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a b s t r a c t

This paper focuses on the employment of analysis-suitable T-spline surfaces of arbitrary degree for
performing structural analysis of fully nonlinear thin shells. Our aim is to bring closer a seamless and
flexible integration of design and analysis for shell structures. The local refinement capability of T-splines
together with the Kirchhoff–Love shell discretization, which does not use rotational degrees of freedom,
leads to a highly efficient and accurate formulation. Trimmed NURBS surfaces, which are ubiquitous
in CAD programs, cannot be directly applied in analysis, however, T-splines can reparameterize these
surfaces leading to analysis-suitable untrimmed T-spline representations. We consider various classical
nonlinear benchmark problems where the cylindrical and spherical geometries are exactly represented
and point loads are accurately captured through local h-refinement. Taking advantage of the higher inter-
element continuity of T-splines, smooth stress resultants are plotted without using projection methods.
Finally, we construct various trimmedNURBS surfaceswith Rhino, an industrial and general-purpose CAD
program, convert them to T-spline surfaces, and directly use them in analysis.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

It is largely widespread in engineering to first generate a geo-
metric model with a CAD program and then construct an analysis-
suitable mesh to perform finite element analysis. The process that
goes from the CAD file to the analysis-suitable mesh can be highly
time consuming. Moreover, in most cases, the geometry is slightly
modified along the process, which may compromise the accuracy
of the solution given by the finite element program. For complex
designs, this process may need a lot of manual interactions and
take much longer than the simulations that are going to be per-
formed over the mesh afterwards [1]. Isogeometric analysis (IGA)
was introduced with the goal of reusing the geometric model in
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the analysis process. In order to do so, IGA replaces the conven-
tional basis functions used in finite elements (e.g., Lagrange poly-
nomials) with the blending functions employed in CAD, such as, for
example, Non-Uniform Rational B-Splines (NURBS) and T-splines.
Up until now, CAD programs model objects using surface parame-
terizations instead of volume representations. This is a significant
obstacle for the integration of CAD and analysis, since most finite
element computations need volume parameterizations. There-
fore, to achieve full integration, a methodology that produces an
analysis-suitable volume parameterization from a surface repre-
sentation in a compatible and automatic way is needed. Although
this is an open problem as far as we are aware, initial work on this
direction has already been done [2–6]. Nevertheless, the study of
shell mechanics is one of the few applications where surface pa-
rameterizations are used in analysis and this greatly simplifies the
communication between CAD and analysiswhen the IGA paradigm
is invoked [7,8].

One of the main differences between conventional finite-
element basis functions and CAD blending functions is the global
higher-order continuity of the latter. Within the analysis realm,
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the global smoothness of the basis functions has given rise to the
proliferation of analysis applications based on NURBS or analysis-
suitable T-splines (ASTS) including fields where CAD programs
play no role. Some of the important benefits of the higher-order
continuity of splines are: fourth-order and sixth-order partial
differential equations can be solved in primal form [9–13], the
strong form of partial differential equations can be collocated
in a straightforward manner [14–17], enhanced robustness in
solid mechanics and immersed fluid–structure interaction can
be achieved compared to standard finite elements [18–20], and
others [1].

The analysis of Kirchhoff–Love shells, whose motion is gov-
erned by a fourth-order PDE posed on a surface, can be greatly
simplified by using at least two of the aforementioned IGA’s advan-
tages, namely, the possibility of seamless integration between CAD
and analysis aswell as the global smoothness of the basis functions,
which enables to apply directly the Galerkinmethod to the fourth-
order PDE. These advantages have motivated the development of
NURBS-based Kirchhoff–Love shell elements [21–25] and these
formulations have been successfully applied to fluid–structure in-
teraction [26–28]. The Kirchhoff–Love shell theory, also referred
to as ‘‘thin shell theory’’, assumes that transverse shear defor-
mations are negligible. This theory is appropriate for shells that
satisfy the geometrical constraint R/t ≥ ∼ 20, where R is the
radius of curvature of the shell and t is its thickness [29]. Most
shell structures of engineering interest satisfy this condition. How-
ever, Reissner–Mindlin shell theory, also known as ‘‘thick shell
theory’’, is currently the most used shell formulation in industrial
applications since it requires only C0-conforming finite element
spaces. However, Reissner–Mindlin shells have significant down-
sides when compared with Kirchhoff–Love ones. For example,
Reissner–Mindlin shell formulations require rotational degrees
of freedom, which increase both the total size of the system and
the bandwidth of the tangent matrix in comparison with pure
displacement-based Kirchhoff–Love shell formulations. Besides of
that, Reissner–Mindlin formulations require methodologies that
vanquish or sufficiently alleviate the problem of shear locking
when applied to thin shells.

In this work, we use ASTS of arbitrary degree as a basis for the
Galerkin method to discretize Kirchhoff–Love shell formulations
that consider both geometrical andmaterial nonlinearities. ASTS of
arbitrary degree support localh-refinementwhichhighly enhances
the flexibility and efficiency of NURBS-based shell formulations
as we illustrate with our examples. Our numerical experiments
also show that higher order ASTS elements are stable under large
deformations (instabilities are frequentwhen other types of higher
order basis functions are used in this type of problems such as
higher order Lagrange elements) and the accuracy per degree of
freedom increases as we increase the order of the approximation
space. Moreover, the use of approximation spaces that are at least
C2-continuous everywhere enables to directly obtain continuous
stress resultants. Finally, the local h-refinement capabilities of
ASTS enable to handle trimmedNURBS surfaces through automatic
reparameterization.

The paper is outlined as follows: in Section 2 we give a
brief review of ASTS of arbitrary degree and summarize the
reparameterization algorithm for trimmed surfaces that we use. In
Section 3 we describe the details of the fully nonlinear Kirchhoff–
Love formulations that we utilize. In Section 4 we compare local
against global refinement, study the performance of ASTS of
different degrees, solve several nonlinear benchmark problems,
and consider various examples that involve trimmed surfaces.
We draw conclusions and outline future research directions in
Section 5.
2. Analysis-suitable T-spline surfaces of arbitrary degree

A decade ago, T-splineswere introduced in the CAD community
as a generalization of NURBS [30]. T-splines were developed so as
to overcome the main drawbacks of NURBS in design such as, for
example, the high amount of superfluous control points needed
to represent complex geometries [31] and the difficulty to create
watertight surfaces in general cases [32]. In most instances, the
number of degrees of freedom needed in order to capture the
geometry of a certain surface is much lower than the amount
of degrees of freedom needed to perform shell analysis over the
surface. Therefore, when we receive a surface coming from a
CAD program, the first step is typically to perform h-refinement.
This refinement process can now be done locally thanks to ASTS,
which increases the flexibility and efficiency of NURBS-based
isogeometric analysis. The mathematical study of T-splines has
been an active field in the previous years. As a consequence of
this study, the subset of ASTS was defined, first for cubics [33–35]
and then for arbitrary-degree splines [36–38]. ASTS are simply a
subset (to be defined later) of T-splines that satisfies the following
important mathematical and geometric properties:

(1) Linear independence of the blending functions
(2) Polynomial partition of unity of the blending functions
(3) Each blending function is pointwise non-negative
(4) Dual compatibility [37]
(5) Local h-refinement is available
(6) Optimal convergence rates in analysis under h-refinement
(7) Affine covariance
(8) Convex hull property.

