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Abstract In this paper the mechanical response of porous
Shape Memory Alloy (SMA) is modeled. The porous SMA
is considered as a composite medium made of a dense SMA
matrix with voids treated as inclusions. The overall response
of this very special composite is deduced performing amicro-
mechanical and homogenization analysis. In particular, the
incremental Mori–Tanaka averaging scheme is provided;
then, the Transformation Field Analysis procedure in its
uniform and nonuniform approaches, UTFA and NUTFA
respectively, are presented. In particular, the extension of the
NUTFA technique proposed by Sepe et al. (Int J Solids Struct
50:725–742, 2013) is presented to investigate the response
of porous SMA characterized by closed and open poros-
ity. A detailed comparison between the outcomes provided
by the Mori–Tanaka, the UTFA and the proposed NUTFA
procedures for porous SMA is presented, through numeri-
cal examples for two- and three-dimensional problems. In
particular, several values of porosity and different loading
conditions, inducing pseudoelastic effect in the SMAmatrix,
are investigated. The predictions assessed by the Mori–
Tanaka, the UTFA and the NUTFA techniques are compared
with the results obtained by nonlinear finite element analyses.
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1 Introduction

Porous shape memory alloys (SMAs) are becoming very
attractive for possible applications inmedical implant devices
[1] and as high energy absorption structural material [2],
because they combine benefits from pseudoelastic and shape
memory effectswith a porous structure. In fact, porous SMAs
are in general produced by sintering Nichel-Titanium pow-
der, obtaining a composite material characterized by amatrix
of dense SMA and voids of different size, shape and orien-
tation [3,4].

Lately, many progresses have been achieved in the man-
ufacturing of these materials in order to obtain a regular
distribution of voids with the same shape and size and to
design the optimal porous structure depending on the spe-
cific application.

As the interest around porous SMA is increasing, the need
for the development of new methodologies, able to describe
their mechanical response characterized by the very special
thermomechanical behavior of SMAcombinedwith a porous
microstructure, is becoming more pressing.

Studies regarding the mechanical behavior of porous
SMAs have been developed in literature. A crucial point in
modeling the response of porous SMA is the definition of a
satisfactory constitutive law; this can be considered a non-
trivial task as SMA is already a smartmaterialwith a complex
response and the presence of voidsmakes such response even
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more complicated. Indeed, a quite simple and computation-
ally efficient approach is the definition of phenomenological
models for porous SMA, as for instance proposed in [5].

However, a phenomenological approach could be ineffec-
tive for intricate loading paths because of the complex stress
and strain states arising in the material due to the presence
of the voids. Indeed, porous SMA can be considered as a
composite material with a dense SMA matrix and treating
the voids as inclusions. Thus, a multiscale approach could
be considered as an opportunity to satisfactory model the
response of porous SMA devices. In particular, the constitu-
tive response of a heterogeneous material, derived through
homogenization techniques, is integrated at the material
level in the multiscale structural analysis. Homogenization
techniques require the definition of a representative volume
element (RVE) to derive the overall mechanical response of
the material.

Many researchers have developed micromechanical non-
linear finite element analyses in order to study a RVE of the
porous material considering different shapes and distribution
of pores and different values of the porosity [6–12]. Further-
more, an accurate study of the micromechanical response of
inelastic porous material with a great number of finite ele-
ment simulations have been proposed in [13].

Analytical homogenization techniques (Eshelby, Mori–
Tanaka, etc.) have been also developed to study porous
microstructureswith a nonlinear behavior. In this framework,
Qidwai et al. [14] adopted the incremental Mori–Tanaka
averaging scheme in order to study the overall response of
SMA NiTi. The overall response of porous SMAs has been
obtained for different loading paths, different values of poros-
ity and different porous shapes. The obtained results were in
good agreement with the ones obtained by considering an
approach based on the unit cell finite element method, i.e.,
on the use of a finite element discretization method to study
a single unit cell.

Entchev and Lagoudas [15,16] extended this study adopt-
ing an incremental averaging scheme, and deriving analytical
expressions for the elastic and tangent stiffness for the porous
SMA and for the evolution equation of the transformation
strain occurring in the dense SMA.

Zhao and Taya [17] adopted Eshelby’s equivalent inclu-
sion method and Mori–Tanaka’s mean-field theory in order
to study the overall response of porous SMAconsidering also
the presence of interconnected pores.

Zhu and Dui [18] proposed a study of the overall response
of porous NiTi consideringMori–Tanaka scheme comparing
the results of their approach with experimental data.

The analytical homogenization techniques can fail in
providing satisfactory results especially for high values of
porosity when the distribution of transformation strain is
highly nonuniform in the dense SMA matrix. In these
cases, numerical homogenization techniques could be more

accurate than the analytical ones. An interesting approach
for solving the nonlinear micromechanical homogenization
problem could be the Transformation Field Analysis (TFA),
originally proposed by Dvorak [19]. Dvorak considers the
field of internal variables to be uniform in each individ-
ual constituent of the composite characterized by nonlinear
behavior. The TFAhas been successfully used tomodel SMA
composites [20]. The TFA method was also improved by
Dvorak et al. [21], who proposed the PieceWise Uniform
TFA (PWUTFA) considering a piecewise uniform inelastic
strain distribution in each phase of the composite material.
Chaboche et al. [22] developed a PWUTFA in order to derive
the nonlinear behavior of damaging composites. Michel
and Suquet [23,24] proposed a nonuniform TFA approach
improving the representation of the inelastic strain in theRVE
of a nonlinear composite. The inelastic strain field is consid-
ered as the superposition of functions, called inelasticmodes,
and determined numerically by analyzing the response of the
composite along monotone loading paths. Fritzen and Böh-
lke [25] implemented a computational improved version of
the nonuniform TFA proposed in [23,24] in the framework
of three-dimensional problems. Marfia and Sacco [26] pre-
sented a piecewise nonuniform homogenization procedure
for the multiscale analysis of periodic masonry, assuming a
bilinear approximation for the inelastic strain of one subset
of the unit cell.

Sepe et al. [27] developed a nonuniform Transformation
Field Analysis (NUTFA), proposing an innovative approach,
respect to the one proposed by Michel and Suquet [28], for
the construction of an approximated nonuniform inelastic
strain field in the RVE of the composite medium and for the
derivation of its evolution problem.

The aim of the present paper is to propose a computational
homogenization technique which is able to derive the con-
stitutive response of a porous SMA and can be efficiently
integrated into a multiscale numerical procedure. To this
end, two requirements should be fulfilled by the homoge-
nization approach: accuracy and reasonable computational
effort. Thus, according to the presented literature review, the
goal is to apply the nonuniform Transformation Field Analy-
sis [27] to the study of porous SMA.

The porous SMA is considered as a composite material
with a dense SMA matrix, while the void is considered as
an inclusion characterized by zero stiffness. The thermody-
namically consistent model, proposed by Souza et al. [29]
and modified first by Auricchio and Petrini [30] and, then,
by Evangelista et al. [31], is adopted for the dense SMA.
In the NUTFA approach, the RVE is divided into subsets;
in each subset, the transformation strain is approximated
as a combination of predefined analytical functions that do
not have to satisfy any requirement a priori. The coeffi-
cients of the combination represent the internal variables
of the problem and the evolution of such internal variables
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are solved on the basis of the continuum evolution equa-
tions.

