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ABSTRACT:  The  authors  of  this  contribution  have  recently proposed  new  straightforward  formulas  for  the
serviceability analysis of non-prismatic timber beams, limiting the validation to pitched, tapered, and kinked beams.
The comparison between the new formulas, the ones available in the literature, and highly refined 2D Finite Element
analysis have revealed that literature formulas could lead to errors over 100% whereas the new formulas' errors are
usually smaller than 10% for most of cases of practical interest. This contribution extends the validation of the new
straightforward formulas to more realistic geometries, indicating that the proposed formulas can be applied successfully
also to cambered beams. Conversely, the results herein discussed highlight also that the new formulas commit errors
over 15% when the curved region is larger than 30% of the beam length and when the maximum boundary slope of
curved beams is greater than 30%.
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1 INTRODUCTION 1

Non-prismatic  beams  are  widely  used  in  several
engineering fields because it is possible to optimize their
geometry achieving significant material and cost savings
[1].  Obviously,  the  design  of  such structural  elements
must  be  done  through  appropriate  modelling  tools
accurately describing the structural behaviour, otherwise
the coarse model's estimations could vanish the benefits
of geometry optimization or -in a pessimistic scenario-
lead to premature failures or serviceability problems [2].
In particular, the variations of the cross-section size or
shape lead to significant changes in cross-section stress
distributions that, therefore, result substantially different
from prismatic beams. This peculiarity,  well  known in
the wood engineering field since the seventieth of the
past  century  [3],  deeply  influences  the  wooden  beam
failure and is carefully tackled by all the procedures for
the ultimate state analysis [4-6].
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Conversely, most of the modelling approaches proposed

in  literature  and  used  by  practitioners  for  the

serviceability limit state analysis do not take adequately

into  account  the  influence  of non-trivial  stress

distributions  on  the  displacements  of  these  structural

elements.  In  fact,  in  wooden  structure  design,

practitioners  often  evaluate  displacements  of  non

prismatic  beams  using  the  Timoshenko  beam  model,

simply assuming that the cross-section area and inertia

are variable parameters [4]. Unfortunately, this approach

is not effective (as noticed since the half of past century

[7])  and,  as  a  consequence,  the  serviceability  state

analysis results to be extremely inaccurate.

Aiming at  overcoming the so  far  highlighted problem,

Schneider  and  Albert  [8]  proposed  straightforward

formulas  for  the  evaluation  of  maximum  vertical

displacement  of  non-prismatic  timber  beams.

Unfortunately,  the  formulas are  derived  from  a  non-

prismatic beam model that tackles only double tapered

beams and  suffers  from several  energy inconsistencies

highlighted in [9].

More  recently,  Balduzzi  et  al  [9]  developed  a
Timoshenko-like  non-prismatic  beam  model  and
Balduzzi et al [10] derived straightforward formulas for
the evaluation of both vertical and horizontal maximum
displacements of non-prismatic beams. The discussion of
numerical results revealed that the proposed formulas are
accurate and effective, but, unfortunately, the validation



of the newly proposed formulas was limited to pitched,
tapered, and kinked beam geometries.
The herein presented work aims at broadening the area
of  application  of  the  formulas  proposed  in  [10].
Therefore,  it  will  investigate  the  effectiveness  of the
newly  proposed  formulas  in  predicting  the  maximum
displacements of cambered (e.g., curved and boomerang)
beams.
The  paper  is  structured  as  follows:  Section  2  briefly
resumes  Timoshenko-like  beam  model  equations,
Section  3  provides  the  formulas  for  the evaluation  of
maximum  displacements,  Section  4  applies  and
discusses  different  methods  for  the  evaluation  of
maximum  displacement  of  curved  and  boomerang
beams,  and  Section  5  resumes  main  advantages  and
weak spots of the proposed approach delineating further
research developments.

