
Comput Mech (2017) 60:479–492
DOI 10.1007/s00466-017-1415-2

ORIGINAL PAPER

On the stability analysis of hyperelastic boundary value problems
using three- and two-field mixed finite element formulations

Jörg Schröder1 · Nils Viebahn1 · Peter Wriggers2 · Ferdinando Auricchio3 ·
Karl Steeger1

Received: 22 December 2016 / Accepted: 20 April 2017 / Published online: 5 May 2017
© Springer-Verlag Berlin Heidelberg 2017

Abstract In this work we investigate different mixed finite
element formulations for the detection of critical loads for
the possible occurrence of bifurcation and limit points. In
detail, three- and two-field formulations for incompressible
and quasi-incompressible materials are analyzed. In order
to apply various penalty functions for the volume dilatation
in displacement/pressure mixed elements we propose a new
consistent scheme capturing the non linearities of the penalty
constraints. It is shown that for all mixed formulations, which
can be reduced to a generalized displacement scheme, a
straight forward stability analysis is possible. However, prob-
lems based on the classical saddle-point structure require a
different analyses based on the change of the signature of the
underlying matrix system. The basis of these investigations
is the work from Auricchio et al. (Comput Methods Appl
Mech Eng 194:1075–1092, 2005, Comput Mech 52:1153–
1167, 2013).

Keywords Three-field and two-field mixed FEM · Stability
analysis · Condensed formulations · Signature of a matrix

1 Introduction

The treatment of engineering problems that undergo small
and finite deformations using the finite element method has
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a long tradition and can be generally seen as a settled area.
However, it is well known that for certain applications the
primal finite element method leads to unreliable results both
in displacements and stresses, see Babuska and Suri [6]. This
is for example the case in the (nearly) incompressible frame-
work or in thin structural applications. Many formulations,
which are nowadays available, are able to avoid these defi-
ciencies.One representative is the family of selective reduced
integration methods. Some pioneering works in this frame-
work are among others the mean dilatation formulation [24],
theB-Barmethod [17] and theF-Barmethod [15]. In contrast,
hybrid ormixed variational principles are also successful and
common approaches. Here,mainly two variational principles
can be distinguished. On the one side the Hellinger–Reissner
type principles, based on displacements and complimentary
energies, written in terms of the stresses. Early representa-
tives are for example the assumed stress formulations [26].
On the other side the Hu–Washizu type principles which are
written in terms of the displacement, strains and stresses.
Pioneering works are e.g. Simo and Hughes [32] and Simo
et al. [34]. The use of mixed methods in the linear theory
of elasticity is well understood, see e.g. the textbooks by
Brezzi and Fortin [12] and Braess [9]. This research resulted
in the formulation of the Babuska–Brezzi condition, which
ensures stability of mixed finite elements in the linear range,
see Babuska [5] and Brezzi [11]. However the ansatz func-
tions that provide in the linear case stable and unique finite
element approximations and are optimal in the small strain
regime cannot be successfully extended to solids undergoing
finite strains, see Wriggers and Reese [38] and Auricchio et
al.[2,3]. One of the reasons are additional modes that stem
from the discretization when using finite elements and lead
to unstable numerical schemes but also unphysical solutions.

In the last decades huge effort has been investeted in dif-
ferent stabilization techniques, see for example Belytschko
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et al. [7], Reese et al. [28] and Reese andWriggers [27]. Fur-
thermore, a F-Bar stabilization technique for nonlinear finite
elements have been presented by Pires et al. [1]. Another
promising attempt is the application of Least-Squares formu-
lations for hyperelasticity, since these formulations are not
restricted to the Babuska–Brezzi condition, in this context
see e.g. Müller et al. [23] and Schröder et al. [31]. In a very
recent work [30], the authors followed the idea of introduc-
ing separated fields for the kinematic variables (the cofactor
and the determinant of the deformation gradient) and conju-
gated stresses. This idea has been extended, including also a
stabilized Petrov–Galerkin discretization by Bonet et al. [8].

However, in case of mixed methods the determination of
critical loads associated with a possible occurrence of bifur-
cation and limit points ismuchmore complicated. The reason
for that is based on the saddle-point structure of the alge-
braic system of equations, because here we have an a priori
indefinite system. To overcome this circumstances a static
condensation of the system of equations leading to a general-
ized displacement based system is expedient. This procedure
can be applied to the well known three- and two-field formu-
lations in the quasi-incompressible case if the interpolation
of the additional fields is piecewise discontinuous. Unfortu-
nately, in case of the incompressible limit this condensation is
not possible whereby a stability analysis on indefinite matrix
systems is required.

In this paper we investigate problems restricted to hyper-
elasticity where the incompressibility constraint governs the
response of a solid. For this we like to focus also on mixed
methods that potentially enforce the constraint exactly and
therefore capture the incompressible limit. This will include
finite strain problems that are not only complex from the
deformation behavior but also can lead to physically unstable
states such as bifurcations. In this case an unstable numerical
method would lead to unphysical states and thus would not
be able to predict the real bifurcation point.
In order to understand the pathologies associated with the
numerical schemes for the prediction of physical instabilities
in solids, we introduce in the following the main equations,
related to the continuum formulation as well as to their dis-
cretized versions. Let us introduce first a variational form
that is purely dependent on displacements �d(u).

