Original Article

Efficiency and effectiveness of implicit
and explicit approaches for the analysis
of shape-memory alloy bodies

Journal of Intelligent Material Systems
and Structures
2016, Vol. 27(3) 384–402
Ó The Author(s) 2015
Reprints and permissions:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/1045389X15592483
jim.sagepub.com

Giulia Scalet1, Ferdinando Auricchio1 and Darren J Hartl2

Abstract
The increasing number of applications incorporating shape-memory alloy (SMA) components motivates the development
of three-dimensional constitutive models to enhance their analysis and design. These models only reach their full utility if
they are then implemented into numerical (e.g. often finite-element-based) frameworks. The present article addresses a
topic rarely considered in the myriad of SMA computational analysis works in the literature: the analysis of the time and
accuracy of implementation options. In particular, this work proposes to compare the performance of the implicit and
explicit integration methods for two common three-dimensional phenomenological constitutive models: (i) the model
by Lagoudas et al.; and (ii) the model by Auricchio et al. available in all installations of Abaqus. In doing so, the present
work develops and implements an explicit algorithm for the model by Lagoudas et al. for the first time. The investigated
models are compared in a chosen benchmark boundary value problem analysis considering both thermally induced
actuation and isothermal stress-induced transformation of an SMA beam. The performance of the methods in terms of
analysis time and parallelization efficiency are also investigated.
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Introduction
The number of applications incorporating shapememory alloy (SMA) components both in development
and in use is continuing to increase. While many such
applications incorporate SMA wire forms, a growing
number are making use of more complex forms, such
as wound springs, beams, and torque tubes (Mammano
and Dragoni, 2014; Sgambitterra et al., 2014; Spaggiari
and Dragoni, 2014; Spaggiari et al., 2014). These forms
are associated with non-homogeneous fields of solution
variables (e.g. stress, strain, temperature, etc.), and further require the consideration of multiple components
of higher order tensorial variables (i.e. stresses and
strains). Analysis of these components thus precludes
the use of the one-dimensional formulations that work
so well for simpler forms (Brinson, 1993; Poorasadion
et al., 2014), but rather require more advanced and
complex modeling tools.
Many three-dimensional models have been proposed
(Arghavani et al., 2011; Chemisky et al., 2011;
Lagoudas et al., 2012; Liang and Rogers, 1992), and
many works exist which seek to develop, verify, validate, and utilize the implementations of these models.

Among the others, several works have proposed the
implementation of SMA models into numerical software (Arghavani et al., 2011; Auricchio et al., 2014;
Bartel et al., 2011; Dunić et al., 2013; Kiefer et al.,
2012; Peigney and Seguin, 2013; Stupkiewicz and
Petryk, 2012; Zaki, 2012). Three-dimensional analysis,
that is, finite element analysis (FEA), has been performed on most proposed forms, even considering such
complexities as martensitic reorientation (Arghavani
et al., 2010; Marketz and Fischer, 1996; Panico and
Brinson, 2007; Thamburaja, 2005), porosity (Entchev
and Lagoudas, 2002; Panico and Brinson, 2008), full
thermal coupling (Morin et al., 2011; Nae et al., 2003),
plasticity (Hartl and Lagoudas, 2009; Peng et al., 2012;
Saint-Sulpice et al., 2009), visco-plasticity (Chemisky
et al., 2014; Hartl et al., 2010), anisotropy (Sedlák
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et al., 2012), and finite strain (Panoskaltsis et al., 2014).
Motivation for these analysis studies has included
experimental interpretation (Gautier and Patoor, 1997;
Nohouji et al., 2014; Rejzner et al., 2002), analysisdriven iterative design (Bhattacharyya et al., 1995;
Chemisky et al., 2009; Godard et al., 2003; Jardine
et al., 1997; Seeley and Chattopadhyay, 1993; Strelec
et al., 2003; Troisfontaine et al., 1999), and topology
optimization (Langelaar et al., 2011).
However, one topic is rarely considered in the myriad of analysis works in the literature: the discussion of
analysis time and computational efficiency associated
with the implementation. These aspects of analysis are
of grave importance to the engineering analyst, SMA
applications developer, and practicing research engineer. This is especially true in the case of iterative
design, in which hundreds or thousands of analyses
may be required. Some designers, so dissuaded by the
supposed prohibitive runtimes of the non-linear codes
previously referenced, have even proposed and
attempted to apply over-simplified elasticity or thermoelasticity based models for SMA materials, though such
models can be wildly inaccurate (Widdle Jr et al.,
2009).
The purpose of the present work is to address in
some detail the issue of analysis time, parallelization
efficiency, and, to a lesser extent, accuracy by critically
comparing the performance of implicit and explicit
solution methods.
The implementation framework is restricted to the
Abaqus Unified FEA Suite (Abaqus/Standard implicit
and Abaqus/Explicit solvers) (Abaqus, 2012). Two phenomenological constitutive models formulated in three
dimensions and associated implementations are considered: (i) the model developed and enhanced by
Lagoudas et al. (2012) (herein referred to as the ‘‘Texas
A&M University’’, or ‘‘TAMU’’ model); and (ii) the
model by Auricchio et al. available in all installations
of Abaqus (Auricchio and Taylor, 1997; Auricchio
et al., 1997) (referred to as the ‘‘Abaqus Auricchio–
Taylor’’, or ‘‘AAT’’ model).
While the implementation of the AAT model is
available in both explicit and implicit schemes without
the need for custom-installed user subroutines (Abaqus,
2012), the original implementation of the TAMU model
(i.e. prior to this work) has only been made available in
an implicit formulation scheme, as proposed in Boyd
and Lagoudas (1994). The present work proposes and
develops an explicit algorithm for the TAMU model,
implemented as a user subroutine (VUMAT) for use
with the finite element (FE) solver Abaqus/Explicit.
Such a scheme is conceptually simple.
It is important to remark that explicit schemes for
SMA models are still generally lacking in the literature
at the present time, thus limiting the applicability of
these models. Recently, Stebner and Brinson (2013)
presented a novel explicit integration scheme for the