2 NON-PRISMATIC BEAM MODEL

Considering  the  geometry  of  the  non-prismatic  planar
beam depicted in Figure 1,  the Timoshenko-like beam
model derived by Balduzzi et  al  [9]  can be expressed
trough the following Ordinary Differential Equations

                   (1)

where
•  means  derivatives  with  respect  to  the  x

variable 
•  are  the  axial  force,  the

resulting shear force, and the bending moment,
respectively,

•  are the cross-section's  rotation,
vertical,  and  horizontal  displacements,
respectively,

•  are the distributed loads, and
•  are  the  parameters

characterising the  constitutive relations  of  the
beam, defined as follows

       (2)

E and G are the Young's and the shear moduli defining
the mechanical properties of the material constituting the
beam.
It  is  worth  noticing  that  Equation  (1)  considers  a
Timoshenko kinematics (i.e., planar cross-section remain
planar in consequence of a deformation, but can rotate

with  respect  to  the  beam centre-line)  and  provides  a
consistent  description  of  generalized  forces,  stresses,
deformations,  and  displacements.  Furthermore,  the
matrix  collecting  equations'  coefficients  has  a  lower
triangular  form  with  vanishing  diagonal  terms.
Therefore,  the  analytical  solution  can  be  obtained
through  an  iterative  procedure  of  integration.  Finally,
due to beam model assumptions, the resulting model (1)
has not the capability to catch the effects of boundary
constraints and stress concentrations, therefore it should
be applied only to slender bodies. The analytical solution
of Equation (1) and further comments can be founded in
[9,10].

Figure 1: Non-prismatic beam geometry: Oxy Cartesian 
coordinate system, h0 bearing height, θu and θl upper- and 
lower- boundary angles, c' center line slope,  beam rise, hap 
mid-span height, θf wood fibre orientation, l beam length, p 
distributed vertical load.

3 EVALUATION OF MAXIMUM 
DISPLACEMENTS

This  section  provides  formulas  for  the  evaluation  of
beam's  maximum  displacements  and  briefly  discusses
them from a theoretical point of view.
Furthermore, in this section, we are going to extensively
use the following dimensionless parameters

                                                      (3)

3.1 VERTICAL DISPLACEMENT

Exploiting the analytical solution of the ODEs (1), it is
possible to evaluate the vertical displacement at the mid
span of the beam trough the following formula

             (4)

where the coefficients  and  are defined as

(5)



and  the  parameters   and   are  the
mechanical properties of the material modified in order
to account for the real wood fibre orientation, defined as

   (6)

Figure  2  represents  the  coefficients   and  
evaluated for different values of   and  . In particular,
Figure 2(b) highlights that the contribution of the shear
deformation becomes more and more significant for high
values of .
On the other hand, Ozelton and Baird [4] and Schneider
and Albert [8] provide a formula similar to Equation (4)
for  the  vertical  displacement  estimation,  but  they use
different coefficients   and   which, unfortunately,
neglect the influence of the beam rise.

(a)

(b)

Figure 2: Coefficients  (a) and  (b) evaluated different 
values of  and 

Figure  3  plots  the  maximum  vertical  displacements
evaluated  with  the  different  methodologies  so  far
introduced. Specifically, the plots are obtained for a 20 m
long beam, made of GL24h wood, with an initial height
of 1 m, and loaded with a uniform load p=200 KN/m. In
greater detail, Figure 3(a) refers to a beam with constant
thickness ( ) and variable rise whereas Figure 3(b)
refers to a beam with variable thickness ( ) and rise.
It is evident that the proposed formula Equation (4) has
the capability to catch the effects of the beam rise  ,
providing  displacement  estimations  in  reasonable
agreement with enhanced and refined 2D Finite Element

Analysis.  Contrarily,  the  others  formulas  available in
literature [4,7] predict the same vertical displacement for
all  the  possible  beam  rise,  resulting  therefore  less
accurate and leading to errors that easily overcome 50%.

(a)    (b)

Figure 3: Maximum vertical displacements evaluated with 
different methods for variable values of , constant thickness (

) (a), and variable thickness ( ) (b).

On  the  one  hand,  it  is  worth  to  notice  that  all  the
considered  formulas  predict  accurately  the  vertical
displacement  of  a  prismatic  beam  i.e.,  a  beam  with
constant thickness and vanishing beam rise (see Figure
3(a),  ). On the other hand, both Equation (4) and
the Schneider and Albert's formula [8] are in agreement
and  reasonably  accurate  evaluating  the  vertical
displacement of beams with variable cross-section and
vanishing  rise  (see  Figure  3(b),  ).  Conversely,
considering the same geometry, the formula proposed by
Ozelton  and  Baird  [4]  leads  to  an  estimation  of  the
vertical displacement that is 1,75 times bigger than the
real one. Readers may refer to [10] for further details on
proposed formula's validation.

