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Shape memory alloys (SMAs) are exploited in several innovative applications, experiencing up to millions
of cycles, and thus requiring a fully understanding of material fatigue and fracture resistance. However,
experimental and methodological descriptions of SMA cyclic response are still incomplete. Accordingly,
the present paper aims to investigate the cyclic response of SMAs under macroscopic elastic shakedown
and to propose a criterion for the high cycle fatigue of SMAs. A multiaxial criterion based on a multiscale
analysis of the phase transformation between austenite and martensite and using the rigorous frame-
work of standard generalized materials is proposed. The criterion is an extension of the Dang Van high
cycle fatigue criterion to SMAs. The criterion is applied to uniaxial experimental data taken from the lit-
erature. It distinguishes run out from failure tests in the infinite lifetime regime. The analysis permits a
novel insight into the development of a general multiaxial failure criterion for SMA materials and also
suggests further experimental investigations to completely understand the fatigue behavior of SMAs
under elastic shakedown.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Shape memory alloys (SMAs) possess unique properties, known
as shape memory effect and pseudoelasticity. These properties
result from reversible diffusionless solid–solid transformations
(known as martensitic transformations) between a relatively
ordered parent phase, called austenite (A), and a less ordered pro-
duct phase, called martensite (M).

Shape memory effect and pseudoelasticity are successfully
exploited in many fields, e.g., structural engineering, automotive,
aerospace, micro-electromechanical, robotics, and biomedical
industry [36,42]. In particular, a wide segment is covered by SMA
actuation systems [50] and by innovative devices for the control
of civil structures [1]. Within the biomedical industry, self-
expandable vascular stents represent a considerable part of SMA
applications for mini-invasive techniques [73]. The question of life-
time prediction and of the improvement of the alloys with respect
to this aspect is a major topic in the field [15,35].

The rather complex micromechanical behavior of SMAs also
induces unusual fracture and fatigue responses when compared
with polycrystalline metallic alloys [47,78]. It has already been
discussed, for instance by Tabanli et al. [86,87], that classical fati-
gue criteria cannot be directly applied, due to the uncertain role
of the phase transformation under cyclically varying deformations
and of the stress and/or thermally-induced microstructural evolu-
tion of the different phases [78]. Indeed, transformations between
austenitic and martensitic phases, moving martensite interfaces,
accumulation of dislocations are believed to play an important role
in the fatigue lifetime of SMAs [6,69].

The prediction of crack initiation and growth under thermo-
mechanical cyclic loading is an essential requirement for the
design of novel SMA components [77], since fatigue failure has
emerged as one of the main design issues [5,33]. As an example,
SMA actuators are subjected to thermal cycling and are expected
to undergo at least 104–105 cycles during their service life
[38,84]. For SMA cables used as damping prevention in stay cable,
suspension, and prestressed concrete bridges, fatigue life is usually
taken into account considering the frequency range of vibration on
real scale bridges, i.e. 5–20 Hz, and a number of working cycles up
to 5 � 106 [49]. In the majority of the biomedical applications, stents
are permanently implanted in the human body and experience
millions of in vivo cycles due to blood pressure; stents should sur-
vive at least for 10 years without exhibiting failure, which trans-
lates into 4 � 108 service cycles [91].

For structures subjected to cyclic loading, the concept of shake-
down represents a necessary condition for safety assessment [40].
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In case of elastoplastic structures, shakedown refers to a state in
which plastic strains stabilize after a finite number of loading
cycles, and therefore the structure undergoes only elastic or alter-
nating plastic deformations. In particular, the shakedown analysis
classifies the stress–strain response of the structure in three main
categories: (i) elastic shakedown if the response is linear, (ii) plastic
shakedown if the response exhibits a hysteretic loop, and (iii) ratch-
eting if the response is a non-closed path leading to increasing
strains. Depending on this classification, in the fatigue diagram
the corresponding shakedown regions are generally associated
with the high and low cycle fatigue regimes [16]. The mechanical
response of SMA structures under cyclic loading is more complex
than the response of elastoplastic structures, due to the occurrence
of phase transformation and plastic deformation, which can lead to
different physical situations; see Feng and Sun [23] for details. As
an example, let us consider two different cases of a SMA material
subjected to cycling loading (at T > Af , Af being the austenite finish
transformation temperature), according to the paths depicted in
Fig. 1(a) and (b), which trigger different shakedown states within
the SMA material:

1. The loading path in Fig. 1(a) consists first in loading (ABCDE) up
to fully Martensite phase, then unloading (EFG), and finally
cycling (GCDF) in the mixed Austenite–Martensite part of the
diagram. The loading cycle GCDF exhibits a dissipative hys-
teretic loop where both forward and reverse phase transforma-
tions (Austenite–Martensite–Austenite) take place. In this case,
the cyclic response is referred to as alternating phase transfor-
mation (this shakedown state with hysteretic loop is referred
to as plastic shakedown in the case of elastoplastic structures).

2. The loading path in Fig. 1(b) consists first in loading (ABCD) up
to fully Martensite phase, then unloading (DE), and finally elas-
tic cycling (EC) in the mixed Austenite–Martensite part of the
diagram. The loading cycle EC is linear with stabilized phase
transformation. The response is referred to as elastic shakedown.

3. The loading path in Fig. 1(b) consists first in loading (ABCD) up
to fully Martensite phase, then unloading (DE), and finally elas-
tic cycling (FG) in the fully Martensite part of the diagram. The
loading cycle FG is linear without phase transformation. The
response is referred to as elastic shakedown.

