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Abstract We present a reformulation of the classical

Timoshenko beam problem, resulting in a single

differential equation with the rotation as the only

primal variable. We show that this formulation is

equivalent to the standard formulation and the same

types of boundary conditions apply. Moreover, we

develop an isogeometric collocation scheme to solve

the problem numerically. The formulation is com-

pletely locking-free and involves only half the degrees

of freedom compared to a standard formulation.

Numerical tests are presented to confirm the perfor-

mance of the proposed approach.

Keywords Timoshenko beam � Shear-deformable �
Locking-free � Displacement-free � Isogeometric �
Collocation

1 Introduction

Isogeometric collocation [2] is a novel development in

computational mechanics and has been introduced as

an alternative to Galerkin-based isogeometric analysis

(IGA) [9, 14]. The main idea behind isogeometric

collocation (IGA-C) is to discretize the geometry and

the unknowns by isogeometric functions (such as

B-splines, NURBS, or T-splines [8]), and to solve the

differential equations in the strong form by collocating

them on a set of suitable collocation points [25] . With

this approach, the computation of integrals is avoided,

resulting in a greatly reduced computational effort

compared to Galerkin-based IGA. In the latter,

numerical quadrature constitutes an issue in terms of

computational costs, since the standard quadrature

rules, adopted from finite element analysis (FEA),

become inefficient with increasing continuity of the

shape functions. In IGA-C, instead, only one colloca-

tion point per unknown is necessary, which roughly

corresponds to one point per element, independently

of polynomial degree. A profound study and compar-

ison of the computational costs in classical FEA, IGA,

and IGA-C can be found in [27]. Isogeometric

collocation has been employed successfully to solve
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linear and nonlinear mechanical problems including

elastostatics and explicit dynamics [3], structural

mechanics of beams [5, 7, 16], spatial rods

[4, 21, 22, 28], plates [15, 24], and shells [17], large

deformation elasticity [18], contact [10, 18], phase-

field modeling [13], and fracture [26]. The conver-

gence and stability properties of IGA-C [19] depend

crucially on the chosen collocation points and differ-

ent approaches have been proposed, see [1, 2, 12, 23].

In the context of shear deformable structures, it

was shown that standard displacement-based collo-

cation formulations can exhibit locking problems,

similar to what is known from Galerkin methods, if

the discretization spaces of the primal variables are

not well balanced. Henceforth, locking-free mixed

collocation formulations were proposed for straight

Timoshenko beams [7], spatial Timoshenko rods

[4, 22, 28], and Reissner-Mindlin plates [15]. A

different approach to obtain locking-free formula-

tions for Timoshenko beams was presented in [16],

based on a reformulation of the differential equa-

tions in a single equation with only one unknown

variable. For this reformulation, a new variable, the

so-called bending displacement, was introduced and

then considered as the primal variable to be solved

for. Both Galerkin and collocation formulations

based on this approach were presented in [16] and

were shown to be locking-free ab initio.

In the present contribution, we pursue an approach

which has similarities with [16], but, instead of

introducing an artificial variable like the bending

displacement, we consider the rotation as the primal

variable. We first show how the standard Timoshenko

beam differential equations, consisting of two equa-

tions in terms of displacement and rotation, can be

reduced to a single equation in terms of the rotation

only, and then develop a corresponding isogeometric

collocation scheme. Numerical tests confirm the good

performance and the locking-free characteristic of the

method. The paper is organized as follows. In Sect. 2,

we first recall the governing equations of the

Timoshenko beam problem as well as the standard

form of the resulting differential equations. Then, we

reformulate the problem with the rotation as the only

unknown, resulting in a single differential equation of

third order. This formulation is used to develop a

corresponding collocation approach in Sect. 3, which

is tested numerically in Sect. 4. In Sect. 5, finally, we

draw conclusions.

