. 
[24] (see Fig. 8).

In Fig. 16, we show an example of droplet wetting on a 
smooth surface with an imposed fixed temperature on bot-
tom and top wall. Periodic boundaries are imposed on the 
vertical walls, while no-slip boundaries are adopted on bot-
tom and top walls. Higher temperature is imposed and kept 
constant on the bottom wall. Lower temperature is imposed 
and kept constant on the top wall. Periodic thermal bounda-
ries are adopted on vertical walls.

In Fig. 17 we show the results of the problem presented in 
Fig. 16 at different time steps. In this example we adopt the 
R–K EOS and the density of the bottom wall ( �w ) has been 
kept equal to 3.0. High temperature is equal to 1 Tu (tem-
perature in lattice units); low temperature is equal to 0 Tu.

Fig. 15  Two droplets wet-
ting on a smooth surface. The 
simulation is performed using 
the multiphase Shan and Chen 
[67] LB scheme, adopting the 
R–K EOS

Fig. 16  Droplet wetting on smooth surface with temperature differ-
ence between bottom and top surface. High temperature is imposed 
on the bottom wall; low temperature is imposed on the top wall
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Colored isolines represent the temperature which is nor-
malized with the formula ( T − Tl)/�T  proposed by He et al. 
[28]. During the wetting process we observe that higher 
temperature is found in correspondence of the zones of the 
domain with higher density and higher thermal conductiv-
ity. Furthermore we can appreciate how the contact angle 
is smaller in comparison with the case of pure wetting 
without temperature variations in the domain.

3.4  Free Surface Flows

In this section we review the LB free surface model pro-
posed by Thürey et al. [76]. The classical multiphase mul-
ticomponent LB methods require the computation of liquid 
and gas phases; in free surface LB schemes, instead, the 
gas phase is neglected and only the liquid phase evolution 
is calculated, reducing the computational costs. To simu-
late free surface flows, the lattice domain is divided among 
three parts: liquid cells, interface cells and gas cells. Inter-
face cells form a closed boundary around the liquid cells, 
so that no liquid cell is directly in contact with a gas cell. 
Initial density and mass are assigned to liquid and interface 
cells while gas cells have no mass and no density. In conse-
quence, gas cells have no distribution functions and they are 
not considered during calculations. In liquid cells the mass 
is equal to the density, while in interface cells the mass is 
lower than the density. To discern liquid, interface and gas 
cells it is convenient to introduce a new variable called liquid 
fraction given by:

(54)

𝜖(x, t) =
m(x, t)

𝜌(x, t)
→

⎧⎪⎨⎪⎩

𝜖 = 1 → Liquid cell

0 < 𝜖 < 1 → Interface cell

𝜖 = 0 → Gas cell

Fig. 17  Droplet wetting on 
a smooth surface performed 
using the multiphase Shan and 
Chen [67] LB scheme, using the 
R–K EOS. 1 Tu temperature is 
imposed on the bottom wall; 0 
Tu temperature is imposed on 
the top wall

Liquid cell

Interface cell

Gas cell

Real droplet 
boundary

Intersection 
point

Approximated 
boundary

Filled part of 
the cell

Fig. 18  Example of cell initialization and procedure to calculate the 
liquid fraction on the interface cells
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where m(x, t) is the mass contained in the cell at position x 
at time t and � is the liquid fraction.

Figure 18 shows an example of cells initialization. Both 
liquid and interface cells have the same density. The liquid 
fraction is equal to the fraction of cell filled by the liquid and 
it can be easily estimated by approximating the real bound-
ary with straight adjacent lines. The precision of this proce-
dure depends on the lattice mesh resolution.

