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Abstract Thegreat influence of uncertainties on the behav-
ior of physical systems has always drawn attention to the
importance of a stochastic approach to engineering prob-
lems. Accordingly, in this paper, we address the problem of
solving a Finite Element analysis in the presence of uncer-
tain parameters. We consider an approach in which several
solutions of the problem are obtained in correspondence
of parameters samples, and propose a novel non-intrusive
method, which exploits the functional principal component
analysis, to get acceptable computational efforts. Indeed, the
proposed approach allows constructing an optimal basis of
the solutions space and projecting the full Finite Element
problem into a smaller space spanned by this basis. Even if
solving the problem in this reduced space is computationally
convenient, very good approximations are obtained by upper
bounding the error between the full Finite Element solution
and the reduced one. Finally, we assess the applicability of
the proposed approach through different test cases, obtaining
satisfactory results.
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1 Introduction

A major goal of engineering is to model experimental evi-
dences through quantitative mathematical approaches, e.g.,
partial differential equations, for supporting the interpre-
tation of physical phenomena and designing human-made
structures. In the last decades, thanks to the evolution of
computational facilities, more and more complex problems
have been quantitatively modelled, e.g., human physiology,
atmosphere phenomena and geophysical events. However,
the complexity of these problems also involves difficul-
ties in performing accurate and standardized experimental
investigations, thus making complex not only to create valid
mathematical models but also to experimentally measure the
associated model parameters. This clearly points towards the
necessity of approaching the investigations by including non-
negligible fluctuations ofmodel features andparameters, thus
pursuing uncertainty quantification.

Uncertainty can be expressed by considering input coeffi-
cients (e.g., boundary conditions and parameters) as random
variables, which aremathematically characterized via proba-
bilistic distributions that embody all of the available informa-
tion on the problem. Obviously, the solution of the problem
and, therefore, the output quantities of interest, inherit the
random nature of the input coefficients.

In this perspective, our aim is to propose an effective
numerical method for estimating the probability distribution
of model outputs in the presence of stochastic coefficients,
focusing on the analysis of structural systems solved with the
finite element (FE) method.
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In particular,we address an elastic problem in a continuous
domain Ω . The goal is to find the displacement field u (x) ∈
L2 (Ω) such that

⎧
⎪⎨

⎪⎩

div [Kε (u)] + f = 0 in Ω

Kε (u) · n = gd on ∂NΩ

u = ud on ∂DΩ

(1)

whereK = K (x) is the Hooke elastic tensor; ε = ε (u (x))

is the strain tensor defined as ∇su (x) with ∇s being the
symmetric component of the gradient; f = f (x) is the
imposed force field; n is the vector normal to ∂NΩ; gd is the
traction assigned on ∂NΩ; ud is the displacement assigned
on ∂DΩ .

In a deterministic context, the material property K, the
load f and the boundary conditions gd and ud are seen as
measured or assigned parameters, assuming no uncertainty
in their evaluation. In a more general, effective and real-
istic framework, it is clear that each physical quantity or
input parameter is endowedwith an intrinsic randomness that
should be taken into account to quantify the uncertainty of
the displacement field u (x). Neglecting such an uncertainty
also means ignoring a robustness analysis, which is highly
important when the key information is in terms of exceed-
ing or not a threshold value for some output variables. In a
non-robust approach, the solution computed with standard
or expected values of model parameters might respect the
threshold, but a non-negligible probability of exceeding the
threshold can be associated with parameter uncertainty.

In the literature, there exist two main approaches to
include randomness in FE analyses, namely intrusive and
non-intrusive techniques [11]. Intrusive approaches directly
include randomness in the FE formulation itself but, as a
drawback, they require rewriting the existing codes. Con-
versely, non-intrusive methods are desirable from a practical
point of view, since they allow using deterministic codes as
black boxes. In the framework of non-intrusive techniques,
popular methods belong to the wide class of Monte Carlo
(MC) algorithms and consist of solving the stochastic prob-
lem by means of repeated running of the deterministic code.

In this paper, due the very large body of research-oriented
and commercial FE codes availabe nowadays, we focus on
non-intrusive methods and MC algorithms to take advantage
of existing FE codes.

Let us denote by θ the collection of random input para-
meters endowed with a probability law L(θ); coherently, we
denote by u(x, θ) the solution of problem (1). At each iter-
ation of the MC algorithm, a value θ∗ is drawn from L(θ).
Conditionally on this value, the randomness is “frozen”, and
the solution u(x, θ∗) of the corresponding (deterministic) FE
problem is computed by means of a standard code. Hence,
sampling θ a large number of times (ideally infinite), we can

recover the full probabilistic distribution of the random out-
put u (x, θ) or,more frequently, of some quantities of interest
function of the solution.