rate-independent model by Panico and Brinson (2007),
which is easy to implement and use, and which reduces
the computational expense when compared with the
original implementation. The work by Thamburaja and
Nikabdullah (2009) presents a non-local and thermomechanically coupled constitutive model for polycrystalline SMAs, implemented in Abaqus/Explicit.
However, it considers simple uniaxial tests and the
analysis of an SMA sheet. Pan et al. (2007) developed
an isotropic-plasticity-based constitutive model for initially martensitic SMAs exhibiting martensitic reorientation and the shape-memory effect and implemented it
in Abaqus/Explicit.
Explicit implementations of SMA models may be
beneficial, especially since they can be utilized in a globally explicit framework. Further, in the Abaqus FEA
Suite, the only option for fully coupled thermomechanical dynamic analysis is via explicit integration. Such an
analysis option would be important in the analysis of
shock and impact in highly thermally coupled SMA
materials. Moreover, difficulties have been experienced
with implicit computational mechanics methods and
associated analytical frameworks, especially regarding
global numerical convergences. This can be particularly
problematic when small localized regions in a FEA
mesh exhibit unstable responses, be they structural (e.g.
local buckling) or numerical. As an example, FE simulations employing an implicit time integration scheme
failed to converge for a number of analyses associated
with specific SMA mesh-based self-folding sheet configurations due to localized elastomeric buckling (PerazaHernandez et al., 2013). Moreover, explicit schemes
have significant advantages for FEA models with a
great number of degrees of freedom (DOFs) and especially complex contact conditions. An example case of
this has been observed in biomedical device analysis,
where contact between tools and stent, possible selfcontact in the final phase of crimping, and contact
between stent and balloon each had to be considered
(Martin and Boyle, 2013). One of the main advantages
of explicit schemes is that they do not require consideration of the global Jacobian matrix, the formulation
and solution of which is computationally expensive.
However, explicit schemes present the disadvantage of
being conditionally stable: if the physical time scale is
very long (e.g. in quasi-static analyses), the analysis
may require a prohibitively high number of time increments; the advantages of the implicit method are obvious for such types of analyses.
The models considered in the present article are
compared via full three-dimensional boundary value
problem analyses. Specifically, determination of the
quasi-static response of a perforated SMA beam component is chosen as a benchmark analysis goal. Both
thermally induced actuation (i.e. the shape-memory
effect) and isothermal stress-induced transformation
(i.e. an example of the pseudoelastic effect) are
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investigated. For the purposes of simplicity and focus,
this work restricts itself to the consideration of only
two boundary value problems (geometric configuration,
loads, and kinematic constraints) and does not consider
such fundamental FEA issues as variation in element size
or basis functions order (i.e. so-called, h- and p-refinement). Also, because solvers such as Abaqus/Standard
incorporate complex and generally well-constructed loading time increment adjustment algorithms, an investigation of larger or smaller loading time increments is not
considered. Rather, the maximum loading time increment for each implicit analysis is fixed.
The performance of the implicit and explicit solvers
for the considered problem in terms of analysis time
and parallelization efficiency is also investigated. All
analyses herein are performed on a single Nehalem
Xeon (2.66 GHz) node of a high-performance computing cluster with 24 GB of RAM and up to 12 total
cores available. Analyses are performed using from 1
to 12 cores; the effects of parallelization are described.
Recall, however, that the presented results depend on
the computer platform used, the FEA environment, as
well as on the particular coding of the models.
Despite this, the work is intended as a unique and
even practical guide for the active materials engineering
community. In describing multiple implementation and
analysis options, it is one of the first works to assess
computational efficiency in a direct manner. It is hoped
that this will have a direct impact with regard to
researchers working in this area. The subject of parallelization efficiency in particular, addresses the issue of
shared resource allocation, illustrating clearly the
diminishing returns involved in committing an increasing number of CPUs and licenses to a given SMA analysis problem. Finally, the work also provides an
example and guidance for the consideration of researchers developing new SMA constitutive models and their
implementations, many of whom often choose the
easiest numerical options.
The present article is organized as follows. ‘‘TAMU
model formulation review’’ covers the main equations of
the TAMU model, and the following sections present its
time-discrete framework, including the implicit integration scheme and the newly proposed explicit integration
algorithm, and the considered boundary value problems
and analysis options. Then, ‘‘Thermally induced actuation response’’ and ‘‘Pseudoelastic response’’ present the
results of the FEA considering both the pseudoelastic
and shape-memory responses, respectively. The impact
of parallel processing on the comparison between the
methods is also given. Finally, conclusions are given.
Details about Abaqus analysis options and the adopted
measures to quantify the parallelization effectiveness are
reported in a separate Appendix.

TAMU model formulation review
The TAMU model used herein is based on the formulation originally presented by Boyd and Lagoudas (1996)
and then extended and improved by Lagoudas et al.
(2012). The model is able to take into account the
description of smooth transitions in the thermomechanical response at the beginning and the end of phase
transformation, the variation of transformation strain
magnitude with applied stress level, and the variation
of the transformation hysteresis area with applied stress
level due to the stress-dependent critical thermodynamic force for transformation, all of which are commonly observed experimentally.
The model assumes the stress s and the absolute
temperature T as control variables, and the transformation strain et, the total martensitic volume fraction j,
and the transformation hardening energy gt as internal
ones. The total martensitic volume fraction j is
bounded such that 0  j  1.
In this work, we will assume that the temperature is
known at all material points at all times. However, the
model has also been implemented in a fully thermomechanically coupled framework for simulations considering both stress and temperature as unknowns
(Lagoudas et al., 2012).
The model assumes small strains and an additive
decomposition of the total strain into elastic, thermal,
and transformation contributions, as follows
e = S(j)s + aðT  T0 Þ + et

ð1Þ

where a is the thermal expansion tensor, T0 a reference
temperature, and S(j) = SA + j (SM 2 SA) the compliance tensor evaluated by the rule of mixtures and
such that S(j) = C21(j), C being the stiffness tensor.
The evolution equation for the transformation strain
et is defined as follows
_ t
e_ t = jL

ð2Þ

where
8
3
s
>
_
< Ltfwd = H cur (
if j.0,
s)
t
2
s

ð3Þ
L =
tr
e
>
_
: Ltrev = r
if j\0
j
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with s = s  13 tr(s)I and s
 = 3=2 s : s. In the above
definition, Ltfwd and Ltrev are the transformation direction tensors during forward and reverse transformation,
respectively, while et 2 r and jr are the macroscopic
transformation strain and the martensite volume fraction at the reverse transformation, respectively. The
uniaxial transformation strain magnitude for full transformation, H cur (
s), is defined as
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H cur ðs
Þ =

Hmin

The calibration of the model parameter set (rDs0,
rDu0, a1, a2, a3 , Y0t , and D) in terms of conventional
SMA phase diagram properties (e.g. transformation
temperatures and stress influence coefficients) is
described in detail in Section 4 of Lagoudas et al.
(2012).