2 Formulation

We consider linear static analysis of straight beams

subjected to a distributed transverse load f. Cross

sections are assumed to remain straight during defor-

mation, but not necessarily perpendicular to the beam

axis due to shear deformability, as depicted in Fig. 1,

where w is the vertical deflection of the beam axis, u is

the total rotation of the cross section and c is the

transverse shear strain. All variables are functions of

the coordinate x and a prime symbol ð�Þ0 indicates a
derivative with respect to x, i.e., ð�Þ0 ¼ dð�Þ=dx.

The beam’s material and cross-sectional parameters

are defined by the Young’s modulus E and second

moment of inertia I for bending, and by the shear

modulus G and cross-sectional area A for shear defor-

mation. For a compact notation,we introduce the beam’s

bending stiffness as Kb ¼ EI and the shear stiffness as

Ks ¼ aGA, with a as the shear correction factor.

Within this paper we assume the stiffness parameters

to be constant throughout the beam’s length.

In the following, we first review the governing

equations of the classical Timoshenko beam theory,

consisting of kinematic, constitutive, and equilibrium

equations as well as the standard formulation of the

problem with displacements and rotations as unknown

variables. Then, we present a new formulation, which

satisfies the same governing equations, but with the

rotation as the only unknown variable.

2.1 Governing equations of the Timoshenko beam

The kinematic equations of a Timoshenko beam are

given by

x

z

−w
γ

= −w + γ

x

z

w

ϕ

Fig. 1 Beam model and kinematic variables
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w0 ¼ �uþ c; ð1Þ

u0 ¼ j; ð2Þ

with j as the curvature. The bending moment M and

the shear force Q are then obtained as

M ¼ Kbj; ð3Þ

Q ¼ Ksc; ð4Þ

and the equilibrium equations are given by

M0 ¼ Q; ð5Þ

Q0 ¼ �f ; ð6Þ

where Eq. (5) represents moment equilibrium and (6)

transverse force equilibrium.

2.2 Standard and previous alternative

formulations

Substituting the constitutive equations into the equi-

librium equations and expressing the shear deforma-

tion in terms of displacement and rotation, we obtain

the standard form of the differential equations for the

Timoshenko beam

Kbu
00 � Ksðuþ w0Þ ¼ 0; ð7Þ

Ksðu0 þ w00Þ ¼ �f ; ð8Þ

which is a system of two equations in the two

unknowns u and w, both appearing in the second

derivatives. Accordingly, four boundary conditions

are necessary to complete the boundary value prob-

lem. Boundary conditions can be either of kinematic

type, prescribing w or u, or of static type, prescribing
M or Q. In the following, we discuss some possible

alternative formulations based on different choices of

primal variables. However, from the modeling point of

view it is important that boundary conditions are

always to be imposed on the classical variables

w;u;M, and Q.

An alternative formulation could be obtained by

considering w and c as primal variables, as it has been

done recently in the context of plates and shells in

[6, 11, 20]. The advantage of such a formulation is that

it is completely free of shear locking, since lim
t!0

c ¼ 0

can be represented independently of the chosen

discretization spaces. Nevertheless, the problem is

still governed by two equations and two primal

unknowns.

In [16], a single-variable form of the Timoshenko

beam problem was presented. To this end, the

displacement was split into two parts, namely bending

and shear displacement, and it was shown that the

differential Eqs. (7)–(8) could be reduced to a single

equation in terms of the bending displacement wb

Kbw
0000
b ¼ f : ð9Þ

In this form, the Timoshenko beam problem is

described by a fourth order differential equation and

four boundary conditions are again necessary to

complete the boundary value problem.

2.3 New formulation in terms of the rotation

Similar to what was shown in [16], we use the

rotational equilibrium Eq. (5) together with Eqs. (2)–

(4) in order to obtain a direct relation between the

rotation u and the shear deformation c

Kbu
00 ¼ Ksc: ð10Þ

Therefore, we can express c as a functions of u as

follows

c ¼ Kb

Ks

u00: ð11Þ

Accordingly, also w can be expressed in terms of u by

substituting (11) into (1) and subsequent integration

w ¼
Z x

0

�uþ Kb

Ks

u00
� �

dxþ w0; ð12Þ

where the integration constant represents the displace-

ment at the left end, i.e., w0 ¼ wð0Þ. An alternative

form can be obtained by taking the second term out of

the integral

w ¼ �
Z x

0

u dxþ Kb

Ks

u0 þ c: ð13Þ

It should be noted that in this case, the integration

constant can no longer be interpreted as the displace-

ment at the left end, i.e., c 6¼ wð0Þ. Bending moment

and shear force are simply obtained by derivatives ofu

M ¼ Kbu
0 ð14Þ
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Q ¼ Kbu
00 ð15Þ