The main limit of MC methodology is the large number
of FE problems to solve, which results into a huge compu-
tational effort. Hence, this computational burden rules out
the basic MC algorithm to be applied in many real problems,
and discloses the need for coupling MC simulation with an
effective approach for reducing the number of solved FE
problems.

Our proposal is based on the idea that different MC
instancesmay lead to quite similar FEproblems. The key idea
is to reduce the computational burden by finding out a finite
(possibly low) dimensional basis, later referred as reduced
basis, that accurately describes the space to which the ran-
dom solutions u(x, θ) belong. Hence, problem (1) is solved
in this reduced space rather than considering the complete
FE problem; this reduced basis approach, firstly explored in
this context by [6], turns out to decrease the computational
cost for each MC input–output evaluation.

The novelty of this paper is to employ techniques of func-
tional data analysis, a relatively new sector of statistics, to
build the reduced basis for u(x, θ). In this framework, the
individual datum is the entire function rather than its values at
any particular points, as reported in [24]: “conceptually, func-
tional data are continuously defined. Of course, in practice
they are usually observed at discrete points and also have to be
stored in some finite-dimensional way within the computer,
but this does not alter our underlying way of thinking”. In
particular, as deeply explained in Sect. 3, we adopt the func-
tional principal component analysis (FPCA) to express the
displacement function u(x, θ), which is the functional coun-
terpart of the classical principal component analysis (PCA).
PCA treats data as multivariate vectors rather than functions,
and it is a widespread technique in the context of numerical
analysis, where it is equivalently referred as proper orthogo-
nal decomposition (POD) [3,10,30] or as Karhunen–Loeve
decomposition [1,20].

More in general, the idea of building a reduced basis is
not new in non-intrusive MC methods for FE uncertainty
quantification. Recently, [11] introduced an automatically
adaptive strategy to build a reduced basis where, at each MC
iteration, the distance between the FE solution and the solu-
tion obtained in the reduce space is (efficiently) computed; if
the distance is larger than a threshold, then the complete solu-
tion is computed and added to the current basis. However, the
reduced basis adopted in [11] is not necessarily orthogonal,
hence leading to an ill-conditioned matrix for the change of
basis.

In the present paper, we improve such an approach by
considering FPCA to adaptively and non-intrusively build
an orthogonal reduced basis that can be used in the MC sim-
ulation.
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The paper is structured as follows. A review of the litera-
ture dealing with stochastic FE analysis and the approaches
to reduce the computational efforts of non-intrusive methods
is reported in Sect. 2. Then, FPCA applied the stochastic FE
analysis and the proposed algorithm are presented in Sects. 3
and 4, respectively. The test cases used for validating the
approach are described in Sect. 5, and the results are detailed
in Sect. 6. Finally, a comparison with the classical PCA and
with [11] is reported in Sect. 7, and the discussion of thework
with conclusions are presented in Sect. 8.

2 Literature review

In this section,we briefly review some significantworks deal-
ing with uncertainty quantification applied to FE analysis.

Our method is composed by two main ingredients: a MC
sampling scheme and a spectral decomposition of the covari-
ance structure of the considered stochastic process u(x, θ).

As far as MC methods are concerned, they have been
successfully applied to a plenty of engineering problems
[2]. Focusing on the FE analysis, MC belongs to a wider
class, namely the stochastic finite element (SFE) method,
which represents an extension of the classical deterministic
FE approach to problems with stochastic mechanical and/or
geometrical properties. Excellent reviews of the state-of-the-
art of SFE are provided by [29] and [26]. The first deals with
some ways to characterize the randomness of both input and
output of the FE problem; the latter discusses several aspects
of MC simulation based procedures in engineering applica-
tions (the smaller growth rate of the computational effort
with dimensionality with respect to analytical methods, the
simple applicability, well suited for parallel processing, and
the manageability in complex systems). In addition, [5] pro-
posed a useful numerical method to quickly simulate sample
statistics (e.g., mean and variance) of the random numeri-
cal solution or some quantities of interest, accelerating the
convergence ofMCmethods through a reduced basis control-
variate MC approach.

On the other hand, concerning the spectral decomposition,
spectral methods have been largely studied in the literature
(we refer the reader to [13] for a wide review on this topic).
Asmentioned in the Introduction, applications of thesemeth-
ods to FE include the PCA. Let us observe that, in order
to express the random solution u(x, θ) (stochastic process)
through a Kharunen–Loeve expansion, the knowledge of
the covariance structure of the process, and in particular of
the corresponding eigenfunctions, is needed. In general, this
problem is tackled by empirically estimating the covariance
function froma set of solutions (see Sect. 4 for the application
to our method).

