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Abstract

Sixth-order boundary value problems of a one-parameter gradient-elastic Kirchhoff plate model are formulated in a weak
form within an H3 Sobolev space setting with the corresponding equilibrium equations and general boundary conditions.
The corresponding conforming Galerkin method is proposed with error estimates for discretizations satisfying C2 continuity
requirements. Continuity, coercivity and consistency of the corresponding bilinear form are utilized for proving the theoretical
results. Numerical computations with conforming isogeometric discretizations of C p−1-continuous NURBS basis functions of
order p ≥ 3 confirm the theoretical results and illustrate the features of the problem for both statics and free vibrations. In particular,
the effects of the additional boundary conditions and parameter-dependent boundary layers corresponding to the gradient elasticity
theory are addressed by the numerical examples.
c⃝ 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Roughly ten years ago, Isogeometric Analysis (IGA) was introduced by Hughes et al. having the primary focus
on integration of industrial design–analysis processes [1]. The fundamental proposition was to perform computer
aided engineering (CAE) analysis, finite element analysis (FEA) essentially, by using, in an isoparametric framework,
the basis function (e.g. B-splines and NURBS) utilized in computer-aided design (CAD). Thereafter, a variety of
other spline variants have been introduced and thoroughly analyzed for IGA [2–5]. Besides the target of CAD–CAE
process integration, the most natural benefit of the isogeometric paradigm has been the “exact”, or better as-designed,
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representation for the geometries of simulation models. On the other hand, it has turned out that isogeometric analysis
provides some other significant benefits compared to the classical finite element analysis; see [1,6,7], for instance.
Importantly, many of these benefits originate from higher-order continuity of basis functions which basic isogeometric
methods provide in a natural and straightforward manner, as C p−1-continuity for standard NURBS patches of order p.
As a particular implication, isogeometric Galerkin methods have turned out to be an attractive framework for solving
problems governed by higher-order partial differential equations requiring higher-order regularity for function spaces.
This capability is utilized in the present work in the context of generalized continuum mechanics.

From the early 19th century, classical continuum mechanics has formed the fundamental basis for modeling,
analyzing and predicting the behavior of solids and structures in various fields of science and engineering. Although
the main application fields of the classical continuum theories come from the macro-scale world, even modern nano-
scale structures as nanotubes and graphene have been modeled by using classical elasticity theory; see [8], for instance.
In general, due to the underlying well-defined axioms of the conception of Cauchy’s continuum, the ability of classical
continuum theories for describing multi-scale phenomena is, however, very limited [9,10]. Therefore, classical
continuum theories have been extended in different ways for capturing various multi-scale phenomena, without losing
their powerful homogenizing nature [11,12]. On the other hand, one of the main motivations for further developments
has been the inefficiency of many methods of computational multi-scale physics [13], especially in many fields of
computational mechanics with applications eventually ruled by macro-scale quantities and conservations laws.

The origins of generalized continuum theories can be traced back to Cauchy’s enrichments for modeling discrete
lattices in the 1850s. So-called micro-rotations and couple-stresses proposed by the Cosserat brothers at the beginning
of the 20th century can be regarded as the next milestone of generalized continuum models. The first major revival,
in turn, dates back to the 1960s in the name of Koiter, Mindlin, Naghdi, Rivlin, Toupin, Truesdell and others; see
[14,11,12] for reviews and references. Most of the early works can be regarded as fairly platonic in the sense that
they strongly rely on mathematical analysis without model validation. Finally, in the 1980s and 1990s and later on,
simplified models of higher-order theories have been proposed, studied and even validated to some extent; see [14] for
an overview and references. On the other hand, even some general higher-order theories have been recently studied
for both continua and fluids [15–20] and applied by utilizing computational tools; see [21,22], for instance.

In the current study, we adopt a widely adopted single-parameter simplification of the Mindlin’s gradient elasticity
theory of Form II [23] proposed by Aifantis, Ru and Altan [24–26]. Within this gradient elasticity theory, the
Kirchhoff plate model leads to a sixth-order governing equation [27–30], instead of the well known fourth-order partial
differential equation of the classical elasticity theory [31]. This naturally implies difficulties in solving the problem by
both analytical and numerical means. As a result, the literature on solution methods is very limited. Only a few model
problems with simple geometries and specific boundary conditions have been solved, and mostly by analytical means:
by a series of trigonometric functions [28,29,32,33]; with separation of variables [34]; by a reduction into a one-
dimensional equation [29]; with a cubature method [35]. Regarding the applicability and necessity of the (simplified)
theories of strain gradient elasticity, we refer to the discussion in [9,36,27], whereas for experimental observations
and related model validation, we refer to [37–39] for the stiffening effect of micro-beams and micro-plates, [9] for
comparing molecular dynamics with experiments for determining gradient-elastic parameters for different materials,
and [40,41] for capturing gradient effects of honeycomb and granular materials, respectively.

