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A Regression Method Based on Noninvasive
Clinical Data to Predict the Mechanical Behavior

of Ascending Aorta Aneurysmal Tissue
Ferdinando Auricchio, Anna Ferrara, Ettore Lanzarone∗ , Simone Morganti, and Pasquale Totaro

Abstract—Goal: Ascending aorta aneurysms represent
a severe life-threatening condition associated with asymp-
tomatic risk of rupture. Prediction of aneurysm evolution
and rupture is one of the hottest investigation topics in
cardiovascular science, and the decision on when and
whether to surgically operate is still an open question. We
propose an approach for estimating the patient-specific
ultimate mechanical properties and stress–stretch charac-
teristics based on noninvasive data. Methods: As for the
characteristics, we consider a nonlinear constitutive model
of the aortic wall and assume patient-specific model coeffi-
cients. Through a regression model, we build the response
surfaces of ultimate stress, ultimate stretch, and model co-
efficients in function of patient data that are commonly avail-
able in the clinical practice. We apply the approach to a
dataset of 59 patients. Results: The approach is fair and ac-
curate response surfaces can be obtained for both ultimate
properties and model coefficients. Conclusion: Prediction
errors are acceptable, even though a larger patient dataset
will be required to stabilize the surfaces, making it possible
to apply the approach in the clinical practice. Significance:
A fair prediction of the patient aortic mechanical behavior,
based on clinical information noninvasively acquired, would
improve the decision process and lead to more effective
treatments.

Index Terms—Ascending aorta aneurysm (AsAA), re-
sponse surface, stress–stretch characteristics, ultimate
mechanical properties,uniaxial tests.

I. INTRODUCTION

A SCENDING aorta aneurysms (AsAA) are progressive and
localized dilations of the first part of the aorta, often
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associated with aortic wall degeneration, which lead to changes
in the content and architecture of tissue elastin and collagen
fibers [1]–[4], and consequently to changes in the tissue me-
chanical properties [5]. AsAA disease represents a severe life-
threatening condition since patients often remain asymptomatic
until dissection or rupture. The risk of rupture increases with age
as well as with the concomitant presence of genetic mutations
(e.g., the Marfan syndrome [6]–[8]), connective tissue disorders
(e.g., the Ehler–Danlos syndrome [9], [10]), and/or congenital
cardiovascular conditions (e.g., bicuspid aortic valve [11]–[14]).

Nowadays, the common treatment for the AsAA disease is the
replacement of the dilated part by surgical repair [15]–[18], even
though other treatments are also performed (e.g., external aortic
support in Marfan patients [19]). The decision to surgically
operate is mainly based on the AsAA diameter (i.e., operation
when the diameter is above the threshold value of 5.5 cm [18],
[20], [21]), although it is well known that such a criterion is
not always predictive. In fact, the presence of comorbidities
may favor aneurysm rupture/dissection also in young patients
and/or for diameters lower than the established threshold [18],
[20], [21]. Thus, a deeper evaluation of the aortic tissue and its
mechanical properties could be helpful for understanding the
stage of the aortic disease and the potential risk for aneurysm
rupture.

However, a direct evaluation of the mechanical properties of
the aortic wall is invasive and not viable for the purpose of a mass
screening of patients at rupture risk. An effective alternative is to
predict these properties based on clinical parameters that can be
easily and noninvasively collected from patients. This additional
information could help clinicians in making a decision, asking
for additional exams, or even proceeding with surgery, only for
patients with a marked risk.

In this context, this paper proposes a statistical method to cor-
relate the mechanical properties of the AsAA aortic wall with
patient clinical characteristics (e.g., age, sex, maximum AsAA
diameter) and clinical history (e.g., presence of bicuspid aortic
valve and hypertension). The aim is to provide simple informa-
tion that can be easily understood by clinicians. We think that
the ultimate stress, the ultimate stretch, and the stress–stretch
characteristics in the two main directions (circumferential and
longitudinal, from which the stiffness and strength of the tis-
sue can be easily extrapolated) represent a good tradeoff be-
tween complexity and clinical applicability. Hence, we focus on
these three quantities. As for stress–stretch characteristics, we
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consider a simple constitutive model of the aortic wall [22],
which is able to capture the typical nonlinear shape of the stress–
stretch curve and the stiffening effect in the high stress domain.
At the same time, the model is characterized by a limited num-
ber of coefficients, which are assumed to be the patient-specific
part of the stress-stretch response.

