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H I G H L I G H T S

• A 1D finite-strain phenomenological model for semi-crystalline networks is proposed.• The model is able to describe both one-way and two-way shape-memory effect.• Several features of material behavior are taken into account.• The model is easy to implement and based on parameters with a clear physical interpretation.• Compared to experimental data, numerical results show an overall good agreement.
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A B S T R A C T

The shape-memory effect (SME) in polymers is a stimuli-responsive feature that is attracting more and more
attention, thanks to its usage in fields ranging from the biomedical sector to soft robotics. The two-way SME, in
particular, has great potential for applications needing repeated cycling, e.g., actuators, and motivates the de-
velopment of theoretical and numerical tools to support their design. The present paper aims to propose a one-
dimensional finite-strain phenomenological model to describe the one-way SME as well as the two-way SME
under stress conditions in thermo-responsive semi-crystalline crosslinked polymers. The model is simple, easy to
implement, and based on parameters with a clear and direct physical interpretation and measurability. Model
predictions are validated on experiments on semi-crystalline networks based on poly(ε-caprolactone) and de-
monstrate model ability in describing several material features as the effect of the crosslink density on SME, the
dependence of microstructural evolution on applied load and heating/cooling rate, and the presence of thermal
strains.

1. Introduction

Shape-memory polymers (SMPs) are smart materials attracting
significant research efforts directed toward the development of in-
novative applications, ranging from biomedical and aerospace devices
up to novel solutions for flexible electronics, soft actuation, and ro-
botics [1]. The recent combination of SMPs with additive manu-
facturing techniques, often referred to as 4D printing, has also opened
promising opportunities in the fabrication of complex functional
structures with high precision [2–5].
The great interest in SMPs is mainly motivated by their stimulus-

responsive behavior. SMPs display, in fact, the capability of recovering
a pristine, or “permanent”, shape (i.e., the shape provided through
material processing) from a “temporary” shape (i.e., the shape provided
through a cycle named “programming”), when subjected to an external
stimulus, e.g., heat, light, or a magnetic field [6,7]; such a capability is
also known as one-way shape-memory effect (SME). Furthermore, SMPs
display advantageous properties with respect to other classes of shape-
memory materials, such as low cost, reduced weight, high deform-
ability, biocompatibility, and the possibility to easily tune the SME.
In thermally-triggered SMPs, which are the focus of the present

work, the one-way SME results from an appropriate combination of the
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polymer macromolecular architecture with an applied thermo-me-
chanical history, often referred to as shape-memory cycle [8].
The one-way SME is a non-reversible feature, since it necessitates an

external mechanical intervention to set again the temporary shape at
the end of each shape-memory cycle and, it is thus suitable for appli-
cations where only a single fixing-recovery cycle is demanded (e.g.,
self-deploying or self-tightening biomedical devices).
Differently from the one-way SME, a so-called two-way SME may be

described as the possibility of a reversible shape-effect between two
distinguished configurations on the application of an on-off stimulus,
such as, for example, a cooling-heating cycle. The reversible response of
SMPs exhibiting the two-way SME is particularly appealing for appli-
cations where repeated actuation is needed (e.g., artificial muscles, self-
locomotion robotics) and the ever increasing number of such applica-
tions motivates a throughout understanding of the two-way shape-

memory behavior as well as the development of appropriate and reli-
able theoretical and numerical tools for design purposes.
As the one-way SME, the two-way SME results from an appropriate

macromolecular architecture and thermo-mechanical history, but, dif-
ferently from the one-way SME, it is a feature shown only by specific
classes of SMPs. Early works focused mainly on liquid crystalline
polymers and on the more easily tailored semi-crystalline networks
(i.e., semi-crystalline crosslinked polymers); more specifically, in case
of semi-crystalline networks, the simultaneous presence of a crystal-
lizable phase and of chemical crosslinks is a strict requirement for a
two-way SME, which is usually obtained by the application of a fixed
non-zero stress and of cooling-heating cycles from above the melting
temperature to below the crystallization temperature [9]. Recently, it
has been shown that a similar effect does not necessarily require the
presence of an external stress, but, for polymers with a specific structure

Fig. 1. Temperature, strain, and stress evolution for system X-PCL-2 during (a) the one-way shape-memory cycle (1. heating; 2. applying a given strain; 3. cooling
under fixed strain; 4. stress-free recovery); (b) the two-way shape-memory cycle (1. heating (not shown here); 2. applying a given stress; 3. cooling under fixed stress;
4. heating under fixed stress) [35].
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and thermo-mechanical history, it may be based on a provided internal
stress. Such an effect, often referred to as reversible bidirectional SME,
leads to the possibility of a self-standing reversible actuation, and may
be achieved, for example, by semi-crystalline networks presenting ei-
ther a broad melting temperature or two melting temperatures, as in the
case of semicrystalline blends [10,11], by semi-crystalline networks
obtained through multiple crosslinking stages, the last being carried out
on a material under a stretched state [12,13], but also by semicrystal-
line networks [14] or semi-crystalline copolymers [15]. The strategy
behind the achievement of such an effect is the creation, through the
material structure and a proper thermo-mechanical pre-stretch history,
of a crystalline scaffold of oriented lamellae, diffused through the whole
system and responsible, through its presence and by guiding re-
crystallization, of the two shapes between which the specimen evolves
under the application of temperature cycling.
While these self-standing reversible bidirectional shape-memory

systems rely on an internal driving force, traditional semi-crystalline
networks represent an interesting class of materials to model the SME:
first, they allow to refer to easily defined mechanical parameters, as the
applied strain and the applied stress; further, they allow to provide
comprehensive data for modeling the whole dual fixed strain/fixed
stress cooling condition in leading to a one-way and to a two-way re-
sponse, respectively. Moreover, this class of polymers attracts a clear
scientific and commercial interest, since it possesses a well performing

one-way shape-memory behavior and a unique two-way shape-memory
response under specific thermo-mechanical conditions.
In the recent years, much attention has been devoted to the synth-