Another important feature of ASTS is that they are forward and
backward compatible with NURBS. This is a significant advantage
of ASTS over other candidates that allow local refinement
(e.g., subdivision surfaces [39–41]), but are not compatible with
NURBS.

In this section, we describe ASTS surfaces of arbitrary degree.
We anticipate that ASTS of even and odd degree are constructed
in a somewhat different manner. Here, we assume that the reader
is familiarized with NURBS [42] and with the concept of Bézier
extraction [43,44]. All through the paper, we consider the same
degree in the whole surface for sake of brevity and denote it
by p.1

2.1. The T-mesh

For surfaces, the T-mesh in index space is a polygonal tiling of
a two-dimensional region which defines the topology of an ASTS.
For the sake of brevity, we will use the term T-mesh instead of
T-mesh in index space when no confusion arises. The polygons,
the corners of the polygons, and the line segments joining (exactly)
two corners of the polygons in a T-mesh are called faces, vertices,
and edges, respectively. Fig. 1(a) shows an example of T-mesh in
index space. A key difference between a T-mesh in index space
and its NURBS counterpart is the existence of T-junctions [see the
blue squares in Fig. 1(a)]. T-junctions play an analogous role to that
of hanging nodes in conventional finite elements. The parametric
information of an ASTS is given by the knot interval configuration,
which is defined by assigning a non-negative real number to each
T-mesh edge. We require the knot interval configuration to verify
two conditions: (1) the knot intervals assigned to opposite sides
of a given T-mesh face must sum to the same value [see brown
face in Fig. 1(b)]; (2) the knot interval configuration has int(p/2)

1 An initial step toward the local p-refinement of T-splines was given in [45]
where T-spline surfaces with various degrees are considered.
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(a) T-mesh in index space. (b) Knot interval configuration.

Fig. 1. (Color online) (a) T-mesh in index space with four T-junctions marked with blue squares. (b) Valid knot interval configuration for p = 2 and p = 3 associated with
the T-mesh represented in Fig. 1(a). The pentagons, squares and triangles correspond to knot intervals of 1, 1/2, and 0, respectively. The knot intervals assigned to opposite
sides of a given T-mesh face must sum to the same value as it is highlighted with the brown face.
Fig. 2. (Color online) Extended T-mesh associated to the T-mesh represented in
Fig. 1(a) for p = 2. Face extensions are represented by light blue dashed lines and
edge extensions are marked with solid red lines. Note that the red arrows hide the
T-mesh edges located underneath them in the plot.

outer rings of zero-length knot intervals, where int(·) represents
the integer part of a real number. Assuming p = 2 or p = 3, a valid
knot interval configuration for the T-mesh of Fig. 1(a) is shown in
Fig. 1(b).

Let us now proceed to define the concepts of T-junction
extension and extended T-mesh, which are helpful so as to set forth
the topological condition that a T-mesh in index space needs to
satisfy in order to be within the subset of ASTS. A T-junction
extension is composed of a face extension and an edge extension.
A face extension is a closed directed line segment obtained by
marching from the T-junction in the direction of the missing edge
until int((p + 1)/2) orthogonal edges are encountered. An edge
extension is a closed directed line segment obtained by marching
from the T-junction in the opposite direction of the face extension
until int(p/2) orthogonal edges are encountered. The extended
T-mesh is obtained when T-junction extensions are plotted on
top of the T-mesh. Fig. 2 shows the extended T-mesh for p = 2
corresponding to the T-mesh of Fig. 1(a).

A T-mesh in index space leads to an ASTS spacewhen no vertical
T-junction extension intersects with an horizontal face extension.
Since face and edge extensions are closed line segments, vertical
and horizontal T-junction extensions can intersect either on the
interior of both extensions or at the endpoint of one or both
extensions. As we will see later, an ASTS space is completely
defined once we give a degree p, a valid T-mesh in index space,
and a valid knot interval configuration.
2.2. The ASTS basis

Let us start by defining an anchor, which is a point associated
to each ASTS function. With the aforementioned definition of
T-mesh in index space, an anchor in index space is located at every
vertex if p is odd or at every face center if p is even. The anchor
associated to the Ath global ASTS basis function will be denoted by
sA. Fig. 3 shows two examples of anchors for both even- and odd-
degree ASTS corresponding to the T-mesh of Fig. 1(a).

The ASTS basis functions are constructed from knot interval
sequences inferred from their anchors. These knot interval
sequences are called local knot interval vectors andwe denote them
by ∆4i

A, where A is the global index of a basis function and i is
one of the two directions of the index space (i = 1 represents
the horizontal direction and i = 2 the vertical one). The vector
∆4i

A has always length p + 1 and can be written in component
notation as∆4i

A = {∆ξ iA,1,∆ξ iA,2, . . . ,∆ξ iA,p+1}. In order to fill the
two local knot interval vectors associated with a particular ASTS
basis function, let us place horizontal and vertical line segments
centered in the anchor that traverse exactly p + 2 orthogonal
edges (see Fig. 3, where these segments are represented as thick
semitransparent lines). Note that ‘‘centered in the anchor’’ means
that the segment crosses the same number of orthogonal edges
on the left- and right-hand sides of the anchor. These two line
segments define the rectangular support of the ASTS basis function
associated to that anchor (see the shaded areas in Fig. 3). Then, the
horizontal local knot interval vector is filled by the knot intervals
associated with the p + 1 edges spanned by the horizontal line
segment going from the left to the right. Analogously, the vertical
local knot interval vector is filled by the knot intervals associated
with the p + 1 edges spanned by the vertical line segment going
from the bottom to the top. When an anchor is sufficiently close
to the T-mesh boundary so that we cannot define a large enough
line segment in a certain direction, zero-length edges should be
added accordingly (see the anchors sA in Fig. 3, where zero-length
intervals were added in the horizontal direction).