We first determine the ultimate stress, the ultimate stretch,
and the model coefficients for a set of patients who underwent
open-heart elective AsAA surgery, based on uniaxial tensile tests
performed on specimens excised during surgery. Then, the fitted
values are used in a regression model to generate the response
surface of ultimate properties and material coefficients as a func-
tion of patient characteristics. With the regression analysis, we
both identify the variables that are significant to determine the
response surface, their interactions, and we estimate the relative
impact on the output. The considered input variables of the re-
gression model are: sex; age; body mass index (BMI); maximum
AsAA diameter; presence of hypertension; presence of bicuspid
aortic valve; presence of aortic valve prosthesis. As mentioned,
all these variables are easily available from the clinical history
of the patient, or from standard imaging techniques always used
for this type of pathology.

The methodology can be applied to different aortic sections
and different tensile directions. In this paper, we focus on the
anterior zone of the tube-shaped portions of ascending aorta and
to circumferential (AC) and longitudinal (AL) specimens. The
aims are here to show the appropriateness of the approach and to
identify the factors that determine the AsAA mechanical prop-
erties. Moreover, when supported by data from a larger number
of patients, the methodology could be also applied to predict
the mechanical tissue behavior of new additional patients, thus
fulfilling the clinical goal of a mass screening.

The idea of predicting the mechanical properties based on
clinical data is not new in the literature. However, to the best
of our knowledge, the available contributions aim at predicting
synthetic indicators that do not capture the entire stress–stretch
curve, or propose models too complex for a mass screening. In
particular, Vande Geest et al. [23] developed a statistical model
to estimate the distribution of the abdominal aortic aneurysm
(AAA) wall strength based on noninvasive data. However, they
develop a regression model for the strength without describing
the underlying mechanical behavior; in this way, the typical
nonlinear behavior of the wall is not taken into account. Finite
element methods have been also applied for assessing the rup-
ture risk, e.g., in AAA [24]–[27] and AsAA [28], [29] aortic
wall. Finally, McGloughlin and Doyle [25] reviewed the main
approaches for assessing the AAA rupture risk.

II. MATERIALS AND METHOD

The study includes 59 patients who underwent elective AsAA
surgical repair at the IRCCS Policlinico San Matteo, Pavia, Italy,
enrolled with the permission of the Ethical Committee. Spec-
imen preparation and mechanical testing are conducted at the
Department of Civil Engineering and Architecture, University
of Pavia, Pavia, Italy, in accordance with the established proce-
dures of preparation and storage of biological materials.

Fig. 1. Preparation of ascending aorta specimens for uniaxial test-
ing. (a) Tube-shaped AsAA. (b) Anterior sample cut from the original
tube-shaped AsAA, with representative circumferential and longitudinal
specimens. (c) Specimen with markers and grit sandpapers, ready for
testing.

A. Experimental Procedure

In this section, we briefly outline the methodology adopted
for preparing and testing the human dilated ascending aorta
specimens; more details can be found in [30]. Four tube-shaped
portions of the ascending aorta are harvested from each pa-
tient [see Fig. 1(a)]. After equilibration at room temperature
and cleaning, circumferentially (AC) and longitudinally (AL)
orientated specimens are extracted from the central part of the
anterior aorta. It is of crucial importance that specimens are
extracted from the same location in the different samples. For
this purpose, a suture point is used by the surgeon to indicate
the upper central anterior zone of the aneurysm sample; thus,
the anterior zone is detected [see Fig. 1(b)] and this allows us to
extract specimens from analogous and comparable regions. Fi-
nally, black-colored markers are drawn in the middle part of the
specimen for video-extensometer measurements, and adhesive
sandpaper of fine grit are glued at the ends of the specimen to
ensure a secure clamping and to prevent slipping [see Fig. 1(c)].