3.2 HORIZONTAL DISPLACEMENT

Exploiting the analytical solution of the ODEs (1), it is
possible  to evaluate the horizontal  displacement  at the
beam bearing trough the following formula

                                                          (7)

The horizontal displacement mean value   evaluated at
the beam bearing can be evaluated trough the following
expression

                               (8)

where the coefficients  and  are defined as

(9)

The  cross-section  rotation   evaluated  at  the  beam
bearing can be evaluated trough the following expression



                          (10)

where the coefficients  and  are defined as

(11)

Figures 4 and 5 represents the coefficients ,
and   evaluated  for  different  values  of   and  
highlighting  once  more  how  the  parameter   deeply
influences  the  beam behaviour,  as  already  noticed  in
Section 3.1.
For  the  evaluation  of  the  maximum  horizontal
displacement, Piazza et al [5] provides a formula similar
to  Equation  (7),  but  estimates  the  horizontal
displacement mean value  on the basis of the maximum
vertical displacement and assuming that the beam centre-
line behaves as a rigid body. Furthermore, the formula
proposed  by  Piazza  et  al  [5]  assumes  that  the  cross-
section rotation is not influenced by thickness and beam
rise variations, clearly contradicting the results reported
in Figure 5.

(a)

(b)

Figure 4: Coefficients  (a) and  (b) evaluated different 
values of  and 

Figure 6 plots the evaluation of the maximum horizontal
displacements obtained with the two methodologies so
far introduced. The plots are obtained under  the same
hypothesis of Figure 3. Specifically, Figure 6(a) refers to

a beam with constant thickness ( ) and variable rise
whereas  Figure  6(b)  refers  to  a  beam  with  variable
thickness ( ) and rise.
Once more, the proposed formulas have the capability to
predict  the  real  horizontal  displacement  with  good
accuracy whereas the literature approach underestimates
the real displacements with errors up to 30%

(a)

(b)

Figure 5: Coefficients  (a) and  (b) evaluated different 
values of  and 

(a)    (b)

Figure 6: Maximum horizontal displacements evaluated with 
different methods for variable values of , constant thickness   
( ) (a), and variable thickness ( ) (b).

3.3 REMARCKS ON THE PROPOSED 
FORMULA

Balduzzi  et  al  [10]  extensively  investigate  the
effectiveness of the formula resumed in this section for
pitched,  tapered  and  kinked  beams,  highlighting  the
following main remarks.

• The  errors  obtained  using  the  proposed
formulas are smaller than 10% in most cases of
interest for practitioners and lie mainly on the
conservative side of safety.

• Only when the proposed formulas are applied to
thick beams ( ≪  10), they could induce more
heavy errors, exceptionally over 30%.



• The formula proposed by Schneider and Albert
[8] is more accurate than the one proposed by
Ozelton  and  Baird  [4].  However,  its  relative
error is still often larger than 20% and tends to
underestimate the real displacements.

• The formula proposed by Ozelton and Baird [4]
leads  to  errors  over  100%  also  for  slender
beams, resulting therefore not reliable.

• For  the  investigated  beams,  the  formula
proposed by Piazza et al [5] is less reliable that
the one proposed by Balduzzi et al [10], since it
leads  to  underestimate  the  horizontal
displacements,  with  errors  often  bigger  than
20%.

In light of the fact that the proposed formulas are derived
from an  highly  consistent  model,  Balduzzi  et  al  [10]
conclude  that  the  proposed  approach  represents  a
significant  enhancement  of  the  instruments  that
practitioners can use for the design of glued laminated
timber beams.

4 APPLICATION OF THE PROPOSED 
FORMULA TO CAMBERED BEAMS

In order to broaden the formula validation, we focus on
two families of beam geometries: (i) curved beams i.e.,
beams with constant thickness and curved in the central
region  (Figure  7(a))  and  (ii)  boomerang  beams  i.e.,
beams with tapered extremes and curved in the central
region (Figure 7(b)).

Figure 7: Examples of curved and boomerang beams.