It should be pointed out that for the scopes of the present study,
other cyclic loading paths for SMAs will be not handled. These
paths include: cyclic loading in the fully austenitic (elastic shake-
down) and fully martensitic phases (plastic shakedown). Given
Fig. 1. Two examples of SMA response under cyclic loading at T > Af . (a) The loading path
and finally cycling (GCDF) in the mixed Austenite–Martensite part of the diagram (A + M
loading path consists in loading (ABCD) up to fully Martensite phase (M), then unloading
in the fully Martensite (M) part of the diagram (EC or FG, respectively). The loading cyc
these different possible fatigue conditions, in order to prevent pre-
mature failure of SMA structures, it becomes necessary to verify
whether they will shakedown elastically or by alternating phase
transformation, or will fail by alternating plasticity or ratcheting.

Several experimental investigations and fatigue methodologies
have analyzed both SMA structural fatigue (component failure)
and functional fatigue (the evolution of shape memory effect and
pseudoelasticity under repeated thermo-mechanical cycles); see
Robertson et al. [78] as review article.

Experimental investigations are generally coupled with obser-
vations to track the nucleation and evolution of martensite and
austenite during mechanically unstable regimes with the final
aim of characterizing the material fatigue response on a micro-
scopic and even macroscopic level [11,17,27,28,39,41,51,69,89,96].
Experimental observations have also inspired a series of fatigue
approaches aimed to estimate the lifetime, as a macroscopic crack
initiation criterion. Most of the studies focus on stress- or strain-
life SMA fatigue approaches for different types of uniaxial tensile
loading, e.g., [30,37,48,70,94], while only few focus on the torsional
fatigue loading of SMAs, e.g., [76,79].

Concerning available failure criteria, although uniaxial ones
may fail to accurately predict the lifetime of devices under multi-
axial loading conditions, only few multiaxial fatigue criteria exist
for SMAs. It is worth mentioning the works by Moumni et al.
[55,56] and Morin et al. [54] who firstly proposed an energy
approach, where the dissipated energy of the pseudoelastic hys-
teresis cycle was used as a parameter for lifetime estimation.
Recently, Hartl et al. [32] proposed a constitutive model describing
SMA behavior undergoing a large number of cycles, coupled with a
continuum theory which includes an internal damage evolving
into final failure. These approaches focus on the cyclic alternating
phase transformation behavior of SMAs. Only few works have been
proposed to extend the shakedown theorems for elasto-plastic
materials to SMA structures, see, e.g., [23,66–68,74,95]. To the
authors’ knowledge, no works address the fatigue analysis of
SMA elastic shakedown, even though such a loading condition is
very frequent in various applications [78].

Motivated by the above considerations, the present paper
focuses on the cyclic response of SMAs, under the elastic shake-
down regime, and proposes a multiaxial criterion for the high cycle
fatigue of SMAs. The derivation starts from the following consider-
ations: such criterion should (i) predict high cycle fatigue crack ini-
tiation; (ii) be based on a multiscale analysis taking into account
the complexity of the phase transformation between austenite
and martensite; (iii) be multiaxial.
consists in loading (ABCDE) up to fully Martensite phase (M), then unloading (EFG),
phases). The loading cycle GCDF denotes alternating phase transformation. (b) The
(DE), and finally elastic cycling in the mixed Austenite–Martensite (A + M phases) or
les EC and FG denote elastic shakedown conditions.
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The Dang Van-Papadopoulos criteria [19,61] belong to the class
of fatigue criteria fulfilling the above conditions. Their merit comes
from the underlying fundamental concepts of shakedown and
standard generalized materials applied at the grain level in metal-
lic polycrystals. Such criteria have been successfully applied to
both infinite and finite lifetime in the high cycle fatigue regime
of steel structures [20,24,62,93]. The homogenization assumptions
relating the grain scale plasticity with the macroscopic behavior
have been discussed in [8,34]. They have permitted to extend con-
sistently the criterion to finite lifetime [10,52], to explain the scat-
ter of fatigue experiments, to explore the effect of loading path
[29], as well as to include the presence of stress concentrations cre-
ated by defects [29]. Moreover, the coherent thermodynamic foun-
dation has allowed to relate plastic dissipation with self-heating
[14,46] and it has opened innovative techniques for lifetime pre-
dictions [21,22,75].

The aim of this paper is to derive a similar thermodynamically
consistent framework for the analysis of fatigue in polycrystalline
SMAs. Generally, polycrystalline SMAs present a complex
microstructure made of austenite and/or martensite, which appear
in the form of plates, inclusions, or grains. Therefore, three differ-
ent length scales can be considered, corresponding to different sys-
tems: (i) the microscopic scale of microstructures (pellets,
inclusions, bands, etc.) formed in each grain; (ii) the mesoscopic
scale of individual grains; and (iii) the macroscopic scale of the
polycrystalline material, consisting in several grains [64]. Here,
we consider classical homogenization assumptions to evaluate
the mesoscopic mechanical quantities from the macroscopic ones
and we perform the shakedown analysis by using the recent theo-
rems by Peigney [66–68], obtained for a large class of SMA consti-
tutive laws within the generalized standard materials framework.
Then, we perform the fatigue analysis by formulating a criterion
of the Dang Van-Papadopoulos type. The novelty of the proposed
approach is to analyze, for the first time, the high cycle fatigue
behavior of SMAs under elastic shakedown by combining two
well-known and consolidated theories from the literature
[19,67]. Indeed, even though in many applications SMA structures
work under this in-service conditions (as discussed above), avail-
able models mainly refer to cyclic loading which entail a dissipa-
tive hysteretic loop where both forward and reverse phase
transformations occur cyclically.

The shakedown and multiscale analysis is then applied to a ser-
ies of uniaxial fatigue experiments taken from literature [69]. A
constitutive law of the Souza–Auricchio type [3,83,82] is identified
on the specific material and the complete mechanical behavior is
computed for all the test cases. The proposed fatigue criterion suc-
cessfully predicts failure or run out of the tested specimens.