if s
 s
 crit ,


Hmin + ðHsat  Hmin Þ 1  expk ðs scrit Þ
if s
 .
scrit
ð4Þ

Here, Hmin corresponds to the observable uniaxial twoway shape-memory effect; Hsat describes the ultimate
transformation strain given in an uniaxial loading (i.e.
the maximum recoverable transformation strain generated such that increases in stress magnitude do not
increase the transformation strain). Additionally, s
 crit
denotes the critical Mises equivalent stress below which
Hcur = Hmin. The parameter k controls the rate at
which Hcur exponentially evolves from Hmin to Hsat.
The transformation function ft is denoted as follows
ft =



t
ftfwd = ptfwd  Yfwd
t
t
t
frev =  prev  Yrev

_
if j.0,
_
if j\0

ð5Þ

where the critical thermodynamic driving force Yt (s) is
Y t ðsÞ = Y0t + Ds : Lt

ð6Þ

Here, Y0t is a positive constant and D an additional positive model parameter that captures the stress dependency of the critical thermodynamic force (Lagoudas
et al., 2012). The total thermodynamic force pt conjugate to j is
pt = s : Lt +

1
s : DSs + rDs0 T  rDu0  f t ðjÞ ð7Þ
2

where the operator D denotes the difference in a material constant between pure martensite and pure austenite, r is the density, and s0 and u0 denote the specific
entropy and internal energy at the reference state,
respectively.
The hardening function ft(j), introduced in equation
(7), is defined so as to take into account a smooth transition from elastic to transformation response and is
given as follows
t

f ðj Þ =
(
t
ðjÞ = 12 a1 ð1 + jn1  ð1  jÞn2 Þ + a3
ffwd
n4

t
frev
ðjÞ = 12 a2 ð1 + jn3  ð1  jÞ Þ  a3

_
if j.0,
_
if j\0
ð8Þ

R1

t
0 ffwd dj +

R0

t
1 frev dj = 0.

such that
The parameters a1,
a2, a3 are positive material constants and the exponents
n1, n2, n3, and n4 assume real number values in the interval (0,1].
The Kuhn–Tucker conditions for the transformation
functions ftfwd and ftrev are, respectively


_ t = 0,
j_  0, ftfwd  0, jf
fwd
t
_ t =0
j_  0, f  0, jf
rev

rev

ð9Þ

Time discrete framework for the TAMU
model
As the TAMU model has been custom implemented,
and especially as a point of comparison with the novel
explicit implementation given in ‘‘Explicit integration
scheme (b = 0)’’, we briefly present the implicit algorithmic treatment of the governing equations of the
TAMU model in ‘‘Implicit integration scheme
(b = 1)’’. For the sake of notation simplicity, the convention establishes subscript n for all the variables evaluated at the last time tn, and thus n + 1 for all the
variables to be computed at the next time tn + 1.
In order to discretize equation (2) in time, we can use
the general trapezoidal rule (Quarteroni et al., 2007), as
follows


etn + 1 = etn + ðjn + 1  jn Þ ð1  bÞLtn + bLtn + 1 ð10Þ

where b is a continuous algorithmic parameter that
ranges from 0 to 1 and is often chosen and then held
constant during analysis (Boyd and Lagoudas, 1996;
Lagoudas et al., 2012; Ortiz and Pinsky, 1981; Qidwai
and Lagoudas, 2000). In particular, the case b = 0
leads to a set of explicit equations corresponding to the
well-known forward Euler integration, while b . 0
results in a set of implicit equations. For example, the
case b = 1 leads to the well-known backward Euler
integration. Both the cases b = 1 and b = 0 are presented in the following.

Implicit integration scheme (b = 1)
The implementation of the constitutive model follows
the procedure first described in detail in Qidwai and
Lagoudas (2000) and then updated in Lagoudas et al.
(2012), where backward integration is performed by
setting b = 1 in equation (10), which gives
etn + 1 = etn + ðjn + 1  jn ÞLtn + 1

ð11Þ

The convex cutting plane algorithm form of the
return mapping algorithm (Ortiz and Simo, 1986;
Qidwai and Lagoudas, 2000) is used for implementation into the current three-dimensional FEA framework. This iterative approach to solve the implicit
system of equation (11) makes the highly enabling
assumption that the transformation direction changes
only slightly from loading increment to loading increment (i.e. the loading is relatively proportional). Thus
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Table 1. Implicit backward Euler integration scheme for the TAMU model (Lagoudas et al., 2012) via the convex cutting plane
algorithm form of the return mapping algorithm (Ortiz and Simo, 1986; Qidwai and Lagoudas, 2000).

(1)
(2)

(3)

ð0 Þ

tð0Þ

ð0Þ

Initialize: Let k = 0, jn + 1 = jn , en + 1 = etn , Cn + 1 = Cn
Elastic prediction: h
i
0Þ
(a) sðn0+Þ 1 = Cðn0+Þ 1 en + 1  aðTn + 1  T0 Þ  entð+
1
0Þ
(b) Evaluate fntð+
1
tð0Þ
(c) IF fn + 1 <0 then EXIT (elastic response)
Transformation correction:
tð0Þ
ELSE IF fn + 1 .0 CONTINUE

(a)

ðkÞ

(b)

Find Djn + 1 via equation (13)

(c)
(d)

jn + 1 = jn + 1 + Djn + 1
tðk + 1Þ
(k)
t(k)
en + 1 = et(k)
n + 1 + Djn + 1 Ln + 1

(e)
(f)

IF 0<jn + 1 <1 then CONTINUE, ELSE set jn + 1 to violated bound; recalculate Djn + 1 , jn + 1 , and en + 1
h
i
ðk + 1Þ
ðk + 1Þ
tðk + 1Þ
Update sn + 1 = Cn + 1 en + 1  aðTn + 1  T0 Þ  en + 1

(g)
(h)

IF fn + 1 .tol THEN CONTINUE, ELSE EXIT
k k + 1 and GOTO 3b

ðk + 1Þ

ðkÞ

ðkÞ

ðk + 1 Þ

ð kÞ

ðk + 1Þ

tðk + 1Þ

tðk + 1Þ

equation (11) can be written in the following iterative
form (see Lagoudas et al. (2012))
+ 1)
t(k)
(k)
t(k)
et(k
n + 1 = en + 1 + Djn + 1 Ln + 1

ð12Þ

(k + 1)
(k)
where Dj(k)
n + 1 = jn + 1  j n + 1 .
An initial thermoelastic prediction assumes that the
transformation strain increment is null. If the predicted
thermoelastic state violates the transformation criterion, a series of transformation corrections is applied to
restore this consistency condition. In particular, the correction in j at the given iteration k yields (Lagoudas
et al., 2012)

ðk Þ

Djn + 1 = 

temperature. The reader is referred to Lagoudas et al.
(2012) for the derivation of these two tensors.
Table 1 provides a summary of the full implicit algorithm (convex cutting plane), needed to integrate the
constitutive relations in an FE framework (Lagoudas
et al., 2012). Such a scheme has been implemented
within an Abaqus/Standard user material subroutine
(UMAT) (Abaqus, 2012).