Equilibrium follows from

δ �d = ∂�d

∂u
· δu = 0 ∀ δu . (1)

Linearization of (1) yields the Jacobian of the problem (and
its discrete counterpart)

δ2 �d = ∂2�d

∂u ∂u
· (δu;�u) (≈ δDT

d K d �Dd) , (2)

where δDd and �Dd denote the global vector of virtual and
incremental nodal displacements and K d the global stiffness
matrix. The second derivative of �d is classically needed
for the stability analysis of the physical problem, which is
performed by the analysis of K d . Its singular values define
stability points. A solution of problem (1) is stable if the
coercivity condition is verified on the operator defined in
(2). These conditions have to be evaluated on the space of
all possible variations, see e.g. Mittelmann and Weber [22],
Brendel and Ramm [10] and Auricchio et al. [4].

In the mixed form the potential includes a constraint, that
is in our case related to incompressibility. Classically the
constraint equation can be written in terms of the determi-
nant of the deformation gradient J as f pen(J ) = 0 and
thus a Lagrangian form has to be added to the potential
as p f pen(J ), where p acts as a Lagrange multiplier. Then
the general form of the mixed potential can be written as
�m(u, p) , where the Lagrange multiplier p can be associ-
ated as (partial) pressure. Equilibrium is achieved for

δ�m = ∂�m

∂u
· δu + ∂�m

∂p
δp = 0 ∀ δu ∧ δp . (3)

This equation leads for arbitrary δu and δp to

∂�m

∂u
= 0 and

∂�m

∂p
= 0 , (4)

which can be used to compute the equilibrium states of a
given problem. For stability considerations we need the sec-
ond derivative of the potential

δ2 �m = ∂2�m

∂u ∂u
· (δu;�u) + ∂2�m

∂u ∂p
· (δu;�p)

+ ∂2�m

∂p ∂u
· (δp;�u) + ∂2�m

∂p ∂p
· (δp;�p) . (5)

In a discrete setting displacements and pressures have to be
interpolated by ansatz functions, leading to a problem with
n unknowns Dd and m unknowns D p, respectively:

δ2 �m ≈ δDT
d K �Dd + δDT

d B �D p

+ δDT
p BT �Dd − δDT

p A�D p . (6)

This now enables us to write the matrix form of the last
equation

δ2 �m ≈ δDT
m Km �Dm with Km =

[
K BT

B −A

]
and

Dm =
[
Dd

D p

]
. (7)

A crucial property of the well-posedness for problem (3) is
the satisfaction of an inf-sup condition on the operator B,
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Fig. 1 BVP for the stability analysis and the corresponding first eigenform

see e.g. Brezzi and Fortin [12] and Chapelle and Bathe [14].
A solution of problem (3) is physically stable if the coerciv-
ity condition is verified on the operator defined in (5). This
condition has to be evaluated on the space of all possible vari-
ations that satisfy the constraint (coercivity on the kernel) and
is classically satisfied for this divergence operator in the con-
tinuous case. Auricchio et al. [4] showed that the coercivity
on the kernel for the investigated problem is not influenced
by the addition of the term ( f pen)2, which enforces the con-
straint. This is true for any f pen(J ) that fulfills the conditions

f pen(J ) = 0 if and only if J = 1 and f pen ′(1) �= 0.

(8)

In the discrete setting the verification of the coercivity con-
dition on the kernel depends on the form of the constraint
which ’changes the game’ such that now the choice of the
constraint function is an essential ingredient of the discretiza-
tion method and can significantly influence the performance
of the numerical scheme, as shown inAuricchio et al. [4]. For
a given approximation scheme that is known to work well,
however some selections of the constraint function f pen(J )

even lead to non-physical results and unstable numerical
behavior.

Within this paper a methodology is developed that over-
comes this restriction leading to a new two-field mixed
formulation that provides physical relevant results for all
possible choices of f pen(J ). It is also shown that a three-
field Hu–Washizu form is robust independent to the choice
of f pen(J ) as already remarked in Auricchio et al. [4].

2 Potential formulations

In the following we derive the classical displacement based
formulation as well as different mixed three- and two-field

formulations for the analysis of boundary value problems
with hyperelastic material behavior. In order to interpret the
different formulations with respect to their individual eigen-
value spectrums as well as with respect to their consistency,
we analyze at the end of each subsection a demonstrative
boundary value problem, proposed by Auricchio et al. [2–
4]. We consider a quadratic block of dimension 2 times 2
clamped at the left, right and bottom edge, see Fig. 1. In
case of the formulations requiring a slight amount of com-
pressibility (compare Sects. 2.1, 2.2) the Lame parameters
are set to μ = 40 and λ = 105μ. Considering the formu-
lation which allows perfect incompressibility (see Sect. 2.4)
the Lame parameters are set toμ = 40 and λ → ∞. Starting
from an initial value for the body force f = f2e2, where f2 is
set equal to the value of μ, we increase the load by the factor
γ and search for the bifurcation point characterized by γcri t .
Recalling the results from Auricchio et al. [3], the critical
load-factor for this boundary value problem is approximated
by γcri t ≈ 6.6. Following Auricchio et al. [4], for the stabil-
ity analysis of the block we will analyze three functions f pen

which all fulfill the conditions given in Eq. (8), i.e.:

J − 1, lnJ, 1 − 1

J
. (9)

Let the body of interest in the reference placement be
denoted with B ⊂ IR3, parametrized in X and the body in
the current placement with S ⊂ IR3, parametrized in x. The
nonlinear deformation map ϕt : B → S at time t ∈ IR+
maps points X ∈ B onto points x ∈ S. The basic kinematical
quantity, the deformation gradient F is defined by

F(X) := ∇ϕt (X) (10)
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with the Jacobian J (X) := det F(X) > 0. An important
strain measure, the right Cauchy–Green tensor, is defined by

C := FT F . (11)

In this contribution we restrict ourselves to hyperelas-
tic materials and postulate the existence of a so called
Helmholtz free-energy function ψ , here defined per unit ref-
erence volume. Furthermore, we focus on the dependence
of ψ solely on the deformation gradient, i.e. ψ = ψ̂(F).
We focus on hyperelasticity, which means that the internal
dissipation Dint is zero for every admissible process. If we
assume the free energy function to be a function of the right
Cauchy–Green tensor ψ̂(C) we obtain with the chain rule
the expressions

S = 2∂C ψ̂(C), (12)

see e.g. Marsden and Hughes [21].

2.1 Displacement based formulations

For the numerical treatment of boundary value problems we
may consider a potential functional consisting of the internal
and external energy depending solely on the displacement

�d(u) = �int
d (C) + �ext(u). (13)

The external part of the total potential can be written as

�ext(u) = −
∫
B
u · f dV −

∫
∂B

u · t dA (14)

with u being the actual displacement, f and t the volume
force and boundary traction vector, respectively. The internal
part can be written as

�int
d (C) =

∫
B

[
ψ(C) + λ

2
( f pen(J ))2

]
dV , (15)

with the Helmholtz free-energy function ψ . We choose the
simple and well known Neo–Hookean free energy-function

ψ(C) = μ

2
(tr C − 3) − μ ln J . (16)

The material data is provided by the Lame parameters μ and
λ. The first variation of (15) with respect to the unknown field
quantity yields

δ�int
d (C) =

∫
B

(
2 ∂Cψ(C) + λ

2 J

∂( f pen(J ))2

∂ J
Cof C

)
︸ ︷︷ ︸

S

: 1
2
δC dV,

(17)

which has to vanish for all test functions. In order to solve
the set of nonlinear equations associated to the first variation
within the classical Newton–Raphson iteration scheme we
have to compute the linearization of (17), which follows as

�δ�int
d (C) =

∫
B

[
1

2
�δC : S + 1

2
δC : C : 1

2
�C

]
dV

with C := 2
∂S
∂C

. (18)

For a finite element approximation of the displacements the
well-known associated discrete counterparts of the first vari-
ation and its linearization yields for a typical finite element
e

ke �ded = −red , (19)

with the element associated vector of nodal displacements
ded , the element stiffness matrix ke, and the local part of
the right-hand side red . Applying the standard assembling
operation over all finite elements numele yields

K̄ d �Dd = Rd with K̄ d=
numele

A
e = 1

ked , Rd=
numele

A
e = 1

red ,

(20)

where �Dd denotes the incremental global vector of nodal
displacements, K̄ d the global stiffness matrix, and Rd the
global right-hand side.

Multiple equilibrium solutions at a certain load level or the
loss of definiteness of the tangential stiffnessmatrix are asso-
ciated with instabilities of structures, for brief introduction
we refer to Wriggers [37], chapter 7. Mechanical interpreta-
tions of these phenomena are for example discussed in detail
in Pflüger [25]. The governing equation is K̄ d�Dd = 0,
which is equivalent to

(K̄ d − ω j I)φ j = 0 , (21)

with the eigenvalues ω j and the associated eigenvectors φ j .

Assume the decomposition K̄ d = L̄ D̄ L̄
T
, with the diagonal

matrix D̄ = diag[D̄11, . . . , D̄nn]. Here we assumed that K̄ d

has been positive definite before the occurrence of a structural
instability, which is usually the case in pure displacement for-
mulations. The detections of negative eigenvalues of K̄ d by
analyzing D̄ is possible, because the two symmetric real-
valued matrices K̄ d and D̄ are congruent if the inverse of L̄
exists, which is assumed in the following. Thematrix congru-
ence characterizes an equivalence relation, i.e. they represent
the same bilinear form with respect to different base sys-
tems. Under this assumptions Sylvester’s law of inertia, see
Sylvester [36], states that the signature (n+, n−, n0), with
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Fig. 2 Displacement based formulation: characteristic of the smallest
eigenvalue of the global stiffness matrix K̄ d with respect to the load-
factor γ

the number of positive n+, negative n− and zero n0 eigenval-
ues, of real symmetric bilinear forms on finite-dimensional
vector spaces is identical for congruent matrices. Thus, the
number of eigenvalues of each sign is an invariant of the
associated quadratic form under congruent transformations,
not the numerical eigenvalue itself. A matrix is indefinite if
n+ �= 0 and n− �= 0 holds, and the matrix is degenerate if
n0 �= 0. Based on Sylvester’s law of inertia we can make the
following statements: the equilibrium is stable if all D̄ii > 0,
indifferent if at least one D̄ii = 0 and instable if at least one
D̄ii > 0 and at least one D̄ii < 0, see e.g. Wriggers [37].

