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Abstract

One of the main properties of cardiovascular stents is to properly bend in order to accommodate the tortuous vascular structure
and Finite Element Analyses (FEA) are currently the preferred computational tool to properly evaluate the stent response under
bending. Isogeometric Analysis (IgA) has recently emerged as a cost-effective alternative to classical FEA, based on the use of
typical CAD basis functions for both geometric description and variable approximation. This implies the capability to describe
accurately the computational domain geometry and, typically, a better approximation of the solution with many fewer degrees of
freedom with respect to FEA.

Accordingly, this work aims at describing a computational framework based on IgA to evaluate the mechanical performance of
endovascular stents. In particular, stent bending analyses involving large deformations are performed using both IgA and classical
FEA for two carotid artery stent designs. The results discussed here suggest that for a given level of accuracy IgA attains a better
performance with at least one order of magnitude fewer degrees of freedom than classical FEA. Moreover IgA shows an improved
capability to reproduce local geometrical instabilities due to buckling.
c⃝ 2015 Elsevier B.V. All rights reserved.
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1. Introduction

In the last decade the use of carotid artery stents (CAS) for stroke prevention has rapidly evolved as a reliable
alternative to the traditional approach of carotid endarterectomy. As an example, in the United States CAS expanded
from less than 3% of the total number of carotid artery revascularization procedures in 1998 to 13% in 2008 [1]. The
key device of CAS is the so-called stent, a metallic frame that is driven to the target lesion to restore the carotid artery
patency by enlarging the narrowed lumen.
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A proper delivery and placement of endovascular stent devices is of utmost importance to ensure the safety and
performance of the implant. For this reason, an adequate stent flexibility, typically evaluated by means of bending
tests, plays an important role in the stent delivery process as well as in the reduction of the stress generated by the
interaction between the device and the surrounding biological tissue.

In this aspect, the quantitative evaluation of mechanical and geometrical properties is of critical relevance for a
reliable characterization of flexibility for stents already available on the market or during the design process of new
devices. This topic has been widely investigated in the literature, both from the experimental and the numerical point
of view. In particular, different experimental benchmarks were proposed with particular emphasis on coronary artery
stents [2–4]. However, only the works of Müller-Hülsbeck et al. [5] and Carnelli et al. [6] implemented an experimental
benchmark for carotid artery stents. On the other side, many virtual benchmark tests, typically based on structural
Finite Element Analysis (FEA), have been developed as a complementary tool to the experimental studies [7–11].

Within this context, FEA is widely employed when experimental tests are difficult to implement or when a large
number of materials, geometries, and loading conditions need to be investigated before prototype fabrication. In par-
ticular, Mori and Saito [4] studied the flexibility of four coronary artery stents by means of a two-dimensional (2D)
FEA model resembling a small portion of the complete device. Petrini et al. [7] and Grogan et al. [11] proposed
a there-dimensional (3D) FEA model for stainless steel and adsorbable metallic coronary stents, respectively. Both
models reproduce only a portion of the complete device. Eventually, Wu et al. [8] proposed a virtual flexibility test
for coronary artery stents based on a multipoint constraint. They implemented a 3D FEA model of a full elasto plastic
device. We believe our work is the first numerical study approaching the flexibility evaluation for shape memory alloy
carotid artery stents within a computational framework applied to a 3D model of the whole device, considering also
geometrical instability phenomena.

In our view, FEA presents some drawbacks that can limit the description of the domain under investigation and the
accuracy of the approximated solution. In particular, the low-order and low-regularity polynomials used to discretize
the continuum domain do not allow, in general, to accurately represent complex geometries unless extremely fine
meshes are adopted. At the same time, FEA basis functions do not allow one to properly approximate the solution
without resorting to a high number of degrees of freedom.

Isogeometric analysis (IgA) has recently been developed as an exact-geometry, cost-effective alternative to clas-
sical FEA [12,13]. Roughly speaking, IgA proposes to replace the low-order, low-regularity FEA basis functions
with the high-order, high-regularity basis functions employed in computer-aided design (CAD) while retaining an
isoparametric framework. In particular, non-uniform rational B-splines (NURBS) were initially chosen as the basic
environment for IgA due to their widespread use in the CAD community, but nowadays other more flexible options
also are available (see, e.g., [13–15]).

An initial motivation for IgA was a desire to reduce the engineering time for model generation by using a single
mathematical representation for both design and analysis. However, the higher regularity of IgA shape functions with
respect to FEA extended the range of applications to all the fields in which high continuity plays a preeminent role,
e.g., the study of structural vibrations [16–19], the analysis of nearly incompressible solids [20–22], novel structural
elements [23–27], novel contact formulations [28], turbulent flows and fluid–structure interaction [29,30].