Our particular aim is to provide an efficient and reliable numerical method for the gradient-elastic Kirchhoff plate
problem by utilizing the theoretical results of [30]. In particular, the higher-order smoothness requirement for solving
the proposed H3 formulation by a conforming Galerkin method of C2-continuous basis functions will be satisfied
by utilizing the isogeometric approach [1] providing a C p−1-continuous discretization with NURBS of order p ≥ 3.
Some related problems requiring global C1-continuity have been already solved by isogeometric analysis; see [42–48],
for instance. In particular, isogeometric analysis enables one to avoid applying higher-order, nonconforming, mixed,
or other non-standard finite element methods, or meshless methods, such as [49–56], and [57], respectively. Our
contribution is one of the first ones applying Galerkin-type isogeometric analysis, or Galerkin methods on the whole
with theoretical error analysis and numerical computations, for multidimensional problems requiring C2-continuity
for conformity. A couple of recent IGA contributions of numerical results can be found in [58,59] studying a phase
field crystal model and higher-order gradient damage formulations, respectively. Finally, we note that the current
gradient-elastic Kirchhoff plate model – as the corresponding bar and plane stress/strain models studied in [44,48]
– includes parameter-dependent boundary layers which will be illustrated and analyzed by the current numerical
approach as well.
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This paper is organized as follows: In Section 2, we introduce our notation by recalling the theory of gradient
elasticity applied to the Kirchhoff plate bending model. In Section 3, we recall the strong and weak formulations
of the problem, and propose the corresponding method with error analysis. In Section 4, we set up an isogeometric
Galerkin discretization for numerical benchmarks and examples. Conclusions are finally drawn in Section 5.

2. Gradient-elastic Kirchhoff plate model

For introducing our notation, we start by briefly recalling the theoretical framework of the Kirchhoff plate problem
for a three-dimensional, linearly isotropic, gradient-elastic continuum.

First, in Mindlin’s strain gradient elasticity theory of Form II [23], the strain energy density is given in the form

W =
1
2
λεi iε j j + µεi jεi j + g1εi i,kεk j, j + g2εi j, jεik,k + g3εi i,kε j j,k + g4εi j,kεi j,k + g5εi j,kεk j,i , (2.1)

with five non-classical material parameters g1, . . . , g5 besides the classical Lamé parameters λ and µ of the
generalized Hookes’ law relating the classical Cauchy stresses, or better Cauchy-like stresses within this theory,

σi j =
∂W
∂εi j

= λεkkδi j + µεi j = σ j i , (2.2)

with linear strains εi j = (ui, j +u j,i )/2, defined by partial derivatives of displacements ui , with indices i, j, k = x, y, z
and Cartesian coordinates x, y, z.

A one-parameter simplification proposed by Altan and Aifantis [26], and later adopted and analyzed by numerous
authors, considers from (2.1) only the non-classical terms which relate to parameters g3 and g4 by reducing the strain
energy density to the following expression:

W =
1
2
λεi iε j j + µεi jεi j + g2


1
2
λεi i,kε j j,k + µεi j,kεi j,k


, (2.3)

where the material parameter g describes the length scale of the micro-structure of the material. In this formulation,
the so-called double-stresses [23]

τi jk =
∂W
∂εi j,k

= g2(λεll,kδi j + µεi j,k) = τ j ik (2.4)

are related to the strain derivatives by the Lamé parameters and the gradient parameter (g3 = g2λ/2, g4 = g2µ). With
constant Lamé parameters, (2.4) gives τi jk = g2σi j [60,30].

Second, regarding geometrical concepts of the plate problem, let us consider a plate structure occupying a
three-dimensional domain

P = Ω ×


−

t

2
,

t

2


, (2.5)

where Ω ⊂ R2 is a bounded set denoting the midsurface of the plate and t ≪ diam(Ω) denotes the thickness of
the plate. The boundary of the plate can be assumed to be piecewise smooth (satisfying the so-called cone condition
providing positive interior angles for all vertices [61,62]). For simplicity, the thickness is assumed to be constant.
Second, regarding external loadings, we simply assume, as usual, that a body load f : P → R with a transversal
component alone is present. In general, throughout the paper, the plate is assumed to be in bending rather than in
stretching state. For general external loadings exciting the bending state, we refer to a detailed discussion in [30].

Within the simplified strain elasticity theory of (2.3), the internal virtual work for the gradient-elastic Kirchhoff
plate model over the plate midsurface Ω is given, for constant Lamé parameters, in the form [30,29]

δW g
int =


Ω

M : ε(∇δw) dΩ +


Ω

g2
∇M

... ∇ε(∇δw) dΩ , (2.6)

where : and
... denote the scalar products defined with Einstein’s summation convention for second- and third-order

tensors, respectively, as

σ : ε = σi jϵi j , κ
... γ = κi jkγi jk (2.7)
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with i, j, k = x, y (see Remark 1). The standard vector-valued gradient operator is denoted by ∇, whereas ∇ denotes
the (third-order) tensor-valued gradient. The classical (symmetric) bending moment tensor in (2.6) is defined as

M =


Mxx Mxy
Myx Myy


with Mi j = −

 t/2

−t/2
z σi j dz, i, j = x, y, (2.8)

where the plane stress hypothesis, σi z = 0, i = x, y, z, is applied for the stress field. The moment tensor can be further
expressed in the form

M = M(∇w) = Eε(∇w), (2.9)

where the symmetric positive definite bending moduli tensor E : Ω → R2×2×2×2 is defined, in the case of constant
bending rigidity D, by the relation

Eε = D

(1 − ν)ε + ν tr εI


, D =

Et3

12(1 − ν2)
, (2.10)

originating from the generalized Hooke’s law (2.2) and the dimension reduction of (2.8), with the material parameters
Young’s modulus E and Poisson’s ratio ν, and I denoting the (second-order) identity tensor. Within this notation, ε

represents the midplane curvature tensor, defined as the symmetric gradient

ε(β) =
1
2


∇β + (∇β)T 

(2.11)

applied to the midsurface rotation vector β = ∇w. The standard dimension reduction hypotheses of the Kirchhoff
plate model have been adopted for the displacement field u : P → R3, implying the component form u = (ux , u y, uz)

with ux = −zβx (x, y), u y = −zβy(x, y), uz = w(x, y). Hence, as in the classical elasticity theory, the single scalar
field w : Ω → R representing the transverse deflection of the midsurface serves as the only independent unknown of
the problem.