Uniaxial mechanical tests are performed using the MTS In-
sight Testing System 10 kN (MTS System Corporation, MN,
USA) equipped with a load-cell (rated force capacity, 250 N)
and two pneumatic grips suitable to test soft tissues. The speci-
men elongation, i.e., the progressive changes in marker distance,
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Fig. 2. Representative stress–strain curves recorded during: (a) pre-
conditioning and (b) uniaxial tensile test.

is measured with an ME-46 Video Extensometer (Messphysik,
Frstenfeld, Austria). The uniaxial testing procedure is performed
in quasi-static conditions to avoid dynamic effects with a con-
stant cross-head speed of 10 mm/min, following an experimental
setup commonly adopted for AsAA [31], [32], which is able to
capture the mechanical performance of the tissue in terms of
stiffness and ultimate properties. First, the aortic specimens are
preconditioned by executing ten cycles (from a minimum load
of 0.1 N to a maximum of 0.50 N) to stabilize the specimen and
to obtain repeatable stress– stretch curves [see Fig. 2(a)]. Then,
each specimen is stretched in the loading direction until rupture
[see Fig. 2(b)]. Tests are retained for subsequent data analy-
sis only if the specimen rupture occurs inside the two markers.
Moreover, tests are excluded in case of slippage at the grips, rup-
ture outside the markers, and/or low quality of the stress–stretch
curve.

During testing, the tensile load F and the specimen elonga-
tion l are recorded at a sampling frequency of 10 Hz. Then,
the load and elongation data are postprocessed with MATLAB
R2011 (The MathWorks, Inc., Natick, MA, USA) to get the
experimental Cauchy stress σexp and the stretch ratio λ as

σexp =
F

wt
, λ =

l

l0
(1)

where t is the current thickness, w the current width, and l and
l0 are the current and the initial gauge lengths of the specimen,
respectively. By introducing the incompressibility constraint of

the tissue (twl = t0w0 l0 , where t0 and w0 are the initial thick-
ness and width of the specimen, respectively), the Cauchy stress
is finally rewritten as

σexp =
F

t0w0
λ. (2)

B. Ultimate Mechanical Properties

The ultimate mechanical properties are extracted from the ex-
perimental stress–stretch curves as follows: the ultimate stretch
λu , considered as an index of tissue extensibility, is the maxi-
mum stretch before specimen rupture; the ultimate Cauchy stress
σu , considered as an index of tissue strength, is the maximum
stress before specimen rupture.

C. Constitutive Model

The constitutive law is obtained from a strain–energy function
Ψ (λ1 , λ2 , λ3) defined per unit reference volume and depending
on the principal stretches (λ1 , λ2 , λ3) in a Cartesian coordinate
system (x1 , x2 , x3), based on classical arguments of continuum
mechanics [33], [34].

For an incompressible material, the principal stretches satisfy
the constraint λ1λ2λ3 = 1, and the strain–energy function can
be expressed as a function of two independent stretches as

̂Ψ (λ1 , λ2) = Ψ
(

λ1 , λ2 , λ
−1
1 λ−1

2

)

(3)

with λ3 = λ−1
1 λ−1

2 . The principal Cauchy stresses σ11 , σ22 , and
σ33 are obtained by derivation of ̂Ψ (λ1 , λ2) with respect to the
stretches as follows:

σ11 = λ1
∂ ̂Ψ
∂λ1

− p, σ22 = λ2
∂̂Ψ
∂λ2

− p, σ33 = −p (4)

where p is the Lagrange multiplier associated with the incom-
pressibility constraint.

A specific form of the strain–energy function must be de-
fined to get a constitutive law written in terms of physically
and meaningful material coefficients. We consider the Hariton
isotropic strain–energy function [22], [35], which is an extension
of the classical exponential function [36]–[38]. This function
was specifically developed to reproduce the arterial wall behav-
ior and it is able to capture the nonlinear tissue response with few
parameters. As in this paper, we assume patient-specific model
coefficients and we aim at building their response surfaces, the
presence of a few parameters to catch the nonlinear response is
an important added value and the main reason for which this
function is chosen. The Hariton isotropic function is composed
of the neo-Hookean potential and of an exponential function
written in terms of the first invariant I1 = λ2

1 + λ2
2 + λ−2

1 λ−2
2 of

the right Cauchy–Green tensor C as follows:

Ψ (I1) = c (I1 − 3) +
a

2b

[

eb(I1 −3)2 − 1
]