Only a few works have investigated the features of IgA applied to vascular biomechanics. In particular, Zhang
et al. [31] focused on the geometrical representation of complex vascular branches to get accurate, IgA-suitable models
for the analysis of blood flow. Bazilevs et al. [32] and Bazilevs et al. [14] developed an IgA-based fluid–structure
interaction model, developed within an Arbitrary Lagrangian Eulerian framework, to investigate the interaction of
the arterial wall and the blood flow. Morganti et al. [33] developed a computational framework to compare the
performance of IgA and FEA applied to the structural closure of a patient-specific aortic valve model. The work
of Morganti et al. [33] is the first structural investigation addressing the benefits of IgA with respect to benchmark
FEA shell elements applied to vascular biomechanics.

Within this context, the present paper represents the first study investigating the impact of structural IgA for the
evaluation of the mechanical properties of endovascular devices. In this work we consider the behavior of two carotid
artery stent designs that resemble two commercially available devices. NURBS-based IgA and classical FEA are
adopted to model the 3D bending problem in a large deformation regime corresponding to the cantilever beam bend-
ing experiment proposed by Müller-Hülsbeck et al. [5]. In our work we develop a computational framework able
to automatically obtain an IgA-suitable stent discretization from a CAD model. Moreover, our framework is also
extended to automatically obtain an equivalent highly structured finite element mesh.
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Two different constitutive models are considered, i.e., an elastic Saint Venant–Kirchhoff material and an inelastic
shape memory alloy (SMA) model implemented within a large displacement–small strain regime. Both IgA and FEA
bending tests are performed using the general purpose solver FEAP [34] and its additional package for IgA.

The results include a performance comparison, on a per-degree-of-freedom basis, between IgA and FEA with
respect to both local (reaction force) and, when possible, global (stored energy) quantities. Moreover, we highlight
the capability of the two methods to reproduce the nonlinear local effect occurring when a particular stent design is
considered.

The paper is structured as follows: in Section 2 we describe the basic concepts of B-splines and NURBS discretiza-
tion. A quick review of IgA concepts is also reported. In Section 3 we describe the proposed computational framework,
including geometrical modeling, adopted constitutive relations, and analysis setup. In Section 4 we present and dis-
cuss some numerical results for each combination of stent design and constitutive models. This section is structured in
order to highlight not only a general comparison in terms of number of degrees of freedom, but also a focus on local
nonlinear effects. Finally, in Section 5 we summarize our findings.

2. Basics of NURBS-based IgA

This section aims at introducing the trivariate NURBS structure used for continuum discretization and its role
within the IgA framework. Classical NURBS terminology is employed and for further details the reader may refer
to Hughes et al. [12], Piegl and Tiller [35], or Cottrell et al. [13].

2.1. B-splines and NURBS

Non Uniform Rational B-Splines NURBS are constructed from B-splines, piecewise polynomial geometrical en-
tities widely used in CAD and computer graphics. A pth order B-spline curve, C(ξ), can be obtained by linear
combination of B-spline basis functions and, coefficients Bi , defined in Rd and named control points, as follows:

C(ξ) =

n
i=1

Ni,p(ξ)Bi , (1)

where n is the number of basis functions and control points. The parameter space of the curve is described by the
variable ξ . A knot vector Ξ is defined as a non-decreasing, real-valued vector

Ξ = [ξ1, ξ2, ξ3, . . . , ξn+p+1] (2)

whose knots ξi partition the parameter space into elements, or knot spans. Knot vectors are called open if the first and
the last knot appear p + 1 times. Moreover, if the knots are distributed equally along the parametric space, the knot
vector is defined uniform. Given a knot vector Ξ it is possible to recursively define the B-spline basis functions as

Ni,0(ξ) =


1 if ξi ≤ ξ < ξ i + 1
0 otherwise

(3)

Ni,p(ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ). (4)

As an example, a p = 3, n = 10 B-spline curve and its basis functions are depicted in Fig. 1.
The main feature of B-Splines is the possibility to control the regularity at knot locations. In general, basis functions

of order p present p − m continuous derivatives across a given knot ξk , i.e., the basis is C p−m , where m is the
multiplicity of the knot ξk . In particular, if m = p the basis is C0 and interpolatory, as in classical FEA, while, if
m = p + 1, the basis is discontinuous and the boundary of the patch is defined. If a knot has multiplicity m = 1,
maximum C p−1-regularity is attained. A rational B-spline in Rd is defined, in general, as the projection of a B-spline
defined in a (d + 1)-dimensional homogeneous coordinate space onto the d-dimensional physical space. In this way,
a wide range of geometrical objects can be described exactly, including all conic sections. A pth order NURBS curve
is obtained as