For each function, we will define a local basis coordinate system
with origin in the bottom-left corner of its support (see the arrows
in Fig. 3). The local coordinate system of function Awill be denoted
byξA = (ξ 1A ,ξ 2A ). In this reference system, we use the local knot
interval vectors to define a local basis function domain, ΩA ⊂ R2, as

ΩA = Ω1
A × Ω2

A , (1)
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(a) p = 2. (b) p = 3.

Fig. 3. (Color online) Anchors, local knot interval vectors, and basis coordinate systems associated to the T-mesh and knot interval configuration represented in Fig. 1
for p = 2 and p = 3. (a) The local knot interval vectors associated with the Ath and Bth global ASTS basis functions for p = 2 are ∆Ξ 1

A = {0, 0, 1/2},∆Ξ 2
A =

{0, 1/2, 1/2},∆Ξ 1
B = {1, 1, 1},∆Ξ 2

B = {1, 1, 1}. (b) The local knot interval vectors associated with the Ath and Bth global ASTS basis functions for p = 3 are
∆Ξ 1

A = {0, 0, 1/2, 1/2},∆Ξ 2
A = {0, 1/2, 1/2, 1/2},∆Ξ 1

B = {1/2, 1, 1, 1},∆Ξ 2
B = {1, 1/2, 1/2, 1}.
where Ω i
A =


0,
p+1

j=1 ∆
ξ iA,j ⊂ R. Then, local knot vectors, 4A =4i

A

2
i=1

, where 4i
A = {ξ iA,1,ξ iA,2, . . . ,ξ iA,p+2}, can be derived from

∆4A by selecting an arbitrary origin O = {O1,O2
} ∈ R2 and

setting ξ iA,j = Oi
+
j−1

k=1∆
ξ iA,k. Now, we can define the basis

function associated to the anchor sA, namely, NA : ΩA → R+
∪{0}.

This is accomplished by forming the tensor product of the proper
univariate B-spline basis functions as

NA(ξA|4A) =

2
i=1

N i,p
A (
ξiA|4i

A), (2)

where N i,p
A : Ω i

A → R+
∪ {0} is an univariate B-spline basis

function of degree p. The function N i,p
A may be defined using a

recurrence relation, starting with the piecewise constant (p = 0)
basis function

N i,0
A (
ξ iA|ξ iA,1,ξ iA,2) =


1 ifξ iA,1 ≤ξ iA <ξ iA,2
0 otherwise. (3)

For p > 0, the basis function is defined using the Cox–de Boor re-
cursion formula:

N i,p
A (
ξ iA|ξ iA,1,ξ iA,2, . . . ,ξ iA,p+2)

=

ξ iA −ξ iA,1ξ iA,p+1 −ξ iA,1N i,p−1
A (ξ iA|ξ iA,1, . . . ,ξ iA,p+1)

+

ξ iA,p+2 −ξ iAξ iA,p+2 −ξ iA,2N i,p−1
A (ξ iA|ξ iA,2, . . . ,ξ iA,p+2). (4)

Note that the ASTS basis function has been defined over its own
local basis function domain.

2.3. The ASTS geometric map

The elemental T-mesh is obtained from the T-mesh in index
space as follows: First, we plot the face extensions over the
T-mesh. Second, we remove the polygons for which the knot
interval sum is zero on at least one side. Fig. 4(a) shows, as
shaded areas delimited by black lines, the polygons that compose
the elemental T-mesh associated with the T-mesh and the knot
interval configuration of Fig. 1(a) for p = 2. The polygons of the
elemental T-mesh are important objects for analysis since they
delimit areas in which all ASTS basis functions are C∞. Therefore,
these polygons will be called elements. When the elements of the
elemental T-mesh are pushed forward to physical space, they will
be called Bézier elements and the collection of Bézier elements
will be referred to as the Bézier mesh [see Fig. 4(b)]. The Bézier
elements are suitable regions to perform numerical integration in
an isogeometric analysis program.

For a certain element e, Bézier extraction enables to represent
the ne ASTS basis functions that have support on that element as
a linear combination of the canonical tensor product Bernstein
polynomial basis defined on a fixed parent element denoted by
� = [−1,+1]2. This can be expressed mathematically as

N e (ξ) = C eB (ξ) ξ ∈ �, (5)

where N e
= {Ne

a}
ne
a=1 collects the ASTS basis functions with

support on the element e, the index a is a local-to-element ASTS
basis function counter so that the global basis function number
is A = IEN(a, e). The array IEN represents the usual map from
local to global unknowns [46]. B = {Bp

i }
(p+1)2
i=1 collects the two-

dimensional Bernstein polynomials of degree p in the domain �
(see [47] for a precise description) and C e is a linear operator called
the element Bézier extraction operator. The computation of the
matrix C e is based on knot insertion and [44] describes in detail
how to efficiently compute this operator for T-splines.

In certain situations, it is useful to employ rational basis
functions, typically to reproduce exactly a particular geometry.
Given a set of global weights {wA}

n
A=1 and their local-to-element

counterparts, namely, {we
a}, we can rationalize the ASTS basis

functions in N e as

Re
a (ξ) =

we
aN

e
a (ξ)

ne
b=1
we

bN
e
b (ξ)

, (6)

where Re
a is the ath rational ASTS basis function over the element e.

This concludes the process of constructing the ASTS basis functions
in parameter space.

In order to perform computations on non-trivial surfaces,
we need to map the parent element to physical space using a
geometric map xe : � → Ωe, which goes from the parent element
to the Bézier elementΩe. A set of geometry control points {PA}

n
A=1

is needed in order to define this map. A given geometry control
point PA will have local indices associated such that PA = Pe

a , as
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(a) Elemental T-mesh. (b) Bézier mesh.

Fig. 4. (Color online) (a) Elemental T-mesh for p = 2 associated with the T-mesh and the knot interval configuration of Fig. 1. (b) Bézier mesh for p = 2 associated with the
T-mesh and the knot interval configuration of Fig. 1.
it was the case with the basis functions and the weights. Thus, the
geometric map local to element e can be defined as

xe (ξ) =

ne
a=1

Pe
aR

e
a (ξ) ξ ∈ �. (7)

Using the ASTS geometricmap given by Eq. (7), we can get the ASTS
basis functions in physical space. Eq. (7) is also used to map the
elemental T-mesh to physical space, that is, to obtain the Bézier
mesh.

Invoking the isoparametric concept, we will represent our dis-
placement field as follows

ue (ξ) =

ne
a=1

U e
aR

e
a (ξ) ξ ∈ �, (8)

where ue is the displacement vector on the element e and U e
a are

the control variables of the displacement field that contribute on
the element e.