Explicit integration scheme (b = 0)
Forward integration is performed by setting b = 0 in
equation (10), which gives

t ðk Þ

fn + 1
At

ð13Þ

where

t ðk Þ
t ðk Þ
t ðk Þ
ðk Þ
t ðk Þ
At = ∂j fn + 1  ∂s fn + 1 : Cn + 1 DSsn + 1 + Ln + 1
ð14Þ
t ð k + 1Þ

The iterative scheme continues until fn + 1 is smaller
ð k + 1Þ
than some tolerance. If jn + 1 reaches a bound of 0 or
1, it is set equal to the violated bound.
In addition to requiring the updated thermomechanical state of the material (updated stress and internal
variables), the global solver also requires the tangent
modulus (or tangent stiffness tensor), which defines the
current rate of change of stress with a change in total
strain. Coupled thermal and mechanical analysis (i.e.
thermomechanical analysis including heat transfer) also
requires the thermal tangent modulus, which defines
the current rate of change of stress with a change in

etn + 1 = etn + ðjn + 1  jn ÞLtn

ð15Þ

where a purely explicit forward integration depends on
the ability to approximate Lt and calculate jn + 1 using
only data from the solution at the previous time step.
As before, a thermoelastic prediction first assumes
that the transformation strain increment is null. If the
predicted thermoelastic state violates the transformation criterion, jn + 1 must be calculated. We derive the
needed relation using the transformation consistency
conditions introduced in equation (9). Enforcing this
criterion in the current time step at the initial iteration
k = 0, we have

tð0Þ
ð0Þ
fn + 1 = ft Tn + 1 , s n + 1 , j n + 1 = 0

ð16Þ

In the special case of n1 = n2 = n3 = n4 = 1 (see
equation (8)), it is possible
to invert equation (16) and

ð0Þ
form instead jn + 1 = ^j Tn + 1 , sn + 1 , that is
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Table 2. Proposed explicit forward Euler integration scheme for the TAMU model.

(1)
(2)

(3)

Initialize:Let etn + 1 = etn , Cn + 1 = Cn
Elastic prediction:


(a) sðn0+Þ 1 = Cn + 1 en + 1  aðTn + 1  T0 Þ  etn + 1
tð0Þ
(b) Evaluate fn + 1
0Þ
(c) IF ftnð+
1 <0 then EXIT (elastic response)
Transformation correction:
0Þ
(a) ELSE IF ftnð+
 CONTINUE
1 .0
(b) Find jn + 1 = ^j Tn + 1 , sðn0+Þ 1 via equation (17)

(c) IF 0 <jn + 1 < 1 then CONTINUE, ELSE set jn + 1 to violated bound
(d) Update etn + 1 = etn + ðjn + 1  jn ÞLtn + 1
(e) Update Cn + 1 = C(jn +
)
1

(f) Update sn + 1 = Cn + 1 en + 1  aðTn + 1  T0 Þ  etn + 1
(g) EXIT

81
ð0Þ
ð0Þ
t
1 ð0Þ
Boundary value problem and analysis
>
>
a1 ½(1  D)s n + 1 : Ln + 1 + 2 s n + 1 : DSn s n + 1
>
<
t
_
options
+ rDs0 Tn + 1  rDu0  a3  Y0  if j.0,
jn + 1 = 1
ð0Þ
ð0Þ
t
1 ð0Þ
>
½(1 + D)sn + 1 : Ln + 1 + 2 sn + 1 : DSn sn + 1 Here we describe the benchmark boundary value prob>
>
: a2
_
lem employed for the purposes of comparative analysis
+ rDs0 Tn + 1  rDu0 + a3 + Y0t  if j\0
ð17Þ in addition to the general analysis options adopted to
perform the FEA using both implicit and explicit solwhere the transformation strain direction tensor Ltn + 1 vers. The problem under investigation considers both
has a known
 functional form per equation (3), that is, pseudoelastic and shape-memory effects in an SMA
ð0Þ
beam, each of which is important to practicing engiLtn + 1 = Lt sn + 1 .
neers and researchers. The reader is referred to the
Using the forward Euler explicit methodology and Appendix for further details about Abaqus parallelizarecalling that Tn + 1 is provided by the global solver, we tion options and the measures adopted to quantify parthen
that
for
small
increments allelization effectiveness.
assume
ð
0
Þ
jn + 1 ’^j Tn + 1 , sn + 1 . If jn + 1 reaches a bound of 0

or 1, it is set equal to the violated bound. Then, we can
write the explicit forward Euler integration of the transformation strain evolution equation as follows
h 
i
ð0Þ
etn + 1 = etn + ^j Tn + 1 , sn + 1  jn Ltn + 1

ð18Þ

Equation (18) allows for simplified coding and rapid
calculation, but very small time steps are required to
avoid accumulation of error and to achieve significant
accuracy. Further, the explicit method is conditionally
stable and the stability limit requires that the maximum
time increment must be less than a critical value. A possible effect of violating this stability limit is that the
integration algorithm may not converge to the correct
solution (Lagoudas et al., 2012; Ortiz and Pinsky, 1981;
Qidwai and Lagoudas, 2000). On the other hand, the
global explicit formulation naturally does not require
the tangent matrix (local or global).
Table 2 provides a summary of the full explicit algorithm needed to integrate the constitutive relations in
an FE framework. Such a scheme has been implemented within an Abaqus/Explicit user material subroutine
(VUMAT) (Abaqus, 2012) for the current model for
the first time in this work.