C(ξ) =

n
i=1

Ri,p(ξ)wi Bi , (5)
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Fig. 1. Example of B-spline basis functions and curve: (left) Cubic basis functions generated by the knot vector Ξ = {0, 0, 0, 0, 0.25, 0.5, 0.5, 0.75,

0.75, 0.75, 1, 1, 1, 1}; (right) B-spline curve and its control points. The polygon constituted by the linear interpolation of the control points is the
so-called control polygon.

where

Ri,p(ξ) =
Ni,p(ξ)wi

n
i=0

Ni,p(ξ)wi

, (6)

being wi the projection weights and Ni,p(ξ) the pth order B-spline basis functions. It is important to observe that
NURBS curves retain the properties of B-splines curves, e.g., high continuity and regularity, non-negativity, and com-
pact support (Piegl and Tiller, 1997). Taking advantage of the tensor product, it is possible to extend Eq. (5) to trivariate
solids as follows:

V(ξ1, ξ2, ξ3)d =

n1
i=0

n2
j=0

n3
k=0

Ri,p(ξ1)S j,q(ξ2)Tk,r (ξ3)(Bi, j,k)d . d = {1, 2, 3} (7)

where (Bi, j,k)d are the control point coordinates defined in Rd , while p, q, r and Ri,p, S j,q , Tk,r , are the polynomial
degrees and the NURBS basis functions for each parametric direction, respectively.

Given the NURBS basis previously described, IgA is then introduced as a Galerkin isoparametric method based
on those shape functions [12]. IgA presents the following specific properties: (i) NURBS parametric space is local to
patches rather then elements, that is, in IgA the mapping is global and applied to the whole patch; (ii) three refinement
techniques are available, i.e., in addition to classical h- (knot insertion) and p- (polynomial order elevation) refinement
techniques, k-refinement, i.e., a sort of high-order and high-continuity h-refinement, is also available.

3. Materials and methods

In this section the computational framework to obtain IgA-suitable stent models directly from CAD is described.
Subsequently, the constitutive models used in our study are described. In particular we use a formulation under the
hypothesis of large displacements but small strains that are typically induced in many biomedical applications [36].
Such geometrical models and constitutive laws are then integrated within an analysis setup simulating an experimental
stent bending test.

3.1. Stent model

A computational framework to interface the CAD software Rhinoceros v. 4.0 SR8 (McNeel and Associated, Seattle,
WA, USA) with the general purpose solver FEAP is presented. Two different self-expanding carotid stent designs are
considered, resembling two commercially available stents used in clinical practice. In the following they will be
referred to as Model A and Model B, resembling respectively a Bard ViVEXX Carotid Stent (C. R. Bard Angiomed
GmbH & Co., Germany) and a XACT Carotid Stent (Abbott, Illinois, USA).
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Fig. 2. IgA stent generation: (a) detail of the main geometrical features derived from high resolution micro-CT scans (quantities are expressed in
mm); (b) planar CAD geometry resembling the stent design pattern; (c) IgA-suitable stent model; (d) longitudinal view with detail of the two patch
families, i.e., link and rings, and orientation of the three parametric directions p, q, r.

The choice of these carotid artery stents is motivated by the different designs that can significantly impact the global
mechanical behavior. In fact, while Model A is an open-cell stent, i.e., adjacent ring segments are not connected at
every junction, Model B is a closed-cell stent, i.e., all junctions are connected. The two different designs influence
many biomechanical outcomes, e.g., vessel scaffolding, adaptability, and flexibility.

Given the comparative nature of our study, for both designs we consider a straight configuration having 9 mm
reference diameter, 0.18 mm thickness, and a 30 mm length. Since no data are available from the manufacturer, the
main geometrical features of such devices are derived from high-resolution micro-CT scans of the crimped stent in
the delivery system [9]. Each stent model is generated through the following steps:

• The geometrical features of both link and ring structures are derived from micro-CT scans of the real devices
(Fig. 2(a)).

• A planar CAD geometry (see Fig. 2(b)) corresponding to the stent unfolded configuration is generated.
Subsequently, a 2D CAD surface is generated for each NURBS patch.