Moreover, the incremental Mori–Tanaka averaging
scheme and the uniform TFA are extended to the study of
porous SMA considering uniform transformation strain in all
the SMAdensematrix. The evolution of the uniform transfor-
mation strain is governed by the average stress in the matrix.

Some numerical applications are developed considering
2D and 3D unit cells with cylindrical and spherical voids,
respectively, and different values of porosity. Different load-
ing conditions inducing pseudoelastic effect in the SMA
matrix are considered. The effectiveness of the proposed
NUTFA procedure is assessed by comparing the obtained
results with the ones recovered by the uniform TFA (UTFA),
the incremental Mori–Tanaka averaging scheme and a non-
linear micromechanical analysis.

The paper is organized as follows: in Sect. 2 the constitu-
tivemodel adopted for the SMAdensematrix is described; in
Sect. 3 the extensions of Mori–Tanaka incremental scheme,
UTFA and NUTFA to the study of porous SMA are pre-
sented; in Sect. 4 some numerical applications are discussed
in details; the conclusions are drawn in Sect. 5.

In the following, the Voigt notation, i.e., second order ten-
sors are represented as vectors and fourth order tensors as
matrices, is adopted.

2 Shape memory alloy constitutive model

In this Section, the constitutive equations for the dense shape
memory alloy are presented. In particular, the SMA model,
based on the one initially proposed by Souza et al. [29] and
modified first by Auricchio and Petrini [30] and, then, by
Evangelista et al. [31], is adopted to describe the behavior of
the dense SMA material.

The model is thermodynamically consistent; it considers
the total strain ε and the absolute temperature T as control
variables and the transformation strain π, that describes the
inelastic strain associated to the austenite-martensite phase
transformation, as the internal variable.

The SMA model is phenomenological and it does not
distinguish between SMA phases, austenite and multivari-
ant martensite, both corresponding to zero transformation
strain, i.e. π = 0. The phase transformation from austen-
ite or multivariant martensite to single-variant martensite is
taken into account. During the transformation the inelastic
strain π evolves from zero till its norm, η = ‖π‖, reaches a
limit value εL , representing a material parameter determined
through a standard uniaxial test.

The stress–strain law is written in the form:

σ = C0 (ε − π) , (1)

where C0 is the elasticity constitutive matrix.

The thermodynamic forceX associated to the transforma-
tion strain π is introduced as:

X = σ − α, (2)

with the quantityα, playing a role similar to the back stress in
the classical plasticity theory with kinematic hardening and
defined as:

α = [β 〈T − M f
〉+ hη + γ

] ∂η

∂π
(3)

In Eq. (3) β is a material parameter linked to the dependence
of the transformation stress threshold on the temperature;
M f represents the finishing temperature of the austenite-
martensite phase transformation evaluated at a stress free
state; the symbol 〈•〉 indicates the positive part of the argu-
ment; h is a material parameter associated to the slope of
the linear stress–transformation strain relation in the uniax-
ial case; γ is a material parameter introduced in order to
satisfy the fulfillment of the constraint on the transformation
strain norm:

γ =

⎧
⎪⎨

⎪⎩

0 if η < εL

R+ if η = εL

∅ if η > εL

. (4)

It is important to note that the norm of the transformation
strain is computed as:

η = ‖π‖ =
√

πTMVπ with MV =
[
I 0

0 1
2 I

]

, (5)

with I and 0 being the 3 × 3 identity and zero matrices,
respectively.

The yield function is chosen as:

F
(
Xd
)

=
√
2J2
(
Xd
)− R, (6)

with Xd representing the deviatoric part of X:

Xd = IdevX, (7)

being:

Idev =
[
Dv 0

0 I

]

withDv =
⎡

⎢
⎣

2/3 −1/3 −1/3

−1/3 2/3 −1/3

−1/3 −1/3 2/3

⎤

⎥
⎦ ;

(8)

The radius of the elastic domain in the deviatoric space is
defined as R = √

2/3σy , with σy the uniaxial critical stress
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evaluated at T ≤ M f ; moreover, in Eq. (6), J2 is the second
invariant of Xd determined through the following formula:

J2 = 1

2

[(
Xd
)T

MSXd
]

with MS =
[
I 0

0 2I

]

. (9)

The associative normality rule for the evolution of the internal
variable is assumed:

π̇ = ζ̇
∂F
(
Xd
)

∂X
, (10)

with ζ̇ the plastic multiplier.
From the analysis of the flow rule form, it can be noted that

the transformation strainπ represents a deviatoric strain and,
thus, the condition of incompressibility during the inelastic
flow is recovered. The model is completed introducing the
classical loading-unloading Kuhn-Tucker conditions:

ζ̇ ≥ 0 , F ≤ 0 , ζ̇ F = 0 . (11)

3 Homogenization of porous SMA

Porous SMA is considered as a heterogeneous material made
of a dense SMA matrix with pores that are treated as inclu-
sions. The overall mechanical behavior of this very special
composite material is derived using the concepts of micro-
mechanics and of homogenization techniques.

The micromechanical analysis is performed considering
a RVE made of a dense SMA matrix with the inclusion
of voids [11,12], being 	0 the SMA matrix and 	1 the
inclusion, representing the void. The overall response of the
porous SMA can be recovered developing a homogenization
process.As the final goal is to derive the constitutive response
of the heterogeneous material to be integrated into a classi-
cal displacement based finite element code, a strain driven
homogenization is considered. In particular, it is assumed
that at a typical point of the structural problem, at a certain
time, the strain is known; this is considered as the average
strain acting on the porous SMA. Once the average strain ε̄ is
known, the micromechanical and homogenization problem
consists in determining the strain field ε, the inelastic strain
field π, the stress field σ in 	 and its average stress σ̄.

TheMori–Tanaka homogenization procedure [32–34] can
be adopted to study the overall behavior of the very special
composite material under consideration. In the following,
the equations governing the Mori–Tanaka technique are
reviewed, treating the inelasticity effect in a slightly differ-
ent form from the classical approach reported in literature
[37]. Initially, it is assumed that the inclusion 	1 is a solid
elastic material, characterized by the elastic matrixC1; then,
the case of void is deduced. Denoting by f 0 = 	0/	 and

f 1 = 	1/	 the volume fractions of the matrix and the
inclusion, respectively, with f 0 + f 1 = 1, the following
relationships holds true:

σ̄ = f 0σ̄0 + f 1σ̄1 ε̄ = f 0ε̄0 + f 1ε̄1, (12)

where ε̄0, σ̄0 and ε̄1, σ̄1 are the average strains and stresses
in the matrix and in the inclusion, respectively.

The stress and the strain in the composite material can be
represented in the following form [34,35]:

σ = σ̄ + σd ε = ε̄ + εd , (13)

with σd and εd the disturbance with respect to the average
stress and strain.

The Mori–Tanaka technique approximates the interaction
between the phases by assuming that the inclusion is embed-
ded in an infinitematrix that is remotely loadedby the average
matrix strain ε̄0. To take into account the nonlinear response
of the matrix, the presence of the inelastic strain π is con-
sidered in the matrix. Note that the inelastic strain π in the
matrix can be accounted for considering a superposition of
two effects: the presence of a uniform inelastic strainπ in the
whole composite and the application of the inelastic strain
−π only in the inclusion.