Boundary value problem: Geometric configuration
The present work considers the quasi-static analysis of
a generally rectangular SMA beam; the experimental
characterization and preliminary analysis of the beam
configured in this study have been described in a previous work where a high degree of accuracy in the global
predictions was demonstrated (Gravatt et al., 2010).
The geometric configuration of the beam is shown in
Figure 1(a). The beam is 152 mm in total length,
19.0 mm in total width, and has a thickness of
6.35 mm. Round holes with a diameter of 3.175 mm
and spaced 3.175 mm apart pass through the width of
the beam, vertically centered relative to the beam thickness. The consideration of many round holes, each of
which require many elements, makes this a suitably
large analysis problem of many DOFs.
In all analysis cases presented herein, the beam is
subjected to centered three-point loading, where vertical
supports are spaced a total of 96.5 mm apart, as shown
in Figure 1(a). A downward vertical force is applied at
the beam center, and all reported applied forces and
vertical displacement responses (denoted F and u in
Figure 1(a), respectively) are taken from this point.1
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Figure 1. Illustration of the analyzed perforated beam. (a)
Beam configuration. (b) Details of the mesh (three-dimensional
and two-dimensional plane strain).

considered in the proposed work. First, thermally
induced actuation (i.e. the shape-memory effect) is considered, which is directly motivated by the experimental
work previously performed and reported (Gravatt
et al., 2010). The material properties assumed in this
analysis are similar to those derived from comparing
analyses to experiments on an alternate (non-perforated) beam composed of Ni60 Ti40 (Gravatt et al.,
2010). Also motivated by experimental efforts, the
applied temperature changes are assumed to be uniform over the entire computational domain. This set of
shape-memory analyses will be addressed in
‘‘Thermally induced actuation response’’. Secondly, isothermal stress-induced transformation (i.e. the pseudoelastic effect) is considered. For these analyses, the
material properties are artificially altered to better represent materials processed for this purpose, as Ni60 Ti40
is not an appropriate alloy for pseudoelastic applications. This set of analyses will be addressed in
‘‘Pseudoelastic response’’. In each section, the global
structural response and local solution field distributions
will be provided, and the effects of analysis parallelization will be addressed.

Analysis options
For the FEA, symmetry along the beam width is
exploited such that the total width of the computational domain is (19.0 mm)/2 = 9.50 mm. However,
symmetry about the mid-length is not assumed in this
benchmarking FEA model to allow for consideration
of general asymmetric loading (not considered here).
For full three-dimensional analysis, we adopt the mesh
presented in Gravatt et al. (2010). The body is discretized into 22,188 first-order hexahedral elements with
reduced integration (Abaqus designation C3D8R). This
refinement was found in that previous work to be sufficient. This results in 30,632 nodes and 91,896 total
DOFs. The details of the mesh on the lateral surface
near the holes are shown in Figure 1(b).
As an alternative technique, implicit plane strain
analysis is also considered. For this reduced-order analysis, the lateral (i.e. perforated) surface of the beam
comprises the entire computational domain, which is
discretized into 3698 second-order quadrilateral elements with reduced integration (Abaqus designation
CPE8R). This resulted in 12,474 nodes and thus 24,948
total DOFs. Note that the mesh discretization on this
surface is defined to be identical for both threedimensional and plane strain analyses.

Boundary value problem: Loading paths
Two thermomechanical loading paths associated with
SMAs are applied to the same beam geometry and

In the following sections, we investigate the performance of the implicit and explicit solvers in terms of
model response, analysis time, and parallelization
efficiency.
To this end, both the parallelization options provided by the Abaqus/Standard implicit solver are considered: (i) the integration of the constitutive equations
at each material point and the calculation of quantities
at the element level; and (ii) the solution of the large
system of coupled linear equations at the global level 2
(Abaqus, 2011). In contrast, in the Abaqus/Explicit solver we adopt the domain-level method together with
the message passing interface (MPI) parallelization
mode. The number of subdomains is set equal to the
number of processors used for analysis execution.3
As discussed in the introduction, the drawback of
the explicit method is that it is conditionally stable and
requires very small time increments. Therefore, it is
often not practical to run quasi-static analyses using
true time scales as runtimes would be very large. In
particular, the stable time increment for the investigated solid model, evaluated by Abaqus at the beginning of the analysis, is 6.28 3 1028 s. To artificially
reduce the simulation runtime, we employ the method
of mass scaling and we artificially change the density of
the modeled material4 (Abaqus, 2011). We adopt the
same mass scaling options for both the TAMU and
AAT models to compare the results in terms of analysis
time.
To quantify the parallelization effectiveness, two
measures are proposed in the following sections: (i) the
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Table 3. Summary of the nine analysis types considered in the
present work (corresponding to 45 total runs).

Abaqus/
Standard
Abaqus/
Explicit

Solver

Thermally induced

Pseudoelastic

standard_
parallel=all
standard_
parallel=solver

TAMU

TAMU, AAT

TAMU

TAMU, AAT

TAMU

TAMU, AAT

parallelization efficiency; and (ii) the normalized speedup rate. Both measures are discussed and defined in the
Appendix.
Table 3 is provided to summarize the nine types of
analyses that have been performed in the current work.
For each type, various numbers of cores on a single
cluster node (n = 1,2,4,8,12) are utilized to assess parallelization efficiency. The results from each of these
analyses will be presented in the following sections.

Table 4. Model parameters associated with analysis of
perforated beam thermally induced actuation (TAMU model)
(after Gravatt et al. (2010)).
Parameter(s)

Value(s) or functional form(s)

r

6500 kg/m3

(Thermoelastic behavior)
EA = EM
n A = nM
a

48 GPa
0.33
;0/ °C

(Phase diagram)
Ms, Mf
As,MAf

C = CA s = 300 MPa

35 °C, 13 °C
30 °C, 73 °C
13.8 MPa/ °C

(Maximum transformation strain and smooth hardening)

0;
s
 <69 MPa
Hcur ðs
Þ =
0:0095½1  exp (  0:03(
s  69)); s
 .69 MPa
1
n1 = n2 = n3 = n4

Structural response
Thermally induced actuation response
We first focus on the prediction of the perforated beam
response as a thermally driven actuator. This was the
purpose for which the original perforated beam was
physically fabricated and experimentally characterized
(Gravatt et al., 2010). The perforated actuator was one
of six original flexural actuators of various geometric
configurations fabricated and tested, each having been
composed of the same material and exposed to the same
thermomechanical processing history. An iterative calibration process was used whereby the material properties were tuned such that the experimental response of a
different (non-perforated) beam was most accurately
predicted by an FEA model of the same beam (Gravatt
et al., 2010). The final set of material properties associated with this closest fit was assumed to describe the
response of the material comprising the perforated
beam. In the present work, we adopt these same material properties with the additional assumption that
n1 = n2 = n3 = n4 = 1 to equally compare explicit
and implicit methods (cf. equations (8), (16), and (17)).
The final properties are provided in Table 4.
The loading is one of three-point bending (see
Figure 1(a)), where two center forces of 738 and
1130 N are applied. Regarding the mass scaling options
discussed in ‘‘Analysis options’’, during explicit analysis
the minimum stable increment is set to 0.0005 s, and
the fixed time incrementation to 0.0001 and 0.000025 s
during heating and cooling, respectively. Since the
AAT model is not intended for simulation of the
shape-memory effect, especially for the complex geometry and loading conditions considered, only the TAMU
model as implemented via both the implicit and explicit
schemes is considered.