• The NURBS data (control points, knots, and weights) are exported as text files.
• The NURBS surface structure is extruded and rolled by means of an in-house Matlab code (The Mathworks Inc.

Natick, MA, USA) leading to the final stent in open configuration as depicted in Fig. 2(c).
• Each patch composing the trivariate NURBS structure is finally exported in a suitable format for the solver FEAP.

The control points at the (conforming) interface between two adjacent patches are tied together in order to obtain
the IgA stent model.

The stent models A and B are composed by 87 and 191 NURBS patches, respectively. The stent structure is regular
and is composed of two patch families, i.e., link and ring patches. We note that model A can be easily represented
by two different patches (see Fig. 2(d)), however, model B has a more complex structure that requires one ring and
three link patches, where model A requires only one ring and one link patch. Given the basic NURBS representation,
the adopted refinement techniques are graphically represented in Fig. 3. In particular, starting from the CAD-based
NURBS model (Fig. 3(top)), we consider the following refinement techniques for IgA and FEA, respectively.

For the IgA models we implement a k-refinement routine following the steps depicted in Fig. 3-left. This approach
allows one to elevate the polynomial order and, at the same time, to increase the smoothness of the basis functions
(e.g., see [37] for additional details).

In order to get a set of reliable finite element meshes we extend the proposed computational framework performing
a set of fictitious knot insertions in order to subdivide each knot span into n distinct subdivisions. Each fictitious knot
location in the parametric space, defined as evaluation point, has a mapped counterpart in the physical space. We then
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Fig. 3. Adopted refinement techniques: (top) initial CAD model and parametric space; (left) IgA k-refinement steps, the NURBS control points are
depicted as x; (right) equivalent h-refined FEA mesh with different refinement indexes n, the evaluation points in the parametric space are depicted
as .
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use this information to build an equivalent finite element mesh with the mapped evaluation points as nodal coordinates
and element connectivity derived from the tensor-product structure of the NURBS geometry. We remark that given
the adopted 8-node brick shape functions only C0 continuity is enforced at the evaluation point locations in the FEA
model.

Taking advantage of this property we are able to build different equivalent finite element meshes directly from the
NURBS model in a straightforward way. This approach allows us to get easily a refined mesh, because it is only needed
to increase the refinement index n (three different refinement examples are depicted in Fig. 3(right)). It is remarkable
to observe that, given the higher density of knot spans in the curved regions, the choice of a uniform number of
subdivisions n per knot span allows us to automatically refine “locally” the model regions with higher curvature.

For the FEA mesh we employ traditional trilinear brick elements with full integration, while for the IgA
mesh we employ cubic–cubic-quadratic brick elements (for circumferential, longitudinal, and thickness directions,
respectively) with full integration. In particular, the IgA polynomial orders are obtained by construction of 2D NURBS
surface for circumferential and longitudinal directions, while the thickness polynomial order, linear by construction,
has been raised to quadratic.

Both refinement techniques are implemented within an in-house Matlab code based on the NURBS toolbox
[38,39], a set of routines implementing the algorithms included in Piegl and Tiller [35].

3.2. Constitutive models

We perform our investigations considering two constitutive models: a simple Saint Venant–Kirchhoff model and a
phenomenological shape memory alloy model (based on the work of Souza et al. [40]).

Some details on the adopted constitutive models are given in the following.

• Saint Venant–Kirchhoff material: this model is a simple hyperelastic constitutive law that is a direct extension of
an isotropic linear elastic material to the large deformation regime. The model is derived from the following stored
energy function [41]:

Ψ(E) =
1
2λ [tr(E)]2

+ G tr(E2), (8)

E =
1
2 (FT F − I), (9)

being E the Green–Lagrange strain tensor, F the deformation gradient and I the identity tensor. Lame’s material
parameters λ and G are defined in terms of the small strain Young’s modulus E and Poisson’s ratio ν, as

λ =
νE

(1 + ν)(1 − 2ν)
, G =

E

2(1 + ν)
. (10)

For the problem under investigation we assume the elastic properties of the coronary artery stent model from the
work of Auricchio et al. [42], i.e., E = 196 GPa and ν = 0.3.