For the stability analysis of the quadrilateral quasi-
incompressible block, see Fig. 1, we discretize the block
with 16× 16× 2 six-noded triangles using quadratic ansatz-
functions for the displacements. Figure 2 depicts the smallest
eigenvalue of the global stiffness matrix K̄ d with respect the
load-factor γ . The different functions f pen are depicted by
varying colors. In the numerical example the critical load
is detected for all f pen at a load factor of γcrit = 6.77, the
difference to the reference solution can be explained by the
coarse discretization and vanishes with increasing mesh den-
sities. However, it can be outlined that the pure displacement
formulation is able to compute the “correct” critical load for
all functions f pen.

2.2 Quasi incompressible three field mixed formulation

An alternative and widely used approach, especially in the
framework of quasi incompressibility, is a separated approx-
imation of the volume dilatation θ and its work conjugated
variable, the (partial) pressure p, see e.g. Simo et al. [33].
Therefore we substitute in f pen the determinant of the defor-
mation gradient J by θ and incorporate this substitution by

an additional term, Lagrange multiplier p. This leads to the
three field functional

�int
dpθ (C, p, θ) =

∫
B

[
ψ(C) + λ

2

(
f pen(θ)

)2 + p (J − θ)

]
dV.

(22)

The first variation with respect to the displacements, the
pressure-like variable, and the volume dilatation yields

δu�
int
dpθ (C, p) =

∫
B
(2 ∂Cψ(C) + p

J
Cof C) : 1

2
δC dV,

(23)

δp�
int
dpθ (C, θ) =

∫
B
(J − θ) δp dV , (24)

and

δθ�
int
dpθ (p, θ) =

∫
B
(λ f pen(θ) f pen,θ (θ) − p) δθ dV , (25)

respectively. In the discrete form we obtain a linearized sys-
tem of equations for a typical finite element of the form:

⎡
⎣ke 0 beT

0 me heT

be he 0

⎤
⎦

⎡
⎣�ded

�deθ
�dep

⎤
⎦ =

⎡
⎣−red−reθ

−rep

⎤
⎦

assembling leads to Km �Dm = −Rm (26)

with Dm containing the complete set of nodal unknowns and
the matrices

me = ∂2θθ�
e
m and he = ∂2dθ�

e
m . (27)

For the numerical examples a quadratic interpolation for
the displacements and piecewise constant approximations
for the pressure p and the volume dilatation θ are chosen.
The global stiffness matrix Km is indefinite, thus the criti-
cal point cannot be detected by the smallest eigenvalue of
Km . However, the characteristics of the smallest eigenvalues
in magnitude (positive and negative eigenvalues are possi-
ble) are depicted in Fig. 3. We observe, that we have an
indefinite system and that, close to the bifurcation point, the
smallest positive eigenvalue tends to zero at the critical load
factor. Obviously, we are able to predict the bifurcation point
following the characteristics of the indefinite system, but a
complicated tracking of a part of the eigenvalue spectrum is
necessary in order to detect the critical point. Nevertheless,
from the engineering point of view this is not satisfactory,
because classical algorithms, which seek zero or negative
eigenvalues, will fail.
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Fig. 3 Three-field formulation: characteristic of the in magnitude
smallest eigenvalues of the global stiffness matrix Km with respect
to the load-factor γ

2.2.1 Condensed three-field formulation Asmentioned
above, the characteristics of the eigenvalues depicted in Fig. 3
are not suitable for analysis of stability problems, especially
not for more general applications, because the analysis is
based on an indefinite algebraic system. The saddle-point
structure of the algebraic set of equations has always positive
and negative eigenvalues. Considering the static condensa-
tion a generalized displacement formulation can be obtained.
Due to the element-wise discontinuous approximations of the
volume dilatation and the pressure their condensation can be
accomplished on element level, which leads to

(
ke + beT (he me−1 heT )−1be

)
︸ ︷︷ ︸

k̃
e

�ded

= −red − [beT (he me−1 he)−1](rep + he me−1 reθ )︸ ︷︷ ︸
−r̃e

.