Alternatively, there also exists an a priori approach, i.e.,
the Proper Generalized Decomposition (PGD). This does not

rely on the solutions of the full FE problem [9,21], but the
solution is approximated a priori by minimizing a different
norm of the error with respect to the classical Karhunen–
Loeve decomposition, leading to a pseudo eigenproblem (see
[8] for a deep insight on the subject).

Besides the spectral approaches, there exist in the litera-
ture many other well-established methods based on alterna-
tive expansions, involving a basis of known random functions
with deterministic coefficients. Among them, the Polynomial
Chaos Expansion (PCE) approach computes the coefficients
via a minimization of some norms of the error that results
from the finite representation. Briefly, the PCE basis consists
of the set of Polynomial Chaoses of a given order p (see
Sect. 2.4.2 of [13] for the definition and construction of the
basis). As stated in [12], the representation of u(x, θ) has the
form

u =
p∑

i=0

φiui

where p is the number of elements in the basis and the set {φi }
denotes orthogonal polynomials in some (Gaussian) random
variables ξi . For latestmethodological developments onPCE,
see for instance [22,34]. Recently, PCE has been applied
in different areas, ranging from hydrology [28], properties
of piezoelectric materials [31], and the study of stochastic
dosimetry to assess the variability of human exposure tomag-
netic fields [19].

The main difference between our FPCA representation
and the PCE expansion (and in general between our represen-
tation and other stochastic FE approaches not based on MC)
is that in our approach the basis depends on the covariance
function of the solution process, i.e., it is “data dependent”.
For this reason, we need to employ a MC scheme to esti-
mate the covariance function from some observations. On
the contrary, in PCE, the basis is independent from the prob-
lem under consideration, and p + 1 sets of equations are
obtained through requiring that the approximation error is
orthogonal to the space spanned by the basis.

Resuming the adopted spectral decomposition, PCA is
widely used in multivariate and functional statistics to look
at covariance structure of complex data (see, for instance,
[17,23]). An overview in the context of dynamical mechan-
ical systems is provided in [18], where the utility of the
method for dynamic characterization and order reduction
of linear and non-linear systems is demonstrated. PCA has
been successfully applied in various mechanical problems,
e.g., aeroelastic problems, damage detection, dynamic char-
acterization, and modal analysis. It was initially applied in
solid mechanics by [27], due to its capability of describ-
ing complex phenomena in a reduced dimension. Then, it
has been applied in structural non-linear dynamics to ana-
lyze a vibro-impact system [25] and, more in general, to the
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real-time analysis of non-linear mechanical behavior [10].
In this latter paper, the method is divided into a training
phase and a real-time phase. In the training phase, a lot
of FE solutions with different load values are computed;
the PCA is then used to reduce the amount of data that
must be stored and to reduce the computational time of the
real-time phase. In the context of structural optimization,
[7] presented an adaptive POD-Krylov reduced order mod-
els.

All of the previous works are based on the standard PCA,
where data are treated as multivariate vectors, thus merely
considering the displacements of the nodes of the mesh. This
can be restrictive; here, as innovative contribution, we pro-
pose the adoption of the FPCA [15,23] to build the reduced
basis.

3 The functional principal component analysis

Let U(Θ) = {u(x, θ), θ ∈ Θ} ∈ L2 (Ω) be the space of
all solutions of problem (1), with θ varying in Θ . The goal
of the FPCA is to describe U(Θ) through an optimal ortho-
normal basis, in which each function of the basis describes
a direction of variability of the random variable u(x, θ).
By listing the components in a decreasing order of cap-
tured variability and choosing the first K elements of the
basis (i.e., the principal components), it is then possible to
synthetically characterize U(Θ) till including enough vari-
ability.

Operatively, given N independent identically distributed
(i.i.d.) observations θ i , i = 1, . . . , N , from the assigned
L(θ), we consider the corresponding FE solutions u(x, θi )

of problem (1) (i.e., snapshots of the stochastic solution)
as data. Thus, u(x, θ i ) is an i.i.d. sample from the dis-
tribution of the random variable u(x, θ) with support on
U(Θ) and, by assuming that N is large enough, the sub-
space spanned by u(x, θi ), i = 1, . . . , N , approximates
U(Θ). Applying FPCA to these solutions, we estimate the
K orthonormal basis functions that optimally approximate
U(Θ), where K is a fixed integer value with 1 � K �
N .

In this section, we briefly detail the background of this
methodology, considering three equivalent definitions of
FPCA; for further details we refer the reader to the book
of Ramsay and Silverman [23]—Chapter 8.

For the sake of simplicity, we first define FPCA and how
to compute the principal components for a scalar function
u(x, θ i ) in Sects. 3.1 and 3.2, respectively. The extension to
the multidimensional function u(x, θ i ) is then resumed in
Sect. 3.3. Finally, guidelines for choosing K are given in
Sect. 3.4. In the exposition, we denote by vi (x) and vi (x)

the functions u(x, θ) and u(x, θ) at θ i , respectively, in order
to simplify the notation.