According to the standard practices of wood industries
[5], we assume that the upper part of the beam -near the
beam  apex-  does  not  contribute  to  the  mechanical
stiffness of the beam. As a consequence, we assume that
the  central  zones  of  all  the  beams  have  constant
thickness and curvature.
Beams with geometries similar to the ones depicted in
Figure 7 are often adopted within wooden structures, but,
unfortunately, the simplified formulas proposed in [10]
and  resumed  in  Section  3  have  not  the  capability  to
model the curved region. Therefore, in order to apply the
proposed formulas to the considered geometries, we are
forced  to  neglect  the  presence  of  the  curved  zone,
introducing the geometry approximation highlighted in
Figure 7 and assuming that the wood fibre orientation is
constant and equal to  everywhere within the beam.
In the following we are going to consider a large set of
possible beam geometries and we define each numerical
test using the label Sllssrr defined as follows:

• the first letter  S indicates the shape, where the
letters T, K, B and C indicate tapered, kinked,
boomerang, and curved beams, respectively,

• the  first  two  numbers  ll  indicate  the  beam
length,  where  the  numbers  10,  20,  and  30
indicate a total  length  l of 10, 20, and 30 m,
respectively,

• the second two numbers  ss indicate the slopes
of the upper  boundary tan( )  expressed as a
percentage, where the numbers 20 and 30 imply
20% and 30% slope, respectively,

• the latter two numbers rr  indicate the curvature
radius  of  the  central  zone  evaluated  on  the
lower boundary, where the numbers 12 and 18
imply  a  curvature  radius  r of  12  and  18  m,
respectively.

It is worth noticing that, vanishing the curvature radius r,
boomerang  and  curved  beams  become  tapered  and
kinked beams, respectively (i.e., the geometry Cllss00 is
equal to the geometry Kllss and the geometry Bllss00 is
equal to the geometry Tllss).
We assume that all the beams are made of GL24h wood,
classified  according  to  BS  EN  1194:1999  [11].
Therefore, we set  = 9.6667 GPa,  = 0.3250 Gpa,

 = 0.6000 GPa, and   = 0.22. Finally, the distributed
load p is set to the artificial value of 200kN/m. Table 1
gives the fundamental parameters for each case we are
going to consider within the validation process.
According to the beam model limitations highlighted in
[9],  we  assume  =1,01  for  both  curved  and  kinked
beams  in  order  to  avoid  numerical  problems.
Furthermore, despite some of the considered geometries
have  no  practical  interest  due  to  feasibility  limits  or
convenience,  we  consider  all  of  them  in  order  to
highlight  all  possible  weaknesses  of  the  proposed
formulas.
Finally, it is worth noticing that we do not report results
relative to smaller curvature radius for both curved and
boomerang  beams  (i.e.,  curvature  radius  that  lead  the
ratio  to be significantly smaller than 0,1) because,
in that cases, the presence of the curved region does not
produce significant effects on displacements, leading the
curved and boomerang beams to behave as kinked and
tapered  beams,  respectively.  Furthermore,  kinked  and
tapered beams considered in this document are equal to
the  ones  reported  in  [10],  therefore  numerical  results
relative  to  kinked  and  tapered  beams  are  not  herein
reported  for  brevity  but  can  be  found  in  the  so  far
referenced paper.

Table 1: Beam cases: definition of geometries and parameters 
adopted within the validation procedure.  is the wood fiber 
orientation,  is the projection of the vertical load on the 
lover boundary of the beam in the straight region,  is the 
ratio between curved-zone and beam lengths.

case

 [deg]