and the differential equation finally reads as

Kbu
000 ¼ �f : ð16Þ

As can be seen, the differential equation is of third

order. Furthermore, we have the integration constant

forw as an additional unknown, such that the boundary

value problem is again completed by four boundary

conditions. The boundaries of the beam are denoted by

C ¼ f0g [ flg, and Cw, Cu;CM;CQ indicate the

boundaries with prescribed w;u;M, and Q, respec-

tively. The boundary conditions can then be formu-

lated as follows, with barred symbols indicating the

prescribed boundary values

Z x

0

�uþ Kb

Ks

u00
� �

dxþ w0 ¼ w onCw; ð17Þ

u ¼ �u onCu; ð18Þ

Kb u
0 ¼ � �M onCM ; ð19Þ

Kb u
00 ¼ � �Q onCQ: ð20Þ

The integral in (17) disappears for the left boundary,

x ¼ 0, such that the equation reduces to w0 ¼ �w. In
(19)–(20), the minus sign refers to x ¼ 0 while the plus

sign refers to x ¼ l. At each boundary, we have to

prescribe two boundary conditions, one on either w or

Q and one on either u or M.

With Eqs. (16)–(20) the strong form of the

Timoshenko beam problem can be stated as follows:

Given a distributed load f(x) and prescribed boundary

values �w; �u; �M; �Q, find uðxÞ and w0 such that (16) is

satisfied on ]0, l[ and (17)–(20) are satisfied on the

boundaries.

The fact that w depends on the integral of the

primal variable u makes this formulation not a

suitable basis for establishing Galerkin-type numerical

formulations. Nevertheless, the strong form equations

are well suited for a collocation approach as will be

shown in the following section.

3 Isogeometric collocation

In this section we develop an isogeometric collocation

approach for solving the strong form equations

presented above. The geometry and the unknown

rotation field are discretized by B-splines, and the

Greville abscissae [2] are used as collocation points.

B-splines are piecewise polynomials defined over a

so-called knot vector fn1; :::; nnþpþ1g, where p is the

polynomial degree and n is the number of B-spline

functions, and can be computed with the following

recursion formula

For p ¼ 0 (piecewise constants)

Ni;0ðnÞ ¼
1 if ni � n\niþ1;

0 otherwise ;

(
ð21Þ

for p� 1

Ni;pðnÞ¼
n�ni

niþp�ni
Ni;p�1ðnÞþ

niþpþ1�n

niþpþ1�niþ1

Niþ1;p�1ðnÞ:

ð22Þ

The Greville abscissae are defined as knot averages by

the following formula

ni ¼
niþ1 þ niþ2 þ . . .þ niþp

p
: ð23Þ

Furthermore, we can define Greville abscissae related

to the k-th derivative space as

n
ðkÞ
i ¼

niþ1þk þ niþ2þk þ . . .þ niþp

p� k
: ð24Þ

According to Eq. (23), the number of Greville abscis-

sae is always equal to the number of basis functions n,

while from Eq. (24) we obtain n�k Greville abscissae

related to the k-th derivative space.

