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Today, a lot of discrete materials are being used by industries. The diversity requires the different yield
criterionwith the associated formulations for describing the inelastic behavior, fromwhich the integration
of the plasticity's constitutive equations is of utmost importance. Here, an exponential-map scheme is
proposed for integrating the BigoniePiccolroaz plasticity model. The plasticity presents a single, convex,
and smooth yield surface as a generalization of several yield criteria. The Forward Euler integration is also
developed for the plasticity to help validate the proposed scheme. Subsequently, a variety of mathematical
studies are employed toverify the suggested algorithm, including stress-updating tests aswell as two initial
boundary value problems. The universality, comprehensiveness, and correctness of the developed tech-
nique are extensively confirmed through the numerical investigations.

© 2014 Elsevier Masson SAS. All rights reserved.
1. Introduction

As the basis of non-linear finite element analyses, integration of
constitutive equations represents the subject of many studies. The
process provides the updated stress and related internal variables at
each elastoplastic load step during the incremental analyses.
Research efforts in this field began nearly five decades ago, when
Wilkins (1964) recommended a radial return-mapping integration,
and have been continued to the present time. The investigations are
normally divided into two general categories of implicit and explicit
schemes, and they were mostly developed for the well-known yield
criteria such as von-Mises, Tresca, DruckerePrager, and
MohreCoulomb. However, developing an integration algorithm for
the recently introduced yield criterion by Bigoni and Piccolroaz
(2004) is a step forward in the field which demands more
research. The yield surface is a promising all-purpose criterion
featuring great characteristics. This study is to propose an inclusive
integration for the plasticity models using this convex set.

Implicit integrations update the stress, and the related variables
based on unknown values at the end of each time step. This usually
involves an iterative procedure which costs considerable
nd).

served.
computational effort known as the major drawback to the implicit
techniques. Nonetheless, the methods normally come with greater
accuracy and stability compared to the explicit ones suggesting a
reliable choice for the purpose. Among many researches in this
area, one can mention Wilkins (1964), Krieg and Key (1976), Ortiz
and Popov (1985), Runesson et al. (1988), Genna and Pandolfi
(1994), Hopperstad and Remseth (1995), Kobayashi and Ohno
(2002), Kobayashi et al. (2003), Clausen et al. (2006), and Kan
et al. (2007), etc. These studies were mostly to investigate and
propose implicit integrations based on the return mapping algo-
rithms, including the closest point, mid-point, and trapezoidal
strategies.

On the other side, there is the explicit group of integrations
where variables are updated using the values at the onset of load
increments. The tactics are iterative-free, straightforward and fast
compared to the implicit ones. The advantages are diluted with
inferior stability and sometimes less precision than implicit
methods. Sloan and Booker (1992), Solowski and Gallipoli (2010)
are investigations where explicit RungeeKutta methods are
directly applied to integrate the constitutive relations. It is also
usual to reduce the number of differential equations to fewer ones
by means of defining some angles between the variables and then
utilizing the explicit integrations, such as Krieg and Krieg (1977),
Loret and Prevost (1986), Ristinmaa and Tryding (1993), Wie et al.
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(1996), Wallin and Ristinmaa (2001, 2008), Szab�o (2009), Kossa and
Szab�o (2009), Rezaiee-Pajand and Sharifian (2012).

There is a new division to the explicit methods introduced in the
past decade by Hong and Liu (1999, 2000, 2001) and Auricchio and
Beir~ao da Veiga (2003). The strategies are mainly based on the inter-
nal symmetries of constitutive equations and converting them into
the equivalent system of _X ¼ A : X in the augmented stress space.
These integrations were called exponential-map methods since they
use an exponential mapping, expðAtÞ, to solve the aforementioned
systemof equations. Subsequently, the techniqueswere evolved from
von-Mises plasticity to DruckerePrager models with mixed hard-
ening by Liu (2004), Artioli et al. (2005, 2006, 2007), Rezaiee-Pajand
and Nasirai (2007, 2008), Rezaiee-Pajand et al. (2010, 2011a,b).

The yield function proposed by Bigoni and Piccolroaz (2004) is a
convex and smooth surface in stress space with an exceptional
competence in modeling the yield or damage of quasibrittle and
frictional materials. As a generalization of several famous criteria,
including von-Mises, Tresca, modified Tresca, DruckerePrager,
MohreCoulomb and modified Cam-clay, the yield function high-
lights distinctive qualities. It has the ability of transition between
different yield surfaces typical of one class of materials to another
type of material. It can approach well-known criteria and stretch
the yield surface to the extreme levels of convexity, as well. In
addition, non-circular deviatoric sections along with the finite
extent of elastic range are of other its noteworthy features. Overall,
as an all-purpose criterion, the yield surface presents a promising
choice for the future plasticity models whose integration of
constitutive equations is the subject of interest.

Searching the resources shows that there is no document about
integrating the BigoniePiccolroaz plasticity. On the other hand, the
exponential map methods have demonstrated their great ability in
integrating various plasticity models because of their robustness,
speed and accuracy. It is worth deriving an exponential based inte-
gration for theBigoniePiccolroazplasticitymodel that couldbeused
in awide variety of applications inpractice. Therefore, the suggested
integration algorithm is built on the exponential-map concept as a
strong explicit method to conform to the advance features of the
yield surface. In this article, the basic relations are developed in a
general manner for the sake of comprehensiveness. Moreover,
associative and non-associative flow rules are described for the
plasticity model in question. The suggested strategy is consistent
with the yield surface laying the stress exactly on the yield surface
with no need of extra corrections. Finally, the proposed formulation
is verified via a broad set of numerical tests comprising stress-
updating tests, likewise, two initial boundary value problems.