B102012 1,500 9,484 0,150 199,01
0,500 0,963 5,711 0,24

B103012 1,750 9,262 0,225 197,79
0,750 1,396 8,531 0,36

B202012 2,000 9,484 0,150 199,01



1,000 0,963 5,711 0,12
B203012 2,500 9,262 0,225 197,79

1,500 1,396 8,531 0,18
B302012 2,500 9,484 0,150 199,01

1,500 0,963 5,711 0,08
B303012 3,250 9,262 0,225 197,79

2,250 1,396 8,531 0,12
B102018 1,500 9,484 0,150 199,01

0,500 0,963 5,711 0,36
B103018 1,750 9,262 0,225 197,79

0,750 1,396 8,531 0,53
B202018 2,000 9,484 0,150 199,01

1,000 0,963 5,711 0,18
B203018 2,500 9,262 0,225 197,79

1,500 1,396 8,531 0,27
B302018 2,500 9,484 0,150 199,01

1,500 0,963 5,711 0,12
B303018 3,250 9,262 0,225 197,79

2,250 1,396 8,531 0,18
C102012 1,010 8,965 0,200 196,12

1,000 1,968 11,310 0,47
C103012 1,010 8,195 0,300 191,57

1,500 3,402 16,699 0,69
C202012 1,010 8,965 0,200 196,12

2,000 1,968 11,310 0,24
C203012 1,010 8,195 0,300 191,57

3,000 3,402 16,699 0,34
C302012 1,010 8,965 0,200 196,12

3,000 1,968 11,310 0,16
C303012 1,010 8,195 0,300 191,57

4,500 3,402 16,699 0,23
C102018 1,010 8,965 0,200 196,12

1,000 1,968 11,310 0,71
C202018 1,010 8,965 0,200 196,12

2,000 1,968 11,310 0,35
C203018 1,010 8,195 0,300 191,57

3,000 3,402 16,699 0,52
C302018 1,010 8,965 0,200 196,12

3,000 1,968 11,310 0,24
C303018 1,010 8,195 0,300 191,57

4,500 3,402 16,699 0,34

For  each  beam,  we  evaluate  the  reference  maximum
displacements  trough  the  commercial  FE  package
ABAQUS [12], modelling the 2D domain according to
the instruction provided in  [10].  Table  2  provides  the
results of the 2D FE analysis.
Finally, we estimate the maximum displacements trough
the simplified formulas introduced in Section 3. For each
estimated  quantity  ζ  ,  we  consider  the  relative  error
defined as

                                                              (11)

It  is  worth  noticing  that  Equation  (11)  does  not  use
absolute  values.  As  a  consequence,  positive  errors

indicate  that  the  formulas  overestimate  the  real
displacements  whereas  negative  errors  indicate  a
underestimate  of  the  real  displacements.  In  authors
opinion, this information is crucial since it indicates if
the prediction is on the safe side or not.
Table 3 resumes the main results of all  the considered
formulas for the estimation of maximum displacements.

Table 2: 2D FE result.  is the characteristic element size 
adopted for the automatic structured mesh generation.

case  

B102012 1,56E-3 2,04E-2 2,55E-3 6,08E-3 5,59E-3
B103012 1,56E-3 1,79E-2 3,20E-3 5,75E-3 6,07E-3
B202012 3,13E-3 1,41E-1 1,95E-2 2,60E-2 3,25E-2
B203012 3,13E-3 1,01E-1 2,02E-2 2,03E-2 3,03E-2
B302012 3,13E-3 4,09E-1 5,84E-2 5,66E-2 8,67E-2
B303012 3,13E-3 2,63E-1 5,45E-2 4,04E-2 7,47E-2
B102018 1,56E-3 2,12E-2 2,57E-3 6,29E-3 5,72E-3
B103018 1,56E-3 2,06E-2 3,33E-3 6,38E-3 6,52E-3
B202018 3,13E-3 1,42E-1 1,97E-2 2,62E-2 3,28E-2
B203018 3,13E-3 1,04E-1 2,06E-2 2,07E-2 3,09E-2
B302018 3,13E-3 4,14E-1 5,88E-2 5,70E-2 8,73E-2
B303018 3,13E-3 2,65E-1 5,47E-2 4,05E-2 7,49E-2
C102012 1,56E-3 4,11E-2 7,27E-3 1,24E-2 1,35E-2
C103012 1,56E-3 4,39E-2 1,03E-2 1,39E-2 1,73E-2
C202012 1,56E-3 5,84E-1 1,13E-1 9,19E-2 1,59E-1
C203012 1,56E-3 6,31E-1 1,78E-1 1,01E-1 2,29E-1
C302012 3,13E-3 2,89E0 5,70E-1 2,97E-1 7,19E-1
C303012 3,13E-3 3,14E0 9,18E-1 3,24E-1 1,08E0
C102018 1,56E-3 4,07E-2 6,37E-3 1,23E-2 1,25E-2
C202018 1,56E-3 5,80E-1 1,09E-1 9,14E-2 1,55E-1
C203018 1,56E-3 6,23E-1 1,65E-1 9,98E-2 2,15E-1
C302018 3,13E-3 2,88E0 5,60E-1 2,97E-1 7,08E-1

C303018 3,13E-3 3,11E0 8,8E-1 3,22E-1 1,04E0

Table 3: displacements evaluated with different proposed 
formulas and their relative errors.