Remark 1. The contribution of the partial derivatives with respect to the z-coordinate of the third-order tensor-valued
gradient ∇ in (2.6), stemming from the three-dimensional continuum theory, can be neglected by assuming that g ≪ t
(see the discussion in Remark 2 of [48], the discussion and examples in [30] and Remark 2 addressing the implications
for the governing equation).

Beside the classical force quantities related to the Cauchy stress σ appearing above in (2.8), the gradient-elastic
plate model introduces (by applying integration by parts for the second term in the energy expression (2.6)), the
gradient-elastic bending moment tensor

Mg
= (1 − g2∆)M (2.12)

which can be called the total bending moment. Analogously, the classical transverse shear force vector, defined by the
static equilibrium equation

Q = div M, (2.13)

gives the gradient-elastic shear force vector in the form

Qg
= div Mg

= (1 − g2∆)Q. (2.14)

Finally, for the assumed transversal body loading fz = fz(x, y), the external virtual work is written over the plate
midsurface Ω simply as

δW c
ext =


Ω

Fδw dΩ , (2.15)

with F = t fz denoting the body load resultant. More general classical and non-classical loadings have been studied
in [30].
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For analyzing vibrations or time-dependent problems within the current gradient elasticity theory, an additional
gradient parameter introducing a micro-inertia term has been proposed [23] in order to achieve a physically
satisfactory dispersion relation for a large range of wave numbers [63]. The variation of the kinetic energy is then
written in the form ([23]; Eq. (3.3) and (2.4) with (10.2))

δ


T

W γ

kin dτ = −


T


B

ρü · δu dB +


B

γ 2ρ∇ü : ∇δu dB


dτ (2.16)

with T and ρ denoting a time interval of the time variable τ and mass density, respectively, and finally γ standing
for the gradient parameter related to the micro-inertia. Neglecting the contribution of the kinetic bending energy
corresponding to the in-plane displacements (of order ρt3) implies the following variation of the kinetic energy (of
order ρt):

δ


T

W γ

kin dτ = −


T


Ω

ρtẅ · δw dΩ +


Ω

γ 2ρt∇ẅ · ∇δw dΩ


dτ. (2.17)

3. Euler equations, variational formulations and error analysis

This section starts by recalling the governing equations and boundary conditions of the problem. Next, the problem
is formulated in a variational form in a Sobolev space setting and a conforming Galerkin method is proposed for
numerical approximations. Within this context, the solvability of the problem is guaranteed due to the continuity and
coercivity of the problem. These properties are inherited by the numerical method as well, which implies desired error
estimates for the method.

3.1. Euler equations

The energy balance of the internal virtual work (2.6) and the external virtual work (2.15) with the kinetic energy
(2.17) gives for constant g the governing equation of motion for the moment tensor of (2.12) in the form [30,28]

div div (1 − g2∆)M + (1 − γ 2∆)ρtẅ = F in Ω , (3.1)

with ρ denoting the mass density assumed to be constant, ẅ standing for the second time derivative of the deflection
and γ denoting the gradient parameter related to the micro-inertia term (introduced already in (2.17)).

First of all, it should be noticed that setting g = 0 = γ clearly reduces (3.1) to the classical governing equation of
motion for Kirchhoff plates for the classical moment tensor of (2.9). Second, a detailed analysis of wave dispersion
in gradient-elastic plates (as well as beams and bars) can be found in [63]. In particular, relation (36) and Figure 4 in
[63] clearly reveal that γ = 0 implies physically unacceptable unbounded wave velocities for high wavenumbers or
frequencies.

For expressing the equation of motion in terms of deflection, the gradient-elastic bending moments and the twisting
moment can be written in terms of deflection by using (2.8)–(2.12):

Mg
xx = D


∂2w

∂x2 + ν
∂2w

∂y2


− g2 D


∂4w

∂x4 + ν
∂4w

∂y4 + (1 + ν)
∂4w

∂x2∂y2


, (3.2)

Mg
yy = D


∂2w

∂y2 + ν
∂2w

∂x2


− g2 D


∂4w

∂y4 + ν
∂4w

∂x4 + (1 + ν)
∂4w

∂x2∂y2


, (3.3)

Mg
xy = D(1 − ν)

∂2w

∂x∂y
− g2 D(1 − ν)


∂4w

∂x3∂y
+

∂4w

∂y3∂x


. (3.4)

Accordingly, the governing equation (3.1) can be written as

D∆2w − g2 D∆3w + (1 − γ 2∆)ρtẅ = F in Ω , (3.5)
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where the partial differential operators are defined in a standard way as

∆2
=

∂4

∂x4 +
∂4

∂y4 + 2
∂4

∂x2∂y2 , (3.6)

∆3
=

∂6

∂x6 +
∂6

∂y6 + 3
∂6

∂x4∂y2 + 3
∂6

∂y4∂x2 . (3.7)

The components of the shear force vector, in turn, can be derived by using (2.13) and (2.14):

Qg
x = D

∂(∇2w)

∂x
− g2 D

∂

∂x


∂4w

∂x4 +
∂4w

∂y4 +
∂4w

∂x2∂y2


, (3.8)

Qg
y = D

∂(∇2w)

∂y
− g2 D

∂

∂y


∂4w

∂x4 +
∂4w

∂y4 +
∂4w

∂x2∂y2


. (3.9)

Remark 2. In [33,64,30], for instance, the partial derivative with respect to the z-coordinate in the higher-order
gradient of (2.6) is taken into account, which leads to a static governing equation of the form

1 +
12g2

t2


D∆2w − g2 D∆3w = F in Ω . (3.10)

From the mathematical point of view, however, the presence of the sixth-order partial differential operators is still the
most essential difference with respect to the classical biharmonic equation (g = 0).