In terms of implementation, Bézier extraction is highly appeal-
ing since it enables to use ASTS in a finite element program by sim-
ply modifying the shape function subroutine.

2.4. Local h-refinement

Local h-refinement of ASTS boils down to adding vertices and
edges on the T-mesh in index space and modifying the knot
intervals of the edges which are split in such a way that we
maintain both a valid T-mesh topology and a valid knot interval
configuration. As long as the initial and the final T-meshes in index
space and knot interval configurations are within the subset of
ASTS, the initial and the final ASTS are nested [35,38]. As in the
case of the global h-refinement of NURBS, there are algorithms in
order to compute the new physical positions of the control points
after local h-refinement so that the surface is not changed either
geometrically or parametrically. These algorithms are based on
knot insertion and are described in detail in [34].

2.5. Converting a trimmed NURBS surface into an untrimmed T-spline
surface

Trimmed surfaces cannot be employed automatically for anal-
ysis. There are twomain alternatives to deal with them in analysis,
namely, using immersed methods [48,8] or using an algorithm in
order to reparameterize the surface [49–51]. In both cases, some
type of local refinement is needed in order to capture the geome-
try of the trimming curve accurately. In this work, we use the repa-
rameterization algorithm developed in [49].
The reparameterization algorithm reconstructs the trimmed
NURBS surface with locally refined T-splines. The basic idea is to
regenerate the structured T-mesh in the parametric domain and
the control mesh in the physical domain, and the procedure is
based on the following three main steps.

The first step consists of performing local h-refinement on the
initial NURBS surface with the guidance of the trimming curve,
which is straightforward due to the compatibility between NURBS
and ASTS.

After local refinement, we delete the elements beyond the
trimming curve in the second step. The element removal produces
an incomplete T-mesh with zigzag boundaries. Fig. 5(a) shows an
example of the resulting T-mesh in parametric space after these
two steps for a squared NURBS surface, which is trimmed by a
circular arc (not shown) in the bottom-left corner. To reconstruct
the trimming curve, the topology of the T-mesh with zigzag is
modified with an interval extension algorithm. Parametric lines
on the boundary are generated, as shown in Fig. 5(b). Then we
can exactly reconstruct the trimming curve in the physical domain
by calculating the control points on the boundary from the input
information of the trimming curve. The resulting T-mesh is valid
for T-spline calculation.

In the last step, we extract Bézier elements from the T-spline,
which will be later used to perform IGA computations. The final
Béziermesh is shown in Fig. 14(b). For additional details, the reader
is remitted to [49], where the final untrimmed ASTS meshes, error
estimation, as well as various classical benchmark problems of 2D
linear elasticity are given.

3. Shell formulation

In this section, we summarize the hyperelastic Kirchhoff–Love
shell formulation, which we will use for analysis. For more details
on the formulation and its derivation, reference is made to [25].

3.1. Kinematics

We first introduce somebasic concepts of differential geometry.
The reader not familiarized with these concepts is referred
to, e.g., [52] for an introduction. The shell geometry can be
represented by its middle surface and the thickness t . The
geometry of the middle surface is expressed with respect to the
surface coordinates ξα . Here, α takes the values {1, 2} and this
will be the case for any Greek index utilized in this section. Latin
indices, however, take values {1, 2, 3}. If r is the position vector
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Fig. 5. (Color online) Reparameterization of a trimmed NURBS surface with ASTS. (a) T-mesh in parametric space after abandoning elements beyond a circular trimming
curve (not shown). (b) T-mesh in parametric space after knot interval modification, where the control points associated to the vertices falling on the red parametric line are
used to reconstruct the trimming curve on the ASTS surface.
of a point on the middle surface, we can compute the tangent and
normal base vectors as follows:

aα = r,α, a3 =
a1 × a2

∥a1 × a2∥
, (9)

where (·),α = ∂(·)/∂ξα denotes the partial derivativewith respect
to a surface coordinate ξα, ∥ · ∥ denotes the length of a vector and
× the classical cross product. In what follows, we will also use
the Einstein summation convention of repeated indices. With the
base vectors (9), the first and second fundamental forms can be
computed, representing themetric and curvature properties of the
surface:

aαβ = aα · aβ , (10)
bαβ = aα,β · a3. (11)

Due to the Kirchhoff hypothesis of normal cross sections, any point
x in the shell off the midsurface can be described by the position
vector of the midsurface r and the normal vector a3:

x = r + ξ 3 a3, (12)

where ξ 3 ∈ [−t/2, t/2] is the thickness coordinate. From (12),
we can compute covariant base vectors and metric coefficients off
the midsurface as gi = x,i and gij = gi · gj, respectively. We
obtain gα3 = g3α = 0 according to the Kirchhoff constraint, and
g33 = a33 ≡ 1. Thus, only in-plane components gαβ need to be
computed. Neglecting terms that appear quadratic in ξ 3 and using
(10) and (11) we obtain

gαβ = aαβ − 2 ξ 3bαβ . (13)

Contravariant base vectors g i are defined by g i
· gj = δij , where δij

is the Kronecker delta. The contravariant metric coefficients can be
obtained using the condition g ikgkj = δij . All of the above equations
are valid for both the deformed and undeformed configurations.
In the following, quantities that are associated to the undeformed
configuration will be indicated by a symbol ˚(·). For example, x̊ is
a point in the undeformed shell. Taking this into account, we can
define the displacement vector as u = r − r̊ .

Let us now introduce the in-plane Jacobian determinant of the
mapping from the undeformed to the deformed configuration

Jo =


|gαβ |/|g̊αβ |, (14)

where |gαβ | denotes the determinant of the matrix formed by
the metric coefficients gαβ . In the following, we introduce some
important tensors. Unless we indicate otherwise, we will write
all tensors in the curvilinear basis of the undeformed geometry.
Accordingly, the left Cauchy–Green deformation tensor C = Cij g̊ i

⊗ g̊ j can be represented as:

Cij =

g11 g12 0
g21 g22 0
0 0 C33


, (15)

where the in-plane components Cαβ are obtained as the covariant
metric coefficients in the deformed configuration gαβ and Cα3 =

C3α = 0 according to zero transverse shear deformation, while the
thickness deformation C33, which cannot be neglected in the case
of large strains, needs to be determined through the constitutive
equations as will be shown below. Before doing that, let us note
that the volumetric Jacobian determinant may be expressed as
J = Jo

√
C33.