• SMA phenomenological model: in order to mimic the behavior of self-expanding Nitinol stents, the phenomeno-
logical model proposed by Souza et al. [40] is adopted. Under the assumption of large displacements and rotations,
but small strains, we use the following additive decomposition:

E = e +
1
3θI, (11)

where

θ = tr(E) e = E −
1
3θI. (12)

The model assumes the deviatoric strain, e, the volumetric strain, θ , and the absolute temperature, T , as control
variables and the second-order transformation strain tensor, etr , as an internal variable. The quantity etr plays the
role of describing the strain associated to the phase transformations. The model is derived from the following
energy function:

Ψ(θ, e, T, etr ) =
1
2

K θ2
+ G∥e − etr

∥
2
− 3αK θ(T − T0) + β⟨T − T0⟩∥etr

∥

+
1
2

h∥etr
∥

2
+ (u0 − T η0) + c


T − T0 − T log


T

T0


+ IεL (etr ), (13)
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Table 1
Analysis of stent bending: Model A with Saint Venant–Kirchhoff material; the relative errors are evaluated with respect to the finest IgA simulation,
labeled as IgA-4.

Mesh label DOF Order Reaction force Deformation energy
p q r Value Error Value Error

FEA-1 48,159 1 1 1 3.2656 233.19% 14.323 246.52%
FEA-2 220,725 1 1 1 1.6864 72.06% 7.2444 75.28%
FEA-3 606,276 1 1 1 1.3259 35.28% 5.6647 37.06%
FEA-4 985,680 1 1 1 1.1764 20.02% 5.0223 21.51%
FEA-5 1,485,900 1 1 1 1.1340 15.70% 4.8403 17.11%
FEA-6 2,473,875 1 1 1 1.0905 11.26% 4.6410 12.29%
IgA-1 204,525 3 2 2 1.0586 8.00% 4.5207 9.38%
IgA-2 368,100 3 2 2 1.0237 4.44% 4.3513 5.28%
IgA-3 838,350 3 2 2 0.9969 1.71% 4.2154 1.99%
IgA-4 2,173,020 3 2 2 0.9801 – 4.1330 –

where K and G are, respectively, the small strain bulk (K = λ + 2G/3) and shear modulus, α is the thermal
expansion coefficient, β is a material parameter associated with the stress–temperature relation, T0 is the reference
temperature, h is the hardening parameter associated with the transformation phase, c is the heat capacity, and u0,
η0 are, respectively, the internal energy and the entropy, while the symbol ⟨·⟩ is the positive part function. IεL (etr )

is an indicator function introduced to satisfy the constraint ∥etr
∥ ≤ εL .

We implement the model version proposed by Auricchio and Petrini [43] in a large displacement–small strain
regime. The related constitutive parameters are obtained from the literature [44] and we use the same material
properties for both stent models.

3.3. Analysis setup

The stent bending problem has been approached in the literature in different ways from the experimental point of
view, e.g., by means of the cantilever beam test [2,5], the three point bending test [3], and the four point bending test
[4,6].

The most complete experimental benchmark applied to carotid artery stents in terms of variety of tests and number
of considered designs is the cantilever beam test studied by Müller-Hülsbeck et al. [5]. Following the approach
proposed by Auricchio et al. [44], the bending test is simulated through a displacement-based analysis in the large
deformation regime. A displacement of 11 mm along the Y direction is imposed for all control points referring to
the distal extremity of the stent, while the proximal one is clamped. This boundary condition corresponds to the
20◦cantilever beam test proposed by Müller-Hülsbeck et al. [5]. We consider the resultant reaction force at the distal
extremity of the device as a reference quantity to evaluate the capability of IgA and FEA to correctly reproduce the
stent bending as also used in the experimental setup. Given the refinement techniques for IgA and FEA presented in
Section 3.1, we use six h-refined FEA meshes with different combinations of subdivision indexes n, while for IgA
we consider the mesh with the basic parametrization coming from the CAD (labeled as IgA-1) and three k-refined
IgA meshes. Moreover, in order to better investigate the geometrical instabilities observed in Model B for the SMA
constitutive model, we perform two additional FEA h-refined simulations, i.e., FEA-7 and FEA-8. These analyses are
computationally intensive and thus for efficiency reasons are performed using the Abaqus/Standard solver ver. 6.11
(Dassault Systémes, Johnson, RI, USA).1

The description of all analyses in terms of numbers of degrees of freedom (DOF) and polynomial degrees can be
found in Tables 1–4.

4. Results and discussion

In this section we present the numerical results relative to different combinations of stent designs, i.e., Model
A or B, and constitutive relations, i.e., Saint Venant–Kirchhoff or SMA, all exploiting the proposed computational
framework.