Finally, the boundary conditions for the static case, both essential and natural ones, corresponding to (3.1) are given
as follows:

w = w or Qg
· n +

∂(Mgn · s)
∂s

− g2 ∂3(Ms · s)
∂n∂s2 = V

g
n on ∂Ω , (3.11)

∂w

∂n
= βn or Mgn · n − 2g2 ∂2(Mn · s)

∂n∂s
= M

g
nn on ∂Ω , (3.12)

∂2w

∂n2 = κnn or g2 ∂(Mn · n)

∂n
= G

g
nn on ∂Ω . (3.13)

For notational simplicity, the natural conditions recalled above are valid for straight boundaries; more general ones can
be found in [30]. The overlined given boundary variables, namely, the deflection w and normal rotation βn and their
conjugate quantities, the effective shear force V

g
n and the bending moment M

g
nn , are already present in the classical

case (g = 0) as V n and Mnn , respectively. In the current gradient-elastic model, however, additional given boundary
quantities, namely, the normal curvature κnn and its conjugate variable, the double bending moment G

g
nn , appear.

From the physical point of view, the boundary conditions can be grouped such that five different boundary condition
types can be distinguished: In fact, the clamped and simply supported boundaries can be both distinguished into two
different types according to the normal curvature. We adopt the notation from [30], where these two types are given
additional attributes doubly and singly – referring, respectively, to prescribed or unprescribed normal curvature –
with the subscripts d and s, respectively. In principle, this distinguishment could be done for free boundaries as well,
which is not considered physically relevant and is hence omitted here. Regarding corner conditions as well as general
loadings, we refer again to [30].

3.2. Variational formulations and error analysis

In this subsection, we first recall the variational formulation introduced in [30] and then formulate the
corresponding conforming discrete formulation with the corresponding error estimates which will be realized and
verified by an isogeometric finite element discretization and numerical results in the subsequent section.

In what follows, we will use the notation H s(Ω) for a real Sobolev space of order s consisting of square integrable
real-valued functions defined on Ω with square integrable weak derivatives up to order s. The corresponding Sobolev
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norm is denoted by ∥ · ∥s and the seminorm by | · |s . In particular, for v ∈ H3(Ω) relevant to our problem setting, the
detailed definition for ∥v∥

2
3 = ∥v∥

2
0 + |v|

2
1 + |v|

2
2 + |v|

3
2 are given as

∥v∥
2
0 =


Ω

v2 dΩ , |v|
2
1 =


Ω

∇v · ∇v dΩ =


Ω

(v2
x + v2

y) dΩ ,

|v|
2
2 =


Ω

∇∇v : ∇∇v dΩ =


Ω

(v2
xx + v2

yy + 2v2
xy) dΩ , (3.14)

|v|
2
3 =


Ω

∇∇∇v
... ∇∇∇v dΩ =


Ω

(v2
xxx + v2

yyy + 3v2
xxy + 3v2

xyy) dΩ ,

where the subscripts for the functions above refer to the partial derivatives in the coordinate directions.
In this subsection, we assume that F and E are scaled by the bending modulus D such that F = F/D and E =

E/D. This implies a dimensionless formulation with diam(Ω) as the length unit, as typical in mathematical analysis
of plate models. For clarity, the hat notation is omitted in the formulations below, however. Regarding boundary
conditions, the boundary of the plate is assumed to be composed of disjoint open sets as ∂Ω = ΓCs∪ΓCd∪ΓSs∪ΓSd∪ΓF
where each part of the boundary is a finite sum of connected components (such that rigid body motions are restrained).

The variational formulation of the static plate problem corresponding to (2.6) with (2.9) and (2.15) reads as follows:

Problem 1. For F ∈ L2(Ω), find w ∈ W ⊂ H3(Ω) such that

a(w, v) = l(v) ∀v ∈ V ⊂ H3(Ω), (3.15)

where the bilinear form a : W × V → R, a(w, v) = ac(w, v) + a∇(w, v), and the load functional l : V → R are,
respectively, defined as

ac(w, v) =


Ω

Eε(∇w) : ε(∇v) dΩ , (3.16)

a∇(w, v) =


Ω

g2
∇(Eε(∇w))

... ∇ε(∇v) dΩ , (3.17)

l(v) =


Ω

F v dΩ . (3.18)

The trial function set

W =


u ∈ H3(Ω) | u|ΓS∪ΓC = w,

∂u

∂n |ΓC

= βn,
∂2u

∂n2
|ΓCd∪ΓSd

= κnn


(3.19)

consists of functions satisfying the essential boundary conditions, with given Dirichlet data w, βn, κnn , while the test
function space V consists of H3 functions satisfying the corresponding homogeneous Dirichlet boundary conditions.

The energy norm of the problem which is induced by the bilinear form, and hence corresponds to the strain energy
of the plate, is defined as

∥v∥
2
a =


Ω


(1 − ν)ε(∇v) + ν tr ε(∇v)I


: ε(∇v) dΩ

+


Ω

g2(1 − ν)∇ε(∇v) + ν tr ∇ε(∇v)I
 ... ∇ε(∇v) dΩ . (3.20)

This norm is equivalent to the H3 norm whenever W = V [30]. In addition, the symmetry of the bilinear form is
clearly guaranteed. In the limit case g = 0, the bilinear form of the problem reduces to the classical one requiring
only H2 regular functions.

Continuity and coercivity of the bilinear form a(·, ·) – for each positive g – have been proved in [30] for fully
clamped plates with ∂Ω = ΓCs and W = V guaranteeing the well-posedness of the problem.