esis and thermo-mechanical characterization of this class of polymers
[16–22]. Semi-crystalline networks are in fact capable of overall two-
way reversible strain variations between 10% and 100% under the
application of moderate stresses (typically, between hundreds of kPa
and few MPa). The effect was shown to be strongly affected by the
applied stress and by the crosslink density, which may be considered
the two most fundamental variables to tailor the material response.
Moreover, recovery effects were shown to be sharper and faster, if
compared to other SMP classes [23], since they are triggered by melting
instead of being activated by glassy-to-rubbery transition.
Less attention has been dedicated to the modeling and simulation of

such an effect in semi-crystalline crosslinked polymers and, to date, few
works are available [21–25]. The paper by Westbrook et al. [24] pre-
sents a one-dimensional finite-strain phenomenological model based on
the concept of phase evolution and validated on experimental curves
related to semi-crystalline thermosets made of covalently crosslinked
poly-(cyclooctene). The papers by Dolynchuk et al. [21,22] propose a
small-strain phenomenological approach based on the Gaylord theory
of the stress-induced crystallization of crosslinked polymers and vali-
date the theory on data related to a covalently crosslinked high-density
polyethylene.
This limited availability of modeling tools clearly restraints the

possibility of extending the range of applications and proposing new
designs. In fact, in spite of the wide possibility to exploit the two-way
SME, only two papers propose real applications based on such an effect,
specifically heat engines having controllable rotation rate and me-
chanisms allowing to control window shades directly by temperature
[10] and selective filtration membranes whose pores size may be con-
trolled by temperature [26].
Motivated by the described framework, the aim of the present work

is to propose a physically-grounded constitutive model to describe the
one-way SME as well as the two-way SME under stress conditions in
semi-crystalline crosslinked polymers.
Specifically, we propose a one-dimensional phenomenological

model in the finite-strain framework, based on a phase transition ap-
proach. Such an approach allows to reproduce macroscopic material
behavior, neglecting microscopic phenomena during temperature
transition, and, to date, is an effective tool to describe the one-way
shape-memory behavior in semi-crystalline SMPs; see, e.g., [27–34]. In
particular, our work starts from the small-strain formulations presented
in Refs. [27,28,31], modeling the one-way SME in SMPs with a unique

Fig. 2. (a) Strain evolution as a function of temperature for system X-PCL-3 in case of a two-way shape-memory cycle (1. heating; 2. applying a given stress equal to
750 kPa; 3. cooling under fixed stress; 4. heating under fixed stress) (continuous black line) and in case of a stress-free recovery (dashed green line) [35]. (b)
Correspondent stress evolution as a function of temperature for the two cases. (For interpretation of the references to colour in this figure legend, the reader is
referred to the Web version of this article.)

Fig. 3. Stress versus strain curves for the various X-PCL systems tested at
+ °T C40m .
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transition temperature, in order to propose a finite-strain model which
is able to describe the behavior of semi-crystalline networks exhibiting
both the one-way and two-way SME, governed by two transition tem-
peratures. Accordingly, we describe polymer microstructure, at the
macroscopic scale, by phase parameters, considering the material as
composed of an amorphous crosslinked soft phase at temperatures
above the transition range and of a mixture of an amorphous soft phase
and a crystalline hard phase, at temperatures below the transition
range. We then derive evolution laws and constitutive equations based
on physical evidences.
The proposed model has the following advantages: it is (i) simple,

(ii) easy to implement, (iii) based on parameters with a physical in-
terpretation and easily measured according to well-founded and widely
adopted testing protocols. We assess model capabilities through several
numerical tests reproducing the one-way and two-way SME under
specific thermo-mechanical histories under strain- or stress- control and

we validate the model through a comparison with experimental data on
semi-crystalline networks based on poly(ε-caprolactone) (PCL), syn-
thetized in Ref. [35]. We perform additional testing compared to [35],
in order to have a comprehensive set of experimental data for model
formulation and calibration. Numerical results reveal model ability in
describing both the one-way and two-way SME in this class of polymers
and demonstrate its capability in predicting experimental measure-
ments. Moreover, the proposed model allows to take into account
several features of material behavior, as the effect of the crosslink
density on the shape-memory response, the dependence of the crys-
tallization and melting temperatures on both the applied level of stress
and the heating/cooling rate, as well as the presence of thermal strains
at low levels of applied stresses.
The paper is organized as follows. Section 2 describes the experi-

mental evidences for the investigated semi-crystalline networks, while
Section 3 discusses their link to model formulation. Section 4 presents
the proposed constitutive model in a time-continuous and time-discrete
setting. Then, Section 5 describes the performed numerical simulations
and the comparison with experimental data. Finally, conclusions and
perspectives are given in Section 6.

2. Material and experimental evidences

The present section describes the thermo-mechanical and shape-
memory features of semi-crystalline networks based on poly(ε-capro-
lactone) (PCL) and the physical evidences from experimental testing in
order to formulate and validate the constitutive model. These systems

Fig. 4. (a) DSC cooling and second heating scans for the various X-PCL systems. Transient crystallinity content evolution with temperature for system (b) X-PCL-2, (c)
X-PCL-3, and (d) X-PCL-10.

Table 1
Crosslink density and thermal properties of the various X-PCL systems.

System Crosslink
density
(mol/cm3)

Crystallinity
content (%)

Crystallization
temperature (°C)

Melting
temperature
(°C)

X-PCL-2 5.0 104 20 −15 22
X-PCL-3 3.6 104 28 4 34
X-PCL-10 1.2 104 53 33 54
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Fig. 5. Schematic representation of the semi-crystalline network structure.

Fig. 6. Schematic representation of the (a) one-way SME and (b) two-way SME in terms of microstructural changes in the semi-crystalline network.
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were prepared starting from , -hydroxyl-terminated poly(ε-capro-
lactone) as precursors, later reacted with 3-(triethoxysilyl)propyl iso-
cyanate to provide the triethoxysilane terminations. The obtained ,
-triethoxysilane-terminated PCL, after complete dissolution, were
crosslinked through sol-gel reaction, with the formation of Si-O-Si do-
mains, which act as covalent netpoints among the PCL chains. The
materials were coded as X-PCL-2, X-PCL-3, and X-PCL-10, after their
initial molecular weights (2200, 3400, and 10000 g/mol, respectively),
which also dictate their network density after crosslinking, so that
shorter initial chains lead to higher density (X-PCL-2: 5.0 104 mol/cm3;
X-PCL-3: 3.6 104 mol/cm3; X-PCL-10: 1.2 104 mol/cm3). Further details
regarding materials' synthesis and specimens' preparation are reported
in previous papers [18,35].
The particular choice of focusing on these PCL-based systems is only

due to the fact that we are able to provide a comprehensive set of ex-
perimental data, necessary to formulate and validate the model. Our
choice does not restrain the generality of the proposed macroscopic
model and its application to any semi-crystalline crosslinked polymers
exhibiting the one-way SME as well as the two-way SME under stress
conditions.