The interface movement is tracked by the calculation of 
the mass exchange between adjacent cells, similarly to the 
volume of fluid (VOF) method. The probability distributions 
fi correspond to a certain number of particles allocated at 
each cell, so the mass exchange can be performed directly 
at the streaming step. Only liquid and interface cells can 
exchange mass one to each other, no mass exchange between 
interface and gas cells is allowed. The mass exchange 
between liquid cells or between an interface and a liquid cell 
is basically described by the difference between in-coming 
and out-coming distribution functions:

where apex s is used to stress the fact that mass exchange 
is computed while streaming step takes place. The mass 
exchange among two interface cells has to take into account 
the average fluid fraction which represents the area of fluid 
interface between two cells:

In Fig. 19 the mass exchange process among adiacent cells is 
presented in a D2Q9 lattice scheme. It is important to under-
line that Eqs. 55 and 57 are completely symmetric and there-
fore mass is automatically conserved in the whole domain:

(55)�ms
i
(x, t) = fir (x − ei�t, t − �t) − fi(x, t − �t)

(56)
�ms

i
(x, t) = fir (x − ei�t, t − �t)

− fi(x, t − �t)

[
�(x − ei�t, t − �t) + �(x, t − �t)

]
2

(57)ms(x, t) = m(x, t − �t) +
∑
i

�ms
i
(x, t)

As mentioned above, Eq. 55 is valid for liquid/interface and 
liquid/liquid mass exchange, although, it is possible to sim-
plify calculations considering that in liquid cells the mass 
is equal to the density and so the streaming of particle dis-
tributions among liquid cells represents the mass exchange. 
With this considerations it is possible to calculate only the 
mass exchange between liquid/interface and interface/inter-
face cells; however it is necessary to identify the next-to-
interface liquid cells.

An important point in free surface flows, consists in 
imposing boundary conditions on the interface. The 
streaming process between an interface and an empty cell, 
in fact, cannot be directly computed because in empty cells 
the particle distributions are not defined and they need 
to be reconstructed. Following the approach proposed by 
Körner [38], the reconstructed distribution functions are 
given by:

where the equilibrium distributions are calculated with 
Eq. 29 and pE is the external pressure surrounding the inter-
face layer. The external pressure is defined as follows:

where k is the curvature of the interface and � is surface 
energy. Eq. 58 is used not only to reconstruct the distribution 
functions coming from the empty cells, but also to recon-
struct the distribution functions coming from the directions 
defined by:

where n is the normal at the interface in the considered cell. 
This correction is adopted to prevent the asymmetry ris-
ing on the interface because of the number of the unknown 

(58)f s
i
(x, t) = f

eq

ir
(pE, v) + f

eq

i
(pE, v) − fi(x, t − �t)

(59)pE =
1

3
�E − k�

(60)n ⋅ eir > 0

c

Considered cell

Neighboring cells

Mass exchange 
LIQUID-INTERFACE

Mass exchange 
INTERFACE-INTERFACE

Real interface

Fig. 19  Mass exchange process among an interface cell and the 
neighboring liquid and interface cells

BEFORE STREAMING
cc

Reconstructed DFs

AFTER STREAMING

cc

Considered cell Neighboring cells Real interface Normal to interface

Incoming DFs Not considered DFs

Fig. 20  Example streaming process on an interface cell. Black arrows 
represent the known distribution functions incoming from liquid 
cells. Red arrows represent the reconstructed distribution functions 
coming from neighboring interface and empty cells. (Color figure 
online)
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incoming distributions is, generally smaller than the known 
ones [40]. Figure 20 shows the streaming process on an 
interface cell. To state which distribution functions need to 
be reconstructed it is necessary to calculate the normal in 
the considered interface cell. In literature there are several 
methods to perform the normal calculation; the simplest one 
is to define n as a kind of average of the liquid fraction of the 
neighboring cells [76]:

where (k, l) are the coordinates of the considered cell. A 
more accurate scheme has been proposed by Thies [74]. In 
this scheme, the template sphere method is adopted to evalu-
ate both the normal at the interface and the curvature. The 
normal at the interface is calculated taking into account the 
first two layers of neighboring cells (25 cells) and can be 
evaluated through the following formula:

After streaming, the collision can take place for both 
interface and liquid cells. The inclusion of volume forces 
(e.g. gravity) is performed like in VOF, weighting the 
force with the liquid fraction:

At the end of the loop over all cells, it is necessary to check 
if the liquid fraction of the interface cells is still between 0 
and 1; otherwise cell conversion is performed as follows:

The conversion of the cells is a very important step of the 
algorithm because it allows the interface movement and 
because during cells conversion the mass must be con-
served and no liquid cell has to be in contact with gas cells 
(i.e. the interface has to be closed around the liquid cells). 
For definition, in liquid cells the mass must be equal to the 
density, while in empty cells the mass has to be equal to 
zero, however, normally, a mass excess rise during the con-
version process. The part of mass exceeding the density in 
filled cells and the negative mass in emptied ones must be 

(61)n(xk,l) =
1

2

[
�(xk+1,l) − �(xk−1,l)

�(xk,l+1) − �(xk,l−1)

]

(62)
ñ(xk,l) =

2∑
s=−2

2∑
r=−2

(1 − �(xk+s,l+r))
xk+s,l+r

|xk+s,l+r|

n(xk,l) =
ñ(xk,l)

|ñ(xk,l)|

(63)
fi(x, t) = f s

i
(x, t) −

1

�

[
f s
i
(x, t) − f

eq

i
(x, t)

]

+ �(x)wi�(x, t)ei ⋅ g

(64)
𝜖(x, t) =

ms(x, t)

𝜌(x, t)
> 1 → cell filled

𝜖(x, t) =
ms(x, t)

𝜌(x, t)
< 1 → cell emptied

distributed among the surrounding interface and liquid cells 
(Figs. 21, 22).

The simplest way to reallocate exceeding and nega-
tive mass is to divide it equally among the cells, but this 
approach can be source of instability. A more accurate 
solution [76] is to redistribute the mass among surround-
ing cells, according to the normal direction:

where �i is given by:

and �total is the sum of �i . During cells conversion, many 
problems may rise. More details about those topics are pro-
vided by Thürey et al. [76] and Körner et al. [40]. In Fig. 23 
we present the adopted free surface LB algorithm used to 
simulate the dynamic wetting of a droplet on a smooth sur-
face. In case of dynamic wetting, Young’s equation can be 
rewritten as follows:

Inserting Eq. 67 in Eq. 53, we obtain:

meaning that force Fx vanishes when �dyn = �eq.
In order to describe a dynamic wetting condition we need 

to take into account the wetting force Fx . In this work we 
follow the procedure proposed by Attar and Körner [4].

In Fig. 23 we show the results of a dynamic droplet wet-
ting on smooth surface. In this simulation gravity is consid-
ered and it is equal to 0.00005 lu/tu2 (where dimensions are 
expressed in lattice units); surface tension is kept equal to 
0.002 mu/tu2. We can observe that the dynamic nature of 
the contact angle is evident during the droplet spreading on 
the smooth surface.

3.5  Solid–Liquid Phase Change

A crucial point in the simulation of the PBF process is the 
phase change treatment. In literature it is possible to find two 
LB approaches to simulate solid–liquid phase-change: the 
phase-field method and the enthalpy-based method. Miller 
and Succi [56] proposed a phase-field based LB method to 
simulate the crystal growth from the melt pool. This method 
adopts a chemical variable to define melting and solidifica-
tion of the particles. In enthalpy-based method, instead, the 
solid–liquid interface is traced by using the total entropy 

(65)m(x + ei) = m(x + ei) + mex
�i

�total

(66)
𝜑i =

{
n ⋅ ei if n ⋅ ei > 0

0 if n ⋅ ei ≤ 0
for filled cells

𝜑i =

{
−n ⋅ ei if n ⋅ ei < 0

0 if n ⋅ ei ≥ 0
for emptied cells

(67)Fx = �SG − �SL − �LG cos(�dyn)

(68)Fx = �LG cos(�dyn) − �LG cos(�eq)



 A. Cattenone et al.

1 3

variation principle. Chakraborty and Chatterjee [11] pro-
posed an enthalpy-based LB method for solid–liquid phase 
change in convective flows. Because of the non linear behav-
ior of the latent heat, the enthalpy-based LB methods need, 
generally, an iteration step to solve the AD equation. In this 
work we adopt the enthalpy-based LB model proposed by 
Huang et al. [34]. This approach allows to avoid iteration 
steps [12] or to solve a system of equations at each lattice 
cell [17], to track the solid–liquid interface.