Finally, the Green–Lagrange strain tensor E = Eij g̊ i
⊗ g̊ j is

obtained by

Eij =
1
2
(Cij − g̊ij). (16)

3.2. Compressible materials

Assuming a hyperelastic material, the second Piola–Kirchhoff
stress tensor S = S ij g̊i⊗g̊j is obtained from a strain-energy density
function ψ as

S ij = 2
∂ψ

∂Cij
, (17)

and the tangent material tensor C = Cijklg̊i ⊗ g̊j ⊗ g̊k ⊗ g̊l as

Cijkl
= 4

∂2ψ

∂Cij∂Ckl
. (18)

As mentioned above, the thickness stretch C33 cannot be deter-
mined directly from the kinematic equations. However, we can use
the plane stress condition, S33 = 0, which must be satisfied, in
order to compute C33. Starting with an initial value C33 = 1, we
simply determine S ij and Cijkl according to (17) and (18), and then
compute an incremental correction of C33 [53] as

∆C (I)33 = −2
S33(I)

C3333
(I)

, (19)

C (I+1)
33 = C (I)33 +∆C (I)33 , (20)

where I indicates the iteration step. Note that Eqs. (19)–(20) are
simply the result of applying Newton’s method to the equation
S33 = 0. With the updated C , we compute the updates of S(C)
and C(C), and the procedure is repeated until the plane stress
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condition is satisfied within a defined tolerance. Once the plane
stress condition is enforced, it can be used to determine the
transverse normal strain E33 as:

E33 = −
C33αβ

C3333
Eαβ , (21)

which is then eliminated from the equations by a static condensa-
tion of the material tensor:

Ĉαβγ δ = Cαβγ δ −
Cαβ33C33γ δ

C3333
, (22)

with Ĉαβγ δ denoting the statically condensed material tensor. The
procedure shown above can be applied to arbitrary 3D compress-
ible materials being described by a strain energy function ψ .

3.3. Incompressible materials

In the case of incompressible materials, we get the following
augmented strain energy

ψ = ψel − p(J − 1), (23)
where ψel is the elastic strain energy function, (J − 1) is the term
that is constrained to be zero, enforcing incompressibility, and p is
a Lagrange multiplier, which can be identified as the hydrostatic
pressure [54]. As shown in detail in [25], we can use the plane
stress condition, S33 = 0, in order to analytically determine
and eliminate the Lagrange multiplier p. Eventually, we obtain
the following equations for the stress tensor and the statically
condensed material tensor:

Sαβ = 2
∂ψel

∂Cαβ
− 2

∂ψel

∂C33
J−2
o gαβ , (24)

Ĉαβγ δ = 4
∂2ψel

∂Cαβ∂Cγ δ
+ 4

∂2ψel

∂C2
33

J−4
o gαβgγ δ

− 4
∂2ψel

∂C33∂Cαβ
J−2
o gγ δ − 4

∂2ψel

∂C33∂Cγ δ
J−2
o gαβ

+ 2
∂ψel

∂C33
J−2
o (2gαβgγ δ + gαγ gβδ + gαδgβγ ). (25)

With Eqs. (24) and (25) the incompressibility and plane stress
constraints are satisfied, and no iterative procedure as in (20) is
necessary. We note that the approach shown in (19)–(20) applies
to compressible materials, while (24)–(25) holds for the case of
incompressibility, andwe highlight that both approaches allow for
a direct use of arbitrary (hyperelastic) 3D constitutive models for
shell analysis.

3.4. Variational formulation

As usual for Kirchhoff–Love shells, the Green–Lagrange strains
Eαβ are obtained by a combination of membrane stains εαβ and
curvature changes καβ :

Eαβ = εαβ + ξ 3καβ , (26)

εαβ =
1
2
(aαβ − åαβ), (27)

καβ = b̊αβ − bαβ , (28)

while stresses are integrated through the thickness and repre-
sented by normal forces nαβ and bending momentsmαβ :

nαβ =

 t/2

−t/2
Sαβdξ 3, (29)

mαβ
=

 t/2

−t/2
Sαβξ 3dξ 3, (30)
with their linearizations obtained by:

dnαβ =

 t/2

−t/2
Ĉαβγ δdξ 3


dεγ δ +

 t/2

−t/2
Ĉαβγ δ ξ 3dξ 3


dκγ δ,

(31)

dmαβ
=

 t/2

−t/2
Ĉαβγ δξ 3dξ 3


dεγ δ

+

 t/2

−t/2
Ĉαβγ δ(ξ 3)2 dξ 3


dκγ δ. (32)

The variational formulation is derived from the equilibrium of
internal and external virtual work, δW = δW int

− δW ext
= 0 with

the internal and external virtual work defined as:

δW int
=


A
(n : δε + m : δκ) dA, (33)

δW ext
=


A
f · δu dA, (34)

where : represents the classical double contraction, f denotes
the external load, δu is a virtual displacement, δε and δκ are
the corresponding virtual membrane strain and curvature change,
respectively, A denotes the midsurface and dA =


|åαβ |dξ 1dξ 2

the differential area, both in the reference configuration.
We discretize and linearize Eqs. (33)–(34) using an ASTS

discretization for both the shell’s geometry and the displacement
field. The displacement field is assumed to be expressed as a
combination of control variables, each with three coordinates
corresponding to the spatial dimensions. All the components of the
control variables are collected on a bigger vector U by changing
first the index of the spatial dimension and then, the basis function
number. Doing so, we obtain the following expressions for the
contributions of element e to the vector of internal nodal forces
F int and the stiffness matrix K

F int
r =


A


n :

∂ε

∂Ur
+ m :

∂κ

∂Ur


dA, (35)

Krs =


A


∂n
∂Us

:
∂ε

∂Ur
+ n :

∂2ε

∂Ur∂Us

+
∂m
∂Us

:
∂κ

∂Ur
+ m :

∂2κ

∂Ur∂Us


dA, (36)

where r and s are global degree-of-freedom numbers given by
r = 3(IEN(a, e) − 1) + i and s = 3(IEN(b, e) − 1) + j with i, j =

1, 2, 3 referring to the global x, y, and z components. The detailed
expression of each term appearing in the above two equations
can be found in [25]. With (35)–(36), we solve for the linearized
equation system

K ∆U = −R, (37)

withR = F int
−F ext being the residual,where the vector of external

loads F ext is computed in a standard way by integrating over the
product of external loads and ASTS basis functions. The vector∆U
is used for the nonlinear updates of the displacement field until
convergence is achieved.