For numerical analysis, in turn, continuity and coercivity can be utilized for proving error estimates in a
straightforward manner, especially for conforming approximations. This gives us an evident motivation to formulate
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a conforming Galerkin method for Problem 1 in order to obtain an approximate solution for the problem as
wh ∈ Wh ⊂ W with error bounds in the associated norm:

Method 1. For F ∈ L2(Ω), find wh ∈ Wh ⊂ W such that

a(wh, v) = l(v) ∀v ∈ Vh ⊂ V . (3.21)

With the conformity and consistency of the method, the continuity and coercivity of the continuous problem
(proved for ∂Ω = ΓCs in [30]) are inherited by the discrete method implying the following error estimate:

Proposition 1. Let us assume that ∂Ω = ΓCs , W = V and g > 0. For a given loading F ∈ L2(Ω), the following
error estimate holds for Method 1:

∥w − wh∥3 ≤
C

α
inf

0≠v∈Vh
∥w − v∥3. (3.22)

Proof. The result follows by imitating the standard steps of proving the so-called Cea’s lemma (see [61], for instance):
due to coercivity, the square of the error norm is bounded by the bilinear form; the Galerkin orthogonality property
implied by conformity and consistency is applied for involving function v; continuity is used to bound the bilinear
form by the error norms. �

Regarding boundary conditions, we next give a couple of practical proposals concerning the numerical method.
For fixing (in a strong sense) the normal derivative of the deflection (rotation) in case of singly and doubly clamped
boundaries, i.e., for ΓCs ∪ ΓCd ≠ ∅, we refer to [43,65]. For fixing the second-order normal derivative of the
deflection (curvature) required for doubly simply supported and doubly clamped boundaries, i.e., for ΓSd ∪ ΓCd ≠ ∅,
we propose using a weak enforcement, instead. This means excluding the boundary condition from the discrete
function spaces (Wh and Vh) and augmenting the bilinear form accordingly. A convenient way is to adopt the classical
(mesh-independent) penalty method [66,67] applied in Section 4: the bilinear form of Method 1 will be replaced by
ah(wh, v) = a(wh, v) + b∇

h (wh, v) including the penalty term

b∇

h (wh, v) =


e⊂(ΓSd∪ΓCd )

γ


e

∂2wh

∂n2

∂2v

∂n2 ds, (3.23)

with γ > 0 denoting a penalty parameter and e standing for boundary edges of elements (attached to the corresponding
parts of the boundary).

Regarding the additional part b∇

h (·, ·) of the modified bilinear form, we emphasize that in the form of (3.23) it
takes into account the corresponding homogeneously fixed boundary condition, i.e., κnn = 0 in (3.13). For proving
an error estimate for the method with the penalty term, a suitable degrading for the penalty parameter is needed; see
[66,68,67]. Finally, it is worth noting that from the mathematical point of view the classical penalization term of (3.23)
makes the discrete formulation inconsistent [69], whereas the so-called Nitsche’s method [70,71] would provide a
consistent method [69,54,55,47].

Regarding the uniformity of the error estimate (3.22) with respect to the gradient parameter, one should notice that
due to the fact that the coercivity constant α depends on g the error estimate is dependent on g as well (according
to the coercivity proof of [30] for Problem 1, it holds that α = g2(1 − ν)/64). However, according to the numerical
results in Section 4 the method gives surprisingly good convergence results for a wide range of parameter values.

The qualitative error estimate of Proposition 1 gives, with C2-continuous discretizations, a more quantitative
estimate for the error by utilizing the approximation properties of NURBS functions [72,2] in case of isogeometric
analysis adopted in the next section (or the corresponding classical results for polynomials [73] of standard finite
element analysis):

Corollary 1. With the assumptions of Proposition 1, the following error estimate holds for Method 1:

∥w − wh∥3 ≤
C

α
ch p−2

|w|p+1, (3.24)

where c denotes an interpolation constant and the exact solution of the problem is assumed to be smooth enough,
i.e., w ∈ H p+1(Ω).
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It should be noticed that due to the boundary layers of the solution, stemming from the gradient parameter g as
a factor for the highest-order field derivatives, this estimate is not uniform with respect to the gradient parameter.
Indeed, a regularity analysis could be accomplished for the problem, and a refined error analysis for the method; in
the spirit of [74] and [75], respectively, for instance. Some numerical examples of boundary layers are given in the
next section.

We conclude this section by noting that for free bending vibrations of the plate problem the inertia terms
corresponding to (3.1) or (3.5) are of the form (cf. (2.17))

mc(w, v) =


Ω

ρtẅ v dΩ , (3.25)

m∇(w, v) =


Ω

γ 2ρt ∇ẅ · ∇v dΩ , (3.26)

given now without any scaling related to the bending rigidity.

4. Numerical results via isogeometric analysis

This section is dedicated for setting up an isogeometric Galerkin discretization of Method 1 for solving benchmark
problems of gradient-elastic Kirchhoff plates, in order to study the convergence properties of the method and the
sensitivity of the method with respect to the penalty coefficient for the non-classical boundary conditions. The
applicability and generality of the proposed method, with respect to plate geometries and boundary conditions, in
particular, are studied thoroughly as well.

4.1. Isogeometric Galerkin formulation

In this subsection, we briefly recall the usual isogeometric tensor product discretizations for planar domains in
order to formulate the corresponding isogeometric Galerkin version of Method 1 which has been realized as a Matlab
implementation for obtaining the numerical results of the subsequent subsections.