(28)

The assembling operation over all finite elements yields

K̃m �Dd = R̃m with K̃m =
numele

A
e = 1

k̃
e
,

R̃m =
numele

A
e = 1

r̃e . (29)

The effective global stiffness matrix K̃m can be used for the
investigation of bifurcation points, considering the criterion
given in Eq. (21). As depicted in Fig. 4, the evolution of the
smallest eigenvalue K̃m leads to comparable results as for
the displacement based formulation. Here, the critical load
is detected at γcrit = 6.828 and the corresponding eigenform
of the boundary value problem is depicted in Fig. 1.
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Fig. 4 Three-field formulation: characteristic of the smallest eigen-
value of the global stiffness matrix K̃m with respect to the load-factor
γ

2.3 Quasi incompressible two-field mixed formulation

In Sect. 2.2we have shown that the classical three-fieldmixed
formulationworks properly in the quasi-incompressible case,
independently of the penalty function f pen. Starting from
a general three-field mixed formulation, we would like to
recover a general two-field mixed formulation, hoping that
the latter is able to retain the ability to work properly, inde-
pendently of the penalty function f pen.

2.3.1 Classical two-field formulation To recover a two-
field formulation from a three-field formulation we need to
solve Eq. (25), expressing θ in terms of p and substitute
the result into Eq. (24) or directly into (22). Unfortunately
Eq. (25) cannot be solved in general due to the non-linearity
of f pen but it can be solved explicitly in some special cases.
Assuming for example the function

f pen1 (θ) = θ − 1 , (30)

which is linear in θ . Thereforewe can extract from the Euler–
Lagrange equation of (25), i.e. from λ f pen f pen,θ − p = 0, the
explicit expression

θ = p

λ
+ 1 . (31)

Substituting (31) into (22) leads to the desired functional

�int
dp(C, p) =

∫
B

[
ψ(C) + p f pen(J ) − p2

2λ

]
dV (32)

However, in a variety of applications the penalty function in
(32) is replaced by more sophisticated ones, like

f pen2 (J ) = ln(J ), f pen3 (J ) = 1 − 1

J
, . . . (33)
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compare for example Brink and Stein [13], Simo andArmero
[35], Hartmann and Neff [16], Schröder and Neff [29] and
Auricchio et al. [3]. The consequences of this substitution
at this point is analyzed in the following. The first variation
of (32) with respect to the displacements and pressure-like
quantity yields

δd�
int
dp(C, p) =

∫
B
1

2
δC :

(
2 ∂Cψ(C) + p

J

∂ f pen(J )

∂ J
Cof C

)
︸ ︷︷ ︸

S

dV=0,

(34)

δp�
int
dp(C, p) =

∫
B

δp
(
f pen(J ) − p

λ

)
dV = 0 . (35)

The linearization of the weak forms lead to

�δd�
int
dp(C, p) =

∫
B

[
1

2
�δC : S + 1

2
δC : C : 1

2
�C

+ 1

2
δC :

(∂ f pen(J )

∂ J
JC−1

)
�p

]
dV ,

�δp�
int
dp(C, p) =

∫
B

δp

[
∂ f pen(J )

∂ J
JC−1 : 1

2
�C − 1

λ
�p

]
dV.

(36)

The numerical approximation of the displacements and the
pressure-like variable over a typical finite element leads to
the well-known associated discrete counterparts of the first
variations and its linearizations

[
ke beT

be −ae

] [
�ded
�dep

]
=

[−red−rep

]
. (37)

The standard assembling operation over all finite elements
yields

[
K BT

B −A

] [
�Dd

�D p

]
=

[−Rd

−R p

]
or simply K

♠
�D♠=R♠.

(38)

With the assumption that the inverse of K exists, we can use
the identity

(
K BT

B −A

)
︸ ︷︷ ︸

K
♠

=
(

1 0
BK−1 1

)
︸ ︷︷ ︸

T

(
K 0
0 −(A + BK−1BT )

)
︸ ︷︷ ︸

K̂
♠

(
1 K−1BT

0 1

)
︸ ︷︷ ︸

T T

.

(39)

and conclude that K
♠
and K̂

♠
are congruent, i.e. they have

the same signature. Let us assume that in an unloaded config-
uration K ∈ IRn×n and A ∈ IRm×m are positive definite, and
BT ∈ IRn×m has rankm, then A+BK−1BT ∈ IRm×m is also
positive definite. Then the matrix K̂

♠ ∈ IR(m+n)×(m+n), with
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Fig. 5 Classical two-field formulation (quasi-incompressible): char-

acteristic of the smallest eigenvalue of the global stiffness matrix K
♠

with respect to load-factor γ

n > m, has n postive andm negative eigenvalues. Therefore,

K
♠
and K̂

♠
are indefinite and have the signature (n,m, 0).

Comparing the results from the classical two-field formu-
lation, depicted inFig. 5,with the eigenvalues computed from
the three-field approach, see Fig. 3, we observe the identi-
cal characteristic for the eigenvalue closest to zero for the
function f pen1 . In case of f pen2 and f pen3 the Newton scheme
only converges for small loads and the smallest eigenvalue
inmagnitude shows an oscillatory behavior. Obviously, there
seems to be an inconsistency due to the substitution of (30)
by the functions given in (33).