The stress in the inclusion can be computed considering
an homogeneousmaterial, characterized by thematrix elastic
properties subjected to an additional eigenstrain ε∗, leading
to the classical consistency equation:

C1
(
ε̄0 + εd

)
= C0
(
ε̄0 + εd − ε∗) . (14)

Equation (14) allows to evaluate the strain in the inclusion,
ε1, as:

ε1 = ε̄0 + εd = A ε∗ with A =
(
C0 − C1

)−1
C0.

(15)

While the strain π in the whole composite does not generate
disturbance, the strain −π in the inclusion induces distur-
bance in the whole composite, so that the solution of the
Eshelby problem [34] proves that the constant strain εd in
	1 is given by the algebraic equation:

εd = S
(
ε∗ − π

)
, (16)

with S the Eshelby matrix. Combining the Eshelby formula
(16) with Eq. (15) and solving it with respect to the eigen-
strain, it results:

ε∗ = P
(
ε̄0 − Sπ

)
with P = (A − S)−1 . (17)
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Therefore, the strain in the inclusion is calculated from equa-
tions (15) and (17) as:

ε̄1 = AP
(
ε̄0 − Sπ

)
. (18)

Substituting formula (18) in the average strain equation (12),
it results:

ε̄0 =
[
f 1 (AP) +

(
1 − f 1

)
I
]−1 (

ε̄ + f 1APSπ
)

, (19)

which, taking into account the constitutive relationship for
the matrix material, allows to evaluate the average stress in
the matrix as:

σ̄0 = C0
{[

f 1AP +
(
1− f 1

)
I
]−1 (

ε̄ + f 1APSπ
)
−π

}
.

(20)

Because of the average stress Eq. (12), the average stress in
the whole composite is evaluated:

σ̄ = C̄ε̄ +
{
f 1
[(

1 − f 1
)
C0 + f 1C1AP

] [(
1 − f 1

)
I

+ f 1AP
]−1

APS −
[
f 1C1APS + C0

(
1− f 1

)]}
π,

(21)

where the overall elastic matrix is:

C̄ =
{(

1− f 1
)
C0+ f 1C1AP

} [
f 1AP +

(
1− f 1

)
I
]−1

.

(22)

Finally, if the inclusion is a void, it results C1 = 0 and, as
consequence, it is A = I and P = (I − S)−1; moreover, the
overall elastic matrix (22), the average stress in the compos-
ite (21) and the average stress in the matrix (20) take the
following simplified form:

C̄ = C0

[
f 1

(
1 − f 1

)P + I

]−1

σ̄ = C̄ (ε̄ − π)

σ̄0 = 1
(
1 − f 1

) σ̄. (23)

In order to derive a simple and in the meanwhile effective
incremental averaging scheme, a fundamental hypothesis
is introduced regarding the evolution of SMA phase trans-
formation. In fact, it is assumed that the evolution of the
transformation strain π is governed by the average stress σ̄0

given by Eq. (23).

Fig. 1 Scheme of the porous SMA unit cell (UC)

4 Transformation field analysis for porous SMA

A computational homogenization procedure, based on the
TFA, is developed for the porous SMA. Even if the shape,
the size and the distance among the pores are not uniform
in the real porous material, in the following it is assumed
that the voids are characterized by a regular distribution in
the SMA matrix, i.e., the porous material is considered to be
periodic. In the case of a periodic material, a unit cell (UC)
can be defined and studied to derive the overall response of
the composite. The porous UC is the parallelepiped denoted
as	, represented in Fig. 1, with dimensions 2a1×2a2×2a3.
A Cartesian coordinate system (0, x1, x2, x3) with the origin
in the center of the void is considered. The SMA matrix
is indicated always as 	0, the inclusion as 	1 and the
external boundary of UC as ∂	, while the pore boundary
as ∂H .

The matrix is divided in n subsets 	i , each one character-
ized by volume V i , such that:

	0 =
n⋃

i=1

	i V 0 =
n∑

i=1

V i . (24)

In the typical subset	i the inelastic strain fieldπi (x), which
accounts for all the inelastic phenomena occurring in the i-th
subset, is assumed to be represented as a linear combination
of given analytical functions, called modes, governed by the
spatial variable x:

πi (x) =
Mi∑

k=1

πi
kμ

i
k (x), (25)

whereμi
k (x) is the k-th preselectedmode chosen to represent

the inelastic strain field in the subset 	i , πi
k is the inelastic

contribution corresponding to μi
k (x), and Mi is the number
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of active modes of the i-th subset; the components of the
vectors πi

k represent the internal variables of the problem.
The representation form (25) for πi allows to obtain a not

uniform distribution for the inelastic strain field in the typical
subset 	i ; for this reason, the proposed approach is denoted
as NUTFA, i.e nonuniform transformation field analysis.

The homogenization procedure is performed in the fol-
lowing phases:

1. the UC is considered subjected to the average strain
ε̄, while the inelastic deformations are not taken into
account; as shown in the following, this phase allows
also to evaluate the overall elastic matrix C̄;

2. the UC is considered subjected to the inelastic strain field
πi (x), with x ∈ 	i , applied in the i-th subset of the SMA
matrix, under the condition of null average strain;

3. a superposition of the local strains recovered when 	 is
subjected to ε̄ and each subset 	i to πi (x) is performed
to determine the overall response of the UC.

4.1 Average strain ε̄

The UC is assumed to be subjected to the average strain ε̄;
the strain field εε̄(x) arises:

εε̄(x) = R(x)ε̄, (26)

with R(x) the localization matrix, able to evaluate the local
strain at the point x ∈ 	0 of the composite material when
the average strain ε is applied.

The stress field is computed as:

σε̄(x) = C0R(x)ε̄, (27)

and the overall average stress σ̄ can be written as:

σ̄ε̄ = C̄ε̄, (28)

where the overall elasticity matrix C̄ is determined as:

C̄ = 1

V

N∑

i=1

C0
∫

	i

R(x)dV . (29)

4.2 Inelastic strain πi

The UC is considered subjected to the inelastic strain πi ,
given by Eq. (25) acting in the i-th subset of the matrix under
the condition of null average strain. The strain field επi (x)
due to the presence of the inelastic strain field πi (y), with
y ∈ 	i , is evaluated by the formula:

επi (x) =
Mi∑

k=1

�i
k(x)π

i
k, (30)

where �i
k(x) is the localization matrix able to give the strain

at the point x ∈ 	0 when the mode μi
k acts in the subset 	

i ,
resulting as:

�i
k(x) =

∫

	i
Q(x, y)μi

k (y) dVy, (31)

withQ(x, y) the localization matrix at the point x associated
to the presence of the inelastic strain acting at the point y and
dVy the volume surrounding the point y. The linear operator
Q(x, y) is evaluated to ensure that the average of the strain
field επi (x) is zero, i.e.:

ε̄πi = 1

V

∫

	

επi (x)dVx − 1

V

∫

∂H

N (x) uπi (x) d A = 0 (32)

where uπi (x) is the displacement vector field at the typical
point x due to the inelastic strain πi acting in the subset 	i ,
N (x) is the following matrix:

N (x) =

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

n1 0 0

0 n2 0

0 0 n3

n2 n1 0

0 n3 n2

n3 0 n1

⎤

⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

, (33)

with n1, n2 and n3 being the components of unit vector n (x)
representing the unit normal vector to ∂H .