(5)

where a and c are positive stress-like parameters, and b
is a strictly positive dimensionless parameter. From the
identification ̂Ψ (λ1 , λ2) = Ψ (I1), the principal Cauchy
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Fig. 3. Effect of the three material parameters a, b, and c on the stress–stretch curve (reference curve has a = 8 MPa, b = 16, and c = 0.0 MPa.)
(a) Effect of a. (b) Effect of b. (c) Effect of c.

stresses are

σ11 = 2
(

λ2
1 − λ−2

1 λ−2
2

) ∂Ψ
∂I1

− p (6)

σ22 = 2
(

λ2
2 − λ−2

1 λ−2
2

) ∂Ψ
∂I1

− p (7)

σ33 = −p. (8)

Assuming that the x1–x2 plane coincides with the sheet plane
of the specimen and that the x3-axis is normal to the sheet plane,
the stresses in the transverse direction x2 and x3 are null (i.e.,
σ22 = 0 and σ33 = 0) for a uniaxial tension test with the loading
direction along the x1-axis. It follows that the Cauchy stress in
the loading direction σ11 is the only nonnull component, which
is a function of the only stretch λ1 . By using the strain–energy
function in (5) and by setting λ1 = λ and σ11 = σ, the model
of the Cauchy stress in the loading direction becomes

σmod = 2
(

λ2 − λ−1)
[

c + a (I1 − 3) eb(I1 −3)2
]

(9)

with I1 = λ2 + 2λ−1 . The effect of the material coefficients a,
b, and c on the shape of the stress–stretch curve is shown in
Fig. 3: c affects the slope of the initial part of the curve, whereas
a and b the final part in the high stress domain.

We have opted for an isotropic model because it gives sim-
ple indications about the tissue stiffness which are more easily
understandable by physicians. Moreover, as discussed in [39]
where isotropic and anisotropic model were compared with re-
spect to fitting capabilities, the approximation induced by the
isotropic model is fair.

D. Identification of Constitutive Model Coefficients

Each experimental curve is preprocessed to eliminate data
recorded after rupture of the sample (i.e., after λu and σu ). Then,
N equally spaced points λi (i = 1, . . . , N ) are taken from the
interval [0, λu ] and the corresponding experimental stress values
σexp

i are extracted from the curve. Finally, for the same stretches

λi , the model stress values σmod
i are computed as function of the

coefficients to estimate by using (9), i.e., σmod
i = σmod

i (a, b, c).
The fitting procedure of coefficients a, b, c for each acquired

stress–stretch curve is based on the minimization of χ2 , which
is defined as the squared sum of the difference between the
experimental stress data and the model stress values

χ2 =
1

σ̄exp

N
∑

i=1

[

σexp
i − σmod

i (a, b, c)
]2

(10)

where σ̄exp is the mean value of the experimental stress val-
ues σexp

i (i = 1, . . . , N ). Indeed, χ2 is minimized under the
constraints a ≥ 0, b > 0, and c ≥ 0, which a priori bound the
coefficients to discard nonphysical solutions.

The minimization is performed with the solver MultiStart of
MATLAB (The MathWorks, Inc., Natick, MA, USA), which
starts from multiple points randomly generated and uniformly
distributed within the bounds in order to find the global mini-
mum, based on the trust-region reflective method.

For each curve, the quality of the fitting is evaluated com-
puting the coefficient of determination R2 and the normalized
mean square root error ε, defined as follows [40]:

ε =
1

σ̄exp

√

χ2

N − q
(11)

where q is the number of coefficients to estimate (three in our
case).

E. Regression Model

The response surfaces of the ultimate properties λu , σu and
the material coefficients a, b, c are determined for both AC and
AL groups through linear regression models on patient parame-
ters. The following factors Xi (i = 1, . . . , 7) are included in the
analysis:

1) sex (Sex): Boolean parameter equal to 0 if female or 1 if
male;

2) age in years (Age): integer number;
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Fig. 4. Experimentally collected stress–stretch curves divided by the
two region/orientation groups: (a) AC and (b) AL.