1 Both IgA and FEA simulations are performed on an Intel Xeon E5-4620 @ 2.20 GHz workstation with 252 Gb RAM.
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Table 2
Analysis of stent bending: Model B with Saint Venant–Kirchhoff material; the relative errors are evaluated with respect to the finest IgA simulation,
labeled as IgA-4.

Mesh label DOF Order Reaction force Deformation energy Critical load
p q r Value Error Value Error

FEA-1 66,960 1 1 1 11.5550 194.74% 91.475 139.18% 11.4750 128.3%
FEA-2 316,197 1 1 1 7.2072 83.83% 62.491 63.39% 7.5945 51.12%
FEA-3 606,276 1 1 1 6.0187 53.52% 52.898 38.31% 6.5840 31.01%
FEA-4 1,635,960 1 1 1 5.4220 38.30% 47.696 28.95% 6.0022 19.43%
FEA-5 2,118,096 1 1 1 5.2990 35.16% 46.588 24.71% 5.8694 16.79%
FEA-6 3,246,480 1 1 1 5.1645 31.73% 45.361 18.60% 5.7059 13.54%
IgA-1 346,413 3 3 2 4.4149 12.61% 41.780 9.24% 5.3836 7.12%
IgA-2 648,000 3 3 2 4.1018 4.62% 39.565 3.45% 5.1518 2.51%
IgA-3 1,530,546 3 3 2 3.9741 1.36% 38.895 1.69% 5.0873 1.23%
IgA-4 2,700,435 3 3 2 3.9204 – 38.245 – 5.0254 –

Table 3
Analysis of stent bending: Model A with SMA material; the relative errors are evaluated
with respect to the finest IgA simulation, labeled as IgA-4.

Mesh label DOF Order Reaction force
p q r Value Error

FEA-1 48,159 1 1 1 1.6769 224.11%
FEA-2 220,725 1 1 1 0.9393 68.87%
FEA-3 606,276 1 1 1 0.7370 32.56%
FEA-4 985,680 1 1 1 0.6551 17.99%
FEA-5 1,485,900 1 1 1 0.6319 13.81%
FEA-6 2,473,875 1 1 1 0.0602 9%

IgA-1 204,525 3 2 2 0.5878 6.57%
IgA-2 368,100 3 2 2 0.5675 2.45%
IgA-3 838,350 3 2 2 0.5249 0.22%
IgA-4 2,173,020 3 2 2 0.5262 –

Table 4
Analysis of stent bending: Model B with SMA material; the relative errors are evaluated with
respect to the finest IgA simulation, labeled as IgA-4.

Mesh label DOF Order Reaction force Critical Load
p q r Value Error Value Error

FEA-1 66,960 1 1 1 2.3767 278% 2.4074 165.88%
FEA-2 316,197 1 1 1 1.4403 129.07% 1.6395 81.07%
FEA-3 606,276 1 1 1 1.0102 60.66% 1.3354 47.48%
FEA-4 1,635,960 1 1 1 0.91935 46.21% 1.1671 28.9%
FEA-5 2,118,096 1 1 1 0.89916 43% 1.1300 24.8%
FEA-6 3,246,480 1 1 1 0.79611 26.61% 1.0754 18.77%
FEA-7 5,281,740 1 1 1 0.73349 16.65% 0.99991 10.43%
FEA-8 10,622,016 1 1 1 0.68897 9.57% 0.97022 7.25%

IgA-1 346,413 3 3 2 0.68524 8.98% 0.96182 6.22%
IgA-2 648,000 3 3 2 0.64070 1.9% 0.92121 1.74%
IgA-3 1,530,546 3 3 2 0.63018 0.22% 0.90712 0.18%
IgA-4 2,700,435 3 3 2 0.62875 – 0.90543 –

In order to evaluate the suitability of our approach, we first evaluate the convergence of IgA and FEA elastic
simulations with respect to reaction force and stored energy quantities. In particular, the convergence of Models A
and B for the Saint Venant–Kirchhoff material is depicted in Fig. 8. Moreover, the values of the involved quantities
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Fig. 4. Reaction force (top) and deformation energy (bottom) convergence plots in case of Saint Venant–Kirchhoff constitutive model.

and their relative error with respect to the finest IgA model (labeled as IgA-4) are reported in Tables 1 and 2 for
Models A and B, respectively (see Fig. 4).

Thereafter, we consider the mechanical response of Models A and B using the SMA constitutive law. In particular,
the force–displacement curves for FEA and IgA simulations are depicted and compared in Fig. 5. In addition,
convergence plots with respect to the number of degrees of freedom (DOF) for both models are shown in Fig. 6.
Finally, the data concerning reaction force values and relative errors with respect to IgA-4 are reported in Tables 3 and
4 for Models A and B, respectively.