2.3.2 Novel consistent two-field formulation To derive
the novel consistent two-field formulation we start from the
position that, also if very classically adopted in the liter-
ature also for the finite strain regime and for any penalty
function, the two field formulation derived in (32) is not
general nor consistent with the three-field formulation. This
is due to the fact that (32) can be derived from (22) only
for f pen = θ − 1 and not in general. In order to circum-
vent the above mentioned inconsistency we propose a novel
scheme capturing the nonlinearities of the penalty functions.
This should lead to a consistent formulation which should
yield comparable results, especially for quasi-incompressible
material behavior, for all type of penalty functions listed in
(33) and others. We start again from Eq. (25) (but instead of
setting f pen(θ) = θ − 1) and work with an implicit expres-
sion θ(p), because in general there exists no such explicit
function for nonlinear relations. Therefore we compute this
function iteratively by a classical local Newton iteration
scheme. The linearization of the Euler–Lagrange equation
of (25), i.e.

g(θ) := λ f pen(θ) f pen,θ (θ) − p, (40)
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yields

Lin[g(θ)] = g(θn) + g′(θ)|θn�θ . (41)

For g′(θ)|θn �= 0 we compute from Lin[g(θ)] = 0 the incre-
ment

�θ = θn+1 − θn = −g(θn)/g
′(θ)|θn . (42)

The structure of (40) allows for the substitution

g′(θ)|θn = λ�(θn) with

�(θn) = [ f pen,θ (θ) f pen,θ (θ) + f pen(θ) f pen,θθ (θ)]θn . (43)

At the solution point g(θ∗) = 0 we obtain the final update

θ∗ = θn − f pen(θ) f pen,θ (θ)|θ∗

�(θ∗)︸ ︷︷ ︸
c

+ p

λ �(θ∗)
, (44)

which is a linear function in p. Substitution of θ∗ in (24)
yields the expression

δp�
int(C, θ) =

∫
B

(
J − c − p

λ �(θ∗)

)
δp dV. (45)

An associated functional can be constructed as

�̆int
dp(C, p) =

∫
B

[
ψ(C) + p (J − c) − 1

�(θ∗)
p2

2λ

]
dV.

(46)

For the choice f pen(θ) = θ − 1 the functional (46) must be
identical to the functional (32) (compatibility of the formula-
tions). In this case g(θ) is a linear function, the linearization is
obviously unnecessary, and we obtain with� = 1 and c = 1
the required result. The first variation of (46) with respect to
the displacements and pressure-like quantity yields

δd�̆
int
dp(C, p) =

∫
B
1

2
δC :

(
(2 ∂Cψ(C) + p

J
Cof C

)
︸ ︷︷ ︸

S

dV = 0,

(47)

δp�̆
int
dp(C, p) =

∫
B

δp
(
J − c − p

�(θ∗) λ

)
dV = 0 . (48)

The linearization step is similar to the one of the classical
mixed two-field formulation, there are only two additional
constants �(θ∗) and c appearing. Applying the identical
approximations for the displacements and the pressure-like
variable over a typical finite element as in the classical
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Fig. 6 Novel consistent formulation (quasi-incompressible): charac-
teristic of the in magnitude smallest eigenvalue of the global stiffness

matrix K̆ with respect to the load-factor γ

formulation leads to the well-known associated discrete
counterparts of the first variations and its linearizations

[
k̆
e
b̆
eT

b̆
e −ăe

] [
�ded
�dep

]
=

[−r̆ed
−r̆ep

]
. (49)

The standard assembling operation over all finite elements
yields

[
K̆ B̆

T

B̆ − Ă

] [
�Dd

�D p

]
=

[−R̆d

−R̆ p

]
or simply K̆ �D = R̆.

(50)

In order to check the evolution of the eigenvalue with the
lowest magnitude of the proposed two-field formulation for
the boundary value problem depicted Fig. 1 we use again
an element with quadratic displacement interpolation and
a constant, discontinuous pressure interpolation. Figure 6
represents the eigenvalue with the smallest magnitude with
respect to the loadparameterγ . In contrast to the classical for-
mulation, all functions f peni (θ), i = 1, 2, 3 show identical
behavior, which is the same as observed in the classical two-
field formulation using f pen1 (θ). Obviously, the proposed
formulation is consistent as a result of the substitution of the
linearizations of f peni (θ), i = 1, 2, 3.

2.3.3 Condensed two-field formulation Asalreadymen-
tioned, the detection of bifurcation points for initially inde-
terminate systems is not satisfying, especially considering a
large number of unknowns. Thus, let us assume that ăe−1

exists, then we can apply a static condensation of the incre-
mental degrees of freedom �d p from (50) and obtain the
generalized displacement formulation as
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Fig. 7 Novel consistent formulation (quasi-incompressible): charac-

teristic of the smallest eigenvalue of the global stiffness matrix ˘̃K with
respect to the load-factor γ

(k̆
e + b̆

e T
ăe−1 b̆

e
)︸ ︷︷ ︸

˘̃ke
�ded = −r̆ed − b̆

e T
ăe−1 r̆ep︸ ︷︷ ︸

−˘̃re
. (51)

After assembling the spectrum of eigenvalues of the con-
densed formulation can be checked for the global reduced

stiffness matrix ˘̃K . Figure 7 shows the smallest eigenvalue

of ˘̃K with respect to the load-factor γ . Comparison with
the results obtained by the displacement-based and the con-
densed three-field formulations shows qualitatively the same
characteristic. The critical load is detected at γcrit = 6.72.