3) body mass index (BMI): real number, computed as the
weight in kilograms over the square of the height in me-
ters;

4) maximum AsAA diameter (Diam): real number;
5) presence of hypertension (Hypert): Boolean parameter

equal to 1 if hypertension is present and 0 otherwise;
6) presence of bicuspid aortic valve (Bicusp): Boolean pa-

rameter equal to 1 if valve is bicuspid and 0 otherwise;
7) presence of aortic valve prosthesis (Prost): Boolean pa-

rameter equal to 1 if prosthesis is present and 0 otherwise.
It is worth noting that factors Bicusp and Prost cannot be equal
to 1 at the same time.

We separately work for each output variable (ultimate prop-
erties λu , σu and model coefficients a, b, c) and each orientation
group (AC and AL), and we consider three classes of models,
namely, M1 , M2 , and M3 in increasing order of complexity.
The first class M1 includes the aforementioned factors and it is
of the following form:

Y =
n

∑

i=1

αiXi +
n

∑

i=1

n
∑

j=i+1

βijXiXj (12)

Fig. 5. Box plots of λu and σu for both AC and AL groups.

where Y denotes the output variable, n = 7, and αi and βij are
the model coefficients to estimate.

The second class M2 includes three new factors Xi to com-
pute the square value of the integer and real factors. Indeed, the
added factors are:

8) square age in years (Age2): integer number;
9) square body mass index (BMI2): real number;

10) square maximum AsAA diameter (Diam2): real num-
ber.

The structure of model M2 is the same as of (12), with n = 10,
but we a priori exclude the interaction terms βijXiXj related to
a third-order factor (i.e., the interactions Age − Age2 , BMI −
BMI2 , and Diam − Diam2).

The third class M3 explicitly imposes the positivity of Y :
All factors of M2 are included but the output is taken as the
logarithm ln(Y ).

The best regression model for each class (i.e., the significant
factors to include and the interactions among factors) is deter-
mined adopting the Akaike information criterion (AIC) [41].
Then, the coefficients of the best model are fitted with a least-
square method, and the quality of the fitting is evaluated through
the multiple R-squared R2

m and the adjusted R-squared R2
a . Fi-

nally, the class associated with the lowest R2
a is chosen as the

most suitable to describe the variable.
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Fig. 6. Box plots of coefficients a, b, c for both AC and AL groups.

Summing up, the following procedure is adopted for each
output variable (λu , σu , a, b, c) and group (AC, AL):

1) For each class Mm (m = 1, 2, 3):
a) find the best model M ∗

m of Mm with the AIC;
b) compute the coefficients αi and βij of M ∗

m ;
c) compute R2

m and R2
a of M ∗

m .
2) Choose the class Mm associated with the lowest R2

a .
For validation purposes, we define the prediction error ηi of

patient i as follows:

ηi =
kpredict

i − kmeas
i

kmeas
i

(13)

where k generically denotes the output variable or its logarithm
in case of M3 . Superscripts predict and meas denote the pre-
diction by the regression model and the direct measurement,
respectively, where the measurement is simply extracted by the
curve for the ultimate properties and obtained with the χ2 (see
Section II-D for the model coefficients).

All computations have been performed in R, using the pack-
age MASS. The function stepAIC is used to compute the AIC
and choose the best model within each class, and the function
lm for the fitting.

III. RESULTS

A. Patient data

We enrolled 59 patients who underwent elective AsAA sur-
gical repair. After exclusions (see Section II-A) only 46 patients
are available for the AC group and 37 for the AL group. The
characteristics of the 46 patients in the AC group are: 15 males
and 31 females; age of 61.7 ± 14.3 years; height of 1.70 ±
0.10 m; weight of 75.1 ± 13.4 kg; maximum AsAA diameter of
50.8 ± 5.0 mm; 27/46 patients have hypertension; 13/46 have a
bicuspid aortic valve; and 1/46 has aortic valve prosthesis. The
characteristics of the 37 patients in the AL group are: 13 males
and 24 females; age of 65.2 ± 11.0 years; height of 1.70 ±
0.09 m; weight of 75.8 ± 14.2 kg; maximum AsAA diameter
of 51.5 ± 4.9 mm; 24/37 patients have hypertension; 9/37 have
a bicuspid aortic valve; and 1/37 has an aortic valve prosthesis.