The primal variable u is approximated by uh

uhðnÞ ¼
Xn
i¼1

Ni;pðnÞ ûi ð25Þ

where ûi are the control variables. Equation (25) can

also be written more compact in matrix form

uh ¼ N û ð26Þ

where û is the vector of control variables

û ¼ ½û1 û2. . .�T, and N is the row vector of shape

functions N ¼ ½N1;p N2;p. . .�. In the following, deriva-

tives of uh with respect to x are necessary which

requires consideration of the isoparametric mapping

xðnÞ. Since we only consider straight beams with a

linear parametrization, we can assume x ¼ n and,

therefore, ð�Þ0 ¼ dð�Þ=dx ¼ dð�Þ=dn.
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Corresponding to the differential Eq. (16) being of

third order, we use the Greville abscissae related to the

third derivative space (24) as collocation points, and

obtain the following set of equations

Kb N
000ðnð3Þi Þ û ¼ �f ðnð3Þi Þ for i ¼ 1; . . .; n� 3;

ð27Þ

which is completed by four boundary conditions,

which are obtained as the discrete version of

Eqs. (17)–(20)

Z x

0

�Nþ Kb

Ks

N00
� �

dx ûþ w0 ¼ �w onCw

ð28Þ

N û ¼ �u onCu ð29Þ

Kb N
0 û ¼ � �M onCM ð30Þ

Kb N
00 û ¼ � �Q onCQ ð31Þ

It is a general feature of IGA-C that boundary

conditions are imposed by simply collocating the

respective equations on the boundaries. This makes it

quite easy to impose also unusual equations like (28).

The integral in Eq. (28) is computed numerically by

Gauss quadrature, and it is important to note that this

has no significant effect on the computational cost of

the method, since this integral has to be computed only

for one equation at most, namely for the boundary
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Fig. 2 Clamped beam with constant load. Results for a displacement w, b rotation u, c bending moment M, and d shear force Q
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equation wðlÞ ¼ �w. If the displacement at x ¼ l is free,

no integral at all needs to be computed for assembling

the equation system (however, numerical integration

may be needed in post-processing for recovering the

results of w). It is also worth noting that due to the

interpolating property of NURBS at the boundaries,

Eq. (29) reduces to ûj ¼ �uðj 2 f1; ng), which means

that the prescribed rotation values can be directly

assigned to the boundary degrees of freedom, as

classically done in Galerkin methods.

The equation system obtained with (27)–(31) has in

total nþ 1 unknowns, namely the n coefficients of û

and the constant w0. With the proposed collocation

scheme, using n
ð3Þ
i as collocation points, we naturally

obtain nþ 1 equations, resulting in a square system of

equations. As can be seen in equation (24), the

Greville abscissae related to the k-th derivative space

are defined for p� k þ 1. Accordingly, polynomial

degrees p� 4 can be used for the presented formula-

tion, while p� 5 had to be used for the collocation

approach in terms of the bending displacement in [16].

A common problem of numerical methods based on

the standard form of the Timoshenko beam problem

(7)–(8) is shear locking, which can appear if the discrete

spaces of the two primal variables are not compatible. In

[4, 7] locking-free mixed collocation formulations have

been proposed for Timoshenko beams and spatial rods.

In such formulations, a third variable, typically a force

variable like shear stress, is considered as an additional

unknown, resulting in a larger system of equations to be

solved. Instead, the formulation proposed in the present

paper is locking-free by construction since there is only
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Fig. 3 Simply supported beamwith constant load. Results for a displacementw, b rotationu, c bendingmomentM, and d shear forceQ
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one variable to be discretized. Furthermore, having only

one unknown variable significantly reduces the size of

the discrete system to be solved. For the same ‘‘mesh’’,

i.e., knot vector and polynomial degree, we have only

half the number of degrees of freedom compared to a

standard formulation and only one third compared to a

mixed formulation.

4 Numerical tests

In this section, we test the proposed method on

different benchmark problems with analytic solutions.

We first demonstrate that the approach can handle

arbitrary boundary conditions and then study the error

convergence for the various variables of interest. For

the convergence study we compare two cases, one of a

thick beam and one of very thin beam in order to

demonstrate that the formulation is locking-free.
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Fig. 4 Cantilever beam with constant load. Results for a displacement w, b rotation u, c bending moment M, and d shear force Q

Fig. 5 Beam with sinusoidal load. Slider support on the left

boundary, clamped on the right boundary
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4.1 Study on different boundary conditions

In order to test the imposition of boundary conditions,

we consider different cases, namely a clamped beam

(wð0Þ ¼ uð0Þ ¼ wðlÞ ¼ uðlÞ ¼ 0), a simply sup-

ported beam (wð0Þ ¼ Mð0Þ ¼ wðlÞ ¼ MðlÞ ¼ 0), and

a cantilever beam (wð0Þ ¼ uð0Þ ¼ MðlÞ ¼ QðlÞ ¼ 0).