Figure 2(a) shows the beam deflection–temperature
curves calculated via the implicit and explicit analyses
for the two loading levels (738 and 1130 N). The two
curves match well, verifying the newer explicit implementation and validating the analysis parameters chosen.5 Only very small local oscillations are visible
during heating (e.g. at T = 55 °C), which may indicate
the need for a smaller time increment of 0.000025 s.
The width-to-thickness ratio of the beam configuration combined with the goal of reduced computational
effort motivates the consideration of a plane strain
model for the analysis of the same problem. For this
purpose, the lateral surface mesh from the threedimensional model (see Figure 1(b)) is used to form a
two-dimensional discretized domain as described in
‘‘Boundary value problem: geometric configuration’’,
and the implicit analysis is repeated. Comparison of
the global deflection–temperature responses for the
three- and two-dimensional analyses is shown in Figure
2(b). Clearly the plane strain analysis results in a stiffer
response during the initial elastic loading at
T = 100 °C; this is further amplified in the recoverable
inelastic response. This difference corresponds to a
marked decrease in accuracy and clearly indicates the
inappropriateness of a plane strain analysis assumption
for the boundary value problem while justifying our
adoption of a more computationally expensive full
three-dimensional analysis.
Local predictions of the Mises stress are illustrated
in Figure 3 for the free and symmetry surfaces (cf.
Figure 1(a)) of the three-dimensional model at the end
of cooling to T \ Ms under an applied load of 1130 N.
Note especially the change in local Mises stress between
the flexure symmetry plane and the free surface,
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Figure 2. Thermally induced actuation response of the perforated SMA beam under two applied loads of 738 and 1130 N. (a)
Global temperature–deflection curves predicted by the TAMU model in its implicit and explicit formulation (three-dimensional
model). (b) Comparison between three- and two-dimensional implicit analyses.

corresponding to a change in transformation strain
magnitude generated at the end of cooling, and further
demonstrating the need for three-dimensional analysis.

Advantages of parallelization
The effect of parallelization can be observed in Figure
4 in terms of wallclock time versus number of cores.
The total single core runtime for the implicit analysis
was 55 min. In contrast, the total single core runtime
for the explicit analysis was nearly 85 h, clearly an
impediment to any type of iterative design study or
optimization, should one be needed. The shorter implicit runtime can be explained by the size of the incremental global stiffness matrix which is relatively small
due to the size of the considered beam model. Most
importantly, it can been seen that full 12-core parallelization6 of the implicit and explicit analyses significantly
reduces the computational time by factor of 5.7 and
7.7, respectively. On the other hand, the much less
accurate implicit plane strain analysis (;24 kDOFs)
reduces the total single core runtime to about 5 min,
thus reducing computational time. However, although
the savings in computational time are substantial, the
analysis of this two-dimensional configuration does not
warrant the utilization of plane strain analysis (see
Figure 2(b)).
To quantify the parallelization effectiveness, we first
consider the parallelization efficiency hp, given as
Figure 3. Thermally induced actuation response of the
perforated SMA beam: comparison of Mises stress distributions
at the end of cooling to T \ Ms under an applied load of
1130 N. See Figure 1(a) for an illustration of free and symmetry
surfaces.

hp =

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t1
1
n tn  n
1  1n

ð19Þ

where t1 and tn are the wallclock times required to complete an analysis using 1 and n cores, respectively. Note
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Figure 4. Thermally induced actuation response of the perforated SMA beam: effect of increasing number of cores on analysis
wallclock time. (a) Implicit analysis times (both parallelization options). (b) Explicit analysis times. (c) Comparison between implicit
and explicit times.

that an efficiency of 100% indicates that as the number
of dedicated cores doubles, the analysis time is halved.
As expected from examination of Figure 4, parallelization of the implicit analysis is less efficient than the
explicit. It is also important to note that, although parallelization of the solver only provides some reduction
in the required wallclock time, it is not nearly as effective as full parallelization. Clearly, the parallelization of
element operations, including the important calculation
of the constitutive response via the UMAT, is essential
to effective parallelization of such analyses. For these
analyses, hp is plotted as a function of increasing core
utilization in Figure 5(a).
It is observed in all cases that the efficiency decreases
as the number of utilized cores increases, as expected.
This raises an important question: at what point is
increasing core utilization no longer sufficiently beneficial so as to justify the increased dedication of available
and often shared computational resources? To answer
this, the normalized speed-up rate together with condition (23) (see the Appendix) is graphically illustrated in

Figure 5(b). A user might therefore use this condition
to determine that parallelization at or beyond eight
cores is not sufficiently beneficial to warrant the
increased dedication of limited software (i.e. Abaqus)
licenses.

Pseudoelastic response
We now focus on the prediction of the pseudoelastic
response of the perforated SMA beam at a constant
temperature of 27 °C. For the TAMU and AAT models we adopt the material parameters reported in
Tables 5 and 6, respectively. For the AAT model, we
employ the user-material subroutines already available
in the Abaqus material library, which are invoked by
naming the material in a very specific way
(ABQ_SUPER_ELASTIC_1
and
ABQ_SUPER_
ELASTIC_N3D in Abaqus/Standard and Abaqus/
Explicit, respectively) (Abaqus, 2012). The results for
the AAT model are used as a reference for the TAMU
model results in terms of material response, analysis
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Figure 5. Thermally induced actuation response of the perforated SMA beam: two measures of parallelization effectiveness. (a)
The parallelization efficiency (equation (19)) is plotted as a function of increasing core utilization. (b) The normalized speed-up rate is
plotted as a function of increasing core utilization. Condition (23) is represented by the horizontal dotted line.

Table 5. Model parameters associated with analysis of a
perforated beam experiencing pseudoelastic deformation
(TAMU model).

Table 6. Model parameters associated with analysis of a
perforated beam experiencing pseudoelastic deformation (AAT
model); see Abaqus (2012) for parameter definitions.