2. Basic equations

In what follows, the fundamental equations of a general plas-
ticity model are presented in the small strain realm. For this pur-
pose, one can characterize the following common relations
employing the standard methodology in plasticity:

ε ¼ ε
e þ ε

p (1)

s ¼ De : εe (2)

Fðs; aÞ ¼ 0 (3)

_εp ¼ _g
vQ
vs

(4)

_k ¼ � _g
vQ
va

; a ¼ �r
vjp

vk
(5)
_g � 0; F � 0; _gF ¼ 0 (6)

Here, Eq. (1) describes the decomposition of the strain vector, ε,
into the elastic part, εe, andplastic part, εp. Eq. (2) presents the elastic
law, which is a relation between the Cauchy stress,s, and the elastic
strain, via the standard isotropy elastic stiffness matrix of material,
De. Yield criterion is introduced in Eq. (3). This is generallya function
of the Cauchy stress and thermo-dynamical force associated with
the set of the hardening internal variables, k, as �s is the thermo-
dynamical force related to ε

p. The plastic flow rule is characterized
by Eq. (4) in which _g and Q are, respectively, plastic multiplier and
plastic potential as Q(s, a). Eq. (5) represents a general hardening
rule,where thehardening thermo-dynamical force is determinedby
means of the plastic part ofHelmholtz free energy per unit mass, rjp.
It should benoted that for associativemodels inplasticity, the plastic
potential is postulated equal to the yield function, i.e. Q ≡ F. Finally,
the basic equations of the elastoplastic model are completed having
deployed the loading/unloading complementary condition in Eq.
(6). Moreover, the plastic multiplier, _g, and the continuum elasto-
plastic tangent matrix, Dep, are obtained through the constitutive
equations (1)e(6) explained in the following.

To attain _g, the coming consistency condition, i.e. _F ¼ 0, is used:

_F ¼ vF
vs

: _sþ vF
va

: _a ¼ 0 (7)

where,

_s ¼ De : _εe

_a ¼ D* _k
(8)

The symbol * specifies the proper product between tensor D and
tensor _k. Using the second relation in Equation (5), one can define
D, as D ¼ rv2jp=vk2. At this stage, the following relation is secured
by inserting Equations (1), (4) and (5) into Equation (7):

_g ¼ vF=vs : De : _ε

vF=vs: De : vQ=vsþ vF=va : Dh : vQ=va
: (9)

In order to find Dep, its definition, i.e. _s ¼ Dep _ε, along with
Equations (2), (4) and (9) are utilized which after some manipu-
lating can lead to:

Dep ¼ De �
�
De : vF=vs

�
5
�
De : vF=vs

�
vF=vs : De : vQ=vsþ vF=va*D*vQ=va

: (10)

Thus far, the constitutive relations were concisely presented,
which will be utilized as basics for the following parts. In the
following sections, after a brief discussion on the yield function and
flow rule, an exponential-based integration is derived to update the
state of materials under plastic deformation for the Big-
oniePiccolroaz plasticity model. The aforementioned form is a
general-purpose criterion which could include many traditional
and modern plasticity models only by adjusting and calibrating
some scalar parameters.

3. Yield function and flow rule

In this section, the plasticity yield criterion is briefly described
along with its applications and attributes. Furthermore, the asso-
ciative and non-associative flow rules are discussed to provide the
convenience for deriving the formulation in the following sections.

3.1. Yield function

In order for the formulation to keep general, an all-purpose yield
function proposed by Bigoni and Piccolroaz (2004) are adopted.
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This plasticity model is a seven-parameter functionwhich could be
used for simulating the elastoplastic behavior of a broad set of
ductile, pressure sensitive, frictional and quasi-brittle materials. In
fact, the model considers the first and third stress invariants as well
as the second stress invariant. The yield function has the below
form:

FðsÞ ¼ f ðpÞ þ q
gðqÞ (11)

where, p denotes the hydrostatic pressure which is obtained by
splitting the stress into deviatoric, s, and volumetric parts, p, as:

s ¼ sþ pi; with p ¼ 1
3
trðsÞ (12)

The scalar q is related to second invariant stress, i.e. J2, and it is
defined below:

q ¼
ffiffiffiffiffiffiffi
3J2

p
; with J2 ¼ 1

2
s : s: (13)

Furthermore, the function f(p) appeared in Eq. (11) is introduced
by the following relation, where f(p) is called the meridian function
for determining the shape of the yield surface along the hydrostatic
pressure axis:
Fig. 1. The meridian section of the yield surface for different values of M.

f ðpÞ ¼
8<:

�Mpc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF� FmÞ½2ð1� aÞFþ a�

q
for F2

h�pc þ c
pc þ c

;
2c

pc þ c

	
þ∞ for F;

h�pc þ c
pc þ c

;
2c

pc þ c

	
9=; (14)
In which, the parameter F is a function of p describing the
pressure-sensitivity with the below form:

F ¼ �pþ c
pc þ c

(15)

The scalar parameters appeared in themeridian function are the
material constants as:

M>0;pc >0; c � 0;m>1;0<a<2 appeared in f ðpÞ (16)

Here, the pressure-dependency is controlled by M. The con-
stants c and pc denote the yield stresses in tension and compres-
sion, respectively. Also, the parameters a and m regulate the shape
of the yield surface in meridian section.

Moreover, the term g(q), which is a function of Lode angle, re-
counts the Lode-dependence of yielding and has the next shape:

gðqÞ ¼ 1
cos
��
p=6Þb� �1=3�cos�1

�
h cos 3q

�� with 0 � q � p

3
:

(17)

where, the Lode angle, (q), is a function of second and third stress
invariants characterizing the location of the stress in the deviatoric
stress space, and it is defined by the following equation:

q ¼ 1
3
cos�1

 
3
ffiffiffi
3

p

2
J3
J3=22

!
with J3 ¼ 1

3
tr
�
s3
�

(18)

Being in terms of the deviatoric stress, the function g(q) is, a
deviatoric function. Also, the seven scalar parameters appeared in
the meridian and deviatoric functions are the material constants
as:

0 � b � 2; 0 � h<1 appeared in gðqÞ (19)

The parameters b and h are the material constants and deter-
mine the shape of the yield surface in deviatoric plane. It is worth
mentioning that the described plasticity model has a number of
desirable features for computational techniques and modeling in
plasticity, including the smoothness of the yield surface, ability of
being calibrated for a variety of materials, having a general non-
circular surface in deviatoric plane and converting into classical
and well-known yield criteria in limit conditions.