Let α1 ≥ · · · ≥ αn be the eigenvalues of K̆ and γ1 ≥
· · · ≥ γn be the eigenvalues of B̆

T
Ă

−1
B̆ then the eigenvalues

μ1 ≥ · · · ≥ μn of ˘̃K , see Eq. (51), are bounded by the
inequalities

μi+ j−1 ≤ αi + γi for i + j − 1 ≤ n . (52)

2.4 Exact incompressible formulations

One advantage of the considered two field formulation, when
compared to the presented three field formulation, is the
possibility to consider the case of exact incompressibility:
λ → ∞. Therefore, the associated potential for the consis-
tent two field model reduces to

�̂int
dp(C, p) =

∫
B
[ψ(C) + p (J − c)] dV. (53)

In addition to that, the internal update algorithm (44) has to
be modified as follows

θ∗ = θn − f pen(θ) f pen,θ (θ)|θ∗

�(θ∗)︸ ︷︷ ︸
c

. (54)

After assembling to the global system of equations we obtain

[
K̂ B̂

T

B̂ 0

] [
�Dd

�D p

]
=

[−R̂d

−R̂ p

]
or simply K̂ �D = R̂.

(55)

The characteristic of the smallest eigenvalue of the global
stiffness matrix is depicted in Fig. 8. It is comparable to the
non-condensated results from the quasi-incompressible two
and three field approaches.However, this systemof equations
cannot be reduced to a general displacement formulation. In
order to determine the critical load for such systems we can
take into account the signature of the global stiffness matrix

K̂ , see Fig. 8.
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Fig. 8 Novel consistent formulation for exact incompressibility: characteristic of the in magnitude smallest eigenvalue of the global stiffness

matrix K̂ (left) and the change of the signature of K̂ with respect to the load-factor γ
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Fig. 9 Semicircular arch: geometry and boundary conditions

3 Numerical examples

In the following section two- and three-dimensional bound-
ary value problems are investigated with respect to their
critical loads. In order to underline the reliability of the pro-
posed scheme a convergence study of the first critical loading
is investigated for the first two numerical examples. Herein,
the proposed 2-field formulation is compared to the classi-
cal displacement based formulation. The proposed consistent
two-field formulation is used for the determination of further
bifurcation points. For the numerical examples triangle or
tetrahedral shaped elements have been used, where the dis-
placements u and the pressure p are interpolated by quadratic
Lagrange polynomials and a piece-wise constant approxima-
tion. The strain energy function and the material parameters
are equivalent to the introductory example and given by
Eq. (16) andμ = 40, λ = μ 105 for the quasi incompressible
case and μ = 40, λ → ∞ considering perfect incompress-
ibility. In contrast to the introductory example, we focus here
on the nonlinear penalty function f pen = ln(J ).

3.1 Semicircular arch

Asemicircular arch under external pressure is investigated. In
the out of plane direction the plane strain assumption is used.
The arch, depicted by Fig. 9, has an external radius r ext = 1
and a thickness of t = 0.1. A conservative (non-following)
hydrostatic pressure of p = 1 is applied at the external face.
Furthermore, the displacements in vertical direction at both
ends and in horizontal direction at e1 = 0 are fixed. In order
to validate the results, the convergence of the first critical load
versus the number of nodes is depicted for the displacement
based formulation and the proposed 2-field scheme inFig. 10.
For further calculations a discretization with 60× 8× 2 ele-
ments is used, which corresponds to a total number of 2057
nodes. On the left of Fig. 11 the development of the smallest
eigenvalues of the global stiffness matrix over the loadfactor
is depicted for the case of a quasi incompressible assump-
tion. Considering perfect incompressibility, the variation of
the signature of the global stiffness matrix is depicted on the
right of Fig. 11. The determined critical loads are equivalent
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Fig. 10 Semicircular arch: convergence study of the first critical loadi
for the displacement based and the proposed 2-field formulation con-
sidering nearly incompressibility

for quasi- and perfect incompressibility. In total, seven criti-
cal loads can be determined considering this boundary value
problem, whereas the corresponding eigenmodes are shown
in Fig. 12. For the depicted eigenmodes the quasi incom-
pressible element has been used. However, in case of perfect
incompressibility the eigenmodes are similar and therefore
not explicitly shown.

3.2 Three dimensional elastic beam

In the next example a classical elastic beam buckling is
investigated for the three dimensional case. This boundary
value problem has already been analyzed in the literature
with respect to buckling, compare for example Le Tallec and
Vidrascu [19] and Leger et al. [20]. The beam, depicted in
Fig. 13, has a length of l = 1 and a width of t = 0.1. At
the top a vertical displacement of u3 = −0.14 is imposed,
whereas the u3 displacements at the bottom are fixed. Both
ends of the beam are free to slide, with the exception of
the coordinate origin in the middle of the lower edge. This
point is fixed in all directions in order to prevent rigid body
motions.