Parameter(s)

Parameter(s)

Value(s)

r

6500 kg/m 3

(Thermoelastic behavior)
EA,EM
n A = nM

55 GPa, 46 GPa
0.33

(Phase diagram)
sSL , sEL

407 MPa, 518 MPa

sSU , sEU

222 MPa, 148 MPa

Value(s) or functional form(s)
3

r

6500 kg/m

(Thermoelastic behavior)
EA,EM
n A = nM
a

55 GPa, 46 GPa
0.33
;0/ °C

(Phase diagram)
Ms,Mf
A
 s,AMf

C = CA s = 300 MPa

228 °C, 243 °C
23 °C, 7 °C
7.4 MPa/ °C

(Maximum transformation strain and smooth hardening)
Þ = H
0.056
Hcur ðs
1
n1 = n2 = n3 = n4

time, and computational efficiency. Accordingly,
Figure 6 reports the stress–strain diagram with the
curves obtained with both the implicit and explicit integration schemes for both the models by simulating an
uniaxial tensile test with an internal subloop at a constant temperature of 27 °C. The curves match well, and
thus additional model comparisons will be meaningful.
Slightly different responses of the two models are
observed in the internal subloop.

Structural response
A force of 3030 N is applied on the SMA beam. As
regards the mass scaling options discussed in ‘‘Analysis
options’’, the minimum stable time increment is set to
0.0005 s and the time incrementation to 0.0001 s.

ds
dT
T0

ds
=
dT
L

7.4 MPa/ °C
U

(Maximum transformation strain)
eL = eLV

27 °C
0.056

Figure 7 shows the analysis predictions for the pseudoelastic response of the perforated beam in terms of
applied force and vertical displacement. The curves
generally match well, with the exception of the results
corresponding to the implicit AAT model. Figures 8
and 9 report local predictions at the free and symmetry
surfaces of the Mises stress and martensite volume fraction, respectively, at the end of full loading to 3030 N.
As observed, the martensite volume fraction reaches a
maximum value of ;0.75 in all the analyses. This can
explain the differences observed in Figure 7 during
reverse transformation for the two models, similar to
those observed in the internal subloop of Figure 6. The
implicit and explicit analyses of the AAT model present
slightly different distributions of the martensite fraction
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Figure 6. Isothermal pseudoelastic uniaxial tensile test with an
internal subloop (27 °C); comparison between implicit and
explicit integration schemes for the TAMU and AAT models.

Figure 7. Pseudoelastic response of the perforated SMA beam
at a constant temperature of 27 °C.

in the central hole. Note also the change in local Mises
stress and martensite fraction between the flexure symmetry plane and the free surface.
Figures 10(a) and (b) report the number of loading
time increments and iterations required during the
implicit analyses of the TAMU and AAT models. The
two figures also contain light-green regions to highlight
when transformation is occurring (i.e. j_ 6¼ 0). It is
observed that time increments decrease and iterations
increase during transformation. Moreover, it is
observed that the AAT model requires smaller increments during some portions of both loading and
unloading and a larger number of iterations to converge during unloading.

Advantages of parallelization
The effect of parallelization can be observed in
Figure 11 in terms of wallclock time versus number of
cores. The total single core runtime for the implicit

Figure 8. Pseudoelastic response of the perforated SMA beam:
comparison of Mises stress distributions at the end of full
loading to 3030 N at 27 °C. See Figure 1(a) for an illustration
of free and symmetry surfaces.

analysis is about 45 min for both models. The TAMU
model shows slightly lower wallclock times than the
AAT model for the implicit analysis. This could be due
to the fact the AAT model requires smaller increments
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Figure 9. Pseudoelastic response of the perforated SMA beam: comparison of martensite volume fraction distributions at the end
of full loading to 3030 N at 27 °C. See Figure 1(a) for an illustration of free and symmetry surfaces.

Figure 10. Pseudoelastic response of the perforated SMA beam: comparison between the implicit analyses of the TAMU and AAT
models, in terms of number of (a) loading time increments and (b) iterations. Recall that a total of 100 time units were used for
loading and unloading.
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Figure 11. Pseudoelastic response of the perforated SMA beam: effect of increasing number of cores on analysis wallclock time. (a)
Implicit analysis times (both parallelization options). (b) Explicit analysis times. (c) Comparison between implicit and explicit times.

during some portions of both loading and unloading
and a larger number of iterations to converge during
unloading to achieve convergence, as observed in
‘‘Structural response’’. In contrast, the total single-core
runtime for the explicit analysis is 22 h for the TAMU
model and about 20 h for the AAT model. However,
the differences between runtimes for the two models
decreases with increasing number of cores. Full 12-core
parallelization of the implicit and explicit analyses significantly reduces computational time by factors of
about 6 and 10, respectively, for the TAMU model,
and of 6.2 and 8, respectively, for the AAT model. It is
also important to note that, once again, although parallelization of the solver only provides a reduction in
the required wallclock time, it is not nearly as effective
as full parallelization. The results also show that the
wall clock scaling degrades for larger numbers of cores.
This is due to the fact that the problem size is getting

too small for the local calculations to dominate the
communications costs. However, if we consider finer
meshes, the performance would be improved.
The parallelization efficiency introduced in equation
(19) for these analyses is plotted as a function of
increasing core utilization in Figure 12. As expected,
the explicit formulation clearly has more efficient
speed-up rates with multiple processors, relative to the
implicit formulation. Larger analyses, solved with the
explicit code, are known to show an even better speedup with multiple processors (Koric et al., 2009).
Parallelization efficiency is higher for the TAMU
model in its explicit formulation. Further, we note that
for all cases the efficiency decreases as the number of
utilized cores increases, as expected.
The normalized speed-up rate together with condition
(23) is graphically illustrated in Figure 12(c).
Parallelization at or beyond eight cores once again does

Downloaded from jim.sagepub.com at Università degli studi di Pavia on April 27, 2016

398

Journal of Intelligent Material Systems and Structures 27(3)

Figure 12. Pseudoelastic response of the perforated SMA beam: measure of parallelization effectiveness. The parallelization
efficiency (equation (19)) is plotted as a function of increasing core utilization for the (a) implicit solver. (b) Comparison between
implicit and explicit solvers. (c) The normalized speed-up rate is plotted as a function of increasing core utilization. Condition (23) is
represented by the horizontal dotted line.

not appear sufficiently beneficial to warrant the
increased dedication of limited Abaqus licenses for the
current analysis problem.