All collected stress–stretch curves are shown in Fig. 4, divided
by specimen orientation (AC and AL). The measurements of the

TABLE I
FITTING OF THE BEST MODELS M1

∗, M2
∗, AND M3

∗

Group Coefficient Model class AIC score R2
m R2

a Selected

AC λu [−] M1
∗ − 242.21 0.8834 0.8190 yes

M2
∗ − 241.76 0.9413 0.7967 no

M3
∗ − 264.23 0.9283 0.7696 no

σu [kPa] M1
∗ 578.45 0.5267 0.4084 no

M2
∗ 538.17 0.9275 0.7489 yes

M3
∗ − 109.12 0.9125 0.7374 no

a [kPa] M1
∗ 752.40 0.5113 0.4057 no

M2
∗ 769.96 0.7367 0.1535 no

M3
∗ − 11.38 0.9161 0.7097 yes

b [−] M1
∗ 177.70 0.0919 0.0712 no

M2
∗ 178.71 0.1491 0.0883 no

M3
∗ 95.50 0.6525 0.3484 yes

c [kPa] M1
∗ 404.27 0.5525 0.3056 no

M2
∗ 399.79 0.7693 0.3512 yes

M3
∗ 140.22 0.5375 0.0952 no

AL λu [−] M1
∗ − 200.15 0.8651 0.7792 no

M2
∗ − 211.58 0.9423 0.8269 yes

M3
∗ − 229.00 0.9325 0.7975 no

σu [kPa] M1
∗ 424.46 0.7905 0.5810 no

M2
∗ 415.87 0.8979 0.5915 no

M3
∗ − 88.66 0.9074 0.6298 yes

a [kPa] M1
∗ 538.36 0.3927 0.3167 no

M2
∗ 547.70 0.7620 0.1432 no

M3
∗ − 24.90 0.8358 0.4088 yes

b [−] M1
∗ 163.09 0.5988 0.1504 no

M2
∗ 147.32 0.8389 0.2752 no

M3
∗ 63.14 0.8471 0.3883 yes

c [kPa] M1
∗ 329.30 0.7366 0.5009 no

M2
∗ 303.60 0.8941 0.7457 yes

M3
∗ 53.06 0.9141 0.7189 no

R2
m multiple R -squared; R2

a adjusted R -squared.

ultimate properties are: λu equal to 1.330 ± 0.147 and σu equal
to 1351 ± 636 kPa in the AC group; λu equal to 1.320 ±
0.123 and σu equal to 876 ± 411 kPa in the AL group. The
model coefficients fitted with the minimization of χ2 are: a
equal to 3904 ± 4237 kPa, b equal to 4.162 ± 7.009, and c
equal to 57.33 ± 84.58 kPa in the AC group; a equal to 1875 ±
1641 kPa, b equal to 2.697 ± 8.446, and c equal to 95.74 ±
103.99 kPa in the AL group. All above numbers are expressed
in terms of mean value ± standard deviation.

Detailed information about each single patient (characteris-
tics, ultimate stretch and stress, and model coefficients fitted
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Fig. 7. Histograms of the errors ηi for the ultimate properties. (a) λu − AC. (b) λu − AL. (c) σu − AC. (d) σu − AL.

with the minimization of χ2) are reported in the online supple-
ment for both groups. We only remark here that R2 is higher
than 0.96 in all cases (for each coefficient a, b, c of each patient)
and ε is close to zero, indicating a very good adequacy of the
considered model with respect to the experimental data. Hence,
we can rely on these data as input for the regression models.
A large scatter of the data is observed, which evidences high
interpatient biological variations. This variability could be due
to differences in age, disease progression levels, and risk factors
among the considered patients. The box plots of the ultimate
properties and the material coefficients for both AC and AL
groups are reported in Figs. 5 and 6, respectively. They confirm
the large scatter of data, resulting in a wide distribution of the
parameters.

B. Regression models

The fitting of the best models M1
∗, M2

∗, and M3
∗ for both

ultimate properties (λu , σu ) and the material coefficients (a, b,
c) is reported in Table I. Moreover, the model class with the
lowest R2

a chosen to describe the response surface is marked in
the same table.