2.1. Shape-memory behavior

This section briefly summarizes the most important findings on the
one-way and two-way shape-memory behavior of the three material
systems, reported in a companion paper [35].

2.1.1. One-way shape-memory behavior
The one-way shape-memory behavior was characterized according

to the typical thermo-mechanical cycle employed for semi-crystalline
materials and consisting of four steps: 1. heating above the melting
temperature (Tm); 2. applying a given strain; 3. cooling below the
crystallization temperature (Tc) under fixed strain conditions; 4. heating
above Tm under stress-free conditions. This thermo-mechanical cycle
was applied, under tensile loading, by means of a dynamic-mechanical
analyzer (DMA Q800 - Thermal Instruments), according to specific
testing conditions reported in Ref. [35].
The material response obtained for system X-PCL-2 is represented in

Fig. 1(a) in terms of the time evolution of temperature, stress, and strain
during the listed four steps; similar curves were obtained for all the
other material systems and applied strain levels. In general, all the
materials displayed a very high (99 100%) strain fixity, i.e., the per-
cent of the applied strain which is maintained after step 3, and a very
high strain recovery in step 4.
The experimental curves allow to evidence two thermo-mechanical

features worth to be mentioned: (i) cooling under fixed strain (step 3)
occurs with a reduction (or relaxation) of stress, in particular at tem-
peratures close to Tc; (ii) during the stress-free heating (step 4), the
slight strain change below Tm is associated to thermal expansion, while,
only when temperature is close to Tm, the SME takes place, narrowly
distributed around Tm, and leads to full recovery.

Fig. 7. Decomposition of the total logarithmic strain ε.

Table 2
Time-discrete algorithm in a stress-driven formulation.
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2.1.2. Two-way shape-memory behavior
The two-way shape-memory behavior was characterized according

to a specific thermo-mechanical history, typically consisting of the
following four steps: 1. heating above Tm; 2. applying a given stress; 3.
cooling below Tc under fixed stress conditions; 4. heating above Tm
under fixed stress conditions. Also this thermo-mechanical cycle was
applied by means of a DMA, as reported in Ref. [35], and it allowed to
describe with particular attention the effect of the applied stress, for
values ranging from 50 kPa to 1000 kPa.
The material response obtained for system X-PCL-2 under an ap-

plied stress of 750 kPa is represented in Fig. 1(b) in terms of the time
evolution of temperature and stress, which act as input variables, and of
the resulting strain evolution during the listed four steps; similar curves
were obtained for all the material systems and applied stress levels.
The strain-temperature and stress-temperature curves for system X-

PCL-3 are reported in Fig. 2(a) and (b) (black continuous lines). As it
can be noted in Fig. 2(a), the two-way shape-memory cyclic response
may be described as an elongation-contraction in response to the

cooling-heating cycle carried out under the application of a non-zero
tensile fixed stress (steps 3–4). More specifically, during cooling (step
3), the material system elongates continuously, with a steeper increase
across the crystallization temperature region, up to a plateau; during
heating (step 4), the material system undergoes a contraction across the
melting temperature region, which, in dependence of the material and
testing conditions [35], leads to complete or almost complete recovery
of the strain level shown before step 3. The presence of a not fully-
recovered strain is found mainly for the highest applied stresses and it is
usually reduced at the end of a second cooling-heating cycle. The two
thermally-stimulated strain changes during cooling and heating are
often labelled, respectively, as CIE (cooling-induced elongation) and
MIC (melting-induced contraction).
The two-way memory response of the three X-PCL systems was

shown to be strongly influenced by the applied stress and by the
crosslink density [35]. When different levels of stress are applied, some
noteworthy effects may be evidenced: (i) an higher value of the applied
stress leads to a larger extent of the elongation-contraction cycle; (ii) a

Table 3
Time-discrete algorithm in a strain-driven formulation.
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threshold value for the stress, of at least 100 kPa for these systems, is
required to have a net elongation, since for lower stress the elongation,
although present, is of similar entity of the concurrent thermal con-
traction; (iii) the inflection point of the sigmoidal increasing trend of
the CIE (denoted as Tc,eff in Fig. 2(a)) moves to higher temperatures as
the applied stress increases, with an overall increment of about °C15
when moving from the lowest to the highest stress. This latter effect can
be attributed to the easier crystallization of stretched and aligned PCL
chains, and regards only CIE, whereas a similar shift of the MIC in-
flection point has never been witnessed. In addition, under the appli-
cation of the same stress, a larger extent of the elongation-contraction
cycle is obtained for the material systems with lower crosslink density.
Interestingly, Fig. 2(a) (dashed green line) also displays that the

material is able to recover its original shape after CIE, if heated under
stress-free conditions (dashed green line in Fig. 2(b)). This behavior
suggests that the structural evolution occurring during step 3 does not
affect the full recovery ability associated to the one-way shape-memory
response.
The thermal conditions also play a relevant role: higher heating

rates lead to a steeper MIC process and to a shift to higher temperatures
of the overall MIC effect; similarly evidenced for the heating step,
higher cooling rates lead to a steeper strain increase and to a shift to
lower temperatures of the CIE. This is evident in Fig. 2(a) by comparing
the dashed green line and the continuous black line, measured with two
different heating rates, 2 and 10 °C/min, respectively: the inflection
point of the sigmoidal decreasing trend of the MIC (denoted here as

Tm,eff in Fig. 2(a)) is higher than the melting temperature Tm, around
which the stress-free recovery takes place.
We recall that the transformation speed is strongly dictated by the

actual temperature of the sample during the cooling-heating cycle. The
shape-memory experiments were carried out at a low heating rate, so to
provide well-funded measurements, by guaranteeing a uniform tem-
perature in the specimen and in the DMA furnace along the shape-
memory cycle. However, our systems are capable of a transformation
taking about 1min or less for the CIE process, when properly heated
well below Tc, and for both MIC and recovery processes, when heated
well above Tm.