Figure 14 shows the mesh convergence of the critical
load for the displacement based and the proposed 2-field for-
mulations. For the determination of further critical loadings
the geometry is discretized by a total of 2560 tetrahedrons,
the corresponding mesh is shown in Fig. 16. The charac-
teristic development of the smallest eigenvalues in case of
quasi-incompressibility and the change in the signature of
the global stiffness matrix in the case of perfect incompress-
ibility are depicted in Fig. 15. As in the previous examples,
the number of critical points aswell as the corresponding load
levels are similar in both cases. The eigenmodes, associated
with the determined critical loads are depicted in Fig. 16.
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Fig. 11 Semicircular arch: characteristic of the zero crossing eigenvalues (left) and the change in the signature (right) corresponding the calculation
for quasi- and perfect incompressibility. A total of seven critical loads are found for the BVP

Fig. 12 Semicircular arch: first seven eigenmodes corresponding to the critical loads

Fig. 13 Three dimensional
elastic beam: boundary value
problem
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Fig. 14 Three dimensional elastic beam: convergence study of the first
critical load for the displacement based and the proposed 2-field for-
mulation considering nearly incompressibility

3.3 Surface buckling of a compressed cylinder

In the numerical example of Sect. 3.2 the global buckling
modes of an elastic beam have been discussed. In contrast
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Fig. 15 Elastic beam: characteristic of the eigenvalues (left) and the change in the signature (right) corresponding the calculation for quasi- and
perfect incompressibility. A total of four critical loads are found for the BVP

Fig. 16 Elastic beam: first four eigenmodes corresponding to the critical loads

to them, it is also possible to find critical loads, associated
with local surface buckling. Commonly, these critical loads
can be found after the accumulation of the global buckling
modes. In the following, a compressed cylinder, depicted in
Fig. 17, with a length of l = 10 and a radius of r = 1 is
investigated with respect to surface instabilities, compare for
example Korelc et al. [18]. In order to prevent the occurrence
of the previously discussed global buckling modes, we insert
symmetry boundary conditions at the longitudinal symmetry
axis of the cylinder and discretize only a quarter of it. Fur-
thermore, both ends are free to slide and the upper end has an
imposed vertical displacement of umax

3 = −6.56. The zero
crossing eigenvalue for the quasi incompressible case and its
associated eigenmode are depicted in Fig. 18.

4 Conclusion

The performance of three- and two-field mixed formulations
for the detection of critical load values for the possible occur-
rence of instabilities has been investigated. It has been shown
that for the two-field scheme the application of nonlinear

Fig. 17 Surface buckling:
boundary value problem

e

l

r

u3
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Fig. 18 Surface buckling: characteristic of the smallest eigenvalue (left) and the eigenmode, associated to the critical load (right)

penalty functions ( f pen �= θ − 1) requires a novel “consis-
tent” substitution of the volume dilations in the underlying
variational framework. On basis of this modification we have
shown that also nonlinear physically meaningful penalty
functions yield the identical eigenvalue characteristics as the
classical formulations, as anticipated. Thus, the proposed
two-field formulation enables the application of nonlinear
penalty functions in the exact incompressible framework.

Furthermore, in the quasi-incompressible case it was pos-
sible to derive a “generalized” displacement formulation on
basis of a static condensation of the discontinuous field quan-
tities, the volume dilation and/or the pressure. This setting
allows for the application of the classical procedure, i.e.
tracking the smallest eigenvalues of the generalized global
stiffness matrix, and identifying the zero (negative) eigenval-
ues with the critical loads.

Contrary to that, we have shown that in the incompress-
ible limit, where a static condensation of the pressure-like
variable is not possible, as well as for the non-condensed
systems, the situation is difficile. Here we have to analyze an
algebraic system of equation which has a saddle point struc-
ture and thus is a priori indefinite. Obviously, a naive tracking
of zero (negative) eigenvalues for the stability analyseswould
fail. To overcome this problem we have analyzed the change
of the signature of the underlying matrix system in order to
identify the critical load value. From the engineering point
of view, the latter procedure is not satisfactory especially for
very large systems, because it is to expensive to compute the
signature of large matrices. As an open task we turn out, that
a manageable algorithm for the construction of constrained

solutions in the kernel of the side conditions (incorporated in
B), i.e. Bu = 0 ismissing. From the theoretical point of view
we can apply a singular value decomposition of B ∈ IRn×m

intoU�V T with the “diagonal”matrix� ∈ IRm×n with non-
negative entries, U and V are the matrices with the left- and
right-singular vectors, column-wise organized. From V T we
can extract the columns V T

0 associated to the kernel of B,
which act as a basis for the constrained solution. As an alter-
native procedure we can also use a Gauss-Jordan elimination
in order to obtain an equivalent basis in amore sufficientman-
ner. Finally we have to analyze V T

0 KV 0 for the detection of
the stability points.
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