Results show that the class M1 is quite always inadequate to
give a good fitting, as it is selected only for parameter λu of group
AC. To obtain a better fitting it is, thus, necessary to include the
additional square terms (Age2 , BMI2 , and Diam2). Similar
fitting is often obtained between M2 and M3 . This shows that
imposing the positivity of the coefficients through the logarithm
has a limited impact. Obviously, class M3 imposes that the
regression outcome is always positive, even far from the region

in which observations are available; but in such region the fitting
is of the same quality. However, a regular behavior is observed
for model coefficients: Class M3 has been always chosen for
a and b, while class M2 has been always chosen for c. Finally,
there is no difference in the quality of the fitting between the AC
and the AL groups, showing that numbers of patients between
37 and 46 have a similar impact for the purpose of generating a
fair response surface. For the sake of completeness, we mention
that the residuals versus fitted plot and the q–q plot show good
behaviors with limited numbers of detected outliers.

The intercept and the coefficients αi and βij for the ultimate
stretch λu , the ultimate stress σu , and the material coefficients
a, b, c are detailed in the online supplement. All coefficients
affect the response surface, as they are recognized to be the part
of the model by the AIC. Only the presence of the prosthesis
does not affect coefficients σu , a, and b of the AC group, coef-
ficients λu and c of the AL group, and is never present in the
interaction terms; however, this is not significant since only one
patient has the prosthesis. Few defined trends can be observed
considering the factors alone. In particular, the diameter, which
is commonly considered as a predictor, does not show a clear
effect, e.g., coefficients a, b, and c either increase with Diam
while decrease with Diam2 or vice versa. Parameters σu , a,
and c are higher for females, being positive for all related coef-
ficients αi , parameter b is lower for females, and for parameter
λu it depends on the group. It is worth noting that interaction
terms are relevant, having the same order of magnitude of the
others. Hence, the observed behavior requires a comprehen-
sive analysis of the factors, and factors alone have a marginal
impact.
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Fig. 8. Histograms of the errors ηi for the model coefficients. (a) a− AC. (b) a− AL. (c) b− AC. (d) b− AL. (e) c− AC. (f) c− AL.

C. Validation

We first analyze the regression outcomes in terms of predic-
tion error ηi for all patients i, whose histograms are reported in
Figs. 7 and 8. Results always show errors ηi that are quite sym-
metric around 0; moreover, they are also highly concentrated
for the majority of parameters. This confirms a fair response
surface estimated from the regression models. However, some
histograms include values that are far from 0, especially for co-
efficient c; however, this holds only for few patients, while the
error is low for the vast majority of patients.

Moreover, we consider the entire stress–stretch curve and the
reconstruction of the measured curve by the constitutive model,
when either the coefficients are directly computed with the χ2

minimization or given by the regression model. Figs. 9 and 10
show for some patients the measured curve, the curve recon-
structed with coefficients given by the χ2 minimization, and
the curve reconstructed with coefficients estimated by the re-
gression model. Patients reported are chosen to cover the range

of patients in the population, i.e., younger and older, male and
female, and with or without presence of hypertension and bicus-
pid aortic valve. Results show very good fitting, which further
confirms the fairness of the obtained response surface.

IV. CONCLUSION

Aneurysm rupture is one of the most important but still unre-
solved topics of the past decades in cardiovascular medicine. Its
prediction has represented the goal for many researchers, who
have proposed several predictors and indicators of rupture risk
[42]–[46]. However, the dynamics of aneurysm rupture is still
an open issue which requires further investigation. This paper
aims at giving a contribution in this field, providing a method
to estimate patient-specific ultimate mechanical properties and
stress–stretch characteristics based on easily obtainable and al-
ways available clinical and imaging data.

We take advantage of a significant amount of experimental
data from tensile tests on diseased ascending aortas, and we use
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Fig. 9. Comparison of stress–stretch curves for the AC case (patients P5, P8, P39, and P54): experimental curve (continuous gray line); curve
with coefficients fitted with χ2 minimization (continuous black line); curve with coefficients from the response surfaces (dashed black line). (a) P05
AC. (b) P08 AC. (c) P26 AC. (d) P54 AC.

them to determine a response surface for each patient-specific
parameter (λu , σu , a, b, c) in function of patient characteristics
and commonly recorded clinical data. Such surfaces are then
used to predict the AsAA mechanical properties of a new pa-
tient, i.e., the aortic wall ultimate properties and stress–stretch
response.