First, between a two-dimensional parametric space, unit square [0, 1] × [0, 1], and the midsurface Ω̄ , we define a
geometrical mapping F : [0, 1] × [0, 1] → Ω̄ as

F(ξ, η) =

n
i=1

m
j=1

R p,q
i, j (ξ, η)Bi, j (4.1)

providing an isogeometric NURBS discretization of the solution domain. Above, Bi, j , i = 1 . . . n, j = 1 . . . m, denote
the control points associated to the NURBS basis functions defined as

R p,q
i, j (ξ, η) =

Ni,p(ξ)M j,q(η)wi, j
n̂

i=1

m̂
j=1

Nî,p(ξ)M ĵ,q(η)wî, ĵ

. (4.2)

B-spline basis functions Ni,p and M j,q of order p and q, respectively, associated to the open knot vectors (allowing
knot repetitions) {0 = ξ1, . . . , ξn+p+1 = 1}, {0 = η1, . . . , ηm+q+1 = 1}, respectively, are defined on the basis of the
Cox–de Boor recursion [76]. Accordingly, the tensor product mesh of the midsurface is denoted by

Th = {K = F((ξi , ξi+1) × (η j , η j+1)) | 1 ≤ i ≤ m p − 1, 1 ≤ j ≤ mq − 1}, (4.3)

where indices i and j now run through knots ξi and η j from the corresponding knot vectors without repetitions, with
m p and mq referring to the number of these knots (for more details, see [2], for instance). The global mesh size
h = maxK∈Th hK , defined by the element size hK = diam(K ), serves as the mesh index as usual.

Second, we introduce an isoparametric discrete function space Sh = {R p,q
i, j ◦ F−1

}. Thus, assuming equal-order

basis functions with p = q implies global regularity C p−1 over Th . Therefore, it holds that Sh ⊂ H3(Ω) for p ≥ 3,
which provides a conforming Galerkin version of Method 1 with Wh = (Sh ∩ W ) ⊂ W and Vh = (Sh ∩ V ) ⊂ V .
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Fig. 1. Doubly simply supported square plate: Convergence in the H3 and H2 norms for p = 3, 4, 5 with g = 0.01.

4.2. Convergence study of a doubly simply supported square plate

Let us consider a rectangular plate with side lengths a and b, i.e., Ω = (0, a) × (0, b). Under a sinusoidal loading

F(x, y) = F0 sin
πx

a
sin

πy

b
, (4.4)

for doubly simply supported boundaries the deflection of the plate takes the form (cf. the classical Navier solution and
the corresponding series in [28] satisfying (3.5))

w(x, y) =
F0 sin(πx/a) sin(πy/b)

π4 D

1 + (1 + (a/b)2)π2(g/a)2


(1/a2 + 1/b2)2

(4.5)

giving the central deflection

w
g
0 =

F0

π4 D

1 + (1 + (a/b)2)π2(g/a)2


(1/a2 + 1/b2)2

(4.6)

which can be compared to the central deflection of the corresponding classical (g = 0) Navier solution, i.e.,

w0
0 =

F0

π4 D(1/a2 + 1/b2)2 , (4.7)

in order to illustrate the stiffening behavior of the gradient model illustrated in [28].
In what follows, we restrict ourselves to a square plate with a = b = 1. The material values are assumed to be

constant in all of the benchmark tests: E = 12 000, t = 0.1 and ν = 0.3.
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Fig. 2. Doubly simply supported square plate: Convergence in the H1 and L2 norms for p = 3, 4, 5 with g = 0.01.

First, we note that since the benchmark problem includes the non-classical doubly simply supported boundary
condition (cf. (3.11)–(3.13)) on ∂Ω , i.e.,

w = 0, Mgn · n − 2g2 ∂2(Mn · s)
∂n∂s

= 0,
∂2w

∂n2 = 0, (4.8)

and the essential boundary condition concerning the second (normal) derivative have been prescribed by using the
penalty method, the sensitivity of the method with respect to a penalty coefficient cp have been studied for a wide
range of penalty coefficients, 1 ≤ cp ≤ 109 (with p = 4 for the degree of the NURBS basis functions with
C3-continuity). One can conclude that in the case of statics the method does not seem to be very sensitive to the
penalty parameter, becoming unstable somewhere between cp = 108 and cp = 109. For the computations below, we
use the value cp = 102.

Second, the convergence properties of the method are studied with respect to different norms for a fixed value
of the gradient parameter g. In Fig. 1, the relative error in the H3 and H2 norms is plotted against the mesh size
(in logarithmic scales) for NURBS orders p = 3, 4, 5 with continuity C p−1. The gradient parameter is chosen to
be g = 0.01. It can be seen that the convergence rate fairly strictly follows the theoretical order O(h p−2) predicted
by Corollary 1. The convergence rate for the relative error in the H2 norm seems to follow the order O(h p−1). The
corresponding plots for the relative errors in the H1 and L2 norms are presented in Fig. 2 showing some deterioration
in the convergence rates.

Third, for studying the parameter dependence of the convergence rate (see the remark below Proposition 1), relative
errors in the H3 and H2 norms with p = 3 are plotted in Fig. 3, for four different values of the gradient parameter,
g = 0.2, g = 0.14, g = 0.05, g = 0.01 (corresponding to the parameter range 0.0001 ≤ g2

≤ 0.04). According to
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Fig. 3. Doubly simply supported square plate: Convergence in the H3 and H2 norms for p = 3 with g = 0.2, 0.14, 0.05, 0.01.

these plots, the gradient-elastic modulus g does not essentially affect the convergence rates within the adopted mesh
density range. On the contrary, the corresponding plots for H1 and L2 norms in Fig. 4 show a clear but still fairly
moderate parameter dependence.