The analysis leads to a new insight in the analysis of the fatigue
phenomena in SMA materials and it opens a new path for the
development of a general multiaxial failure criterion for this class
of materials and the manufacturing of new alloys.

The present paper is organized as follows. Section 2 presents a
review of the thermodynamic framework of the constitutive laws
and the shakedown theorems for SMAs. Then, Section 3 introduces
the Dang Van type criterion for SMAs. Section 4 presents the
results of its application to experiments from the literature. Con-
clusions and summary are finally given in Section 5. A scheme of
the numerical algorithm for the computation of the fatigue crite-
rion is provided in Appendix A.

2. Thermodynamic framework and shakedown theorem for
SMAs

This section reviews the constitutive laws and the shakedown
theorem for SMAs in the framework of generalized standard mate-
rials [31].
2.1. Thermodynamic framework

Assuming a small strain regime, the initial configuration of the
local SMA material state is described by the total strain e, the tem-
perature h, and an internal variable a. The variable a represents the
inelastic strain and can include the description of several physical
phenomena characterizing SMA behavior, ranging from permanent
plasticity and phase transformations, up to void generation and
fracture [66].

According to [31], the constitutive model is defined in terms of
the free energy w and the pseudo-potential of dissipation /, from
which the stress tensor r and the thermodynamic force A associ-
ated to a are derived.

The free energy is assumed to depend on the total strain e, the
temperature h, and the internal variable a, i.e. w ¼ w e; h;að Þ, as
follows:

w ¼ 1
2
e� að Þ : C : e� að Þ þ f ð1Þ

where f ¼ f h;að Þ is a positive differentiable function, describing the
energy contribution associated to the internal variable and temper-
ature variations. Here and in the following, the stiffness tensor C is
assumed to depend on the component of the internal variable
describing phase transformation.

The free energy describes the relation between the state and
internal variables, e and a, and their conjugate quantities, r and
A, as follows:

r ¼ @w
@e ¼ C : e� að Þ

A ¼ � @w
@a ¼ r� 1

2 e� að Þ : dC
da : e� að Þ � @f

@a

(
ð2Þ

The evolution of the internal variable a is described in terms of
the time derivative _a by using the pseudo-potential of dissipation
/ ¼ / _að Þ, which is a positive convex functional vanishing at the
origin.

It is then convenient to introduce the complementary pseudo-
potential of dissipation /� ¼ /� Að Þ, which is the Legendre–Fenchel
transform of /. Such a step requires the introduction of the indica-
tor function IP Að Þ:

/� ¼ IP Að Þ ¼
0 if A 2 P
þ1 otherwise

�
ð3Þ

where P ¼ A jF Að Þ 6 0f g is the set of admissible thermodynamic
forces, described in terms of the limit function F. In classical plastic-
ity F represents the yield limit, while it describes phase transforma-
tion and/or permanent plasticity in the case of SMAs.

The evolution equation for a in terms of /� is derived as [26,66]:

_a 2 @/� Að Þ ¼ @IP Að Þ ð4Þ

while the evolution equation for A in terms of / is obtained as
follows:

A 2 @/ _að Þ þ @IT að Þ ð5Þ

The internal variable a is constrained to take values in a convex and
closed subset T , with the term @IT að Þ representing the subdifferen-
tial of the indicator function IT að Þ, defined to enforce the constraint
on a, as follows:

IT að Þ ¼
0 if a 2 T
þ1 otherwise

�
ð6Þ

Then, the thermodynamic force A associated to a is defined as
follows:

A ¼ Ad þ Ar

Ad 2 @/ _að Þ
Ar 2 @IT að Þ

8><
>: ð7Þ
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where Ad represents the dissipative force and Ar the non-dissipative
force reacting to the internal constraint on a.

2.2. Shakedown analysis

In the reviewed modeling framework, the concept of shake-
down is essential for systems undergoing a given cyclic loading
history. Recently, Peigney [66] has addressed the asymptotic
behavior of non-smooth mechanical systems and has provided
the necessary and sufficient conditions ensuring elastic shake-
down. This has been accomplished by bounding the mechanical
dissipation, which is actually the extension of the original line of
thought by Koiter [40], Nguyen [58] to non-smooth mechanics. It
is worth pointing out that the shakedown theorems reported by
Peigney [66] are general and do apply to all SMA models entering
the class of generalized standard materials. Within this family, we
can cite the models proposed by Lagoudas et al. [43], Leclercq and
Lexcellent [44], Moumni et al. [57], Sedlák et al. [81], Souza et al.
[83], Stupkiewicz and Petryk [85], and Zaki and Moumni [97].

Let us consider a SMA structure under cyclic loading. Its
response is described in terms of state and internal variables
(e; h;a) and the conjugate quantities (r;A). If the structure attains
an elastic shakedown state at time t > t0, then aðtÞ and AðtÞ are
constant, meaning that the response of the structure is elastic
around a fixed residual stress field triggered by a fixed inelastic
strain characterizing the phase transformation and/or permanent
plasticity. It is therefore convenient to consider the elastic response
of the structure, defined by the fictitious elastic stress history re.

The theorem by Peigney [66] establishes the following result:

Shakedown theorem. If there exists a positive coefficient m > 1, a
time t0, and a time-independent field Ar

� such that

F mreðtÞ � Ar
�

� �
6 0 for all t > t0 ð8Þ

then there is elastic shakedown, whatever the initial condition is.

Here, re ¼ Cee is the fictitious elastic response of the system
and Ar

� the residual stress or eigenstress generated by the inelastic
processes of phase transformation and/or irreversible plasticity.