Conclusions
Thanks to ongoing technological advances, complex
SMA-based devices and multiple processor computers
are both becoming much more common. The present
article has discussed one topic that is rarely addressed
in the myriad of analysis works in the literature but is
relevant for SMA designers, engineers, analysts, and
researchers: the issue of analysis time and accuracy for
the simulation of SMA devices. In particular, this work
has compared the performance of the implicit and
explicit solution methods for two three-dimensional
phenomenological constitutive models: (i) the model by

Auricchio et al. which is actually an industry-standard
model in the medical community; and (ii) the model by
Lagoudas et al. which is a leading actuator model. The
present work has developed and implemented an explicit algorithm for the model by Lagoudas et al. for the
first time. The considered models have been compared
in quasi-static analyses, involving both thermally
induced actuation and isothermal stress-induced transformation of an SMA beam. The choice of focusing on
only quasi-static analyses is due to the fact that these
allow us to verify the proposed explicit scheme and
provide useful information for the engineering and
research communities. The model by Lagoudas et al. in
both implicit and explicit formulations has revealed its
capability in predicting the response of SMA bodies
under the considered geometry and complex loading
conditions. On the other hand, the model by Auricchio
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et al. has been able to simulate only the pseudoelastic
properties of the SMA beam. Differences during
reverse transformation and in terms of vertical displacement (cf. Figure 7) between model pseudoelastic predictions have been highlighted and are attributed to
different behaviors during internal subloops. The performance of the two models and integration methods
in terms of analysis time and parallelization efficiency
have been investigated. Such results strongly depend on
the computer platforms used, and the FEA environment, as well as on the particular coding of the models.
Particularly, the proposed explicit method has displayed constantly high levels of parallelization efficiency compared to the implicit method for analyses
solved using multiple processors. However, for the considered problem and constitutive models, even though
explicit local constitutive integration is much faster,
global integration/solution remains quite slow. It is
expected that the proposed explicit method would
remain an inferior option for quasi-static analyses of
FE models of less than ;1 MDOFs. Ongoing work will
focus on testing the proposed explicit algorithm in the
dynamic analyses for which it is usually preferred, and
it is expected that a wider range of boundary value
problems will be considered. As suggested by the presented results, the choice of the time discretization
method is not an easy task and the results aim at providing useful information according to the purpose of
the present article. Therefore, designers, researchers,
and development engineers need to take into account
the link between the speed-up efficiency, the number of
assigned processors and the number of available
licenses (cf. equation (23)), as well as the size of the
model when beginning the analysis and design of complex SMA components. Moreover, SMA researchers
should remain active in developing and/or implementing custom models, perhaps by working with academic
teams to better balance computational efficiency and
accuracy.
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Notes
1. The force is applied as a distributed pressure in Abaqus
(keyword *Pressure) on the blue symmetry strip of
0.452 3 19.0 mm, depicted in Figure 1(a).
2. One of two options is specified during execution by invoking the standard_parallel=all or standard_parallel=solver switch, respectively.
3. In this case the options are specified during execution by
invoking
the
parallel=domain,
mp_mode=mpi,
domains=number of processors used switch.
4. All mesh elements are scaled by a single factor so that the
minimum stable increment becomes fixed. The mass scaling options are labeled by the keywords *Mass Scaling:
Semi-Automatic, Whole Model, Fixed Mass Scaling,
dt=, type=uniform. Then, the analysis is conducted by
fixing the time incrementation, labeled by the keyword
*Dynamic, Explicit, direct user control.
5. The reader is referred to Figure 9(a) in Gravatt et al.
(2010) to assess model capability in accurately predicting
the experimental deflection–temperature curves for the
considered case.
6. Recall that the analysis was limited to a single cluster
node of 12 CPUs.
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Appendix: Abaqus analysis options
Recall that the purpose of the present work is to assess
analysis efficiency, especially with regard to analysis
time. For this purpose, we restrict our discussion to
wallclock time, which is the total elapsed ‘‘real-world’’
time required to complete the analysis. Naturally this
includes the time to complete computing processes (i.e.
CPU time), disk writing (i.e. I/O time), and any intercore communication delays. To provide a reasonable
base of comparison across parallelization options, especially when dealing with both explicit and implicit FEA,
the following Abaqus analysis options are consistently
utilized:






The same model (i.e. same input file) is used for
all analyses.
Non-linear geometries are activated in all analyses (keyword *nlgeom = YES).
Each model consists of six analysis steps, each of
which is taken to be 100 units of time in length.
The maximum time increment in implicit analysis is taken to be 10 time units.
The UMAT associated with the TAMU material
model includes a modification of the PNEWDT
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variable to cut the maximum time increment
back to two time units when any material point
experiences transformation. Further, the internal
Abaqus time incrementation algorithms are
allowed to cause additional cutbacks as needed.
No ‘‘Field output’’ data and no ‘‘history’’ data
are written during time trials, reasonably limiting I/O time, regardless of time increment cutbacks, in order to equally compare explicit and
implicit analyses.
The double precision option is used for all analyses. Such an option is specified during command
line execution by invoking the double=both
switch.

To quantify the parallelization effectiveness, two
measures are proposed in the work. First, the metric
for the effectiveness of parallelization is the parallelization efficiency hp, introduced in equation (19). Then,
we introduce the normalized speed-up rate D^t=Dn as a
metric for determining the relative utility of further
parallelization. The normalized CPU usage ^n represents
the number of utilized CPUs n normalized by the total
number of CPUs ntot, available to all users sharing a
limited resource, or
^
n=

n
ntot

ð20Þ

Likewise, the normalized license usage ^l represents
the number of utilized Abaqus tokens l normalized by
the total number of tokens ltot, available to all users, or
^l = l
ltot

ð21Þ

Finally, the normalized wallclock time ^t is given simply
as
^t =

tn
t1

ð22Þ

In the absence of any other metric, it is proposed that
increased parallelization be terminated when the normalized speed-up rate D^t=Dn falls below the normalized
CPU usage rate D^n=Dn or the normalized license usage
rate D^l=Dn. Given the forms of equations (20) and (21)
and further given that for Abaqus Dl = Dn, this condition can finally be written for the current work as

D^t
1
1
\ max
,
Dn
ntot ltot

ð23Þ

As an example, we consider for the current set of analyses that the maximum number of shared CPUs is ;200,
while the maximum number of shared Abaqus tokens is
40. Thus, increased commitment of resources ceases to
be reasonable when D^t=Dn\1=40.
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