Fig. 21  Free surface LB 
algorithm, based on Thuerey 
[76] model. Mass exchange is 
calculated only for interface and 
fluid neighboring cells. Classic 
bounce back scheme is adopted 
to simulate no slip boundaries

Fig. 22  Contact angle of a fluid in dynamic conditions on a smooth 
surface
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In phase change problems a heat source causes the melt-
ing of the material. The heat source can be described as 
follows:

where Lsl is the latent heat of solid–liquid phase change and 
� is the liquid fraction; moreover it is convenient to rewrite 
advection diffusion equation as follows:

where H is the total enthalpy defined as:

The phase-change LB method is a natural extension of the 
TLB model presented in Sect. 3.2; however, it is conveni-
ent to use the enthalpy in place of the temperature because 
the temperature is not continuously differentiable in time 
[1]. The variable change is stressed replacing gi with hi and 
Eq. 26 is rewritten as follows:

The macroscopic enthalpy of each cell is given by:

(69)� = −
�(�Lsl�)

�t

(70)
�(�H)

�t
+ ∇ ⋅ (�cpTv) = ∇ ⋅ (k∇T)

(71)H = cpT + �Lsl

(72)
hi(x + ei�t, t + �t) = hi(x, t)

−
1

�F

[
hi(x, t) − h

eq

i
(x, t)

]
+�i i = 1,… , n

(73)H =

n∑
i

hi

and the equilibrium distributions are written as follows:

where a0 is the i-th direction associated to the zero velocity. 
The temperature is derived from the enthalpy as follows:

where Ts is the solidus temperature, Tl is the liquidus tem-
perature, Hs and Hl are the enthalpy values related to the 
solid and the liquidus temperature respectively. The limit 
Ts ≤ T ≤ Tl physically means that the phase-change hap-
pens at a constant temperature Tm which is called melting 
temperature. With the above described procedure, the phase 
change can be obtained without performing any iteration 
step. The last obstacle to face is the description of the mov-
ing boundary. We adopt the immersed moving boundary 
scheme proposed by Noble and Torczynski [58] which was 
verified by Strack and Cook [69] to be accurate and compu-
tationally efficient. The solid–liquid interface is tracked with 
the liquid fraction. The liquid fraction varies from 0 (solid) 
to 1 (liquid). The lattice cells in which 0 < 𝜓 < 1 represent 
the moving boundary. To track the boundary movement, the 
collision term of fluid-dynamic distributions is modified to 
take into account the liquid fraction:

where Fi is the forcing term and B is defined as follows:

The additive collision term Ωi is given by:

where vs is the velocity of the solid part. A typical problem 
to test the phase-change problem is the melting by convec-
tion in a cavity under a constant heat flux. The algorithm 
adopted to solve the problem is presented in Fig. 24 . To 
ensure the stability of the method, for fluid and thermal 
boundary conditions, we adopt the non-equilibrium extrapo-
lation scheme proposed by Zhao-Li et al. [85]: the no-slip 
boundaries are decomposed into an equilibrium term and a 
non equilibrium term:

(74)

⎧
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h
eq
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(75)T =

⎧
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H∕cp T < Ts

Ts +
H−Hs

Hl−Hs

(Tl − Ts) Ts ≤ T ≤ Tl

Tl + (H − Hl)∕cp T > Tl

(76)

fi(x, t) = f s
i
(x, t) −

1 − B
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[
f s
i
(x, t) − f

eq

i
(x, t)

]
+ Fi + BΩi

(77)B =
(1 − �)(�F − 0.5)

� + �F − 0.5

(78)Ωi = f s
ir
(x, t) − f s

i
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i
(�, vs) − f

eq

ir
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Fig. 23  Dynamic wetting of a droplet on a smooth surface. The sim-
ulation is performed using the free surface LB method proposed by 
Körner et al. [40]
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where f eq
i

 and heq
i

 distributions are derived trough Eq. 74, 
while f neq

i
 and hneq

i
 are obtained via extrapolation from the 

(79)
f s
i
(x, t) = f

eq

i
(x, t) + f

neq

i
(x, t)

hs
i
(x, t) = h

eq

i
(x, t) + h

neq

i
(x, t)

neighboring cells [34]. In Fig. 24 the solid–liquid phase 
change LB algorithm is presented.