The shakedown theorem actually states that the structure will
attain a shakedown state under a given cyclic loading, provided
that the fictitious elastic stress path can be included in the limit
domain defined by the limit function F, translated by a residual
stress field Ar

�.
The proposed shakedown analysis of SMA fatigue is not only

based on the mathematical analysis in the framework of general-
ized standard materials, but also on physical observations. Indeed,
it has been reported that the fatigue life of SMAs is strongly influ-
enced by microstructural stress-induced transformations between
austenite and martensite in non-zero mean strain conditions
[39,69,72,78]. Depending on material processing and resulting
microstructure, the elastic cyclic loadings typically produce an
austenite banded microstructure characterized by a high density
of dislocations and retained deformed martensite. The accumula-
tion of these dislocations affects the transformational behavior of
SMAs, resulting in changes in transformation temperatures, strain
(under stress-control) and stress (under strain-control). Similarly,
variants of stress-induced martensite can influence the internal
residual strains due to the transformation. These results suggest
that, in the case of SMAs, the residual stresses can be plausibly
attributed to the incompatibility of transformation strain due to
the importance of transformation strain and material phases dur-
ing fatigue loadings.

Without restraining the generality of the proposed
approach, we will employ, as SMA constitutive model, the
three-dimensional phenomenological model originally presented
by Souza et al. [83,82] and then investigated by Auricchio and Pet-
rini [3], Auricchio et al. [4] (denoted in the following as the Souza–
Auricchio model). The model assumes a deviatoric second-order
tensor representing the transformation strain associated to trans-
formations between austenite and martensite as internal variable,
i.e. a ¼ etr . Such an internal variable is constrained to satisfied the
inequality ketrk 6 eL, where eL is a parameter related to the maxi-
mum transformation strain reached at the end of the transforma-
tion during a uniaxial test. We further define the martensite
volume fraction as z ¼ ketrk=eL. Indeed, z varies between 0 (fully
austenite) and 1 (fully martensite).

The free-energy and the dissipation pseudo-potentials are thus
defined as:

w ¼ 1
2 e� etrð Þ : C : e� etrð Þ þ b h� h�h iketrk þ 1

2hketrk2

/ ¼ Rk _etrk
/� ¼ IP Að Þ

8><
>: ð9Þ

Here, h is a positive parameter related to material hardening during
phase transformation; b a positive material parameter related to the
dependence of the critical stress on temperature; h� the tempera-
ture below which only martensite phase is stable; the notation �h i
denotes the positive part function, while k � k denotes the Euclidean
norm.

The set of admissible thermodynamic forces P ¼ A jF Að Þ 6 0f g
is described in terms of the limit function F, taken in the form:

F ¼ kAk � R ð10Þ

with R the positive radius of the elastic domain. Recall that the ther-
modynamic force A is the work-conjugate to the deviatoric trans-
formation strain and it is thus indicated as deviatoric
transformation stress.

For the Souza–Auricchio model, the shakedown theorem (see
inequality (8)) becomes:

Shakedown theorem (Souza–Auricchio model). If there exists a
positive coefficient m > 1, a time t0, and a time-independent field Ar

�
such that

kmse � Ar
�k 6 R for all t > t0 ð11Þ

then there is elastic shakedown, whatever the initial condition is.
Here, se is the deviatoric part of re.

3. Fatigue criterion postulation for SMA infinite lifetime

The fatigue criterion proposed in the following aims to predict
the onset on infinite lifetime for polycrystalline SMAs. It starts
from the experimental observation that, in high cycle fatigue, only
few grains of the material undergo inelastic strains, whilst most of
the material remains elastic. Furthermore, the elastic cycles
described at the scale of the structure or of the crystalline grains
of the polycrystal will be characterized by using the shakedown
concepts defined in the previous section. The idea of a weak,
inelastic element embedded in an elastic matrix represented by
two springs was initially proposed by Orowan [60] and it is a key
element in the development of the Dang Van-Papadopuolos fatigue
criteria. These criteria are based on shakedown concepts applied to
a simplified two-scale material description [19,53,62]. In the
sequel, we shall follow a similar path by replacing the inelastic
plastic strain typical of the standard metallic alloys with the trans-
formation and plastic strains characterizing SMA behavior.

At the macroscopic scale, the material point surrounds a repre-
sentative elementary volume (REV) considered as a process zone of
the fatigue phenomena. This is the scale of engineering design and
computations. The mesoscopic scale will resolve the REV at the
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Fig. 3. SEM image of a NiTi sample: local material scale. Blue boundaries highlight
austenite grains (A), red boundaries martensite grains (M), and red–blue bound-
aries mixed austenite–martensite grains (A + M). (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)
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scale of the crystalline grains and will reveal large number of
grains consisting of austenite (A), martensite (M), or a mixture of
both austenite and martensite (A + M). The two scales are schemat-
ically represented in Fig. 2, whether Fig. 3 display a NiTi sample at
the mesoscopic material scale, with blue, red, and green bound-
aries highlighting austenite (A), martensite grains (M), and mixed
austenite–martensite (A + M) grains, respectively. Mesoscopic
and macroscopic quantities are denoted with and without an hat,
respectively.

An infinite lifetime is obtained if at both scales the material is
under a shakedown cycle and no dissipation, i.e. phase transforma-
tion or plasticity, occurs. Therefore, the time evolution of stresses
during the service loading of the structure can be written under
the following form:

rðx; tÞ ¼ CðxÞ : eðx; tÞ � aðxÞð Þ ðmacroscopic scaleÞ ð12Þ
r̂ðx̂; tÞ ¼ Ĉðx̂Þ : êðx̂; tÞ � âðx̂Þð Þ ðmesoscopic scaleÞ ð13Þ

One can observe that the elastic shakedown assumption implies
that the inelastic transformations strains a and â are constant in
time. As a consequence the elasticity tensors C and Ĉ which depen-
dent on the transformation strains in the case of shape memory
alloys are also constant in time.