4.3. Boundary layers of a singly simply supported rectangular plate

Let us next consider a square plate with singly simply supported boundary conditions (cf. (3.11)–(3.13)) on ∂Ω ,
i.e.,

w = 0, Mgn · n − 2g2 ∂2(Mn · s)
∂n∂s

= 0 and g2 ∂(Mn · n)

∂n
= 0. (4.9)

First, we compare the doubly and singly simply supported boundary conditions with each other. In Figs. 5 and 6,
respectively, the distributions of the deflection w and its derivative component ∂2w/∂x2 (appearing in the bending
moments Mg

xx and Mg
yy of (3.2)–(3.3)) are compared for doubly and singly simply supported boundaries with g = 0.2

(with p = 3, as in all of the following plots, for a 16 × 16 mesh). It can be seen that although the displacement
distributions of Fig. 5 are qualitatively fairly similar to each other, there is a clear difference in the magnitude. The
second derivatives differ more significantly as can be seen in Fig. 6 depicting the distribution of ∂2w/∂x2: with
doubly simply supported boundaries (left), the distribution is symmetric with respect to both the coordinate axes and
the diagonal lines, which is not the case for singly simply supported boundaries (right), instead, since the symmetry
holds with respect to the axes only.

Furthermore, in Fig. 7, the same distributions of ∂2w/∂x2 are plotted along the mid-line y = b/2 (giving piecewise
linear distributions for the adopted approximation order p = 3, as can be observed from the plots). These plots reveal
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Fig. 4. Doubly simply supported square plate: Convergence in the H1 and L2 norms for p = 3 with g = 0.2, 0.14, 0.05, 0.01.

Fig. 5. Square plate: Distribution of w with g = 0.2 and p = 3 for doubly (left) and singly (right) simply supported boundaries.

the nature of the differences in the solution fields. In particular, it can be stated that the doubly simply supported case
(left) is qualitatively very close to the classical case (g = 0, not shown here), whereas the singly simply supported
case (right) exhibits a boundary layer which is very wide for the adopted parameter value g = 0.2.

For further studying the boundary layer of the solution, the distribution of the component ∂2w/∂x2 along the mid-
line y = b/2 is compared for smaller parameter values, g = 0.05 and g = 0.01, in Fig. 8. The results from a uniform
mesh with 16 × 16 elements (left) do not capture the boundary layer accurately enough, whereas meshes refined
near the boundaries inhabited by the layer (right) are able to capture the shape of the boundary layers. The boundary
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Fig. 6. Square plate: Distribution of ∂2w/∂x2 with g = 0.2 and p = 3 for doubly (left) and singly (right) simply supported boundaries.

Fig. 7. Square plate: Distribution of ∂2w/∂x2 along the line y = b/2 with g = 0.2 for doubly (left) and singly (right) simply supported boundaries.

refinements are accomplished such that the mesh finally consists of narrow boundary regions of width 2g densely
meshed with 10 × 10 elements and a large interior region coarsely meshed with 10 × 10 elements. It can be seen that
for very small values of g the overall shape of the derivative distribution is fairly close to the corresponding one of the
doubly simply supported case (Fig. 7 (left)), although the solution still exhibits a tiny and narrow boundary layer.

Finally, bending moment distributions for Mg
xx consisting of the second- and fourth-order derivatives of the

deflection (see (3.2)) are plotted in Fig. 9 for g = 0.01, both in the plate domain and along the mid-line y = b/2 with
p = 5. The mid-line curve reveals a tiny layer near the boundaries but the moment distribution is still symmetric with
respect to both the coordinate axes and the diagonal lines as expected.

4.4. Vibration study of a doubly simply supported rectangular plate

For examining free vibrations, we consider a doubly simply supported square with a = b = 1, E = 12 000,

t = 0.1, ρ = 1 and ν = 0.3. The plate domain is discretized with a 32 × 32 mesh with p = 3.
The exact eigenvalues of the problem can be obtained by simply inserting a harmonic trial solution

w(x, y, t) =

∞
m=1

∞
n=1

wmn sin
mπx

a
sin

nπy

b
sin ωt, (4.10)

satisfying the boundary conditions (4.8), into the governing equation (3.5) with F = 0. This gives the natural
frequencies in the form

ωmn = π2


D

ρt

m2

a2 +
n2

b2

2
+ π2g2

m2

a2 +
n2

b2

3
(4.11)

(including a correction to equation (31) of [28]).
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Fig. 8. Singly simply supported square plate: Distribution of ∂2w/∂x2 along the line y = b/2 with g = 0.05 (top) and g = 0.01 (bottom) with a
uniform mesh (left) and boundary refinements (right) for p = 3.

Fig. 9. Singly simply supported square plate: Distribution of Mg
xx with g = 0.01 and p = 5 over the square domain (right) and along the line

y = b/2 (left).

In Fig. 10, the eigenspectra normalized with the corresponding exact solutions are plotted for g = 0.01 and
g = 0.05 (with γ = 0). In addition, the eigenspectra for the case g = 0 (and γ = 0) with both singly and doubly
simply supported boundary conditions are depicted in the same figure for comparison. Despite of the fact that these
two alternatives for g = 0 possess practically identical eigenspectra for our particular case of a rectangular plate,
it should be noticed that the singly simply supported case represents the classical simply supported Kirchhoff plate,
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Fig. 10. Doubly simply supported square plate: Discrete normalized spectra for g = 0, 0.01, 0.05 with γ = 0 and p = 3 (and the classical case
g = 0 (singly) serving as a reference).