3.5. Stress recovery

The higher inter-element continuity of ASTS enables to have
continuous discrete spaces for strains, stresses, and stress resul-
tants, which are physical quantities of interest in structural anal-
ysis. In order to obtain meaningful values of these quantities, the
following postprocessing steps are performed using the displace-
ment solution of our problem as starting point.
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The Cauchy stress tensor σ and the second Piola–Kirchhoff
tensor S are related by the deformation gradient F = gi ⊗ g̊ i as
follows

σ = J−1FSF T . (38)

Eq. (38) can be rewritten as

σ ijgi ⊗ gj = J−1F(S ij g̊i ⊗ g̊j)F T . (39)

Using the transformation rule gi = F g̊i, Eq. (39) can be rewritten
as

σ ijgi ⊗ gj = J−1S ij gi ⊗ gj. (40)

Hence, the Cauchy and second Piola–Kirchhoff coefficients are
related by

σ ij
= J−1S ij. (41)

The stress coefficients σ ij refer to the covariant basis in the
deformed configuration which is not necessarily normalized and
therefore these coefficients are not expressed in normalized units
(e.g. N/m2). Hence, these coefficients need to be transformed into
a Cartesian basis by using the transformation ruleσ kl

= σ ij(ek · gi)(gj · el), (42)

where σ ij are the Cauchy stress tensor coefficients with respect
to the local Cartesian basis and ei is the ith base vector of the
local Cartesian basis computed from the tangent and normal base
vectors of the middle surface in the deformed configuration as
follows

e1 = e1 =
a1

∥a1∥
, (43)

e2 = e2 =
a2 − (a2 · e1)e1

∥a2 − (a2 · e1)e1∥
a2, (44)

e3 = e3 = a3. (45)

The physical values of the stress resultants can be obtained from
the physical values of the stresses as follows

nαβ =

 t∗/2

−t∗/2
σ αβdξ 3, (46)

mαβ
=

 t∗/2

−t∗/2
σ αβξ 3dξ 3, (47)

where t∗ =
√
C33t is the deformed thickness of the shell.

4. Numerical examples

In this section, we present several numerical examples that
illustrate the main advantages that ASTS of arbitrary degree bring
to shell applications. First of all, we show the enhanced efficiency
and flexibility that the local h-refinement capabilities of ASTS give
to the formulation in comparison with the global h-refinement
of NURBS. Second of all, we compare the accuracy per degree-
of-freedom for different orders p. We observe that the accuracy
increaseswith the order and higher order ASTS elements are stable
under large deformations, in contrast to the instabilities that are
known to appear with higher order Lagrange elements in these
situations. Then, we solve two widespread nonlinear benchmark
problems, which involve cylindrical and spherical geometries,
represented exactly by ASTS. Finally, we consider two examples
that illustrate how trimmedNURBS surfaces canbehandled in shell
analysis.

The analysis code used to perform all these simulations has
been developed on top of the scientific library PETSc [55,56].
Regarding the nonlinear and linear solvers used in the following
examples, we have employed the Newton–Raphson algorithm
with line search capabilities and direct solvers based on LU
factorization, respectively.
Fig. 6. (Color online) Five-level quadratic Bézier mesh for the pinched cylinder
along with the boundary conditions and the point load applied.

4.1. Pinched cylindrical shell with rigid diaphragms

This is a common benchmark problem defined by a pinched
cylinder under two inward opposite forces. The lateral boundaries
of the cylinder have rigid diaphragms. The diaphragms preclude
movements in their own plane and produce stress-free solutions in
the orthogonal direction. This problem has been solved previously
in [57–59]. Due to the three planes of symmetry, only one octant
of the cylinder is modeled for analysis purposes (see Fig. 6). The
geometry of the problem is defined by the parameters R =

100, L = 200 and t = 1, where R and L are, respectively, the
radius and the length of the cylinder. Regarding the hyperelastic
material, we considered the following compressible Neo-Hookean
strain energy function [60]

ψ =
1
2
µ

J−2/3tr(C)− 3


+

1
4
K

J2 − 1 − 2 ln J


, (48)

where tr(·) denotes the trace of a tensor, while µ and K are the
shear and bulk moduli, respectively. We obtain µ and K from the
Young’s modulus E = 3.0 × 104 and the Poisson ratio ν = 0.3.
Applying Eqs. (17) and (18) to the above energy function,we obtain
the following 3D stress and material tensors

S ij = µ J−2/3

g̊ ij

−
1
3
tr(C) C̄ ij


+

1
2
K

J2 − 1


C̄ ij, (49)

Cijkl
=

1
9
µ J−2/3 tr(C) 2C̄ ijC̄kl

+ 3C̄ ikC̄ jl
+ 3C̄ ilC̄ jk

− 6

g̊ ijC̄kl

+ C̄ ijg̊kl
+ K


J2 C̄ ijC̄kl

−
1
2
(J2 − 1)


C̄ ikC̄ jl

+ C̄ ilC̄ jk , (50)

where the coefficients C̄ ij are defined by the expression C−1
=

C̄ ijg̊i ⊗ g̊j. We note that the procedure indicated in Eqs. (19)–(22)
needs to be applied to (49)–(50).

We start our analysis by fixing the value of the point load to
P = 100 and studying the performance of locally h-refined ASTS
and uniformly h-refined NURBS for p = 2, 3, 4, and 5.2 For each
order, the ASTS and NURBS meshes start with the same uniform
Bézier mesh, then local and uniform h-refinement is performed,
respectively. For the locally refined ASTS meshes, we recursively
add onemore level of refinement around the point load by splitting
half of the Bézier elements on the currently finest level in each
parametric direction. Fig. 6 displays the five-level ASTS mesh for

2 Instead of considering uniformly h-refined NURBS meshes, we could have
considered non-uniform h-refinement. The latter alternative saves degrees of
freedom with respect to its uniform counterpart, but yields very high aspect ratios
as the number of refinement levels increases.
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Fig. 7. (Color online) Comparison of locally h-refined ASTSmeshes against globally
h-refined NURBS meshes for p = 2, 3, 4, and 5 for a point load of P = 100. For
all orders, the local refinement capability of ASTS allows to get the same level of
accuracy with a lot fewer degrees of freedom, which significantly improves the
efficiency of our shell formulation based on ASTS.

p = 2 along with the boundary conditions and the point load
applied.