The geometrical and material parameters are as

follows: Length l ¼ 1, rectangular cross-section of

width b ¼ 0:1 and thickness t ¼ 0:01, Young’s mod-

ulus E ¼ 107, Poisson’s ratio m ¼ 0:2, and shear

correction factor a ¼ 5=6. A constant load f ¼ 1 is

applied, such that the analytical solution in all cases is

of fourth order for the displacement and of third order

for the rotation.

For analysis, we use only one element with p ¼ 4,

which is the minimum degree according to Eq. (24).

Accordingly, the numerical solutions are expected to

exactly represent the analytical solutions. Figures 2, 3,

4 show the obtained results for the different variables

of interest (w;u;M;Q) for the three different cases. In

all cases, the analytical solutions are obtained exactly

up to machine precision.

4.2 Convergence study

In this study, we consider a sinusoidal load function and

investigate the error convergence for the various

variables of interest. The beam is supported by a slider

support at the left endandclampedat the right end,which
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Fig. 6 Convergence studies for a thick beam, t ¼ 10�1. Error in the L2-norm for a displacement w, b rotation u, c bending momentM,

and d shear force Q
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means that the integral in Eq. (28) is not vanishing. The

load function is givenby f ðxÞ ¼ 16 p4 cosð2pxÞ, and the
problem setup is shown in Fig. 5. The analytical

solutions for displacement, rotation, bending moment,

and shear force are given by

wðxÞ ¼ 1

Kb

cosð2pxÞ � 1ð Þ þ 1

Ks

4p2 cosð2pxÞ � 4p2
� �

ð32Þ

uðxÞ ¼ 1

Kb

2p sinð2pxÞ ð33Þ

MðxÞ ¼ 4p2 cosð2pxÞ ð34Þ

QðxÞ ¼ �8p3 sinð2pxÞ ð35Þ

The geometrical and material parameters are the same

as in the previous study, apart from the thickness,

where we consider two different values, namely t ¼
10�1 and t ¼ 10�4, corresponding to a thick and a very

thin beam. We perform convergence studies for

polynomial degrees p ¼ 4; 5; 6; 7; 8 and evaluate the

errors in the L2-norm for all variables. The results are

shown in Fig. 6 for the thick beam and in Fig. 7 for the

thin beam. Very good convergence for all variables

can be observed in both cases, with dashed reference

lines indicating the convergence order. In particular, it

can be seen that the results are practically identical for

the thick and thin beams, confirming that this formu-

lation is fully locking-free. Moreover, the errors are

almost identical for all different variables. The same
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Fig. 7 Convergence studies for a thin beam, t ¼ 10�4. Error in the L2-norm for a displacement w, b rotation u, c bending momentM,

and d shear force Q
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characteristics have been observed also for collocation

of the single-variable formulation based on the

bending displacement [16]. However, the results for

a given polynomial degree are found to be superior in

the present formulation than in [16], in terms of both

the convergence rate and the absolute values of the

error. In particular, it can be observed that the results

obtained with the present formulation for a polynomial

degree p match closely the results for pþ 1 with the

collocation approach in [16].

5 Conclusions

We have presented a reformulation of the Timoshenko

beam problem with the rotation as primal variable.

The resulting differential equation is of third order

with an additional unknown constant, which is the

integration constant for the displacement. With the

classical boundary conditions of Timoshenko beams,

the problem is complete and well posed. Moreover, we

have derived an isogeometric collocation scheme to

solve this problem numerically. The formulation is

completely locking-free and, at the same time,

involves only half the number of unknowns compared

to a standard formulation and only one third compared

to a mixed formulation. Numerical tests confirmed the

performance and the locking-free behavior of the

method. As future work, we plan the extension to

frame structures and to vibration problems.
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