Fig. 11. Singly simply supported square plate: Discrete spectra with g = 0.05 and p = 3 for γ = 0, 0.01, 0.02, 0.03.

whereas in the doubly simply supported case the classical simply supported plate has been forced to satisfy (in a
weak sense by the penalization technique) the extra boundary condition ∂2w/∂n2

= 0 (cf. conditions (4.9) and (4.8),
respectively). It is worth noting that both variants of the simple support lead to a well-posed problem at g = 0 at
the continuous level as well and the trial solution (4.10) satisfies both types of simply supported boundary conditions
in this particular case of a rectangular plate (for g = 0): the classical pair w = 0 = Mn · n (singly) as well as the
modification w = 0 = ∂2w/∂n2 (doubly). After all, by comparing the frequency sweeps for g = 0.01 and g = 0.05,
a moderate parameter dependence can be pointed out from the plots: increasing g increases the error level. Finally, it
should be noticed as well that the error levels for the doubly simply supported cases explode for very high frequencies,
which originates from the use of the penalty technique for enforcing the doubly clamping boundary condition. Indeed,
this numerical problem does not appear in the following example of singly simply supported boundaries (which is
perhaps the more realistic case in many applications) where no penalty formulation is needed. Using the doubly
simply supported boundary condition in the current problem, however, allows us to compare the numerical results to
the corresponding analytical ones available for this specific case. In general, by using some alternative formulation
for enforcing the additional boundary condition (as Lagrange multipliers or Nitsche’s method, omitted in the current
study) instead of the penalty technique this numerical problem could be naturally avoided.

For a square plate with singly simply supported boundaries, the discrete eigenspectra are plotted in Fig. 11 for
g = 0.05 with γ = 0, 0.01, 0.02, 0.03 showing the effect of the additional inertia term to the frequency sweeps:
increasing γ radically lowers the values of the natural frequencies.
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Fig. 12. Singly simply supported annulus plate: Deflection distribution with p = 3 for g = 0.01 (left) and g = 0.2 (right).

Table 1
Normalized values of the four lowest eigenfrequencies of the singly simply supported annulus plate. The
corresponding eigenvalues given by the classical Kirchhoff model are used for the normalization.

Frequency g = 0.01 g = 0.01 g = 0.05 g = 0.05
number γ = 0 γ = 0.01 γ = 0 γ = 0.01

1 1.0006 0.9997 1.0118 1.0108
2 1.0016 0.9991 1.0287 1.0262
3 1.0016 0.9991 1.0287 1.0262
4 1.0026 0.9986 1.0450 1.0409

4.5. Convergence study of a singly simply supported annulus plate

Let us next consider a quarter of a uniformly loaded singly simply supported annulus plate with the inner and outer
radii r = 1 and R = 2, respectively. For convergence analysis, we have used an overkilled approximate solution (with
a 64 × 64 mesh and p = 5) as a reference solution.

First, in Fig. 12, the deflection distribution is plotted for g = 0.01 (left) and g = 0.2 (right) showing the stiffening
effect of the gradient parameter (cf. [29] for similar observations).

Second, in Fig. 13, the relative error in the L2 and H1 norms is plotted against the mesh size (in logarithmic scales)
with the order p = 3 for different gradient parameter values. It can be seen that these convergence rates are dependent
on the gradient parameter as in the case of the square plate (Fig. 4). In Fig. 14, the relative error is plotted in the H2

norm (cf. Fig. 3 for the square plate).

4.6. Vibration study of a singly simply supported annulus plate

Finally, we investigate the eigenfrequencies of the annulus plate detailed above. The four lowest eigenvalues,
normalized with the corresponding eigenfrequencies given by the classical Kirchhoff model, are listed in Table 1 for
different parameter combinations of g and γ . With the smaller gradient parameter value (the first two columns for
g = 0.01), the eigenfrequencies are almost equal to the classical ones (for both γ = 0 and γ = 0.01), whereas for
the larger gradient parameter value (the last two columns for g = 0.05) the eigenfrequencies are some percent higher
than the corresponding ones for the classical Kirchhoff plate.

5. Conclusions

In this paper, an isogeometric Galerkin approach has been applied and analyzed for a one-parameter gradient-
elastic Kirchhoff plate model resulting in a sixth-order partial differential equation as the governing equation over the
plate midsurface.

In the theoretical part of the paper, the corresponding boundary value problem with general, non-standard, boundary
conditions has been formulated in a weak form with the corresponding symmetric H3 bilinear form and the load
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Fig. 13. Singly simply supported annulus plate: Convergence in the L2 and H1 norms with p = 3 for g = 0.2, 0.14, 0.05, 0.01.

Fig. 14. Singly simply supported annulus plate: Convergence in the H2 norm with p = 3 for g = 0.2, 0.14, 0.05, 0.01.

functional based on the principle of virtual work. Accordingly, a conforming Galerkin method has been proposed for
numerical approximations. Error estimates for the method, requiring at least C2-continuous Galerkin discretizations,
have been proposed by utilizing the continuity, coercivity and consistency of the bilinear form.

Numerical benchmarks with conforming isogeometric discretizations of C p−1-continuous NURBS basis functions
of order p = 3, 4, 5 confirm the theoretical results and illustrate the essential features of the problem. For static
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problems, the convergence rates in the H3 norm follow the theoretical order O(h p−2) for a large range of gradient
parameter values. Furthermore, convergence in the lower order norms behaves as expected as well. Parameter-
dependent boundary layers which are typical for gradient elasticity theories are addressed by numerical examples,
whereas theoretical analysis of layer regularities has been postponed to further studies. Regarding free vibrations,
the effect of parameter combinations has been shown to be significant, which reveals, again, the importance of the
problem parameters and hence calls for experimental model validations with respect to both different engineering
materials and various micro-structural length scales.
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