The next step is to relate the mechanical variables between
scales. In order to obtain tractable formulas, several homogeniza-
tion techniques have been considered in the literature for metallic
structures [12,13,19] and have been compared to complete
microstructural computations [29,34]. In the case of SMAs, the
homogenization assumptions have been discussed in the literature
and different bounds for the energy have been obtained as a func-
tion of the patterns of the microstructure [9,63,65]. However, these
fine descriptions are not a key component for the reasoning pre-
sent next.

Let us consider the following simplifying assumptions:

� The Lin-Taylor homogenization hypothesis [45,88], i.e. the
equality of macroscopic and mesoscopic strains: e ¼ ê.

� A localization forth-order localization tensor A ¼ I, with I the
fourth-order identity tensor. A expresses the local mesoscopic
elasticity tensor, i.e. Ĉ ¼ A : C.

It’s worth pointing out that the two-scale analytical model
based on the homogenization approach is not a mathematical
exact derivation of the fatigue criterion, but only a useful tool relat-
Fig. 2. Schematic representation of the macroscopic scale of the SMA specimen and
the mesoscopic scale of the RVE. The RVE consists of a set of austenite (A),
martensite (M) or mixed grains containing martensite and austenite (A + M) in the
form of bands. Mesoscopic and macroscopic quantities are denoted with and
without an hat, respectively.
ing mechanical quantities at the grain scale with the quantities
defining the fatigue criterion. Therefore, a possible stiffer response
of the Lin-Taylor approach here adopted is not significant either for
the formulation of the criterion, or for the fatigue prediction.

Through simple algebraic computations by using the preceding
constitutive and elastic shakedown assumptions, one obtains the
following expression:

r̂ðx̂; tÞ ¼ rðx; tÞ � CðxÞ : âðx̂Þ � aðxÞð Þ ð14Þ

This relation indicates that the mesoscopic stress r̂ðx̂; tÞ stands
actually for the distance between the macroscopic stress rðx; tÞ
and a time independent stress state �CðxÞ : âðx̂Þ � aðxÞð Þ. The later
residual stress state is directly associated with the local meso-
scopic transformation strain which is apriori unknown, unless
the complete mesoscopic problem is solved. However, the shake-
down theorems discussed in the preceding section can provide
an appropriate candidate for this residual, time-independent stress
state.
3.1. Fatigue criterion

Let us reconsider now the elastic shakedown state at the macro-
scopic scale from the point of view of the shakedown theorems
(see Section 2.2). If rðx; tÞ is in elastic shakedown, it follows from
the theorem that there exists a time-independent field Ar

�ðxÞ, such
that the difference Fðrðx; tÞ � Ar

�ðxÞÞ < 0, i.e. insuring that no phase
transformation takes place for large time instants, t > t0.

For each point of the structure x; Ar
�ðxÞ is defined as the solution

of the following min–max problem:

Ar
�ðxÞ ¼ min

Ar
1

max
t

sðx; tÞ � Ar
1

�� �� ð15Þ

where sðx; tÞ ¼ devrðx; tÞ. Here, Ar
�ðxÞ represents the center of the

smallest hypersphere encompassing the stress path in the devia-
toric space for large time instants, t > t0. Several algorithms have
been applied in the literature to solve this problem ranging from
direct min–max [61] to optimization [7,24] algorithms.
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Starting from the preceding homogenization analysis, more pre-
cisely from Eq. (14), it is natural to associate the difference
rðx; tÞ � Ar

�ðxÞ with the mesoscopic stress state r̂ðx; tÞ and Ar
�ðxÞ

with the residual time-independent stress state defined by the
transformation strains. In this process we shall associate directly
the mesoscopic and macroscopic points, x̂ and respectively x, by
assuming that the localization tensor is the identity.

Therefore, for the sake of simplicity, we shall directly associate
from now on the mesoscopic stress r̂ðx; tÞ:

r̂ðx; tÞ ¼ rðx; tÞ � Ar
�ðxÞ ð16Þ

Let us now recall that, in case of infinite lifetime, the structure
should work in the absence of dissipation, i.e. insuring elastic
shakedown at all scales. Therefore, the criterion should be postu-
lated using similar functions to the ones assuring thermodynami-
cal admissibility for plasticity or phase change (see Eq. (4) or (7)).

In order to conclude such a construction, let us define the meso-
scopic shear stress ŝðx; tÞ as:

ŝðx; tÞ ¼ r̂Iðx; tÞ � r̂IIIðx; tÞ
2

ð17Þ
Failure 

NO Failure 

Fig. 4. Illustration of the Dang Van (DV) criterion in the rh; ŝð Þ plane. The stress
space is split in the infinite and finite lifetime by the DV line (red). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

h

z = z1 

0 < zi < 1

fixed N

Fig. 5. Set of Dang Van (DV) lines in the stress space rh; ŝð Þ for N fixed. Each line is
defined by a fixed value of the martensite volume fraction 0 < z < 1.
where r̂I; r̂II; r̂III are the principal stresses, with r̂I P r̂II P r̂III .
Similarly, the mesoscopic hydrostatic stress is defined as:

r̂hðx; tÞ ¼
1
3
trðr̂ðx; tÞÞ ð18Þ

If a is deviatoric, as in the case of plasticity or of the Souza–
Auricchio model, it yields rh ¼ r̂h.

The proposed Dang Van (DV) fatigue criterion for SMAs is
expressed as:

Dang Van (DV) fatigue criterion for SMAs. A structure subjected
to cyclic loading has an infinite lifetime expressed as an elastic shake-
down state at both macroscopic and mesoscopic scale, if

max
t>t0

ŝðx; tÞ þ aðaðxÞÞr̂hðx; tÞf g 6 bðaðxÞÞ ð19Þ

for all points x of the structure. If the condition (19) is not respected in
a point, fatigue crack will initiate and the structure will have a finite
lifetime.