As for the constitutive model, results show that the assump-
tion of a common nonlinear mechanical model to describe the
stress–stretch curves of all patients while distinguishing the indi-
vidual curves only via the model coefficients is fair. This allows
keeping the complexity of the mechanical model and, at the
same time, using regression techniques on the coefficients to
characterize the interpatient variability.

Our outcomes show that several considered clinical vari-
ables are relevant to predict the stress–stretch characteristics;
moreover, some of them appear to the square power and sev-
eral significant interaction terms are present. This is line with
the literature, where the factors we consider are recognized as
relevant for characterizing the behavior of the AsAA tissue;
see Vande Geest et al. [23] and the other works mentioned in
Section I.

The proposed regression approach shows to be adequate
enough to characterize the stress–stretch response, even though
the fitting could be improved by enrolling new patients in the
study. In fact, the R2

m and R2
a values of the selected model class

are in general quite acceptable: R2
m is always greater than 0.88

and R2
a is always greater than 0.62 for the ultimate properties,

while R2
m is always greater than 0.65 and R2

a is always greater
than 0.34 for the model coefficients. These values represent a
good result, being the data characterized by high variability,
and show that better fitting is obtained for the ultimate proper-
ties. Probably, this reflects the fact that model coefficients are
extrapolated from the curve with some computation while the
ultimate properties are directly measured. We remark here that
R2

m gives information about the quality of the fit, while R2
a is

a comparative measure of the suitability of alternative models;
thus, in our approach, we select the class with the highest R2

a ,
but the final quality of fitting is given by R2

m (which is higher
than 0.88 and 0.65 for the ultimate properties and the model
coefficients, respectively).

Accordingly, the predicted parameters are usually in the same
order of magnitude than the experimental ones and the ηi
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Fig. 10. Comparison of stress–stretch curves for the AL case (patients P5, P8, P39, and P54): experimental curve (continuous gray line); curve
with coefficients fitted with χ2 minimization (continuous black line); curve with coefficients from the response surfaces (dashed black line). (a) P05
AL. (b) P08 AL. (c) P26 AL. (d) P54 AL.

histograms centered on the null value, even if nonnegligible er-
rors are sometime present. Finally, the predicted stress–stretch
curves are in agreement with experimental data for both the AC
and the AL group.

As a drawback, a full regression analysis is not yet possible.
Eliminating one or more patients from the training set would
result into different response surfaces with coefficients remark-
ably different from those reported in the online supplement.
Moreover, reproducing the plots in Figs. 9 and 10 in a cross-
validation mode would also result into higher errors that would
make the estimation less significant. On the contrary, adding
further patients would give more defined trends besides those
already observed (see Section III-B). In our view, this means
that a higher number of patients should be involved to improve
even more the reliability of the response surfaces. As for the
model coefficients, this is confirmed by the high R2 of the χ2

minimization for each single patient in comparison with the ob-
tained R2

m and R2
a , meaning that the fitting of each single patient

is already fair, while a higher number of patient would improve
the description of the interpatient variability.

We expect that the proposed approach may give useful in-
formation to the surgeon who, still, has to decide whether the

patient should be operated or not. In particular, we can raise
alarms for patients whose predicted mechanical behavior is crit-
ical. For example, if the predicted stiffness assumes high values,
especially at low stresses (which means increased values of pa-
rameter a), this could be associated with an increased rupture
risk; moreover, low predicted values of σu and λu may also
represent a risk factor.

Summing up, this paper proposes a method that already gives
interesting and promising results, but whose reliability and ro-
bustness should be further improved before a clinical applica-
tion, by including a larger amount of experimental data. In fact,
the current amount of patients and experimental data, even if
considerable, is not sufficient for producing good predictions
under cross validation. In this light, to increase the population
for a better estimation of the response surfaces represents the
first future step of this paper. However, it is worth noting that
the proposed methodology (which is the core of this paper) will
remain the same while including additional data. Moreover, as a
further development, different aortic portions will be considered
as soon as a sufficient number of observations will be reached,
e.g., posterior portions of the ascending aorta in both circumfer-
ential and longitudinal directions. Finally, when the amount of
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patients will allow clinical applicability, the proposed approach
will be integrated in a simple software that surgeons can easily
use to predict the stress–stretch response of the AsAA tissue.
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