Then, the stress field due to the inelastic strain πi acting
in the subset 	i of the matrix is evaluated in the j-th subset
as:

σ
j
π(x) = C0

n∑

i=1

Mi∑

k=1

(
�i

k(x) − δ j iμ
i
k (x)
)

πi
k, (34)

being δ j i = 1 if i = j otherwise δ j i = 0. Thus, the overall
stress σ̄π is obtained averaging the stress recovered by Eq.
(34):

σ̄π =
n∑

j=1

C0

⎡

⎣
n∑

i=1

Mi∑

k=1

S̄ j i
k πi

k

⎤

⎦, (35)

with

S̄ j i
k = 1

V

∫

	 j

[
�i

k(x) − δ j iμ
i
k (x)
]
dVx . (36)
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4.3 Overall behavior of the UC

Superposing the effects generated by the application of ε̄ and
the inelastic strain πi in the subset i-th for i = 1, . . . , n, the
strain field is evaluated from Eqs. (26) and (30):

ε(x) = εε̄(x) +
n∑

i=1

επi (x), (37)

and the stress in the j-th subset of the matrix is computed
from Eqs. (27) and (34):

σ j (x) = σ
j
ε̄(x) + σ

j
π(x)

= C0

⎡

⎣R(x)ε̄ +
n∑

i=1

Mi∑

k=1

(
�i

k(x) − δ j iμ
i
k (x)
)

πi
k

⎤

⎦ .

(38)

The overall average stress σ̄ is evaluated from Eqs. (28) and
(35):

σ̄ = σ̄ε̄ + σ̄π = C̄ε̄ +
n∑

j=1

C0

⎡

⎣
n∑

i=1

Mi∑

k=1

S̄ j i
k πi

k

⎤

⎦; (39)

introducing the overall inelastic strain p̄ as:

p̄ = −C̄−1
n∑

j=1

C j
n∑

i=1

Mi∑

k=1

S̄ j i
k πi

k, (40)

the overall average stress (39) can be written in the form:

σ̄ = C̄ (ε̄ − p̄) . (41)

From the developed analysis, the linear operators R(x) and
�i

k(x) that applied on ε̄ and πi
k , respectively, give the total

strain in any point of 	0, are determined. Analogously, the
operators C̄ and S̄ j i

k that applied on ε̄ and πi
k , respectively,

give the overall average stress by Eq. (39), are also derived.
Once the requiredoperators havebeendetermined, the inelas-
tic strain fieldπ(x) is regarded as an unknown of the problem
that can be determined from the evolution Eq. (10).

The evolution of the internal variables πi
k that are the vec-

tor coefficients introduced in Eq. (25) has to be evaluated.
To this end, the total strain and the stress are computed by
Eqs. (37) and (39) at a typical point xg of the subset 	i ; on
the basis of these values, the evolution problem, defined by
Eqs. (10) and (11), is formulated and solved evaluating the
transformation strain π̂ (xg).

The best approximation of πi
k is obtained by minimizing

the following error function in the i-th subset:

E
(
πi
k

)
=
∫

	i

∥∥∥∥∥∥
π̂
(
xg
)−

Mi∑

k=1

πi
kμ

i
k(x

g)

∥∥∥∥∥∥
dVx . (42)

It can be pointed out that the uniformTFAprocedure (UTFA)
can be derived from the NUTFA, above described, assuming
only one subset, i.e., n = 1, only one uniform inelastic mode,
i.e., M1 = 1 and μ1

1 = 1.
It can be underlined that the NUTFA is an almost general

procedure; as it occurs in finite element formulation, finer
subdomain discretizations are required where high inelas-
tic strain gradients are expected. Depending on the shape of
the inclusion (or pore) the distribution of the inelastic strain
within the UC can be either constant (i.e., uniform) or non
constant (i.e., nonuniform). The case of nonuniform inelastic
strain within the UC can be problematic if approached with
a standard uniform UTFA procedure, while it can be satis-
factory solved with a NUTFA procedure. On the basis of the
author’s experience, the NUTFA is effective providing a suit-
able definition of the subdomains and of the modes in each
subdomain. The performance of the NUTFA depends on the
number of subdomains; as in FE approach, by increasing the
number of subdomains the computational effort increases but
it tends to converge to the FE result. An investigation on the
convergence of the method has been performed in [27].

5 Numerical results

In this section, the homogenization techniques described
above are used to derive the overall mechanical response
of different porous SMAmedia, characterized by closed and
open porosity.

In particular, the first numerical tests are performed
considering the case of closed porosity, analyzing three
dimensional UCs with spherical voids. Then, the case of
interconnecting open pores in SMA is investigated, assum-
ing that the pores have a cylindrical shape. This study is of
a particular interest as the case of interconnecting pores is
very common, especially for high values of porosity. It is
performed in 2D plane strain condition, which simulates the
response of a slice of unit thickness of a solid characterized
by a cylindrical pore orthogonal to the plane of the loading
application.

Specifically, in all the subsequent numerical applications
the following homogenization procedures are developed:

• NUTFA: the SMA matrix, characterized by nonlinear
behavior, is subdivided in several subsets and in the
typical i-th subset, the inelastic strain is assumed nonuni-
form;

• UTFA: the whole SMA matrix, characterized by nonlin-
ear behavior, is considered as a unique subset, in which
the inelastic strain is assumed uniform.
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• incremental Mori–Tanaka averaging scheme.

The homogenized response of the three methods is com-
pared with nonlinear finite element (FE) simulations in order
to assess the accuracy of the proposed techniques and their
ability to predict the effective overall behavior of the hetero-
geneous medium.

The linear elastic pre-analyses necessary for the UTFA
and NUTFA methods in order to evaluate the operators
R(x),�i

k(x), C̄ and S̄ j i
k are performed using ten-nodes tetra-

hedral finite elements in the three-dimensional numerical
simulations and four-node quadrilateral finite elements for
two-dimensional simulations.

Furthermore, themicromechanical finite element analyses
are carried out implementing in the code FEAP [36] the SMA
constitutive model described in Sect. 2 into the 3D quadratic
tetrahedral and 2D quadrilateral finite elements, adopted for
the linear pre-analyses.

5.1 3D analyses of porous SMA

In this section, the Mori–Tanaka, UTFA and NUTFA proce-
dures are used to investigate three-dimensional geometries,
characterized by closed spherical pores. Two different UCs,
characterized by two levels of porosities equal to 13 and
35%, are analyzed below. The UCs are characterized by a
cubic shape with dimensions a1 = a2 = a3 = a, setting
a = 0.5 mm.

The 3D selected UC is chosen as it results easy to treat
from a numerical point of view, i.e., it is easy to be discretized
in finite elements and subsets. The effective macroscopic
material derived by the numerical homogenization presents
a cubic symmetry with overall shear elastic moduli indepen-
dent from the Young modulus and the Poisson ratio. Indeed,
the overall response of the selected UC results very close to
be isotropic; in particular, when the UC is subjected only to
overall axial strains, the anisotropic effect does not affect sig-
nificantly the mechanical response. As a consequence, it is
possible to compare the results of the numerical homogeniza-
tion with the ones obtained by the analytical Mori–Tanaka
scheme, which leads to an overall isotropic symmetry.

In particular, in the numerical applications, a compressive
average strain history is prescribed on the porous NiTi UC,
simulating a uniaxial loading.