One can remark that the actual construction of the mesoscopic
stress depends only of the definition of the smallest hypersphere
encompassing the macroscopic stress path. It is therefore com-
pletely independent of the homogenization assumptions that
helped to define the underlying concepts of the criterion.

One can further mention that the introduction of the hydro-
static part in the criterion function seems artificial from the per-
spective of the deviatoric inelastic strains. However, the
importance of hydrostatic stresses is well known in fatigue, as
already justified in the classical formulations or discussed in more
recent literature [80].
Table 1
Calibrated parameters of the Souza–Auricchio model in a one-dimensional setting;
see Auricchio et al. [2,4].

Parameter description Symbol Value Units

Initial elastic modulus Ei 38,000 MPa
Final elastic modulus Ef 11,000 MPa
Maximum transformation strain eL 4.49 %
Stress–strain slope measure during

transformation
h 290 MPa

Elastic domain radius R 148 MPa
Reference temperature h� 278.55 K
Temperature dependence of the

critical stress
b 9.50 MPa/K

Regularization parameter d 10�12 –
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Fig. 6. Experimental (red dotted line) [69] and numerical (blue line) monotonic
stress–strain curves related to a NiTi microdogbone specimen tested at a constant
temperature of 37 �C. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 7. Constant-life diagram. (a) Experimental data by Pelton [69]. Conditions that
survived the 107 cycles testing are shown as blue triangles, whereas cyclic
conditions that fractured as red circles. (b) The green curve distinguishes between
the elastic and phase transformation shakedown subspaces established numeri-
cally. The experimental data considered in the present work are numbered (red
numbers refer to specimens that fractured). The color map indicates martensite
formation. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Table 2
Summary of the experimental cases by Pelton [69], considered in the present work
and numbered in Fig. 7(b). Computed values of the martensite volume fraction z and
Young’s modulus E ¼ EðzÞ.

Case Experiments from Pelton [69] Numerical
simulations

�a (%) �m (%) Fatigue life z EðzÞ (MPa)

1 0.2 1 Run-out 0.08 31,730
2 0.4 3 Run-out 0.41 18,917
3 0.2 3 Run-out 0.45 18,109
4 0.6 6 Run-out 0.92 11,666
5 0.4 6 Run-out 0.96 11,357
6 0.2 6 Run-out 0.99 11,064
7 0.6 7 Run-out 1 11,000
8 0.4 7 Run-out 1 11,000
9 0.2 7 Run-out 1 11,000

10 0.6 8 Failure 1 11,000
11 0.4 8 Failure 1 11,000
12 0.2 8 Run-out 1 11,000
13 0.6 9 Failure 1 11,000
14 0.4 9 Failure 1 11,000
15 0.2 9 Failure 1 11,000
16 0.1 9 Failure 1 11,000
17 0.05 9 Run-out/Failure 1 11000
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Fig. 8. Representative loading cases of Table 2, showing a fully martensitic
transformation (z ¼ 1). Macroscopic stress–strain curve for 7% mean strain and
0.6% strain amplitude (case 7); 8% mean strain and 0.4% strain amplitude (case 11);
9% mean strain and 0.05% strain amplitude (case 17).
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Fig. 9. Representative loading cases of Table 2, showing a fully martensitic
transformation (z ¼ 1). Macroscopic stress–strain curve for 0.6% strain amplitude
and 8% mean strain (case 10); 0.6% strain amplitude and 9% mean strain (case 13).
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The linear inequality (19) splits the representation of the meso-
scopic stress space by a straight line, denoted next as the DV line in
a safe and unsafe domain, defining no crack initiation and crack
initiation, respectively; see Fig. 4 for a schematic view. The lifetime
of a component will be infinite if the stress path lies below the DV
line (gray dotted curve) or finite if the stress path crosses the line
(black curve).

The material parameters requested to calibrate the DV line, i.e. a
and b, should be only material dependent and independent on the
testing conditions. Analytical relationships can be applied to iden-
tify the material parameters by using the fatigue limits obtained
from different experimental tests, as deeply discussed in the work
by Dang Van [18]. This feature is typical of metal structures; sim-
ilar conditions do also apply in the case of SMAs. In this work,
material parameters a and b are assumed to depend on the internal
variable a. In the case of the Souza–Auricchio model, one can refer
directly to the martensite volume fraction 0 < z < 1, and for each
value of z and any number of cycles to failure N one will obtain a
corresponding DV line, as displayed in Fig. 5. This fact will be fur-
ther discussed in Section 4. Moreover, such parameters are usually
identified on classical uniaxial fatigue experiments in tension and/
or torsion [18]. As a and b are computed from experiments at N
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cycles, we shall use the notation aN and bN , where subscript N
stands for the number of run-out cycles of the experiments used
to calibrate the model [25,24,92]. Particularly, for fixed z and N,
parameters aN and bN can be calibrated by considering two uniaxial
cyclic loadings with respective ratios R1 and R2 and fatigue limits
f R1 and f R2 , as done in the present work. In the case of a cyclic uni-
axial bending loading of R ratio, expressed in the form
rxxðtÞ ¼ ra sinxt þ rm;ra and rm being the stress amplitude and
mean stress, we derive the following equation:

ra

2
þ aN

ra

3
1þ 1þ R

1� R

� �
¼ bN 8R ð20Þ

which can be generalized for two different loading ratios R1 and R2,
as follows:

f Ri
2

þ aN
f Ri
3

1þ 1þ Ri

1� Ri

� �
¼ bN for i ¼ 1;2 ð21Þ
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Fig. 11. Representative loading cases of Table 2 showing the coexistence of
austenitic and martensitic phases (0 < z < 1). Macroscopic stress–strain curve for
3% mean strain and 0.4% strain amplitude (case 2 where z ¼ 0:41); 6% mean strain
and 0.6% strain amplitude (case 4 where z ¼ 0:92).
The following expressions for aN and bN are then obtained:

aN ¼ 3
4

f R2�f R1
f R1
1�R1

�
f R2
1�R2

bN ¼ f R1 f R2
f R1
1�R1

�
f R2
1�R2

R1�R2
2 1�R1ð Þ 1�R2ð Þ

8>>><
>>>:

ð22Þ

From a practical viewpoint, the mesoscopic stress path rh; ŝð Þ is
computed as in the classical DV criterion [7]. The criterion is com-
puted as post-processing of the mechanical fields obtained by the
simulation described in Section 4 and the center of the smallest
hypersphere is computed with the Matlab implementation of the
optimization code SDPT3 [90]. Details about the algorithm are
given in Appendix A.
4. Example of SMA applications

4.1. Experimental data and model calibration

The papers by Pelton and coworkers [69,71,72] report detailed
experimental results from fatigue data collected on NiTi
microdogbone- and diamond-shaped specimens, as well as on
stents. For the sake of completeness of available data, in the pre-
sent work we refer to the set of uniaxial experimental results by
Pelton [69], related to microdogbone specimens with 6 mm gauge
length, 0.3 mm gauge width, and 0.15 mm gauge thickness. The
specimens were extracted from stent-like devices that were laser
machined from thermomechanically processed Ni50.8Ti49.2 tubing,
subsequently expanded and thermally shape-set into their final
dimensions. The design and manufacturing conditions led to an
austenite finish transformation (Af ) temperature of 20 �C, i.e. com-
parable to the Af temperature of other NiTi self-expanding periph-
eral stents [69]. Such uniaxial fatigue experiments in tension at
different R ratios will allow to calibrate the DV parameters a and b.

The Souza–Auricchio model is herein adopted to simulate the
experimental tests and Table 1 reports the model parameters,
identified according to the procedure reported in [2]. The experi-
mental monotonic pseudoelastic stress–strain curve at 37 �C (i.e.
at the temperature of the considered fatigue tests) is reported in
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Fig. 6 (red dotted line), superimposed on the predicted one (blue
line).

With regard to fatigue test conditions, the microdogbone spec-
imens were prestrained at 37 �C to 9% (beyond the stress plateau)
and then fatigued from the unloading plateau. Particularly, the
specimens were cycled, either up to fracture or up to 107 cycles
(run-out), with various combinations of mean strain and strain
amplitude. Fig. 7(a) reports the experimental results obtained by
Pelton [69] as constant-life diagram, where the different conditions
of mean strain and strain amplitude are displayed. The specimens
that survived 107 cycles are shown as blue triangles, whereas spec-
imens that fractured are shown as red circles.

For all the mean strain–strain amplitude cases reported in Fig. 7
(a), we first establish which data are possibly related to the elastic
shakedown condition, i.e. the case of interest for the present study.
Numerical simulations of all the cases permit to split the constant-
life diagram shown in Fig. 7(b) into two subspaces, referring to
elastic and alternating phase transformation shakedown, respec-
tively. The experimental data by Pelton [69], resulting in elastic
shakedown, are numbered in Fig. 7(b), while those resulting in
phase transformation shakedown are not considered in the present
work.

From the numerical simulations we also obtain that the several
combinations of mean strain and strain amplitude give rise to dif-
ferent values of the martensite volume fraction z. As it can be
observed from Fig. 7(b), the formation of martensite is responsible
for an increase of the elastic shakedown domain between 1% and
6% mean strain. Table 2 reports the computed values of z and along
with the Young’s modulus E ¼ EðzÞ for the fatigue cases numbered
in Fig. 7(b).
4.2. Fatigue analysis

We start by considering the cases of Table 2 showing a fully
martensitic transformation (z ¼ 1), i.e. fatigue loading is applied
on a fully-transformed material. In particular, we consider the
experimental points numbered from 7 to 17 in Fig. 7(b). As an
example, Figs. 8 and 9 report some representative loading curves
in terms of macroscopic stress and strain.

The DV criterion is then implemented to predict failure for the
considered cases. Fig. 10 represents the DV diagram in terms of
mesoscopic shear stress ŝ and hydrostatic stress rh, where the
loading paths generated by the simulations of the experimental
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specimens are represented. The obtained V-shape is a consequence
of the simulation of the considered uniaxial tests. As it can be
observed in Fig. 10, material behavior in the DV diagram is similar
to that classically observed for metals. In particular, by increasing
the strain amplitude at constant mean strain, an increase of the
mesoscopic shear and hydrostatic stresses is determined; see,
e.g., cases 7, 8, and 9 in Fig. 10. Similarly, by increasing the mean
strain at constant strain amplitude determines the increase of
the only hydrostatic stress; see, e.g., cases 7, 10, and 13 in Fig. 10.

The calibrated DV line (green line) is also represented in Fig. 10.
The DV parameters, a107 and b107 , are calibrated by using the load-
ing paths related to cases 11 and 17, that fractured, and result:

a107 ¼ 0:808
b107 ¼ 138 MPa

�
ð23Þ

It should be remarked that the calibrated DV parameters refer to
107 cycles (i.e. N ¼ 107).

Once determined the DV line, we can verify the other fatigue
experimental results by Pelton [69]. As it can be observed in
Fig. 10, cases 7, 8, 9, 12, and 17 do not result in failure, while cases
10, 11, 13, 14, 15, and 16 fail. The predicted results are in agree-
ment with experiments of Fig. 7(a).

Now, we consider the cases reported by Pelton [69] which show
the coexistence of austenitic and martensitic phases (0 < z < 1), as
reported in Table 2, i.e. referring to fatigue loading acting on the
unloading plateau. In particular, we consider the experimental
points numbered from 1 to 6 in Fig. 7(b). As an example, Fig. 11
reports two representative loading curves in terms of macroscopic
stress and strain.