2.2. Mechanical and thermal properties

This section describes further experiments we carried out to have a
complete set of experimental data for model formulation and calibra-
tion.
The mechanical response of the systems in their rubbery state was

measured at + °T C40m in tensile tests. The tensile ramps were carried
out in a DMA Q800 under strain control at a testing rate of 2 10 2 N/
min. Fig. 3 reports the stress-strain curves and, as expected, the stiffest,
and very similar, responses are found for the most crosslinked systems,
X-PCL-2 and X-PCL-3. It is important to remark that for stress values up
to 1000 kPa the most crosslinked systems present a moderate deviation
from a linear stress-strain response; by contrast, a more important de-
viation from linearity is found for system X-PCL-10, in particular for an
applied stress higher than 750 kPa. For this reason, 1000 kPa is chosen
as the maximum stress to apply for the investigation and modeling of
the SME, while 500–750 kPa as the stress condition to calibrate model
parameters, as detailed in the following.
The thermal response was measured through differential scanning

calorimetry (DSC) tests carried out by means of a differential scanning
calorimeter (DSC Q500 - Thermal Analysis Inc.), on material slices of
about 5mg and using nitrogen as purge gas. The thermal program was
similar to that employed in the two-way shape-memory tests: a first
heating run to °C90 at °C10 /min , a cooling run to °90 C at °C2 /min,
and a final heating run to °90 C at °C2 /min.
The DSC traces reported in Fig. 4(a) refer to the cooling scan and to

the second heating run. Melting and crystallization temperatures, re-
ported in Table 1, were evaluated in correspondence of the en-
dothermal and exothermal peaks in the DSC traces, respectively, and
the crystallization and melting enthalpies were computed as the area
between the corresponding traces, respectively, and a linear baseline.
The crystallinity degree was evaluated by considering a melting en-
thalpy of a 100% crystalline PCL of 134.9 J/g and the crystallinity
contents reported in Table 1 refer to the evaluation performed on the
endothermal heat measured in the second heating ramp.
As it can be observed from Table 1, the crystallinity content and the

melting/crystallization temperatures decrease with higher crosslink
density. Such a correlation between structural parameters is interpreted
as a consequence of a more hindered crystallization when in presence of
a tighter network structure.
The DSC traces were also employed to adequately describe the

transient evolution of the crystallinity content, as it increases during
cooling and disappears during melting. The crystallinity content is re-
presented as a function of temperature in Fig. 4(b)-(d) for the three
material systems. The slight differences between the maximum values
of the crystallinity content measured on cooling and on heating are
ascribed to the identification of a proper baseline for the analysis of the
endothermal and exothermal peaks.

3. Linking experimental evidences to the constitutive model

As discussed in Section 1, we propose a model able to provide an
accurate description of the material features described in Section 2.
Accordingly, before presenting model formulation, we link

Table 4
Model parameters adopted in all the numerical simulations.

Parameter PCL-2 PCL-3 PCL-10 Units

Ea 0.01 0.009 0.006 MPa/K
Ec 900 900 900 MPa
Tc −16 4 34 °C
Tm 20 31 54 °C

cool 0.35 0.6 0.3 –

heat 0.35 0.6 0.2 –

max
c w, 0.23 0.37 0.515 –
a 2 10 4 2.5 10 4 3 10 4 1/°C
c 1.5 10 4 1.5 10 4 1.5 10 4 1/°C

c th, 10 2 10 2 2 10 2 –

c 0 0 0 min
m 3.731 2.9998 2.3 min
c 16.55 16.23 15.27 °C/MPa
c −4.156 −11.34 −10.74 °C

s 1.56 105 2.74 104 1.56 105 1/MPa

s 0.05 0.05 0.05 –

Fig. 8. Calibration of parameter Ea on stress-strain curves above Tm.
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experimental evidences to the model.
According to the molecular architecture described in Section 2, we

can schematically describe the structure of the semi-crystalline network
as reported in Fig. 5. The red circles represent the chemical crosslinks
(i.e., Si-O-Si domains), acting as netpoints, the red random-coiled line
connecting the crosslinks represents the network of flexible amorphous
PCL chain segments, and the blue rectangles represent the crystalline
domains formed when cooling below Tc, acting as thermal switch. The
shape-memory behavior of the networks is governed by the crystal-
lization and melting temperatures acting as transformation tempera-
tures. Above Tm, the material is composed of chemical crosslinks

connected by the amorphous PCL network and behaves like an isotropic
rubber; when cooled below Tc, the crystalline phase starts to form and,
once crystallization is completed, the material is composed of PCL
crystallites connected by the amorphous crosslinked phase and behaves
like an isotropic elasto-plastic solid. When heated again above Tm, the
material reversibly returns to its fully amorphous state. Accordingly,
the one-way and two-way shape-memory behavior can be illustrated by
showing these material changes at the micro-structural level.
Fig. 6(a) and (b) provide a schematic representation of the micro-

structural evolution occurring during a one-way and two-way shape-
memory cycle, respectively.