In the first application, characterized by a lower value
of the porosity, a comparison between numerical (Mori–
Tanaka, UTFA and NUTFA) results and experimental evi-
dences is provided. For both the considered porosities, the
mechanical responses assessed by the homogenization analy-
ses are compared with the FE nonlinear micromechanical
analyses.

Due to the symmetries, only an octave of the UC, sub-
jected to a loading-unloading history of the overall strain

component ε̄11, is analyzed. Two types of boundary condi-
tions are considered; in the first case, the following boundary
conditions, inducing an overall uniaxial state of stress, are
enforced:

u1 (0, x2, x3) = 0 ∀ (x2, x3) ∈ [0, a] × [0, a]

u1 (a, x2, x3) = ε̄11a ∀ (x2, x3) ∈ [0, a] × [0, a]

u2 (x1, 0, x3) = 0 ∀ (x1, x3) ∈ [0, a] × [0, a]

u2 (x1, a, x3) = u2 (y1, a, y3) ∀ (x1, x3) , (y1, y3) ∈ [0, a] × [0, a]

u3 (x1, x2, 0) = 0 ∀ (x1, x2) ∈ [0, a] × [0, a]

u3 (x1, x2, a) = u3 (y1, y2, a) ∀ (x1, x2) , (y1, y2) ∈ [0, a] × [0, a]

,

(43)

which can be summarized as:

• in all the nodes belonging to the plane x1 = 0, the dis-
placement is constrained along the x1 -direction, while
the stress components are set σ12 = σ13 = 0;

• in all the nodes belonging to the plane x1 = a, the dis-
placement is prescribed along the x1-direction, while the
stress components are set σ12 = σ13 = 0;

• in all the nodes belonging to the plane x2 = 0, the dis-
placement is prescribed along the x2-direction, while the
stress components are set σ21 = σ23 = 0;

• in all the nodes belonging to the plane x2 = a, the
displacements are constrained to have all the same com-
ponent u2, while the stress components are set σ21 =
σ23 = 0;

• in all the nodes belonging to the plane x3 = 0, the dis-
placement is prescribed along the x3-direction, while the
stress components are set σ31 = σ32 = 0;

• in all the nodes belonging to the plane x3 = a, the
displacements are constrained to have all the same com-
ponent u3, while the stress components are set σ31 =
σ32 = 0.

The second case considers periodic boundary conditions for
thewholeUC, ensuring a uniaxial state of strain. Specifically,
the following boundary conditions on the octave of the UC
are prescribed:

u1 (0, x2, x3) = 0 ∀ (x2, x3) ∈ [0, a] × [0, a]

u1 (a, x2, x3) = ε̄11a ∀ (x2, x3) ∈ [0, a] × [0, a]

u2 (x1, 0, x3) = 0 ∀ (x1, x3) ∈ [0, a] × [0, a]

u2 (x1, a, x3) = 0 ∀ (x1, x3) ∈ [0, a] × [0, a]

u3 (x1, x2, 0) = 0 ∀ (x1, x2) ∈ [0, a] × [0, a]

u3 (x1, x2, a) = 0 ∀ (x1, x2) ∈ [0, a] × [0, a]

.(44)

5.1.1 Comparison with experimental result

The experimental results published by Zhao et al. [37] are
the starting point of the first three-dimensional application.
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Table 1 Material properties of the NiTi specimen subjected to uniaxial
compression

NiTi mechanical properties

E = 70500MPa ν = 0.33 h = 13500MPa β = 6MPaK−1

εL = 0.034 M f = 296.24K σy = 200MPa

According to the test performed in [37], the dense NiTi
specimen and the porous one, obtained with the same SMA
material and characterized by a porosity of 13%, are sub-
jected to uniaxial compression. Specifically, the specimens
are loaded up to 5% compressive strain and, then, unloaded
at a constant temperature T = 331.15 K, higher than their
austenite finishing temperature, allowing the dense and the
porous NiTi to exhibit the pseudoelastic behavior. A com-
parison between the experimental results provided by Zhao
et al. and the FE numerical results, assessed by adopting the
SMA constitutivemodel described in Sect. 2, is given in [12],
where the effectiveness of the proposed modeling procedure
is established.

The material parameters adopted for the FE simulation
and for the homogenization analyses are reported in Table 1;
the values of all the material parameters have been deduced
in [12], where a calibration has been performed in order to
reproduce the experimental compressive stress–strain curve
of the dense NiTi specimen reported in [37].

The UC is subjected to a uniaxial compressive test pre-
scribing the average strain ε̄11 and enforcing σ̄i j = 0 with
i �= 1 and j �= 1. Due to the geometrical and loading symme-
try only an octave of the UC is discretized in finite elements
for the nonlinearmicromechanical analysis and for the elastic
pre-analyses required for the UTFA and NUTFA procedures.
In particular, a mesh made of 1465 quadratic tetrahedral ele-
ments is adopted for the computations. In order to ensure
the average uniaxial compressive stress state, the boundary
constraints given in Eqs. (43) are applied.

In order to develop the TFA based homogenization analy-
ses, a choice for the number and the shape of the inelastic
subsets and for the number and types of the inelastic modes
is required. For the UTFA analysis, the SMA matrix is con-
sidered as a unique subset with a constant inelastic active
mode, which allows for a uniform distribution of the trans-
formation strain field. Instead, for the analysis denoted as
NUTFA a subdivision of the inelastic matrix into eight sub-
sets (n = 8) is performed and in each subset the inelastic
modes are chosen as linear functions of the spatial variable,
allowing for a linear distribution of the transformation strain.

Summarizing, the modes μi
k , forming the basis for the

representation of the inelastic strain in the i-th subset, are
chosen in the UC reference system (O, x1, x2, x3) as:

– UTFA: n = 1, Mi = 1 and μi
1 = 1;

x2 x1

x3

Fig. 2 SMA subsets for 3D NiTi UC with f = 0.13 adopted for the
NUTFA analysis

– NUTFA: n = 8, Mi = 4 andμi
1 = 1,μi

2 = x1,μi
3 = x2,

μi
4 = x3.

Note that the modes are defined by linearly independent
monomials and they do not need to satisfy any orthogonal-
ity and normality conditions. In Fig. 2 the scheme adopted
for the NUTFA homogenization analysis is illustrated. The
choice of the subsets is performed taking into account the
specific UC microstructure and the possible distribution of
the stress concentrations, responsible for the evolution of
inelastic effects.

The results of the homogenizationmethods (Mori–Tanaka,
TFA and NUTFA), the nonlinear micromechanical FE
response and the experimental curve for the porous SMA
NiTi with f = 0.13, subjected to the compressive average
strain history (−ε̄11 = 0.045), are reported and compared in
Fig. 3 in terms of the average compressive stress−σ̄11 versus
the average compressive strain −ε̄11.

The comparison illustrated in Fig. 3 highlights that the
experimental average stress corresponding to the starting
point of the austenite-martensite transformation is overes-
timated by the FE results and the maximum average stress
achieved at the end of the loading phase is also slightly over-
estimated by the FE analysis. However, the performed FE
analysis provides a good approximation of the experimental
data, confirming the capability of the proposed FE procedure
of accurately predicting the stress–strain response of porous
SMA [12]. Moreover, the Mori–Tanaka technique provides
results that are in good agreement with the FE ones, except
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Fig. 3 Comparison of the results assessed by the homogenization, FE
and experimental analyses for 3D UC of porous NiTi ( f = 0.13)

for the last part of the loading phase, where NiTi is not fully
transformed into single-variantmartensite and, consequently,
the maximum average stress is underestimated compared
to both the FE and the experimental results. It can be also
remarked that the stress–strain curve assessed by the UTFA
procedure gives a good approximation of the FE response,
slightly overestimating the phase transformation activation
stress. Accordingly, with respect to the experimental data
almost the same deviation provided by the FE analysis is
observed.