Fig. 7 shows the absolute value of the displacement under the
point load (uA) versus the square root of the total number of control
points for all the different meshes considered. The solution seems
to converge to a displacement of∼0.66 for all p. The aim of this plot
is analyzing the performance of the different orders considered
and comparing local refinement against global refinement. As
expected, all the orders are stable and the accuracy per degree of
freedom increases as we increase the order of the approximation
space. Besides that, it is clear that the local refinement capability
of ASTS meshes significantly enhances the accuracy per degree-
of-freedom of NURBS for all the orders considered. For example,
if we refine the initial quintic mesh four times using both ASTS
and NURBS, we end up obtaining essentially the same value for the
displacement. However, the ASTSmesh has 469 control points and
the NURBS mesh has 17,689 control points, that is, the ASTS mesh
has 97.35% fewer control points than its NURBS counterpart. This
shows the advantage of ASTS against NURBSwhen it comes, e.g., to
solve shell problems with point loads.

As a second test for this benchmark problem, we now increase
the value of the point load to P = 10,000 in order to compare our
load–deflection curves with previous results from the literature.
The point load is applied in 50 equal load steps. We use a quintic
ASTSmeshwith five levels of refinement in this case. Themesh has
6,543 degrees of freedom and 1,846 elements. The total number of
degrees of freedom used in our simulation is significantly lower
than in Refs. [57,58] where 11,767 and 8,136 degrees of freedom
are used, respectively. Fig. 8 shows the radial displacement of the
points A and B (see Fig. 6) at the end of each load step. As it
can be seen in Fig. 8, our curves match with the results given in
[57,58]. Note that, TUBA’s solution (Ref. [58]) and our solution,
which are based onKirchhoff–Love shells, are slightlymore flexible
than Sansour’s solution (Ref. [57]). Although we do not have
conclusive data, the reason could be a residual locking in the
Reissner–Mindlin formulation used in [57].

The displacement magnitude for the total load is represented
over the deformed cylinder in Fig. 9(a) and (b). Fig. 9(c) plots the
normal forcen22 for the total load in front view. In this problem,n22

represents the normal force in the length direction. Fig. 9(d) plots
the bending moment m22 for the total load in top view. Since we
are using quintic ASTS meshes with C4 inter-element continuity,
our stress resultants are smooth fields. Note that in this case, the
stress resultants under the point load tend to infinity. Hence, we
have rescaled Fig. 9(c) and (d) to an appropriate range of values.
Fig. 8. (Color online) Load–deflection curves at points A and B of the pinched
cylindrical shell with a point load of value P = 10,000. We note that 11,767, 8,136,
and 6,543 are the total number of degrees of freedom used in [57,58], and our
simulation, respectively.

4.2. Pinched hemispherical shell

This example focuses on the classical pinched hemisphere
under two inward and two outward opposite forces of magnitude
P . We consider a hemisphere with no hole close to the pole. The
bottom circumferential edge of the hemisphere is free. Due to
the two planes of symmetry, only a quarter of the geometry is
considered for the numerical simulation. This problem has been
solved previously in [61]. We use the same material model as in
theprevious example (see Eq. (48)). Theparameters that define this
problem are

R = 10, t = 0.04, E = 6.825 × 107,

ν = 0.3, P = 400,
(51)

where R is the radius of the hemisphere. The point loads are
applied in 50 equal load steps. The local refinement capability of
T-splines is used in order to avoid very small elements close to
the pole and to increase the resolution close to the point loads.
We use two quartic ASTS meshes with 1,716 and 2,238 degrees
of freedom, respectively. The coarser mesh can be seen in Fig. 10.
Note that the Bézier elements located at the sphere’s pole have one
of their edges in parametric space mapped into a point in physical
space. However, the presence of this degenerated point does not
have a visible impact in the solution field since all quadrature
points are located on the interior of the Bézier elements. We
monitor the radial displacement under the twopoint loads through
the load steps and plot them in Fig. 11 together with the data
obtained by Arciniega and Reddy (Ref. [61] where 2,268 degrees
of freedom are used). First of all, our two quartic ASTS meshes lead
to indistinguishable curves at the scale of the plot which suggests
that our coarser mesh was already a completely converged result.
Second of all, as in Section 4.1, our solutions are slightly more
flexible, which may be due to the existence of a residual locking
in the Reissner–Mindlin formulation used in [61].

The x and y components of the displacement (see the axes
orientation in the plot) for the total load are represented over the
deformed hemisphere in Fig. 12(a) and (b), respectively. Fig. 12(c)
and (d) plot the bending moment m22 for the total load from
two different points of view. In this problem, m22 represents the
bending moment in azimuthal direction. Fig. 12(e) and (f) plot the
twisting moment m12 for the total load from two different points
of view. Since we are using quartic ASTS meshes with C3 inter-
element continuity, our bending and twistingmoments are smooth
fields. Note that in this case, m22 and m12 do not tend to infinity
under the load. Hence, we have not rescaled any of the plots of
Fig. 12.
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(a) Displacement magnitude in front view. (b) Displacement magnitude in top view.

(c) Normal force in the length direction. (d) Bending moment in the length direction.

Fig. 9. (Color online) Deformed cylinder for P = 10,000 using a quintic ASTS mesh with 6,543 degrees of freedom. (a) and (b) show contour plots of the displacement
magnitude along with the Bézier mesh from two different points of view. (c) shows a contour plot of the normal force in the length direction from a front view. (d) shows a
contour plot of the bending moment in the length direction from a top view.
Fig. 10. (Color online) Seven-level quartic Bézier mesh with 1,716 degrees of
freedom and 468 elements, boundary conditions, and point loads applied for the
pinched hemisphere.

4.3. Handling trimmed NURBS surfaces in analysis

In this section, we illustrate our proposal to handle trimmed
NURBS surfaces in shell analysis. We start with an academic
example that may be modeled without trimming curves. We use
this example to show the feasibility of our method. Then, we
will move to a problem of practical interest. The geometry of the
academic problem is defined by a square with a circular hole in
its center. The shell is simply supported on both the circular edge
and its four corners, and has six point loads applied (see Fig. 13
for details). The value of the point loads is given by P = 100. The
geometry of the problem is defined by R = 3, L = 20, and t = 0.1,
where R is the radius of circle and L is the side of the square. Due
to the existing symmetry, we only model a quarter of the domain.
As anticipated, this geometry may be modeled without using
trimming curves. We proceed this way to generate an initial mesh
thatwe call ASTSmeshwithout reparameterization [see Fig. 14(a)].
Fig. 11. (Color online) Load–deflection curves at points A and B of the pinched
hemispherical shell. The meshes ASTS1, ASTS2, and the one used in [61] have
1,716, 2,238, and 2,268 degrees of freedom, respectively. The mesh ASTS2 does
not improve the accuracy of the solution which suggests that the mesh ASTS1 is
a converged result.