case

B102012 1,90E-2 1,77E-2 2,45E-2 5,43E-3 1,10E-2
-6,6E-2 -1,3E-1 2,0E-1 -2,8E-2 -1,9E-2

B103012 1,48E-2 1,36E-2 2,06E-2 5,41E-3 1,04E-2
-1,7E-1 -2,4E-1 1,5E-1 -1,1E-1 -1,4E-1

B202012 1,49E-1 1,28E-1 2,31E-1 3,47E-2 5,88E-2
5,8E-2 -9,1E-2 6,4E-1 6,8E-2 -9,6E-2

B203012 1,00E-1 8,16E-2 1,68E-1 3,13E-2 4,98E-2
-2,5E-3 -1,9E-1 6,7E-1 3,4E-2 -1,8E-1

B302012 4,47E-1 3,74E-1 8,05E-1 9,48E-2 1,52E-1
9,4E-2 -8,7E-2 9,7E-1 9,4E-2 -1,2E-1

B303012 2,75E-1 2,14E-1 5,32E-1 7,99E-2 1,19E-1
4,6E-2 -1,9E-1 1,0E+0 7,1E-2 -2,0E-1

B102018 1,90E-2 1,77E-2 2,45E-2 5,43E-3 1,10E-2
-1,0E-1 -1,7E-1 1,6E-1 -5,1E-2 -4,1E-2



B103018 1,48E-2 1,36E-2 2,06E-2 5,41E-3 1,04E-2
-2,8E-1 -3,4E-1 1,5E-3 -1,7E-1 -2,0E-1

B202018 1,49E-1 1,28E-1 2,31E-1 3,47E-2 5,88E-2
4,6E-2 -1,0E-1 6,2E-1 6,0E-2 -1,0E-1

B203018 1,00E-1 8,16E-2 1,68E-1 3,13E-2 4,98E-2
-3,3E-2 -2,1E-1 6,2E-1 1,4E-2 -2,0E-1

B302018 4,47E-1 3,74E-1 8,05E-1 9,48E-2 1,52E-1
8,2E-2 -9,7E-2 9,5E-1 8,6E-2 -1,3E-1

B303018 2,75E-1 2,14E-1 5,32E-1 7,99E-2 1,19E-1
4,0E-2 -1,9E-1 1,0E+0 6,7E-2 -2,1E-1

C102012 4,19E-2 3,66E-2 3,70E-2 1,46E-2 2,64E-2
1,9E-2 -1,1E-1 -1,0E-1 8,8E-2 -1,8E-2

C103012 4,63E-2 3,66E-2 3,70E-2 2,10E-2 3,38E-2
5,6E-2 -1,7E-1 -1,6E-1 2,2E-1 -2,2E-2

C202012 6,52E-1 5,26E-1 5,32E-1 1,81E-1 2,95E-1
1,2E-1 -9,9E-2 -8,9E-2 1,4E-1 -7,3E-2

C203012 7,31E-1 5,26E-1 5,32E-1 2,77E-1 4,00E-1
1,6E-1 -1,7E-1 -1,6E-1 2,1E-1 -1,3E-1

C302012 3,28E+0 2,61E+0 2,64E+0 8,30E-1 1,32E+0
1,4E-1 -9,8E-2 -8,8E-2 1,6E-1 -7,9E-2

C303012 3,69E+0 2,61E+0 2,64E+0 1,30E+0 1,84E+0
1,7E-1 -1,7E-1 -1,6E-1 2,1E-1 -1,5E-1

C102018 4,19E-2 3,66E-2 3,70E-2 1,46E-2 2,64E-2
3,1E-2 -9,9E-2 -9,1E-2 1,7E-1 5,6E-2

C202018 6,52E-1 5,26E-1 5,32E-1 1,81E-1 2,95E-1
1,2E-1 -9,2E-2 -8,3E-2 1,7E-1 -4,8E-2

C203018 7,31E-1 5,26E-1 5,32E-1 2,77E-1 4,00E-1
1,7E-1 -1,6E-1 -1,5E-1 2,9E-1 -6,8E-2

C302018 3,28E+0 2,61E+0 2,64E+0 8,30E-1 1,32E+0
1,4E-1 -9,4E-2 -8,4E-2 1,7E-1 -6,6E-2

C303018 3,69E+0 2,61E+0 2,64E+0 1,30E+0 1,84E+0

1,9E-1 -1,6E-1 -1,5E-1 2,5E-1 -1,2E-1

4.1 CURVED BEAMS

Figure  8  plots  the  relative  errors  that  the  different
formulas introduced in Section 3 commit in predicting
the maximum displacements of curved beams. It is worth
noticing  that,  as  already highlighted in  [10],  both the
formulas  proposed  by  Ozelton  and  Baird  [4]  and
Schneider  and  Albert  [8]  underestimate  the  maximum
vertical  displacements. Furthermore, since they are not
capable  to  account  the  effects  of  beam rise,  both  the
formulas predict  the same displacement  of a prismatic
beam with the same length and thickness for all kinked
and  curved  beams  (see  Figure  8(a)).  Conversely,  the
formula  proposed  by  Balduzzi  et  al  [10]  is  the  more
accurate for kinked beams whereas tends to overestimate
the  displacement  for  curved  beams with  errors  rarely
over 15%. Specifically, the more consistent errors occur
for the beams Cll30rr (i.e., curved beam with maximum
boundary slope tan( )=30%).
About  horizontal  displacements,  the  formula  proposed
by Piazza et al [5] tends to underestimate the maximum
horizontal  displacement  for  curved  beams with  errors
generally smaller than 10%, but up to 30% for kinked
beams. Conversely, the formula proposed in [6] tends to
overestimates  the  maximum displacements  with  errors

that only exceptionally are bigger than 20%. Once more,