It can be noted that the NUTFA procedure allows to per-
fectly reproducing the FE results, almost overlapping the
nonlinear micromechanical curve and thus assessing the
same deviations from the experimental response.

The results demonstrate the ability of all the proposed
homogenization techniques to accurately predicting the
three-dimensional mechanical behavior of the considered
porous material, reproducing the pseudoelastic effect. For
the considered loading case and level of porosity, the good
results achieved by the UTFA and Mori–Tanaka analyses
are due to a distribution of the transformation strains that is
almost constant in the matrix and, hence, it can be approxi-
mated by a uniform inelastic field.

In particular, the curves assessed by the homogenization
procedures, especially the UTFA and the NUTFA, provide
negligible deviations from the FE response. Hence, improv-
ing the FE approximation of the experimental results, a better
approximation provided by the developed homogenization
techniques can be obtained.

Finally, it can be stated that in the case of a composite
material characterized by the presence of closed spherical
pores with reduced volume fraction porosity ( f = 0.13) and
subjected to uniaxial stress loading condition, all the adopted
homogenization techniques allow to obtain reliable overall

results. However, also for this simple case it is fundamental to
properly choose thematerialmodel for theSMAdensemater-
ial. The material model adopted for the present computations
allows to accurately reproducing the response of SMAs with
a reduced number of material parameters. This last point rep-
resents a great advantage, as it can be difficult to properly set
the material parameters for complex SMA constitutive mod-
els on the basis of experimental results. The setting of the
SMA model parameters for the proposed application have
been performed in [12] on the basis of the response of the
dense material.

5.1.2 Analysis of porous SMA with f = 0.35

The second three-dimensional application concerns NiTi
with closed porosity, characterized by the same mechani-
cal properties of the previous test (Table 1). Also in this
case a spherical pore centered in the cubic UC is consid-
ered, reaching the higher level of porosity equal to 35%. The
UC is subjected to the same loading condition of the previ-
ous numerical example, reaching a value of the maximum
average strain equal to −ε̄11 = 0.045.

The UCmesh adopted to perform the nonlinear microme-
chanical FEanalysis and the linear pre-analyses for theUTFA
and NUTFA is made of 1244 quadratic tetrahedral elements.
As no experimental results are available, the micromechani-
cal FE solution is considered as the target reference solution
to compare with the three considered homogenization tech-
niques discussed above.

For the TFA-based homogenization techniques, the fol-
lowing number of subsets and inelastic modes are selected:

– UTFA: n = 1, Mi = 1 and μi
1 = 1;

– NUTFA: n = 5, Mi = 4 andμi
1 = 1,μi

2 = x1,μi
3 = x2,

μi
4 = x3.

Therefore, for the NUTFA a linear distribution for the trans-
formation strains is assumed in each of the five sub-domains.
A schematic illustration of the subset partitioning adopted in
the NUTFA analysis can be found in Fig. 4, where an octave
of the UC is shown.

Two boundary conditions are considered: in the first case,
the boundary conditions given in Eq. (43) are enforced,
inducing an overall uniaxial state of stress; the second case
considers the boundary conditions (44), ensuring a uniaxial
state of strain.

The comparison of the macroscopic stress component
−σ̄11 versus the average compressive strain−ε̄11 assessed by
the four analyses is reported in Fig. 5, for the uniaxial stress
state obtained considering the boundary conditions (43).

The achieved results show a good agreement between the
predictions of the homogenization models and the FE ref-
erence solution. In details, the NUTFA procedure is able to
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Fig. 4 SMA subsets for 3D NiTi UC with f = 0.35 adopted for the
NUTFA analysis
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Fig. 5 Comparison of modeling results assessed by the homogeniza-
tion analyses and the FE analysis for 3D UC of porous NiTi ( f = 0.35)
for the UC subjected to an overall uniaxial stress state

perfectly reproduce the FE response of porous SMA under-
going uniaxial loading: the curve realized by the NUTFA
analysis almost overlaps the micromechanical results, per-
fectly capturing the stress corresponding to the starting point
of the austenite-martensite transformation and the maximum
average stress assessed at the end of the loading step.

The UTFA procedure, characterized by a lower computa-
tional effort, is able to provide a satisfactory approximation
of the FE curve but overestimating the stress value for which
the austenite-martensite transformation begins. The UTFA
curve also slightly underestimates the value of maximum
stress. It could be considered as a compromise between a lim-

ited number of the reduced state variables and a less accurate
approximation of the FE solution.

In this application, the curve given by the Mori–Tanaka
approach represents the worst approximation of the nonlin-
ear micromechanical results for the porous NiTi UC with
f = 0.35. In fact, the maximum macroscopic compressive
stress is largely underestimated adopting the Mori–Tanaka
technique. The stress–strain slope during the phase transfor-
mation is lower than the one predicted by the FE analysis and
the martensite reorientation process does not occur at the end
of the loading step.

In Fig. 6, the contour plot of the inelastic strain compo-
nent π1 evaluated at the end of the loading phase, i.e. at
−ε̄11 = 0.045, is reported. It can be noted that the trans-
formation strain component ranges in the interval π1 ∈(−2.78 × 10−2,−7.92 × 10−5

)
in thewholeUC.Moreover,

a large zone (filled by violet color) subjected to an almost
uniform inelastic strain component appears.

A further numerical application is performed considering
the UC subjected to an overall uniaxial strain state, for the
same loading-unloading strain history considered above. In
this case, the boundary conditions (44) are prescribed. In Fig.
7, the mechanical response of the UC in terms of the overall
strain component−ε̄11 versus overall stress component−σ̄11
is plotted. The performances of theNUTFA can be remarked,
resulting in very good agreement with the FEmicromechani-
cal results. The UTFA and theMori–Tanaka homogenization
schemes lead to close results, which overestimate the overall
mechanical response.

In Fig. 8, the contour plot of the transformation strain
component π1 evaluated at −ε̄11 = 0.045 is reported.
A wide range of the value of the inelastic strain π1 ∈(−2.75 × 10−2, 2.78 × 10−2

)
can be noted. The nonuni-

form distribution is captured by the NUTFA which allows
to get satisfactory results; on the contrary, the UTFA as well
as theMori–Tanaka techniques, both based on a uniform dis-
tribution of inelastic strain in the NiTi material, do not lead
to accurate results.

It can be remarked that the inelastic strain distribution is
significantly changed in the UC when the boundary condi-
tions have been modified from an overall uniaxial stress state
to an overall uniaxial strain state.