Fig. 9. Calibration (a, c, e) of parameters cool, heat, max
c w, , Tc, and Tm on crystallinity content-temperature curves and (b, d, f) of parameters c and c from mea-

surements, provided in Ref. [35], of the effective crystallization temperature at different applied stresses in two-way shape-memory tests.
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For the one-way SME (Fig. 6(a)), the polymer chains reach a de-
formed state after being heated above Tm (A-B) and subjected to an
applied strain (B-C). The fixation of the temporary shape as well as the
formation of oriented crystallites are made possible by cooling the de-
formed polymer below Tc (C-D) at constant strain; in such a situation,
oriented crystallites impede the recovery of the original shape, by

stiffening the polymer and allowing to maintain the shape at a pro-
gressively lower stress. By heating the deformed polymer above Tm
under stress-free conditions, PCL chains attain higher mobility that
makes possible the recovery of the coiled shape imposed by the che-
mical crosslinks (D-B).
For the two-way SME (Fig. 6(b)), after heating above Tm (A-B) and

Fig. 10. One-way shape-memory tests. Comparison between experimental data [35] and model predictions in terms of (a, c, e) stress-temperature and (b, d, f) strain-
temperature curves for the various material systems X-PCL.
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applying a certain stress (B-C), the polymer reaches a pre-stretched
state (i.e., a stretched initial state prior to cooling-heating cycles).
During cooling below Tc under fixed stress, the polymer experiences an
elongational process (C-E), composed of a first elongation (C-D), with
chains' reorientation to satisfy the entropic elasticity constraints, and of
a second elongation (D-E) due to crystallite formation under stress,
possibly accompanied by the orientation of the newly formed crystal-
lites. According to the interpretation provided in previous papers
[24,36], the first elongation occurring above Tc (C-D) is a consequence
of the elastic behavior of rubber, due to the decrease of the modulus as
temperature decreases, while the second elongation occurring at lower
temperatures, close to Tc (D-E), is ascribed to a structural evolution
process, where crystal formation, by tending to relax the stress, pro-
motes a further stretching, in order to satisfy the constant stress con-
dition. The crystalline structure is expected to change throughout the
(D-E) step, and a previous thorough analysis carried out by means of
DSC and XRD on material X-PCL-10 [35], has revealed that the crys-
tallinity content remains constant, even at the highest stresses, whereas
crystallites reorient along the stretching direction, and that this or-
ientation is higher for a larger elongation. By heating above Tm under
fixed stress, the configuration displayed before cooling is recovered (E-
C), as dictated by rubber elasticity and by the applied stress.
As we can understand from the above discussion, SMP micro-

structure changes during each step and it is essential to include these
morphological changes into the continuum model in order to model the
thermo-mechanical behavior of semi-crystalline networks. In particular,
we need to describe: (i) material behavior above and below the tran-
sition temperatures; (ii) the evolution of crystallinity with temperature
during cooling and heating; (iii) the peculiar cooling-induced elonga-
tion and (iv) melting-induced contraction (v) the effect of additional
parameters (e.g., heating/cooling rate, applied load) on material be-
havior.

4. Constitutive model

This section addresses a new one-dimensional phenomenological
model for semi-crystalline networks in the time-continuous and time-
discrete framework, together with a physical description of model
parameters, starting from the works [27,28,31]. Constitutive equations
and evolution laws proposed in the following are derived based on the
described experimental evidences.

4.1. Time-continuous equations

In the framework of one-dimensional macroscopic modeling and of
finite-strain continuum mechanics, we assume the total stretch λ and
the temperature T as control variables.
According to physical evidences described in previous sections, the

SMEs (i.e., fixing and recovery for the one-way SME, and induced
elongation/contraction under mechanical stress for the two-way SME)
are strongly connected to the evolution of the crystalline phase. Thus,
we describe the microscopic structure of the network by proper phase
parameters. To this purpose, we follow the schematic representation
discussed in Section 3 (see Fig. 5), viewing the semi-crystalline network
as composed of a crystalline phase and an amorphous (crosslinked)
phase. The amount of each phase depends on temperature: above Tm,
the material is a fully-amorphous chain network; below Tc, the material
is a mixture of a fixed amount of amorphous and crystalline phases (i.e.,
a semi-crystalline network). We thus describe the volume fractions of
the amorphous and crystalline phases by introducing the scalar phase
parameters a and c, defined as follows:

= V
V

a
a

tot (1)

= V
V

c
c

tot (2)

Fig. 11. Two-way shape-memory tests under constant applied stress of 50 kPa. Comparison between experimental data [35] and model predictions in terms of strain-
temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10.
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such that:

+ = 1a c (3)

where V tot is the total volume of the polymer, V a is the volume of the
amorphous phase, and V c is the volume of the crystalline phase. As-
suming c as the independent phase variable, we express = 1a c,
where c is constrained to be:

0 1c (4)

According to the transient evolution of the crystallinity content
measured in DSC tests (see Fig. 4(b)-(d)), we adopt the following
physical law describing the evolution of the crystalline phase c, ex-
pressed as volumetric fraction, with temperature within a cooling and
subsequent heating cycle:

=
>

+

+ +

T

T

if 0

if 0
c T T

T T T T

1
1 exp [ ( )]

1
1 exp [ ( )]

1
1 exp [ ( )]

cool

cool heat

c,eff

END c,eff m,eff (5)

where cool and heat are positive material constants; TEND is the ending
temperature of the cooling step; Tc,eff and Tm,eff are the effective crys-
tallization and melting temperatures, introduced in order to take into
account that the crystallization process may be accelerated under the
application of an external stress as in the two-way shape memory tests,
and kinetically delayed by an increase of the cooling/heating rate. They
correspond to the inflection point of the sigmoidal curves of Figs. 2 and

4(b)-(d) and their dependence on the applied stress ( appl) and cooling/
heating rate (v v/c h , respectively) is defined as follows:

= + + +T T v | |c c c c
appl

cc,eff (6)

= +T T vm m hm,eff (7)

Here, c and c are parameters introduced only in the case of an
applied stress appl to take into account its influence on the crystal-
lization process; < 0c and > 0m are parameters to describe the shift
in the transition temperatures depending, respectively, on the cooling
and heating rates vc and vh. Specifically, the shift is assumed to be a
linear function of the rate, which is a typical hypothesis in SMP mod-
eling [30]. We highlight that the physical law (5) is valid for subsequent
cooling-heating cycles causing complete crystallization.
The crystallinity (weight) content c w, , measured in DSC tests and

reported in Fig. 4(b)-(d), can be related to the phase variable c (de-
scribing the crystalline (volumetric) fraction), as follows:

=
+

c w
max
c w

c c

a a c c
, ,

(8)

where a and c are the densities, respectively, of the amorphous phase
and crystalline phase, and max

c w, is the maximum cristallinity weight
content (i.e., the crystallinity content reported in Table 1).
In terms of strains, a multiplicative split of the total stretch is

adopted in the form [37]:

Fig. 12. Two-way shape-memory tests under constant applied stress of 100 kPa. Comparison between experimental data [35] and model predictions in terms of
strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10.
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= e th in (9)

where e, th, and in denote, respectively, the elastic stretch, the
thermal stretch, and the stretch induced by the formation of crystals.
Specifically, in is introduced to describe the cooling-induced elonga-
tion and the melting-induced contraction, associated to crystallization
evolution.
After introducing the total, elastic, thermal, and crystallization-in-

duced logarithmic strains as follows:

=
=
=
=

ln
ln
ln
ln

[ ]
[ ]
[ ]
[ ]

e e

th th

in in (10)

we can rewrite Eq. (9) as:

= + +e th in (11)

Following standard arguments in the cited SMP modeling literature
[27,28,30,31], we decompose the elastic logarithmic strain as an ad-
ditive sum of elastic contributions associated to the amorphous and
crystalline phases (i.e., e a, and e c, ), such that the total logarithmic
strain ε results as follows (see Fig. 7):

= + + +(1 )c e a c e c th in, , (12)

To model material behavior (see Fig. 5), we adopt a simple isotropic

hyperelastic model for the polymer above Tm (amorphous network) and
belowTc (semi-crystalline network), relating the corresponding nominal
stresses and logarithmic strains:

=
=

E T
E

a a e a
c c e c

,
,

(13)

where E Ta represents the modulus of amorphous network, assumed to
vary linearly with temperature similarly to standard rubbers [38],
while Ec is the modulus of the semi-crystalline network, assumed to be
constant with respect to the temperature.
Then, we make the basic assumption that the nominal stresses in the

two phases are equal [27,31], i.e.

= =a c (14)

Accordingly, after substituting relations (13)–(14) in Eq. (12), we
obtain the overall constitutive equation for the polymer in a thermo-
mechanical cycle:

= E ( )th in (15)

where E is the stiffness modulus resulting in the following form:

=
+

E 1

E T E
1 c

a
c
c (16)

We relate the logarithmic strain evolution induced by the formation

Fig. 13. Two-way shape-memory tests under constant applied stress of 250 kPa. Comparison between experimental data [35] and model predictions in terms of
strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10.
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of crystals, starting from the law proposed in Ref. [31], as follows:

=

<

>

=

T

T

T

if 0

if 0

0 if 0

in

c
E T

in

a
c

c

(17)

Here, we introduce β to describe the dependence of in on the
nominal stress σ, as evidenced by the described experiments:

= +1 | |
s

s
(18)

with s and s positive parameters.
We finally assume the thermal logarithmic strain th in the following

form:

= + +ln T T[1 ((1 ) )( ) ]th c a c c c c th
0

, (19)

where T0 is the initial temperature, a and c are the thermal expansion
coefficients respectively, of the amorphous network and of the semi-
crystalline network, and c th, is a strain increment parameter related to
the volumetric contraction (expansion) occurring during crystallization
(melting).

4.2. Time-discrete equations

We now focus on the numerical implementation of model equations.
For the sake of notation simplicity, we use superscripts n and +n 1 for
all the quantities evaluated at previous time tn and current time +tn 1,
respectively.
We employ a backward-Euler integration algorithm for the evolu-

tion equation (17) of the logarithmic strain in induced by crystal-
lization [31]:

=

+ <

>

=

+

+ + +

+

+

+
+

+
+

T T

T T

T T

( ) if 0

if 0
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n
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n n

1

1 1 1

1
1

1
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nin

n
c

n
c

n
c

1
1

1
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(20)

where

= ++
+1 | |n

n

s
1

1 s
(21)

All the remaining equations are evaluated at current time +tn 1.
The algorithms are presented in Tables 2 and 3, respectively, in a

stress-driven and strain-driven formulation. As it can be observed, three
cases are distinguished according to the current temperature +Tn 1, i.e.,
isothermal, cooling, and heating. The solution to the nonlinear system

Fig. 14. Two-way shape-memory tests under constant applied stress of 500 kPa. Comparison between experimental data [35] and model predictions in terms of
strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10.

G. Scalet et al. Polymer 158 (2018) 130–148

143



reported in Table 3 is obtained by means of the function fsolve im-
plemented in the optimization toolbox of the program Matlab. It is
worth highlighting that the model can be easily implemented and al-
lows for a direct and quick prediction of the shape-memory behavior in
semi-crystalline networks subjected to the investigated thermo-me-
chanical histories.

4.3. Parameters identification

The proposed model is based on parameters that can be physically
interpreted and thus calibrated easily and directly from experimental
data, avoiding the complex identification procedures based on optimi-
zation methods. We now describe all the model parameters and,
whenever possible, we refer to the experiments discussed in Section 2
for the purpose of illustration of their calibration. In particular:

• The stiffness moduli Ea and Ec can be calibrated from stress-strain
curves at a temperature, respectively, above Tm (e.g., Fig. 3) and
below Tc. Alternatively, they can be deduced from storage modulus-
temperature curves measured in DMA tests.
• Crystallization and melting temperatures Tc andTm can be calibrated
from a DSC scan (e.g., Fig. 4(a)) or, alternatively, from crystallinity
content versus temperature curves (e.g., Fig. 4(b)-(d)).
• Crystalline phase evolution parameters cool, heat, and max

c w, can be

calibrated from crystalline content versus temperature curves mea-
sured in DSC analysis (e.g.,Fig. 4(b)-(d)).
• The thermal expansion coefficients a and c and the thermal strain
increment c th, due to crystallization can be calibrated from a
cooling/heating curve at zero stress or, alternatively, from a two-
way shape-memory strain-temperature curve at low applied stress
(e.g., at 50 kPa), where the thermal expansion and contraction ef-
fects dominate material response.
• Heating/cooling rate parameters c and m can be calibrated from
shape-memory tests performed, respectively, at two different
cooling and heating rates (e.g., Fig. 2).
• Effective crystallization temperature parameters c and c can be
calibrated from two-way shape-memory strain-temperature curves
measured under two different applied stresses.
• Parameters s and s, related to the dependence of the extent of the
elongation/contraction two-way shape-memory cycle on the stress,
can be calibrated from two-way shape-memory strain-temperature
curves measured under two different applied stresses.