Fig. 12 represents the DV diagram in terms of mesoscopic shear
stress, ŝ, and hydrostatic stress, rh, where the loading paths gener-
ated by the simulations of the experimental cases are represented.
As it can be observed, in such a mixed domain, material behavior in
the DV diagram presents significant differences compared to that
classically observed for metals. In particular, by increasing the
strain amplitude at constant mean strain, it triggers the increase
of both mesoscopic shear and hydrostatic stresses and the decrease
of martensite fraction (see Table 2); see, e.g., cases 2 and 3 in
Fig. 12. Increasing the mean strain at constant strain amplitude
determines the decrease of both mesoscopic shear and hydrostatic
stresses and the increase of martensite fraction (see Table 2); see,
e.g., cases 1, 3, and 6 or 2, 5 in Fig. 12.

The DV lines for 0 < z < 1 cases are not reported in Fig. 12, due
to the absence of experimental data under these fatigue condi-
tions; the calibrated (green) DV line for z ¼ 1 is however reported
as a reference for the 0 < z < 1 cases. The determination of the DV
lines for the 0 < z < 1 cases will need to be investigated in future
works to understand the dependence of aN and bN on z and if the
DV line for the case z ¼ 1 is more conservative than the other cases.

Fig. 13(a) and (b) shows the dependency of the mesoscopic
shear stress ŝ and hydrostatic stress rh on the martensite fraction
z, respectively, for the cases 1–6. Note that ŝ and rh show the same
dependence on z: cases with equal strain amplitude (1, 3, and 6 or
2 and 5) show a decrease of ŝ and rh with increasing mean strain
and z; cases with equal mean strain (2 and 3, or 4, 5, and 6) show a
decrease of ŝ and rh with decreasing strain amplitude and increas-
ing z.

The obtained results are in accordance with experimental
observations by Pelton [69], demonstrating that, between 1% and
7% mean strain, NiTi-based SMAs can accommodate larger strain
amplitude, for a given fatigue life. Therefore, above a mean strain
of 1% and within elastic shakedown, the fatigue life appears to
increase with increasing mean strain, thus indicating that the for-
mation of stress-induced martensite may be responsible for such a
behavior [69]. This implies that microstructural effects due to for-
mation of stress-induced martensite (whose volume fraction
increases as mean strain increases) or the effects due to the lower
moduli in the stress-induced transformation regime (i.e. decreased
hysteresis energy) can lead to longer fatigue lives, than the pres-
ence of fully austenite or martensite. The work by Ono and Sato
[59] shows in fact that few selected variants of stress-induced
martensite reduce the internal strains due to the transformation.
On the contrary, above 7% mean strain (approximately fully
martensitic phase at 37 �C), the constant life data exhibit a
negative slope. No experimental data are available for the case
of fully austenitic transformation (z ¼ 0) for the considered SMA
material.
5. Conclusions and perspectives

This paper has investigated the elastic shakedown behavior of
SMA materials and has presented the extension of the DV high
cycle fatigue criterion to SMAs. The proposed formulation is gen-
eral and suitable to several SMA constitutive laws, combining both
plastic and transformation strains as well as thermal and mechan-
ical cycling. The theoretical extension has been applied to uniaxial
experimental data taken from the literature. The obtained results
demonstrate the possibility to define a DV-type two-scale criterion
to predict fatigue crack initiation in SMAmaterials, suitable also for
multiaxial loadings. However, some important issues are still unre-
solved and demand further investigation. First, the criterion has
been here calibrated and applied to uniaxial data due to the lack
of experimental multiaxial fatigue data. To properly assess and val-
idate it in the multiaxial case, the analysis should be also applied to
different experimental loading cases. This will allow a deep inves-
tigation of the dependence of the DV parameters on martensite
volume fraction. Recall that the DV parameters should be only
material dependent, but independent on the applied testing condi-
tions. Second, the proposed analysis suggests potential experi-
ments to be performed in the mixed phase region (A + M) to
have a complete characterization of the fatigue behavior of SMAs
under elastic shakedown. Indeed, as the proposed approach is
clearly phenomenological, further investigation involving observa-
tions of the evolution of SMA microstructure during such a type of
cyclic loading and its relation to fatigue are also requested. This
will provide additional insight into microscopic deformation
mechanisms and into factors influencing both crack initiation
and growth. Finally, methods for the fast identification of fatigue
limits, such as infrared thermography measurements (generally
applied to steels), should be employed also for SMAs.
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Appendix A. Algorithmic scheme for the computation of the DV
fatigue criterion

The general algorithmic scheme employed for the computation
of the DV fatigue criterion is composed of the following steps, per-
formed in each point x of the structure [7,19]:
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1. calculate the stabilized macroscopic stress rðtÞ;
2. split the macroscopic stress rðtÞ in its hydrostatic and devia-

toric part, defined respectively as:
rhðtÞ ¼ 1
3 trðrðtÞÞ

sðtÞ ¼ rðtÞ � rhðtÞI

(
ðA:1Þ
3. calculate the center A�
r of the smallest hypersphere circumscrib-

ing the stress path through the following min–max problem:
Ar
� ¼ min

Ar
1

max
t

rðtÞ � Ar
1

�� �� ðA:2Þ
4. calculate the mesoscopic stress r̂ðtÞ:
r̂ðtÞ ¼ rðtÞ � Ar
� ðA:3Þ
5. calculate the mesoscopic shear stress ŝðtÞ:
ŝðtÞ ¼ r̂IðtÞ � r̂IIIðtÞ
2

ðA:4Þ

where r̂I; r̂II; r̂III are the principal stresses, with r̂I P r̂II P r̂III.
6. calculate the fatigue indicator:
max
t

ŝðtÞ þ a að Þr̂hf g � b að Þ ðA:5Þ

where r̂h ¼ rh.
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