The UTFA and, mainly, the Mori–Tanaka homogeniza-
tion schemes present some advantages as they are easy in the
use and absolutely fast in the computations. In particular, the
Mori–Tanaka technique is motivated by the dilute case and
based on the Eshelby inclusion problem. As remarked above,
UTFA and Mori–Tanaka are both based on the assump-
tion of a uniform inelastic strain distribution in the matrix
component. Consequently, they allow getting satisfactory
results for low values of the void fraction volume, as the
case f = 0.13. By increasing the value of the void frac-
tion volume, UTFA and Mori–Tanaka become less accurate.
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Fig. 6 Contour plot of the
transformation strain component
π1 evaluated at −ε̄11 = 0.045
for the UC subjected to an
overall uniaxial stress state
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Fig. 7 Comparison of modeling results assessed by the homogeniza-
tion analyses and the FE analysis for 3D UC of porous NiTi ( f = 0.35)
for the UC subjected to an overall uniaxial strain state

Moreover, the boundary conditions prescribed on the UC
play a very important role, as the overall uniaxial stress state
leads to a more uniform distribution of the inelastic strain
with respect to the uniaxial strain state, as remarked above.

5.2 2D porous SMA analyses

Next, the mechanical response of porous NiTi characterized
by open porosity is investigated. The simplifying hypothesis
of a regular and periodic distribution of cylindrical voidswith
circular directrix is introduced and the analysis is conducted

in 2D plane strain conditions. Therefore, a two-dimensional
square UC with a1 = a2 = a with a = 0.5 mm and a
circular hole centered in a dense NiTi matrix is analyzed. In
order to study several levels of porosity f , different values
of the radius R of the pore are considered in the following.
In particular, three different UCs are examined, setting the
following values of void volume fraction: 0.10, 0.20, 0.35.

Considering loading condition involving the non trivial
average strain components ε̄11 and ε̄22, only a quarter of the
UC is studied, adopting the following boundary conditions:

u1 (0, x2) = 0 ∀x2 ∈ [0, a]

u1 (a, x2) = ε̄11a ∀x2 ∈ [0, a]

u2 (0, x2) = u2 (a, x2) ∀x2 ∈ [0, a]

u1 (x1, 0) = u1 (x1, a) ∀x1 ∈ [0, a]

u2 (x1, a) = ε̄22a ∀x1 ∈ [0, a]

u2 (x1, 0) = 0 ∀x1 ∈ [0, a]

(45)

The quarter of UC is discretized with a mesh composed by
396 quadrilateral finite elements for the SMA matrix. This
discretization is adopted for all the porosities, both for the
elastic pre-analyses and the nonlinear micromechanical sim-
ulations.

The material properties of the dense SMA are the ones
adopted in [31] and are reported in Table 2.

In order to perform the UTFA homogenization analysis
a unique subset is considered for the SMA matrix. On the
contrary, the NUTFA method is performed subdividing the
nonlinear matrix material into several subsets. In particular,
two schemes are adopted to develop the nonuniform TFA: in
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Fig. 8 Contour plot of the
transformation strain component
π1 evaluated at −ε̄11 = 0.045
for the UC subjected to an
overall uniaxial strain state

Table 2 Material properties of the porous NiTi for the 2D numerical
simulation

NiTi mechanical properties

E = 53000MPa ν = 0.36 h = 1000MPa β = 2.1MPaK−1

εL = 0.06 M f = 223K σy = 61.23MPa

the analysis denoted as NUTFA 5 subsets are defined for the
SMA matrix; the analysis indicated as NUTFA+ considers
a refined approximation of the inelastic strain field using 10
SMA subsets.

The modes μi
k , forming the basis for the representation of

the inelastic strain in each i-th subset, are chosen in the UC
reference system as:

– UTFA: n = 1, Mi = 1 and μi
1 = 1;

– NUTFA: n = 5, Mi = 3 andμi
1 = 1,μi

2 = x1,μi
3 = x2;

– NUTFA+: n = 10, Mi = 3 and μi
1 = 1, μi

2 = x1,
μi
3 = x2.

As for the 3D simulation, the analytical functions chosen
for the NUTFA and NUTFA+ are linearly independent but
neither orthogonal nor normalized. In Fig. 9 the schemes
adopted for the nonuniform TFA based homogenization
analyses are illustrated.

Three loading histories, for which onlymicromechanichal
analyses of porous SMA have been perfomed in [12] with
the aim to investigate on the dissipation of this very special
composite, are considered in the following for developing
the homogenization analyses above described.

Fig. 9 Two different schemes
representing the UC partitioning
in sub-domains adopted for the
NUTFA and NUTFA+ analyses

x2

x1
NUTFA+NUTFA

x2

x1
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Table 3 First loading history for the 2D UC

t[s] 0 1 2

ε̄11 0 0.02 0

ε̄22 0 0 0

T [K] 270 270 270

For thefirst loading history, reported inTable 3, an increas-
ing value of the tensile average strain ε̄11 is prescribed in the
UCs until the value ε̄11 = 0.02 is reached with ε̄22 = 0.
The temperature is set T = 270 K, greater than the tempera-
ture A f at which the more-ordered austenitic phase is stable,
and taken constant during the whole loading history. Then,
the NiTi pseudoelasticity is exploited unloading the UC and,
thus, allowing the complete recovery of the transformation
strain in the porous SMA.

The mechanical responses of the UCs, in terms of the
average stress σ 11 versus the average strain ε̄11, obtained
carrying out the homogenization analyses defined above, are
compared with the ones derived by performing the FE analy-
ses in Fig. 10a–c for f = 0.10, f = 0.20 and f = 0.35,
respectively.

From Fig. 10 some observations can be remarked. All the
performed homogenization techniques are able to reproduce
the pseudo-elastic effect for porous SMAs, allowing the com-
plete recovering of the transformation strain at the end of the
unloading phase. However, the results achieved by the UTFA
for all the levels of the considered porosities are significantly
different from the micromechanical ones and, moreover, the
UTFA solution is the worst approximation of the FE results.
The results assessed adopting theMori–Tanaka homogeniza-
tion scheme are very similar to the ones provided by the
uniform TFA. Both the UTFA and the Mori–Tanaka tech-
niques are able to recover the initial stiffness of the porous
medium but they strongly diverge from the FE solution dur-
ing the transformation phase, showing stress–strain slopes
considerably stiffer than the ones given by the FE curves and
assessing values of the maximum average stress significantly
higher than the FE ones.

On the other hand, for all the considered porosities, it is
found that the nonuniform TFA homogenization approach
provides an accurate approximation of the FE solution.
Notably, for the cases f = 0.20 and f = 0.35, already
the analyses characterized by the coarser discretization and
denoted as NUTFA almost overlap the FE curves, properly
capturing the yield strength value, the stress–strain slope dur-
ing the phase transformation and the value of the maximum
average stress. In particular, for f = 0.10, theNUTFAanaly-
sis leads to accurate predictions of the values of the yield
strength and of the maximum average stress but provides a
higher stiffness of the stress–strain slope during the phase
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Fig. 10 Comparison of modeling results assessed for load case 1 by
the homogenization and the FE analyses for 2D UCs of porous NiTi
with f = 0.10 (a), f = 0.20 (b), f = 0.35 (c)

transformation. The prediction of the stress component is
clearly furthermore improved by the NUTFA+ analysis: the
accuracy of the stress prediction benefits from an increased
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Table 4 Second loading history for the 2D UC

t[s] 0 1 2

ε̄11 0 0.04 0

ε̄22 0 0 0

T [K] 270 270 270

number of subsets, obviously at the expense of an increased
computation time and a slightly increased memory usage.