It should be noted that the conventional definition of p¼ (1/3)
tr(s) is utilized for the volumetric part of the stress tensor, though
p ¼ �(1/3)tr(s) was deemed by Bigoni and Piccolroaz (2004). That
is why there are subtle differences between the relationships pre-
sented here and the ones in Bigoni and Piccolroaz (2004).

Finally, the yield surface is shown in themeridian and deviatoric
sections in Figs. 1e4 for different values of the aforementioned
parameters. Considering g(q) ¼ 1 and selecting b ¼ 1, h ¼ 0, m¼ 2
and c¼ 0, themeridian sections of the yield surface are sketched for
a ¼ 1 and three different values of M¼ 0.5, 1, 1.5 in Fig. 1, and for
M¼ 1 and three different values of a ¼ 0.01, 1, 1.99 in Fig. 2. The
shapes of the yield surface in the deviatoric section are shown in
Fig. 3 considering h ¼ 0.99 and three different values of b ¼ 0, 1, 2,
and in Fig. 4 for b ¼ 0.5 and three different values of h ¼ 0, 0.75, 1.

3.2. Flow rule

It was mentioned before that the flow rule could be applied in
two forms: the associative and non-associative ones. Considering
the associative flow rule requires taking Q ≡ F, and therefore, one
can achieve the coming equality:



Fig. 2. The meridian section of the yield surface for different values of a.
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_εp ¼ _g
vF
vs

(20)
Fig. 3. The deviatoric section of the yield surface for different values of b.

where, the derivative vF/vs is derived in the below form:

vF
vs

¼ AðpÞiþ BðqÞsþ CðqÞs* (21)
AðpÞ ¼ 1
3
df ðpÞ
dp

;
df ðpÞ
dp

¼ Mpc
pc þ c

�
1�mFm�1

�h
2ð1� aÞFþ a

i
þ 2
�
1� a

�
ðF� FmÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF� FmÞ½2ð1� aÞFþ a�

p
BðqÞ ¼

ffiffiffi
3
2

r
1

gðqÞ

CðqÞ ¼ �
ffiffiffi
3
2

r
h sin 3qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� h2 cos23q
q sin



p

6
b� 1

3
cos�1ðh cos 3qÞ

	
(22)

Fig. 4. The deviatoric section of the yield surface for different values of h.
in which, the parameters s and s* are defined through the subse-
quent forms:

s ¼ s
ksk (23)

s* ¼ 1
sin 3q


 ffiffiffi
6

p �
s2 � 1

3
i
�
�
�
cos 3q

�
s
	

(24)

On the other hand, in many kinds of metallic materials, like the
iron-based and aluminum, the deformation under plastic yielding
is effectively incompressible, whereas the yielding is pressure
sensitive (Spitzig and Richmond, 1984). These materials can be
modeled by the yield function in the terms of pressure-dependency
along with a non-associative flow rule which could have the
following function for the plastic potential (Lei and Lissenden,
2007):

Q ¼ ksk (25)

In this case, one can utilize the next non-associative flow rule:
_εp ¼ _g
vQ
vs

¼ _gs (26)
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4. Exponential-map integration method

It is desired to present an exponential-based integration for the
general plasticity model in question. To reach the goal, the original
constitutive equations are converted into an equivalent system of
_X ¼ A : X. There is a closed-form solution to the counterpart so
long as the control matrix, A, is constant. It should be mentioned
that the associative flow rule is adopted having a general approach
to the frame work.
4.1. Mapping into augmented stress space

To convert the basic equations into the aforementioned
dynamical system, the coming formof the yield criterion is adopted:

F ¼ ksk � R ¼ 0 (27)

in which, the parameter R has the coming appearance:

R ¼ �
ffiffiffi
2
3

r
f ðpÞgðqÞ (28)

Combining Eqs. (1) and (2) and the generalized Hooke's law, the
following differential equations are achieved for the deviatoric and
volumetric parts of the stress:

_s ¼ 2G _e� 2G _ep (29)

_p ¼ K _εv � K _ε
p
v (30)

where, the superscript “p” denotes the plastic parts of strains, and
the constants G and K represent shear and Bulk moduli, respec-
tively. In addition, the strain tensor is divided into its deviatoric and
volumetric portions, e and εv, in the below form:

ε ¼ eþ 1
3
εvi; with εv ¼ trðεÞ (31)

Conforming to the associative flow rule, the rates of the plastic
parts of strain are calculated using Eq. (20) and the computed de-
rivative vF/vs in Eqs. (21)e(24). Then, the deviatoric and volumetric
parts are separated as the subsequent relationships:

_ep ¼ _g

"
BðqÞ � CðqÞcot 3q

#
sþ _g

ffiffiffi
6

p

sin 3q
CðqÞ

�
s2
�
d

(32)

_ε
p
v ¼ 3 _gAðpÞ þ _g

3
ffiffiffi
6

p

sin 3q
CðqÞ


�
s2
�
v
� 1
3

	
(33)

In these equations,ðs2Þd and ðs2Þv are the deviatoric and volu-
metric parts of the tensor s2, respectively, which can be written as
follows:

s2 ¼
�
s2
�
d
þ
�
s2
�
v
i with

�
s2
�
v
¼ 1

3
tr
�
s2
�

(34)

At this stage, substituting Eq. (32) for _ep in Eq. (29) leads to the
succeeding equality:

_sþ 2G _g
�
B
�
q
�� C

�
q
�
cot 3q

�
s ¼ 2G _j (35)

where, _j is defined as:

_j ¼ _e�
ffiffiffi
6

p

sin 3q
CðqÞ _g

�
s2
�
d

(36)
Employing Eq. (27) along with Eq. (23), one can deduce s ¼ s=R
during yielding. Therefore, the coming equation is attained:

_s ¼ R _sþ _Rs (37)

Inserting the last equation into Eq. (35) and dividing the result
by R lead to the subsequent relationship:

_sþ 1
R


_Rþ 2G _g

�
B
�
q
�� C

�
q
�
cot 3q

��
s ¼ 2G

R
_j (38)

The next step is introducing an integrating factor so that:

X0 _sþ X0

R


_Rþ 2G _g

�
B
�
q
�� C

�
q
�
cot 3q

��
s ¼ 2G

R
X0 _j (39)

Considering the left side of the present equation, one can find
the successive formula:

X0 _sþ X0

R


_Rþ 2G _g

�
B
�
q
�� C

�
q
�
cot 3q

��
s ¼ d

dt

�
X0s

�
(40)

Comparing both sides of Eq. (40), the differential equation of the
integrating factor, X0, is determined by:

_X
0 ¼ 1

R


_Rþ 2G _g

�
B
�
q
�� C

�
q
�
cot 3q

��
X0 (41)

On the other hand, comparing Eqs (39) and (40) maintains:

d
dt

�
X0s

�
¼ 2G

R
X0 _j (42)

Subsequently, expanding the left side of the above equation and
taking the inner product of the result by the tensor s lead to:

X0s : _sþ _X
0
s : s ¼ 2G

R
X0s : _j (43)

The last equality might be rewritten in the following shape:

X0

2
d
dt

�
ksk2

�
þ _X

0ksk2 ¼ 2G
R
X0s : _j (44)

Since under plastic deformation ksk has constant value equal to
1, differential equation (44) could be reduced to the coming one:

_X
0 ¼ 2G

R
X0s : _j (45)

At this stage, it is convenient to define the following augmented
stress tensor for the next step of formulation:

X ¼
�
Xs

X0

�
¼
�
X0s
X0

�
(46)

Applying the definition of Xs to Eqs. (42) and (45) leads to:

_X
s ¼ 2G

R
X0 _j

_X
0 ¼ 2G

R
Xs : _j

8>><>>: (47)

Finally, employing the augmented stress tensor in Eq. (46), the
last dynamical system can be written to the next desirable shape:

_X ¼ A : X (48)

in which, the tensor A, called control matrix, is defined as:

A ¼ 2G
R



O _j
_j 0

	
(49)
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Here, O is the zero tensor. In what follows, an integration
scheme is proposed based on the derived formulation.

4.2. Integration scheme

Integrating the constitutive equations under plastic deforma-
tion is equivalent to solving the derived dynamical system
_X ¼ A : X. On the other hand, having a closed-form solution to the
system demands that the control tensorA be independent of time.
Provided that this tensor is constant during the plastic phase, one
could obtain the succeeding solution:

XðtÞ ¼ expðAtÞ : Xð0Þ (50)

In the preceding equation, tensor X(0) represents the initial
augmented stress as,

Xð0Þ ¼
�
s0
1

�
(51)

which is considered as the initial condition for the solution of the
differential equation system (48). Subsequently, to develop the
integration scheme, a general time step from tn to tnþ1 is considered
including fully elastic and elastoplastic parts. As the usual meth-
odology, a rectilinear strain path is assumed so as the strain rate, _ε,
is constant during each time step. Moreover, the history variables at
time tn, i.e. sn, pn and ε

p
n , are all known, likewise, the strain tensor at

time tnþ1, so,Dε ¼ Dt _ε ¼ εnþ1 � εn. Therefore, the integration tactic
is to determine the material state at the end of the time step via
updating the stress and the internal variables. Pursuing the goal,
first, an elastic tentative solution is computed reading:

sTRnþ1 ¼ sn þ 2GDe

pTRnþ1 ¼ pn þ KDεv

qTRnþ1 ¼ 1
3
cos�1

 
3
ffiffiffi
3

p

2
J3ðsTRnþ1Þ

½J2ðsTRnþ1Þ�3=2

!

RTRnþ1 ¼ �
ffiffiffi
2
3

r
f
�
pTRnþ1

�
gðqTRnþ1Þ

gTRnþ1 ¼ gn

(52)

The tentative solution is admissible whenever the coming
condition is maintained:

ksTRnþ1k � RTRnþ1 (53)

Fulfilling the above condition, the trial solution is the final result,
and the time step is fully elastic. Otherwise, the constitutive equa-
tions are integrated over the elastoplastic part of the time increment
to give the updated variables. Therefore, it is crucial that the fully
elastic and elastoplastic portions of the time stepbe specified. This is
carried out through introducing the scalar parameter r as rDt and
(1� r)Dt which represent the fully elastic and elastoplastic seg-
ments, respectively. To find the scalar parameter, the following
equation is utilized obtained from the yield condition:

Fðsnþr;RnþrÞ ¼ 0 (54)

or,

ksnþrk þ
ffiffiffi
2
3

r
f ðpnþrÞgðqnþrÞ ¼ 0 (55)

Since algebraic Equation (55) has no closed-form solution, its
root must be found by a numerical method such as perturbation
techniques. Therefore, having quadratic convergence rate, the
NewtoneRaphson procedure is exploited holding:
rjþ1 ¼ rj � F
�
rj
�

F 0
�
rj
� (56)

where, the superscript j represents the counter for iteration.
Furthermore, F

0
denotes the first derivative of the yield function,

F(snþr, Rnþr), with respect to the scalar factor r. To avoid length-
ening, the derivative F0 is presented in Appendix I. After finding the
parameter r, one could determine the contact point of the stress
path with yield surface, i.e. at time tnþr, by:

snþr ¼ sn þ 2GrDe

pnþr ¼ pn þ KrDεv

qnþr ¼ 1
3
cos�1

0@3
ffiffiffi
3

p

2
J3;nþr

J3=22;nþr

1A
Rnþr ¼ �

ffiffiffi
2
3

r
f ðpnþrÞgðqnþrÞ

(57)

Afterward, the differential equations prescribed in Eq. (48) need
to be solved for the rest of the time step to be integrated. Following an
explicitmanner, having thevariables appeared in tensorA computed
at time tnþr, the solution of the dynamical systemwill be as:

Xnþ1 ¼ expðAnþrð1� rÞDtÞ : Xnþr ¼ Gnþr : Xnþr (58)

in which, the subscript n þ r signifies the contact point values. The
fourth-order tensor Gnþr is calculated as follows:

Gnþr ¼
"
Iþ ðanþr � 1ÞDbj5Dbj bnþrDbj

bnþrDbjT
anþr

#
(59)

where, the scalars anþr and bnþr are:

anþr ¼ cosh


2G
Rnþr

ð1� rÞkDjk
	

bnþr ¼ sinh


2G
Rnþr

ð1� rÞkDjk
	 (60)