The proposed algorithm is used to investigate the melt-
ing process in a square cavity. The boundary conditions of 
the problem are presented in Fig. 25.

A high temperature ( Thigh ) is imposed on the right wall 
of the domain, while a low temperature ( Tlow ) is main-
tained on the left wall of the domain. Top and bottom walls 

Fig. 24  Solid–Liquid phase-
change LB algorithm, based on 
Huang et al. [34] model. Tang 
et al. [72] boundaries are used 
to impose no slip and adiabatic 
boundaries. Dirichlet bound-
ary conditions are adopted to 
impose fixed temperature
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are assumed to be adiabatic [72]. In solid–liquid phase 
change three non dimensional parameters are considered: 
Prandtl, Rayleigh and Stefan (Ste) number which is defined 
as follows:

where Tm is the melting temperature of the considered mate-
rial. It is quite usual to normalize the temperature with the 
following formula:

where Thigh is the imposed temperature on the left wall of the 
domain. In analogous manner the time can be normalized 
with the Fourier (Fo) number which is defined as follows:

(80)Ste =
cp(Thigh − Tm)

Lsl

(81)T∗ =
T − Tm

Thigh − Tm

(82)Fo =
k ⋅ t

Ly

Figure 26 shows the results of the simulation performed with 
Ra = 104 , Pr = 0.01 and Ste = 0.01, on a 150 × 150 lu grid 
and refers to the melting process at Fo = 30.

4  Conclusions and Perspectives

In this paper we have presented the lattice Boltzmann 
method (LBM) with a view to the simulation of the Powder 
Bed Fusion (PBF) process.

In the first section we have analyzed the process that leads 
to the formulation of the lattice Boltzmann method starting 
from the Boltzmann Equation (BE). After explained in detail 
the implementation of the LBM, we have used it to solve two 
classic fluid-dynamic and thermo-dynamic benchmark tests. 
In the following sections we have investigated the capabili-
ties of LBM in animating free surfaces, adopting two classi-
cal methods: the Shan-Chen algorithm and the Free-Surface 
(VOF based) scheme; finally we have adopted LBM to solve 
the solid liquid phase change problem in a bi-dimensional 
domain filled with a pure material.

The main advantages of LBM are (i) the relatively simple 
numerical implementation, (ii) the easy coupling between 
the fluid and the thermal problem, (iii) the simple imposition 
of the boundary conditions and (iv) the possibility of animat-
ing free surfaces. On the other hand, in LBM the choice of a 
proper lattice mesh is fundamental to avoid instabilities and, 
in some cases (e.g. Free-Surface), the upgrade from two to 
three dimensions is not trivial. Nevertheless to this issues, 
based on the author experience, LBM is definitely a good 
choice to simulate PBF process, not only for the previously 
described strong points, but also because, from the math-
ematical point of view, LBM is a full explicit computational 
tool, particularly useful to solve problems with a large num-
ber of degrees of freedom and easy to parallelize.

The next step of our work will be to include the phase 
change into the free-surface framework so to simulate the 
solid–liquid phase change and the consequent wetting of 
droplet on a smooth surface.
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Fig. 25  Solid–Liquid phase-change problem. Temperature difference 
is imposed between left and right walls; adiabatic boundaries are 
adopted on top and bottom walls

Fig. 26  Solid–Liquid phase-change problem performed using Huang 
et  al. [34] LB method. The black line marks the transition between 
melted and unmelted zones
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