This mesh is composed by 3,928 elements and 12,384 degrees
of freedom. Then, we generate another mesh by representing
the geometry exactly by a trimmed NURBS surface using the
commercial software Rhino. Subsequently, we use the algorithm
described in Section 2.5 in order to obtain an untrimmed ASTS
meshwhich has 2,781 elements and 8,409 degrees of freedom. The
untrimmed mesh is shown in Fig. 14(b).

Here, we investigate an incompressible Neo-Hookean material
characterized by the strain energy defined in Eq. (23) with

ψel =
µ

2
(tr(C)− 3), (52)

http://www.rhino3d.com
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(a) Displacement in x direction. (b) Displacement in y direction.

(c) Azimuthal bending moment in lateral view. (d) Azimuthal bending moment from the bottom.

(e) Twisting moment in lateral view. (f) Twisting moment in front view.

Fig. 12. (Color online) Deformed hemisphere for P = 400 using a quartic ASTS mesh with 1,716 degrees of freedom. (a) Contour plot of the displacement in x direction
in lateral view along with the Bézier mesh. (b) Contour plot of displacement in y direction from the bottom along with the Bézier mesh. (c) and (d) show contour plots of
the bending moment in azimuthal direction from two different points of view. (e) and (f) show contour plots of the twisting moment from two different points of view. No
projection was used in any of these contour plots and the results are smooth thanks to the higher inter-element continuity of ASTS.
Fig. 13. (Color online) Problem definition. The shell is simply supported at its four
corners and at the circular edge. The three point loads are evenly distributed along
the side.

where µ is the shear modulus. Applying Eqs. (24) and (25) to
the energy function (52), we obtain the following 3D stress and
material tensors

Sαβ = µ

g̊αβ − J−2

o gαβ

, (53)

Ĉαβγ δ = µJ−2
o


2gαβgγ δ + gαγ gβδ + gαδgβγ


. (54)
For our computations, we use thematerial parameterµ = 2×105.
Fig. 15(a) shows the load–deflection curve for both meshes. The
curves superpose each other in the plot, which shows that the
use of the algorithm described in Section 2.5 as a way to handle
trimmed NURBS surfaces does not lead to appreciable changes in
the displacement field.3 Fig. 15(b) shows the final configuration of
the shell under the total applied load.

Once the feasibility of our method to handle trimmed NURBS
has been shown, we move to a case of practical significance. We
start by constructing a NURBS patch with the software Rhino,
which defines half of a cylinder with parameters R = 10, L =

30, and t = 0.05. Then, we cut it with two arbitrary B-splines

3 However, we have noticed that the presence of quite distorted Bézier elements
in the two-ring neighborhood of the trimming curve leads to local inaccuracies of
the stress resultants near the trimming curve. To the best of our knowledge, there
is nomethod for dealing with trimming curves that shows smooth stress resultants
in the propinquity of any given trimming curve. Improving existent algorithms
of automatic reparameterization in order to avoid distorted Bézier elements is an
appealing direction for future research.

http://www.rhino3d.com
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(a) ASTS without reparameterization. (b) Untrimmed ASTS mesh.

Fig. 14. (Color online) Bézier meshes employed in the computations. (a) ASTS mesh without reparameterization. In this case, the geometry was generated without using
trimming curves. (b) Untrimmed ASTS mesh. The geometry was generated by trimming a NURBS surface.
(a) Load–deflection curves. (b) Deformed geometry.

Fig. 15. (Color online) Analysis result for the square with a circular hole. (a) Load–displacement curves for the two mesh generation techniques. The results show the
feasibility of the proposed algorithm to handle trimmed NURBS surfaces in analysis. (b) Final deformed geometry along with the displacement magnitude.
(a) Trimmed NURBS surface. (b) Untrimmed ASTS surface.

Fig. 16. (Color online) From the trimmed NURBS surface to the untrimmed ASTS surface. (a) Initial trimmed NURBS surface. (b) Bézier mesh representation of the final
untrimmed ASTS surface.
curves. The final geometry is shown in Fig. 16(a). Subsequently,
we output all the information related with the NURBS patch, the
two trimming curves and the trimming operation in a IGES file
(this file is provided as Supplemental Material for reproducibility
purposes). Then, we apply the algorithm described in Section 2.5
so as to obtain an untrimmed ASTS surface. The resulting surface,
which has 2,906 Bézier elements and 7,686 control points, is
represented in Fig. 16(b). Finally, we consider that the shell is
simply supported at the two (circular) edges that have not been
cut by trimming curves and apply a vertical point load P = 105

(pointing downwards) at the center of the surface. Regarding the
constitutive theory, we use the Neo-Hookean material presented
in Eq. (48) with parameters E = 5 × 107 and ν = 0.3. Fig. 17(a)
shows the vertical displacement under the load for each of the 100
load steps and Fig. 17(b) displays the deformed Bézier mesh of the
shell.

5. Conclusions and future work

We believe that ASTS are a key ingredient toward a seamless
integration of CAD and analysis for shell structures. The local re-
finement capabilities of ASTS provide flexibility in order to have
increased spatial resolution where it is needed, e.g., close to point
loads. Moreover, we use the local refinement capabilities of ASTS
to deal with trimmed surfaces coming from the CAD programs. It is
also important to take into account that, in contrast toNURBS, ASTS
are a novel technology and, therefore, they have not been imple-
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(a) Load–deflection curve. (b) Deformed geometry.

Fig. 17. (Color online) Analysis result for the cylinder cut by two trimming curves. (a) Load–displacement curve at the location where the point load is applied. The data
shows how the structure stiffens as it deforms. (b) Deformed geometry along with the displacement magnitude.
mented or are currently under implementation in some of the ma-
jor CAD programs. Finally, ASTS constitute one of themost promis-
ingways to represent surfaceswith arbitrary topology in a compact
format. Currently, watertight models, that is, C0-continuous mod-
els are always achievable through the use of extraordinary points.
This property solved one of the most important issues in CAD in-
dustry, namely, the gap/overlap problem when it comes to model
complex geometries with a combination of NURBS patches. Nev-
ertheless, global C0-continuous spaces are not enough for some
analysis applications as Kirchhoff–Love shells. It is possible to im-
pose G1-continuity of both the geometry and the solution parame-
terization using the isoparametric concept at the spoke edges of an
extraordinary point [47], which leads to C1 continuity in physical
space of the solution field [62]. However, the current methods for
handling extraordinary points do not necessarily guarantee opti-
mal convergence rates under h-refinement [63,64]. In our opinion,
developing newmethods for handling extraordinary points which
lead to both C1-continuity in physical space and optimal conver-
gence rates is the main last step toward a real ASTS-based seam-
less integration of CAD and analysis for thin shell structures and
we hope to address it in the near future.
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