the  more  consistent  errors  occur  for  the  curved  beam
with  maximum  boundary  slope  tan( )=30%.  On  the
other hand, excluding all these geometries, the errors on
horizontal  displacements  are  always  smaller  than  (or
near) 15%.

(a)

(b)

Figure 8: Kinked and curved beams: maximum vertical (a) 
and horizontal (b) displacement relative errors.

4.2 BOOMERANG BEAMS

Figure  9  plots  the  relative  errors  that  the  different
formulas introduced in Section 3 commit in predicting
the maximum displacements of boomerang beams.
Once  more,  it  is  worth  noticing  that  the  formula
proposed  by  Ozelton  and  Baird  [4]  is  not  effective,
overestimating the maximum vertical displacements with
errors often bigger  than 60%.  On the other  hand,  the
formula  proposed  by Schneider  and  Albert  [8]  results
more accurate but underestimates the displacements with
errors often near or bigger than 20%. Finally, the formula
proposed by Balduzzi  et  al  [10]  is the more accurate,
leading to errors that are generally smaller than 10% and
lie mainly on the safe side. Anyway, it is worth noticing
that the more consistent errors occurs for beams where
the  ratio   (i.e.,  B103012  and  B103018
cases).



(a)

(b)

Figure 9: Tapered and boomerang beams: maximum vertical 
(a) and horizontal (b) displacement relative errors.

5 FINAL REMARKS

The comparison of the proposed formulas with highly
refined  2D  FE  solutions  allows  to  conclude  that  the
formulas proposed in [10] (and resumed in Section 3)
lead to errors that lie mainly on the safe side and are
generally smaller  than 10% (exceptionally higher than
15%) for all the considered beam geometries.
More significant errors could occur when

• the beam slenderness ,
• in  boomerang  and  curved  beams  the  ratio

, and
• in curved and kinked beams, tan( ) 0.3.

Therefore, for all the cases specified above the formulas
proposed in [10] are no longer effective and more refined
tools (e.g., 2D Finite Element) are necessary in order to
perform  a  reasonably  accurate  serviceability  state
analysis.
The  comparison  with  other  approaches  available  in
literature allows to conclude that the proposed formulas
are significantly more accurate. In particular, it is worth
noticing  once  more  that  the  literature  formulas
considered in this  paper  are derived from inconsistent
models e.g., neglecting the effects of beam rise [4,8], not
considering the effects of stress distribution [4], or not
accounting the real beam rotation [5]. As a consequence,
literature approaches result extremely coarse, providing
estimations  that  often  lie  on  the  unsafe  side  and  are
affected from errors often bigger  than 20% and up to
100%.
In  light  of  all  the  above  mentioned  arguments,  this
document  confirms that the formulas proposed in [10]
represent a significant enhancement of the instruments
that  practitioners  can  use  for  the  design  of  glued

laminated  timber  beams  and  broads  the  area  of  their
application.
Further developments will  include the consideration of
other load conditions, and the derivation of more refined
instruments  (e.g.,  Finite  Elements)  capable  to  tackle
generic  boundary  conditions,  and  more  complex
geometries like asymmetric and curved beams.
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