5. Modeling versus experimental results

In this section we verify model prediction capabilities through some
numerical simulations and we validate the model through a comparison
with the experimental data reported in Section 2.

Fig. 15. Two-way shape-memory tests under constant applied stress of 750 kPa. Comparison between experimental data [35] and model predictions in terms of
strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10. Two heating rates are considered.
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5.1. Model calibration

Following the considerations provided in Section 4.3, model para-
meters are calibrated on experimental data discussed in Section 2 and
are reported in Table 4. The result of calibration of parameters Ea, cool,

heat, max
c w, , Tc, Tm, c, and c are reported in Figs. 8 and 9, while the

densities of amorphous PCL and 100% crystalline PCL are taken, re-
spectively, as = g cm1.081 /a 3 and = g cm1.195 /c 3 [39]. It is clear
from Fig. 8 that the adopted stress-strain constitutive law is suitable for
systems X-PCL-2 and X-PCL-3 in the investigated stress range (i.e.,
0 1000 kPa), while it is suitable for X-PCL-10 in a stress range of
0–750 kPa. Other laws, e.g., neo-Hookean, could have been considered;
however, the aim was to keep the model as simple as possible. The
reason behind such non linearity for X-PCL-10 is not fully understood,
and maybe partly ascribed to the inherent material response, but also to
the not perfect measurement of the applied stresses (difficulties in
measuring the exact value and to slight variation of the material stiff-
ness from sample to sample) and to local amplification of strain in
presence of defects (bubbles that could not be avoided during pre-
paration). Parameter Ec is deduced from storage modulus values pro-
vided in Ref. [35]. Parameters a, c, and c th, are fitted on a two-way

Fig. 16. Two-way shape-memory tests under constant applied stress of 1000 kPa. Comparison between experimental data [35] and model predictions in terms of
strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3, (c) X-PCL-10.

Fig. 17. Two-way shape-memory tests under constant applied stress of 0 kPa.
Model results in terms of strain-temperature curves for the various material
systems X-PCL.
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shape-memory strain-temperature curve at 50 kPa (Fig. 11); parameters
c, m, s, and s are calibrated from elongations in two-way shape-
memory tests at 500 and 750 kPa for systems X-PCL-2 and X-PCL-3
(Figs. 14 and 15), while at 250 and 500 kPa for system X-PCL-10
(Figs. 13 and 14).

5.2. One-way shape-memory tests

We start by simulating the one-way shape-memory tests, according
to the experimental procedure described in Section 2. We here replicate
such a procedure by keeping the specimen aboveTm and deforming it up
to a certain strain ( app) and by cooling the deformed specimen belowTc
while maintaining app constant. The recovery behavior is simulated by
heating the deformed specimen above Tm under stress-free conditions.
Fig. 10 shows the stress and strain evolution as a function of tem-

perature for the three material systems. An applied strain app of 22,
26.5, and 47.5% is considered for system X-PCL-2, X-PCL-3, and X-PCL-
10, respectively. The overestimation of stresses for system X-PCL-10
may be ascribed to the oversimplified stress-strain constitutive law
adopted in the model formulation for high level of stresses (see Fig. 8).
For all the material systems the model predicts well the stress reduction
during cooling close to Tc, due to a relaxation effect driven by crystal
formation and growth. Moreover, it is observed that, at low tempera-
tures, the stress reduction ends with a plateau to a non-zero value or
with a slight increase of stress. This effect is ascribed to the inhibition of
the inherent thermal contraction of the material, caused by the fixed
clamp condition. It is interesting to remark that the model is able to
predict the occurrence of such event, and this only since having taken
into account the thermal contribution to the whole strain, whereas a
monotonous decrease would have been described by excluding this
term. Similarly, the strain recovery during heating close to Tm is well

Fig. 18. One-way shape-memory tests: (1) heating, (2) applying app=750 kPa, (3) cooling under fixed app, (4) unloading up to zero stress, (5) recovery under
stress-free conditions. Comparison between experimental data [35] and model predictions in terms of strain-temperature curves for systems (a) X-PCL-2, (b) X-PCL-3,
(c) X-PCL-10.

Table 5
Comparison between predicted results and experimental data in terms of the
errors defined in Eq. (22).

app (kPa) Error (%) X-PCL-2 X-PCL-3 X-PCL-10

50 E nommin 0 0 0

E nommax 0.72 0.91 0.84

100 E nommin 0 0 0

E nommax 1.00 1.20 0.94

250 E nommin 6.32 10 3 2.62 10 4 4.94 10 4

E nommax 3.27 7.33 1.70

500 E nommin 7.35 10 5 5.77 10 4 1.23 10 3

E nommax 4.40 5.16 6.07

750 E nommin 4.11 10 3 1.14 10 3 9.14 10 4

E nommax 7.0 10.5 26.30

1000 E nommin 1.46 10 3 1.22 10 3 1.24 10 3

E nommax 27.0 27.80 67.95
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predicted by the model. During heating, the slight strain increase below
the melting temperature region, observed experimentally and due to
thermal expansion, is also predicted by the model. By contrast, the
model does not predict the possible presence of a residual strain at the
end of the recovery process, as shown in Fig. 10(f) for system X-PCL-10.
The presence of this residual strain, revealed experimentally, may be
ascribed to either irreversible damaging of the network or slipping of
the specimen in the clamps, and it is usually reduced on subsequent
programming-recovery cycles. This lack in the model prediction ability
is not surprising, since in the strain components there is no term taking
into account possible irreversibility as that revealed experimentally;
anyway, it has be not considered as a severe inadequacy of the model,
since a proper SMP should always lead to full recovery upon heating.