It’s worth noting that in contrast to the previous 3D sim-
ulations, for the case of NiTi with open porosity conducted
in 2D using plane strain conditions, the distribution of the
transformation strains is strongly nonuniform and, accord-
ingly, the UTFA and Mori–Tanaka approximations result to
highly diverge from the FE responses.

For the second loading case, reported in Table 4, a loading-
unloading history in terms of the average strain, is prescribed
at a constant temperature T = 270 K, until the value ε̄11 =
0.04 is reached.

The constitutive behaviors assessed with the Mori–
Tanaka, UTFA and NUTFA analyses are compared with the
FE results and they are plotted in terms of average normal
stress versus the average normal strain along the x1-direction
for f = 0.10, f = 0.20 and f = 0.35 in Fig. 11a–c, respec-
tively.

As established in the previous numerical simulation, also
the performed applications highlight that the UTFA analysis
gives the worst approximation of the nonlinear microme-
chanical solution. The Mori–Tanaka approach leads to a
slight improvementwith respect to theUTFA results, but pro-
viding unsatisfactory results which clearly diverge from the
reference solution. Also for a larger value of the prescribed
maximum average strain the NUTFA method proves to be
capable to accurately predict the mechanical behavior of the
porous medium. For f = 0.20 and f = 0.35 the NUTFA
analysis with five subsets can reproduce the FE solution with
high accuracy. Only for the porous SMA UC characterized
by volume of voids equal to 10% the more refined scheme
adopted for the NUTFA+ analysis is required to improve
the homogenization results. The curve assessed through the
NUTFA+ appears to be in perfect agreement with the micro-
mechanical results.

The third loading path prescribed on the 2D porous UC
is reported in Table 5. It corresponds to an average strain
history which allows for a larger part of the UC to undergo
the phase transformation.

Figure 12 shows the behavior of all the unit cells in terms
of the average normal stress σ̄11 versus the average strain ε̄11
for the loading case 3. Note that the macroscopic stress σ̄22
is equal to σ̄11 due to symmetry and, thus, it is not reported
herein.
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Fig. 11 Comparison of modeling results assessed for load case 2 by
the homogenization and the FE analyses for 2D UCs of porous NiTi
with f = 0.10 (a), f = 0.20 (b), f = 0.35 (c)

The achieved results confirm the capability of the adopted
homogenization procedures to capture themechanical behav-
ior of porous SMAs, correctly reproducing the pseudoelastic

123



770 Comput Mech (2016) 57:755–772

Table 5 Third loading history for the 2D UC

t[s] 0 1 2

ε̄11 0 0.02 0

ε̄22 0 0.02 0

T [K] 270 270 270

effect. In contrast to the 3D numerical tests, theMori–Tanaka
and UTFA approaches demonstrate to be not accurate in the
prediction the overall two-dimensional nonlinearmechanical
behavior of the considered composite material. The nonuni-
formdistribution of the approximated inelastic strain allowed
by the NUTFA technique leads to predictions that are in per-
fect agreement with the reference solution. As it has been
observed in the previous simulations, for theUCswith poros-
ity levels equal to 20% and 35% the NUTFA scheme is
able to perfectly reproduce the FE results. For the UC with
f = 0.20 the choice of greater number of subsets, i.e.,
NUTFA+ scheme, is required to achieve a more accurate
prediction.

6 Conclusions

In the present paper a comparative study between three dif-
ferent techniques for the solution of the homogenization
problem for porous SMAs is made: the incremental Mori–
Tanaka averaging scheme, the uniform transformation field
analysis procedure (UTFA) and the extension to porous
materials of the nonuniform transformation field analysis
homogenization technique (NUTFA) proposed in [27]. In
particular, different porous SMA media, characterized by
closed and open porosity are investigated.

Numerical applications are carried out to reproduce the
constitutive behavior of porous SMAs considering three-
dimensional and two-dimensional geometries with several
levels of porosity and different loading conditions, inducing
pseudoelastic effect in the SMA matrix. The homogenized
responses of the three techniques are compared with avail-
able experimental results and, mainly, with nonlinear finite
element simulations in order to examine the accuracy of the
proposed methods and their ability to predict the effective
overall behavior of the special composite medium.

For the performed 3D problems, characterized by uniaxial
stress state, it is worth noting that the distribution of the trans-
formation strains can be properly approximated by a uniform
field, mainly when f = 0.13. On the other hand, when the
3D cell, characterized by a level of porosity equal to 0.35, is
subjected to uniaxial strain state, the distribution of the trans-
formation strain becomes significantly nonuniform, and, as
consequence, the UTFA and Mori–Tanaka results are less
accurate respect to the NUTFA results. In all the 3D analy-
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Fig. 12 Comparison of modeling results assessed for load case 3 by
the homogenization and the FE analyses for 2D UCs of porous NiTi
with f = 0.10 (a), f = 0.20 (b), f = 0.35 (c)

ses, the curves assessed by the NUTFA procedure provide
negligible deviations from the FE response, performing the
best approximation.
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Numerical applications concerning materials character-
ized by open porosity, whose response is investigated in the
2D plane strain framework, highlight that the Mori–Tanaka
and the UTFA approaches are not able to accurately predict
the mechanical behavior of the considered porous medium.
On the contrary, the NUTFA technique leads to predictions
that are in perfect agreement with the reference solution.

It could be remarked that, in the linear elastic range,
the Mori–Tanaka scheme can be interpreted as a Hashin–
Shtrikman bound, as proved in [38]. It is supposed that this
important result holds true in the case of porous materials,
even if this has not been proved within the present paper. In
particular, in the case of interest the Mori–Tanaka technique
should lead to the Hashin–Shtrikman lower bound. This is
confirmed by the numerical results obtained for 3D and 2D
UCs showing a lower stiffness for theMori–Tanaka response
in the first part of the equilibrium path, i.e. in the limit of the
elastic response of the material. Indeed, the correct approx-
imation of the distribution of the inelastic strain in the UC
plays a fundamental role in the nonlinear material response,
as expected. In fact, even if Mori–Tanaka procedure under-
estimates the stiffness in the elastic range, it overestimates
the mechanical response in the nonlinear range as it is based
on the dilute Eshelby inclusion problem, which considers a
uniform distribution of the inelastic strain in the NiTi mate-
rial.

On the basis of these outcomes it can be deduced that
NUTFA technique allows for an accurate approximation of
the actual nonlinear effective behavior of porous SMAs both
for the case of open or closed porosities. Nonuniform TFA
leads to considerable gains in computational efficiency and
memory requirements, reducing the computational complex-
ity of themicromechanical simulations. In fact, theNUTFA is
computationally advantageous with respect to the FE analy-
sis as it does not require, at any nonlinear iteration of each
time step, the computation of the (tangent/secant) stiffness
matrix of each element, the assemblage of all the element
stiffness matrices and the resolution of a system of equations
characterized by the dimension of the total dof of FE mesh.
In fact, NUTFA uses the results of linear elastic pre-analyses
and requires the solution of systems of equation with dimen-
sions depending on the number of subsets times the number
of modes for each subset. In the developed computations,
typically the NUTFA requires a computational time 10 times
lower than the corresponding FE analysis, in accordancewith
what found in [27].

TheNUTFA technique can be usefully implemented at the
Gauss point level in a finite element code in order to perform
multiscale analyses for innovative devices made of porous
SMAs.
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