Our goal is to evaluate the potential of IgA in simulating the stent behavior comparing its performance with respect
to classical FEA. As previously indicated, we consider the resultant reaction force at the distal extremity of the stent
as a reference quantity to evaluate the performance of IgA and FEA with respect to the number of DOF.

However, convergence is typically evaluated with respect to a global quantity such as the elastic deformation
energy, while the reaction force represents only a local one. Unfortunately, the elastic stored energy results are
meaningless when an inelastic model is employed, such as the SMA constitutive law adopted in this study. Therefore,
in order to evaluate the suitability of a comparison based on reaction force prediction, we started with an elastic
analysis comparing IgA and FEA, considering a global quantity given by the elastic stored energy. As depicted in
Fig. 8 reaction force and deformation energy results show the same convergence trend and also the relative errors
show good agreement.

Given the results coming from the elastic analyses, we are confident that the reaction force is a suitable quantity
to evaluate the global behavior of the models for both elastic and inelastic analyses. The results show that, also using
the SMA constitutive model, IgA results in a better performance with respect to FEA on a per-degree-of-freedom
basis, with a gain of over one order of magnitude in DOF number. This result is qualitatively in accordance with other
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Fig. 5. Force–displacement diagrams in case of SMA constitutive model: (a) FEA; (b) IgA; (c) finest FEA versus coarsest and finest IgA.

Fig. 6. Reaction force convergence plots (top) and contour plot of Y displacement in deformed configuration (bottom), in case of SMA constitutive
model.

theoretical results [12] and applicative examples [33]. In addition due to the higher degree and higher regularity of the
NURBS basis functions the IgA yields low errors also with its coarsest mesh IgA-1, i.e., the one coming directly from
the CAD software.
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Fig. 7. Deformed configuration: Model B in case of SMA constitutive model; (a) IgA-1; (b) FEA-8.

As an example, we consider Model A (Fig. 6(left) and Table 3) and we fix the DOF number in the range of 2 · 105,
corresponding to the meshes IgA-1 and FEA-2, respectively. IgA shows a relative error of 6.57% with respect to the
reference solution IgA-4, while FEA yields an error of 68.87%. We further note that the most refined FEA mesh,
i.e., 2.5 · 106 DOF, still shows an error of 9%.

This trend is even more pronounced in results for Model B, where the closed cell design induces important local
effects. In particular, in order to obtain a level of accuracy for FEA comparable to the coarsest IgA mesh (IgA-1), we
need to resort to a extremely refined mesh, i.e., over 107 DOF.

As mentioned previously, we focus also on the influence of stent design with particular reference to kink formation
and buckling phenomena appearing when a closed-cell stent is considered. Kink resistance is an important feature
of stent devices [45]. When strains are locally increased beyond a critical value, buckling phenomena occur and the
local bending stresses increase considerably. This phenomenon can be very dangerous for device performance, since
it can lead to reduction of the fatigue life and implant failure. Kink formation is strongly related to stent design; in
particular, closed-cell designs show less adaptability and are more prone to kinking with respect to open-cell designs.
Our results confirm this statement and are also in accordance with experimental results [5]. Model A, classified as
an open-cell stent, shows a smooth deformed configuration (Fig. 6(left)). Instead, Model B, classified as a closed-cell
stent, presents a kink in its deformed configuration (see Fig. 6(right)). Even if buckling phenomena and kink formation
in cardiovascular stents are commonly investigated, both from the experimental [4,5] and the computational [7] point
of view, our study is the first numerical study addressing the capability of IgA as well as traditional FEA to reproduce
the buckling occurring in bent carotid artery stents.

Firstly, we investigate the capability of the two methods to reproduce, for a given level of accuracy, the same
deformed configuration and buckling location. In particular, we consider the coarsest IgA mesh, i.e., IgA-1, and the
finest FEA mesh, i.e., FEA-8 (Fig. 7). The “eyeball” norm confirms that the two models can reproduce the same
buckling configuration.

Moving to the force–displacement diagrams in Fig. 5 it is possible to observe that, while IgA presents the same de-
formation pattern for all considered refinements, FEA shows different behaviors with different refinements. In particu-
lar, the IgA deformation pattern shows two stages of local buckling (see Fig. 5(b)). On the other hand, FEA is not able
to capture this local behavior until a high number of degrees of freedom is included (see Fig. 5(a)). This phenomenon
can be better appreciated in Fig. 5(c). In particular, it is important to observe that, while FEA refinements up to FEA-5
present only one stage of local buckling, FEA-6 recovers a deformation pattern similar to the IgA one. This aspect has
a great influence in the capability of reproducing accurately the value of the critical load (see Tables 2 and 4).