Moreover, the tensor Dj is obtained using Eqs. (9) and (36)
reading:

Dj¼De� vF=vsjnþr :D
e :Dε

vF=vsjnþr:D
e :vQ=vsjnþr

ffiffiffi
6

p

sin3qnþr
CðqnþrÞ

�
s2nþr

�
d

(61)

Dbj ¼ Dj

kDjk (62)

The augmented stress tensorX at time tnþ1 was computed so far.
However, characterizing the material state at time tnþ1 requires
that the parameters q, p and s be updated as well. The rest of this
section deals with this goal utilizing the results obtained by Eq.
(58), i.e. Xs

nþ1 and X0
nþ1. Once Xnþ1 is known, the tensor s at time

tnþ1 is achievable by the following relation:

snþ1 ¼ Xs
nþ1

X0
nþ1

(63)

At this stage, it is possible to find the Lode angle at time tnþ1 via
Eq. (18) and the non-dimensional unit expression ðR2nþ1Þ3=2=R3nþ1 as:

qnþ1 ¼ 1
3
cos�1

243 ffiffiffi
3

p

2
ð1=3Þtrðs3nþ1Þ

½ð1=2Þsnþ1 : snþ1�3=2

�
R2nþ1

�3=2
R3nþ1

35 (64)
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The next equality is easily attained taking into account the last
equation and the definition of the parameter s maintaining:

qnþ1 ¼ 1
3
cos�1

"
3
ffiffiffi
3

p

2
ð1�3�tr�s3nþ1

�
½ð1=2Þsnþ1 : snþ1�3=2

#
(65)

In order to find pnþ1, Eq. (33) should be substituted for _εpv in Eq.
(30), which leads to the succeeding differential equation:

_p ¼ K _εv � 3KAðpÞ _g� 3
ffiffiffi
6

p

sin 3q
KCðqÞ


�
s2
�
v
� 1
3

	
_g (66)

Subsequently, integrating the present equation alongside using
an explicit manner, one could manage:

pnþ1 � pnþr ¼ K
Ztnþ1

tnþr

_εvdt � 3KAðpnþrÞ
Ztnþ1

tnþr

_gdt

� 3
ffiffiffi
6

p

sin 3qnþr
KCðqnþrÞ


�
s2nþr

�
v
� 1
3

	 Ztnþ1

tnþr

_gdt

(67)

pnþ1 ¼ pnþr þ ð1� rÞKDεv � 3KAðpnþrÞl

� 3
ffiffiffi
6

p

sin 3qnþr
KCðqnþrÞ


�
s2nþr

�
v
� 1
3

	
l (68)

In the last formula, the only unknown parameter is the discrete
plastic multiplier, l, which is obtained in the following lines. The
differential Eq. (41) is hired to obtain l since the integrating factor
X0 is already updated by means of (58)e(62). Therefore, having
inserted the derivative of R with respect to time into the afore-
mentioned differential equation, the coming relationship is held:
_X
0 ¼ 1

R

(
�

ffiffiffi
2
3

r
f ðpÞdg

dq
_q�

ffiffiffi
2
3

r
gðqÞ df

dp
_pþ 2G _g

"
BðqÞ � CðqÞcot 3q

#)
X0 (69)

l ¼
�ln

�
X0
nþ1

.
X0
nþr

�
þ lnðgnþ1=gnþrÞ þ ½ðK=f ðpÞÞðdf =dpÞ�nþr

�
1� r

�
KDεvn�

3K=f ðpÞ
��

df =dp
�h

A
�
p
�
þ
� ffiffiffi

6
p .

sin 3q
�
C
�
q
���

s2
�
v � 1=3

�i� �2G=RÞhB�q�� C
�
q
�
cot 3q

io
nþr

(73)
The preceding equality gains the subsequent shape using Eq.
(28) together with some manipulations:

_X
0 ¼

�
1

gðqÞ
dg
dq

_qþ 1
f ðpÞ

df
dp

_pþ 2G
R

_g



BðqÞ � CðqÞcot 3q

	�
X0

(70)
Note that the derivatives df/dp and _p appeared in the previous
relation were already given in Eqs. (22) and (66). Also, dg/dq is
computed via (17) to reach:

dg
dq

¼ sin
�
p
6 b� 1

3cos
�1�h cos 3q

��
cos2

�
p
6 b� 1

3cos
�1
�
h cos 3q

�� �h sin 3qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h2 cos23q

p (71)

Integrating both sides of Eq. (70) over tnþr to tnþ1 yields:

ZX0
nþ1

X0
nþr

1
X0 dX

0 ¼
Zgnþ1

gnþr

1
g
dg þ

Zεv;nþ1

εv;nþr

K
f ðpÞ

df
dp

dεv

�
Zgnþ1

gnþr

3K
f ðpÞ

df
dp

AðpÞdg

�
Zgnþ1

gnþr

K
f ðpÞ

df
dp

3
ffiffiffi
6

p

sin 3q
CðqÞ


�
s2
�
v
� 1
3

	
dg

þ
Zgnþ1

gnþr

2G
R

½BðqÞ � CðqÞcot 3q�dg (72)

In the former formula, only the left-side expression and the first
term on the right side could be computed exactly based on the
results from the exponential solution (58). For the rest of the in-
tegrations to be calculated, the appeared variables are approxi-
mated by their values at the contact point, tnþr. Accordingly, the
discrete plastic multiplier is found through the successive
relationship:
After computing l, the hydrostatic pressure is updated bymeans
of Eq. (68). Furthermore, having pnþ1 and qnþ1, Eq. (28) determines
Rnþ1 as follows:

Rnþ1 ¼ �
ffiffiffi
2
3

r
f ðpnþ1Þgðqnþ1Þ (74)

Finally, one could update the deviatoric stress tensor based on
Eqs. (23) and (27) reading:



Table 1
Constants of the all-purpose yield surface to achieve well-known criteria.