5.3. Two-way shape-memory tests

We then simulate the two-way shape-memory tests, according to the
experimental procedure described in Section 2. We here replicate such a
procedure by keeping the specimen above Tm and deforming it up to a
certain stress ( app), and by applying on the deformed specimen a
cooling-heating cycle, from the deformation temperature to well below
Tc and, subsequently, to well above Tm, while maintaining app constant.
The shape-memory behavior is simulated by heating the deformed
specimen above Tm under fixed stress conditions.
Figs. 11–16 show the strain-temperature curves under constant

applied stress app equal to 50, 100, 250, 500, 750, and 1000 kPa, re-
spectively. As it can be observed, model results show an overall good
prediction of the strain evolution as a function of temperature. At the
smallest stress levels (i.e., 50 and 100 kPa) in Figs. 11 and 12, the model
predicts a first contraction, due to thermal effects, followed by the
crystallization-driven elongation, according to experimental evidences.
We also analyze numerically the effect of a zero applied stress, where
the induced-contraction is associated only to thermal strains (see
Fig. 17). As it can be observed, during cooling, the first strain decrease
is associated to the thermal properties of the amorphous network (i.e.,

a), followed by a drop close to the crystallization temperature asso-
ciated to the formation of crystallite ( c th, ) and, finally, a slight strain
decrease due to the thermal properties of the semi-crystalline network
(i.e., c). During heating, the slight increase in strain is also due to the
thermal properties of the semi-crystalline network, followed by a steep
increase close to the melting temperature due to recovery of the
amorphous network. As observed from Figs. 11–16, higher applied
stresses lead to larger elongations, for both the entropic and crystal-
lization-induced contributions. Similarly to the one-way shape-memory
tests, some discrepancies are evident in the prediction of the initial
rubber response for the X-PCL-10 at high levels of stress (750 and
1000 kPa), ascribable to the simple stress-strain constitutive law
adopted in the model formulation, as previously commented.
We recall that the two-way shape-memory curves reported in

Figs. 11–16 refer to an experimental heating rate of 10°C/min. The
latter leads to a steeper process occurring at higher temperatures, as
discussed in Section 2. This is clear by observing Fig. 15, where we
compare the experimental and numerical strain-temperature curves for
an applied load of 750 kPa, obtained with two heating rates of °2 C/min
and 10 °C/min. The model predicts well the shift of the melting tem-
perature ascribed to these two rates.
To complete the discussion, Fig. 18(a)-(c) show the strain evolution

as a function of temperature for the three material systems, first cooled
under an applied stress of 750 kPa and then heated under free-stress
conditions. As it can be noted, there is a good matching between ex-
perimental and numerical curves, revealing that the model is able to
predict the ability of the polymers to revert, even after CIE, to the
original shape when heated under stress-free conditions. No elastic
recoil before heating due to the removal of the applied stress is evident.
The slight strain increase during heating before the melting tempera-
ture region, associated to thermal effects, is also described.

To quantify the goodness of model results for the two way shape-
memory tests, we consider the following errors on nominal strain:

=E max (| |)max
exp
nom

mod
nom

nom (22)

=E min (| |)min
exp
nom

mod
nom

nom (23)

where “exp” and “mod” indicate, respectively, experimental and model
strain. Table 5 reports the computed error values for the three material
systems. By comparing the errors with the values of the strains reached
in each test (Figs. 11–16), it is possible to observe that at the smallest
stress levels the model predicts the results mainly qualitatively, prob-
ably since the measured response is dictated mostly by thermal con-
traction/expansion, of both specimen and clamps, rather than by the
CIE/MIC process; as soon as these processes become predominant
(100 kPa), the curve fitting becomes more adequate. An overall good
fitting for the experimental curves was found for the stress levels be-
tween 250 kPa and 1000 kPa, with some exceptions (X-PCL-2 at
250 kPa; X-PCL-3 at 1000 kPa; X-PCL-10 at 750 kPa and 1000 kPa),
where the difference between the experimental and theoretical curves
mainly consists in an offset between the initial strain (or pre-stretch),
due to either an underestimation (X-PCL-2) or an overestimation (X-
PCL-3; X-PCL-10) of the pre-stretch. The overestimation may be as-
cribed to strong non-linearity in the stress versus strain response at high
strain, which is not adequately fitted by Eq. (15).
In conclusion, the two-way response, being a structural evolution-

driven effect, is primarily governed by structural parameters, such as
the crosslink density and the crystallinity content. This may be high-
lighted also by the model parameters reported in Table 4, where the
most important changes regard Ea, Tm, Tc, and max

c w, . Moreover, these
parameters are all related to the crosslink density, which in fact dictates
the material compliance in the rubbery region (Ea), the crystallinity
content ( max

c w, ) and, through the different degree of perfection of the
crystalline phase, the melting and crystallization temperatures (Tm and
Tc, respectively). On the other hand, parameters related to the thermo-
mechanical history, such as cooling/heating rate and the applied stress,
are also influencing the response, and mainly the extent of the effect
and its distribution on the temperature scale, as described through the
terms c, c, s, s of Table 4, whose dependence on material structure,
however, is not well evidenced.

6. Conclusions

The present paper has proposed a one-dimensional finite-strain
model, based on a phenomenological macroscopic description of SMP
behavior, which is able to predict the one-way SME as well as the two-
way SME under stress conditions in semi-crystalline crosslinked poly-
mers. Worthy model advantages are its formulation and implementa-
tion simplicity as well as the possibility to easily fit its parameters on
experimental measurements. Numerical results have clearly shown that
the model is able to quantitatively describe several important behavior
features of material systems with different crosslink densities and to
define the ranges of reliability of the model for the material systems
used for validation; particularly, for systems X-PCL-2 and X-PCL-3 the
model provides results in agreement with experimental evidences for
stress ranges between 50 and 1000 kPa and temperature ranges be-
tween 40 and °80 C, while for system X-PCL-10 for stress ranges be-
tween 50 and 750 kPa and temperature ranges between 20 and °100 C.
Other hyperelastic models, e.g., the neo-Hookean model, which is often
adopted for rubber-like materials, could be considered for future ex-
tensions. Moreover, possible model extensions to other class of semi-
crystalline crosslinked polymers exhibiting also a stress-free two-way
SME and to a three-dimensional space will represent the object of future
work and will require an exhaustive experimental campaign, e.g., to
characterize the shape-memory behavior of the networks as well as the
crystallinity content evolution under multiaxial loading conditions. The
possibility to have a tool to support the design of SMP-based
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components is of fundamental importance if considering that the two-
way SME offers exciting opportunities in proposing new solutions for
innovative applications as soft robotics, thanks to the increasing de-
velopment in advanced manufacturing techniques.
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