These results demonstrate the capability of IgA to reproduce nonlinear local effects with a reduced DOF number
with respect to classical FEA. It is remarkable to observe how low regularity and low interpolation order in the basis
functions can lead to a reduced capability of catching the physics of the problem under investigation.

Remark. We wish to highlight that, despite our decision to focus herein on a static problem, stent simulations are often
carried out in the framework of nonlinear structural dynamics. In these cases, as recently shown in Hughes et al. [19],
the use of higher order FEA can lead to very inaccurate results. This is another justification for our choice to compare
our IgA results with linear FEA, which is, for this and other reasons, the preferred analysis tool for these kind of
simulations. However, even if the investigation of the stent flexibility performance using p-refined FEA is beyond the



F. Auricchio et al. / Comput. Methods Appl. Mech. Engrg. 295 (2015) 347–361 359

Fig. 8. Force–displacement diagram comparison using FEA, IgA, and P FEA discretizations.

Table 5
Computational times for IgA and FEA.

Mesh label DOF #CPU Solver Total analysis time

Model A
IgA-1 204,525 1 FEAP 47 min
FEA-6 2,473,875 1 FEAP 6 h 55 min

Model B
IgA-1 346,413 1 FEAP 6 h 41 min
FEA-8 10,622,016 8 Abaqus/Standard 26 h 23 min

scope of the present work, we have also performed the bending test with model B considering C0 finite elements,
obtained by iterative knot insertion starting from the highly continuous IgA meshes. In static problems like the one
considered in this study, as expected, the use of higher order p-FEA represents a clear improvement over linear FEA,
but the performance of IgA is far from being matched. As an example, in Fig. 8, we report the force–displacement
response corresponding to meshes in the order of 6 ·105 DOFs, where it is clear the better performance of IgA. In fact,
with such meshes, the relative error of the maximum displacement (with respect to the reference solution) is 1.9%
with IgA, 12.7% with p-FEA, and 60.7% with linear FEA.

4.1. Computational times

Even though a fair efficiency comparison of IgA and FEA requires further investigations in terms of, for exam-
ple, different approximation degrees for FEA and integration rules for IgA (see, as example, the work of Schillinger
et al. [46]), it is interesting, from a practical viewpoint, to provide the computational times for a given level of accu-
racy, provided by the two models. In particular, the computational time coming from coarsest IgA mesh and the finest
FEA mesh, are reported in Table 5. For Model A, given the meshes IgA-1 (relative error of 6.57%) and FEA-6 (rel-
ative error of 9.0%), IgA is about 9 times faster than FEA. Within this model, both FEA and IgA are performed with
FEAP and 1 CPU. Moving to model B we consider the meshes IgA-1 (relative error of 8.98%) and FEA-8 (relative
error of 9.57% and an overall response practical identical to that of IgA-1, as depicted in Fig. 7). In this case, while
the IgA simulation is still performed with FEAP and 1 CPU, the FEA simulation is performed with Abaqus/Standard
with 8 CPUs in reason of the motivations mentioned in Section 3.3. However, it is interesting to remark that, from
a qualitative point of view, IgA is still about 4 times faster than FEA despite the difference in the number of used
CPUs.
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5. Conclusions

In the present study we developed a new computational framework able to integrate CAD models and computa-
tional tools, which are then used to perform IgA for the evaluation of carotid artery stent performance.

Our results suggest that IgA is able to accurately represent the computational domain and to get better approxima-
tion of the solution with greatly reduced number of degrees of freedom with respect to traditional FEA. Moreover,
when geometrical instabilities are present, IgA has the capability to accurately reproduce nonlinear local effects, such
as local buckling, even with quite coarse meshes.

This work, addressing the benefits of IgA for the simulation of complex biomedical devices, achieves the goal
to demonstrate how IgA can provide different improvements over traditional FEA in terms of numerical results and
overall analysis time. The present study can be the starting point for different investigations looking at the impact of
IgA in different aspects of structural analysis applied to biomechanics, like studies on contact between endovascular
devices and biological tissue. From the experimental point of view, future investigations will include coupling of flex-
ibility test and micro-CT scans of the deformed configuration, and extension of this approach to a broader range of
endovascular devices.
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