Yield surface criterion Meridian constants Deviatoric constants

von Mises a¼ 1, m¼ 2, M¼ 2ft/pc, c¼ pc / ∞ b¼ 1, h¼ 0
Tresca a ¼ 1;m ¼ 2;M ¼

ffiffiffi
3

p
ft=pc; c ¼ pc/∞ b¼ 1, h / 1

DruckerePrager a ¼ 0; pc ¼ fc;M ¼ 3ðr0 � 1Þ=
ffiffiffi
2

p
ðr0 þ 1Þ; c ¼ 2fc=3ðr0 � 1Þ;m/∞ b¼ 1, h¼ 0

MohreCoulomb
M ¼ 3½r cosðbp=6� p=3Þ � cosðbp=6Þ�=

ffiffiffi
2

p
ðr0 þ 1Þ; c ¼ fcðcosðbp=6� p=3Þ þ cosðbp=6ÞÞ

3r cosðbp=6� p=3Þ � 3 cosðbp=6Þ
a ¼ 0; pc ¼ fc; m/∞

b ¼ 6
ptan

�1
ffiffiffi
3

p
2r0þ1; h/0
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snþ1 ¼ Rnþ1snþ1 (75)

It should be noted that, the achieved deviatoric stress tensor,
snþ1, has the magnitude equals Rnþ1, i.e.
ksnþ1k ¼ kRnþ1snþ1k ¼ Rnþ1ksnþ1k ¼ Rnþ1. Therefore, based on
Equation (27), the stress is laid on the yield surface without need of
extra corrections, which means the integration method is
consistent.

5. Numerical tests

In this section, it is desired to verify the suggested exponential-
based algorithm for integrating the BigoniePiccolroaz plasticity
model. Two sets of numerical investigations are carried out to fulfill
the goal. The examinations consist of stress-updating tests for
different strain load histories followed by two boundary value
problems. During the analyses, the term ‘EX’ represents the pro-
posed exponential integration and ‘FE’ stands for the derived For-
ward Euler method. As explained earlier, the FE was also developed
for the plasticity to help verify the results of the suggested expo-
nential scheme, see Appendix II. Evidently, using the advantages of
the all-inclusive yield function and the developed integration, the
analyses are performed for the four known yield surfaces of von-
Mises, Tresca, DruckerePrager, and MohreCoulomb to show the
universality of the plasticity in question and recommended algo-
rithms. Table 1 shows the constants to be adopted in order to
achieve the required yield surfaces, as well as the associated for-
mulations. However, one may mold many other desired ones just
by assuming different amounts for the seven constants of the
considered plasticity. More information is available in Bigoni and
Piccolroaz (2004). Different plasticity models require that a vari-
ety of materials be used in the numerical tests. Thus, three different
materials comprising steel ST52, and a kind of high-strength steel
together with a given concrete are chosen to utilize all the pa-
rameters of the model and their effects on the performance of the
proposed integrationmethod. Themechanical characteristics of the
aforementioned materials are as follows:
ST52 steel : sy;0 ¼ ft ¼ fc ¼ 370 MPa E ¼ 210;000 MPa n ¼ 0:30
High� strength steel : sy;0 ¼ ft ¼ fc ¼ 2;500 MPa E ¼ 203;000 MPa n ¼ 0:27
Concrete : ft ¼ 3:5 MPa fc ¼ 35 MPa E ¼ 24;856 MPa n ¼ 0:15
Finally, the application of the proposed formulation is demon-
strated in non-linear finite element analyses. Here, two typical
initial boundary value problems are solved implementing the
derived algorithm in a nonlinear finite element code provided by
the authors. This code was previously verified using the non-linear
finite element code FEAP. In addition, the following abbreviations
are employed to refer to the different yield surfaces under
consideration in the text and figure captions for the sake of
conciseness.
von Mises/VM; Tresca/TR; DruckerePrager/DP;
MohreCoulomb/CM

5.1. Stress-updating analyses

Three non-proportional strain load histories are considered to
update the stresses in different conditions. The histories are chosen
linear to avoid discretization errors of a curved path, because these
discretization errors add to the ones by the integration process.
Figs. 5e7 display the loading histories along with their strain paths.
It is assumed that each history is controlled with two strain com-
ponents with other components identically equal to zero. Strains
vary proportionally to the first yielding strain reading:

εy;0 ¼ sy;0

E
for von Mises & Tresca

εy;0 ¼
ffiffiffi
3

p
ty;0

2E
for DruckerePrager & MohreCoulomb

Verifying the newly developed Exponential and Forward Euler
integrations, EX and FE, the first thing obvious is that they have to
achieve the same results as each other when the load-step size
tends to very fine amounts, e.g. 100,000 steps per second. This fact
is shown through Figs. 8e11 where the plotted graphs of the
updated stresses by EX and FE coincide exactly with one another.
Clearly, in each yielding condition, only one diagram is presented
for the three strain histories in hand to prevent lengthening. This
trend is followed in all tests maintaining both versatility and suc-
cinctness of the investigations. Moreover, the diagrams in
Figs. 12e14 express another means of demonstration for the
derived integrations. In these figures, the stress relative errors are
computed through the following formula:

Esn ¼ ksn � snk
ksnk (76)
where sn represents the updated stress by the numerical method
under investigation and sn stands for the exact solution to each
problem obtained by the Froward Euler integrationwith very small
load-step size, Dt¼ 10�5. As displayed, the stress-updating errors
reduce proportionally to the shortening of the load-step sizes.
Figures merely present those of EX since it is the main focus of this
research. Additionally, a complementary proof of the proposed
exponential integration is the exact response for the von-Mises



Fig. 5. Strain history and path 1.

Fig. 6. Strain history and path 2.

Fig. 7. Strain history and path 3.
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plasticity in the absence of hardening rules or purely linear kine-
matic hardening. The demonstration could be perceived in Fig. 15.
For better comprehension, the stress relative error of FE is
compared to EX via Fig. 15 to illustrate the difference.

It should be noted that as it was explained in the introduction,
the explicit integration compared with the implicit ones need
considerably less computational efforts, but their stability is con-
ditional. In fact, the convergence and accuracy of the explicit in-
tegrations depend on the size of the load increments. This issue is
shown in Fig. 16 for the proposed scheme which illustrates the
sensitivity of the precision of EX to a large increment. Here, the
maximum error becomes about 30 times larger instead of the



Fig. 8. Updated stresses for strain history 1, TR.

Fig. 9. Updated stresses for strain history 2, VM.

Fig. 10. Updated stresses for strain history 3, DP.

Fig. 11. Updated stresses for strain history 1, CM.

Fig. 12. Convergence diagrams of EX, strain path 1, DP.

Fig. 13. Convergence diagrams of EX, strain path 2, CM.
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expected amount of 16 times as the size of the load step increases 4
times.

To compare some properties of FE and EX schemes, and confirm
the abilities of the integration methods in stability and accuracy, a
more complex strain path is utilized. This is demonstrated in Fig. 17.
In fact, the strain load history in Fig. 17 is selected in which 3-
component of strains are changed non-proportionally. Moreover,



Fig. 14. Convergence diagrams of EX, strain path 2, TR.

Fig. 15. Convergence diagrams of EX, strain path 3, VM.

Fig. 16. Sensitivity to a large increment, EX, strain path 1, DP.
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two load steps of Dt¼ 0.1 sec. and Dt¼ 0.05 sec. are considered to
update the stresses by the FE and EX integration methods. The
stress relative errors are computed by Eq. (76) and illustrated in
Figs. 18 and 19. As it is clear in Fig. 18, the FE integration becomes
unstable and diverges for the loading step size Dt¼ 0.1 sec.,
whereas the EX integration is stable and has the reasonable errors
which shows the robustness of the EX technique. Referring to
Fig. 19, one could find that for the loading step size Dt¼ 0.05 sec.
the FE integration becomes stable too and the accuracies of the
integrations in question could be compared to each other. The
finding results demonstrate the higher precision of the newly
derived EX integration scheme.

It is worth mentioning that the tests involving von-Mises and
Tresca yield criteriawere carried out using the characteristics of the
steel ST52 while the properties of the concrete were hired for the
pressure-dependent yield functions of DruckerePrager and
MohreCoulomb.

5.2. Initial boundary value problems

Here, two initial boundary value problems are solved to display
the implementation of the suggested all-purpose integration in
practice. To avoid lengthening, two discrete examples are pre-
sented conforming to two disparate groups of plasticity models
under investigations. First, a perforated rectangular strip made of
the high-strength steel using the von-Mises plasticity as the
representative of pressure-independent models and second, a
concrete beam via the MohreCoulomb yield functions to represent
the pressure-dependent plasticity.

5.2.1. A rectangular strip with a circular hole
A rectangular strip perforatedwith a circular opening at its center

is solved implementing the proposed exponential algorithm in an
explicit non-linear finite element code. The strip is under biaxial
non-proportional uniform loads in the plane strain conditions. The
load history is shown in Fig. 20. The strip features two planes of
symmetry, which contribute to analyze only one quarter as shownby
Fig. 21. The discretized structure is presented in Fig. 22 where 192
4-node isoparametric quadrilateral elements cover the strip with the
thickness of unity. Furthermore, the characteristics of the high-
strength steel are deployed concerning the von-Mises model. The
analysis is conducted applying the loads in four-step per second.

To illustrate the findings, the results are visualized in
Figs. 23e27 at 16th loading increment. The contour of the dis-
placements, ux and uy, are pictured via Figs. 23 and 24. From these
Fig. 17. Strain history 4. “A more complex strain history”.



Fig. 18. Stress relative errors for FE and EX, Dt¼ 0.1 sec., strain history 4, TR. “FE
integration diverges”.

Fig. 19. Stress relative errors for FE and EX, Dt¼ 0.05 sec., strain history 4, TR. “EX
integration is more accurate than FE”.

Fig. 20. Load history for the finite element problem.

Fig. 21. The perforated strip with circular hole.

Fig. 22. The finite element mesh.
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figures, as expected, the maximum values of ux occur at y¼ 0 and
the maximum values of uy at x¼ 0. The normal stresses sx and sy
are contoured through Figs. 25 and 26. As depicted, the stress
concentration is perceived around the hole where the maximum of
sx happens at(x¼ 0, y¼ 50mm) and the maximum of sy occurs at
(x¼ 50, y¼ 0 ). Finally, Fig. 27 illustrates the contour plot of the
plastic strain, kDεpk, showing the plastic zone in the 16th loading
increment. Obviously, the extra loading could lead to instability due
to yielding a portion of the strip around the hole throughout its
width.
5.2.2. A cantilever simply-supported concrete beam
A fixed-simple beam made of concrete is considered under

uniformly distributed load with a span of L¼ 2250 mm, depth of



Fig. 23. The contour plot of the x-component of the displacements in 16th loading
increment.

Fig. 25. The contour plot of the normal stresses in the x-direction in 16th loading
increment.
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d¼ 50 mmand thickness of unity, according to Fig. 28. It is assumed
that the load is applied proportionally over 15 sub-steps to the
maximum amount of qmax¼ 0.4 N/mm. Fig. 29 illustrates the finite
element mesh under which the beam is discretized by 6� 20 4-
node isoparametric quadrilateral elements. After tuning the sug-
gested exponential integration into MohreCoulomb plasticity, the
structure is analyzed using the explicit non-linear finite element
code incorporated with the integration scheme.

For the prior example, the results of the analysis are graphically
displayed via Figs. 30e34. The diagrams are all plotted at the end of
the load history when the maximum stresses occur. Figs. 30 and 31
show the displacements in x and y directions, respectively. Based
on Fig. 30, the maximum amount of displacement in x direction
happens at (x¼ 0, y¼ 0 ). This is totally justifiable since the bottom
of the beam is mostly in expansion, which corresponds to the fact
Fig. 24. The contour plot of the y-component of the displacements in 16th loading
increment.
that the tensile strength of the concrete is 10-times less than its
compressive one. As expected, the maximum y displacement oc-
curs at about (x¼ 975 mm, y¼ 0 ) that is equal to 0.56L from the
fixed end of the beam, according to Fig. 31. Moreover, the distri-
bution of normal stresses, sx and sy, are demonstrated through
Figs. 32 and 33. Obviously, the tensile-stress zone is much bigger
than the compression zone owing to the greater compressive
strength of the concrete. The maximum tensile stresses in x di-
rection situate at the top right and bottom of the beam complying
with the boundary conditions. Eventually, the counter plot of the
plastic zone is depicted in Fig. 34. As it is observed, a relatively small
region of intense yielding occurs around the top region of the fixed
support, in addition to a milder and bigger plastic zone at the
bottom of the beam between supports.
Fig. 26. The contour plot of the normal stresses in the y-direction in 16th loading
increment.



Fig. 27. The contour plot of the plastic zone in 16th loading increment.

Fig. 28. The cantilever simply-supported concrete beam.

Fig. 29. The finite element mesh.

Fig. 31. The contour plot of displacement in y-direction at maximum load.

Fig. 32. The contour plot of normal stress in x-direction at maximum load.

Fig. 33. The contour plot of normal stress in y-direction at maximum load.

Fig. 34. The contour plot of plastic zone at maximum load.
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6. Conclusions

A stress-updating strategy was developed for integrating the
constitutive equations of a general plasticity model. The constitu-
tive relations include an all-purpose BigoniePiccolroaz yield cri-
terion featuring great characteristics. The yield surface is capable of
predicting the inelastic behavior of a broad range of pressure-
sensitive, quasi-brittle, ductile, and frictional materials. The
Fig. 30. The contour plot of displacement in x-direction at maximum load.
integration scheme was based on the exponential-map algorithm
and was easily adjustable to different yield criteria from the well-
known surfaces of von-Mises, Tresca, DruckerePrager, and
MohreCoulomb to many other convex sets perhaps developed in
the future. Moreover, the Forward Euler integration was extended
for the plasticity to verify the proposed strategy in a wide class of
numerical tests. Different stress-updating tests along with two
initial boundary value problems were deemed to best examine the
formulation. Accordingly, the assessments were expanded to
grounds of von-Mises, Tresca, DruckerePrager, and
MohreCoulomb yield criteria by simply changing some constants
of the formulas. All investigations demonstrate the wholeness and
universality of the suggested integration.
Appendix I. Derivative of F(snþr,Rnþr) with respect to r

Using Eqs. (54) and (55), the following is held:

vFðsnþr;RnþrÞ
vr

¼ vksnþrk
vr

þ
ffiffiffi
2
3

r 

vf ðpnþrÞ

vr
gðqnþrÞ

þ f ðpnþrÞ vgðqnþrÞ
vr

	
(77)

The first term of the right-hand side of the above equality is
obtained employing Eq. (57) as:
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vksnþrk
vr

¼ 2GDe :
snþr

ksnþrk (78)

The term vf(pnþr)/vr is computed utilizing Eqs. (14), (15) and (57)
reading:
vf ðpnþrÞ
vr

¼ Mpc
2

ð1�mFm�1
nþr Þ½2ð1� aÞFnþr þ a� þ 2ð1� aÞðFnþr � Fm

nþrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFnþr � Fm

nþrÞ½2ð1� aÞFnþr þ a�
q KDεv

pc þ c
(79)
The derivative vg(q)/vr is also calculated hiring Eqs. (17) and (57)
with the subsequent appearance:
vgðqnþrÞ
vr

¼
ffiffiffi
3

p

2
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p=6Þb��1=3�cos�1ðh cos 3qnþrÞ

�
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��
p=6Þb��1=3�cos�1ðh cos 3qnþrÞ

� h sin 3qnþrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h2 cos23qnþr

p 2GJ�3=2
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�
: De� 3GJ�5=2
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(80)
Appendix II. Forward Euler Integration

In this part, the Forward Euler scheme is developed for inte-
grating the all-purpose constitutive equations. Here, the tentative
solution, Eq. (52) is deployed so that together with Eq. (53) one can
conclude the stress state. Being situated in elastoplastic phase, the
stress and its related variables are computed through Eqs. (54)e(57)
at the contactpointwith theyield surface. Subsequently, thediscrete
plastic multiplier is determined using Eq. (9) as follows:
l ¼ b1
b2

;

b1 ¼ 2Gðsþw3 �w2Þnþr :
�
1� r

�
Deþ Kw1;nþr

�
1� r

�
Dεv;

b2 ¼ 3Kw1AðpÞ þ
3
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p
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sin 3 q
CðqÞ


�
s2
�
v
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p
G

sin 3 q
CðqÞðsþw3 �w2Þ :

�
s2
�
d

(81)
where, the all variables in the above equations are computed at the
contact point, i.e. at time t¼ tnþr. Having l, the deviatoric stress is
updated via (29) and (32) reading:

snþ1 ¼ snþr þ 2Gð1� rÞDe� 2Gl½BðqÞ � CðqÞcot 3q�nþrsnþr

� 2Gl

ffiffiffi
6

p

sin 3qnþr
CðqnþrÞ

�
s2
�
d;nþr

(82)

Similarly, the volumetric stress is obtained using Eqs. (30) and
(33) as:
pnþ1 ¼ pnþr þ Kð1� rÞDεv � 3KlAðpnþrÞ

� Kl
3
ffiffiffi
6
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sin 3qnþr
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� 1
3

	
(83)
The following Lode angle is easily updated through Eqs. (18) and
(82):
qnþ1 ¼ 1
3
cos�1

0@3
ffiffiffi
3

p

2
J3;nþ1

J3=22;nþ1

1A with J2;nþ1 ¼ 1
2
snþ1: snþ1 & J3

¼ 1
3
trðs3nþ1Þ

(84)
Subsequently, hiring pnþ1 and q from above equations, the
functions f(p) and g(q) are updated from Eqs. (14), (15) and (17).
This will lead to Rnþ1 via Eq. (28) reading:

Rnþ1 ¼ �
ffiffiffi
2
3

r
f ðpnþ1Þgðqnþ1Þ (85)

Eventually, the state of the deviatoric stress is corrected using
the yield surface function as the condition of consistency through
the following formulas:

F
�
snþ1 þ afnnþ1

�
¼ 0 with nnþ1 ¼ snþ1

ksnþ1k
(86)
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af ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnT

nþ1snþ1Þ2 �
������snþ1

������2 þ R2
r

� nT
nþ1snþ1 (87)

The final deviatoric stress is corrected as:

snþ1 ¼ snþ1 þ afn (88)
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