3.1 Definitions of FPCA

Atfirst, FPCA is amethod to build an approximation of vi (x),
indicated as v̂i (x), of the following form:

v̂i (x) =
K∑

k=1

fikξk(x),

where ξk(x), k = 1, . . . , K are the orthonormal principal
functions and fik the principal component scores, defined as

fik =
∫

Ω

vi (s)ξk(s) ds k = 1, . . . , K .

The principal functions form an optimal basis since
ξ1(x), . . . , ξK (x) are the K functions that achieve the min-
imum of the following error measure, given N observed
functions v1(x), . . . , vN (x),

χ =
N∑

i=1

‖vi − v̂i‖2L2 =
N∑

i=1

∫

Ω

(
vi (s) − v̂i (s)

)2
ds,

namely, the sum of the L2 reconstruction errors over the
N data. For an existence theorem and other mathematical
details, we refer the reader to [15].

The basic idea of FPCA is to choose the functions ξk(x)

that highlight the types of variation that are strongly repre-
sented in the data; in otherwords, the aim is themaximization
of the variations of scores fik . As a consequence, FPCA can
be defined in a second way through the following stepwise
procedure:

1-st step choose the weight function ξ1(x) that maxi-
mizes

∑N
i=1 f 2i1
N

=
∑N

i=1

(∫

Ω
ξ1(s)vi (s) ds

)2

N

such that ‖ξ1‖2 = ∫

Ω
ξ1(s)2 ds = 1.

m-th step (with m = 2, . . . , N ) find the weight function
ξm(x) that maximizes

∑N
i=1 f 2im
N

=
∑N

i=1

(∫

Ω
ξm(s)vi (s) ds

)2

N

such that ‖ξm‖2 = 1 and
∫

Ω
ξk(s)ξm(s)ds

= 0 ∀k < m (orthogonality).
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This second point of view sheds light on the meaning
of optimal basis introduced at the beginning of this sec-
tion. Each principal component function ξk(x) defines the
most important mode of variation of functions vi (x), i =
1, . . . , N , subject to each mode being orthogonal to all oth-
ers defined in previous steps. The result is the same set of
functions ξk(x) achieving the minimum of χ .

A third way to interpret FPCA, which is useful from a
computational point of view, is through its relationship with
the eigenanalysis. Indeed, the elements of the basis solve a
particular eigenvalue problem which involves the covariance
operator. Let us consider N functions vi (x) with null cross-
sectional mean, i.e.,

∑
i vi (x)/N = 0. Thus, the (empirical)

covariance function is defined as

V(s, t) = 1

N

N∑

i=1

vi (s)vi (t),

which gives rise to the corresponding covariance operator

Vξ : ξ(·) �→
∫

Ω

V(·, t)ξ(t) d t.

Hence, each principal component turns out to solve the
following eigenproblem

Vξ(x) = ρξ(x) (2)

and, thus, FPCA can be expressed as the eigenanalysis of the
covariance operator V.

3.2 Computation of the principal components

We exploit the latter definition of FPCA to illustrate a
computational method for obtaining the principal compo-
nents, given N functions vi (x). At first, the sample mean
is subtracted (curve centering), and the sample covariance
function of the observed data V(s, t) is computed. Then,
a strategy to convert the continuous functional eigenanaly-
sis problem to an approximate matrix eigenanalysis task
is needed. We adopt the so-called basis function expan-
sion of the functional data. Let φb(x), b = 1, . . . , B, be
a basis for L2(Ω) (e.g., splines, finite elements, Fourier
basis functions) so that each function has basis expan-
sion

vi (x) =
B∑

k=1

cibφb(x).

More compactly, by defining v = (v1(x), . . . , vN (x))′,
φ = (φ1(x), . . . , φB(x))′ and

C =

⎛

⎜
⎜
⎜
⎝

c11 c12 . . . c1B
c21 c22 . . . c2B
...

...
. . .

...

cN1 cN2 . . . cN B

⎞

⎟
⎟
⎟
⎠

N×B

(where symbol ′ means transposition), we can write

v(x) = Cφ(x).

Then, the covariance function V(s, t) is given by N−1v(x)′
v(x) = N−1φ(s)′C′

Cφ(t).
Let us define thematrixW = [

wb1b2

]
of dimensions B×B

withwb1b2 = ∫
φb1(x)φb2(x)dx. If the basis is orthonormal,

then W = I, where I is the identity matrix. Now, suppose
that each eigenfunction ξ has expansion

ξ(x) =
B∑

b=1

bbφB(x) = φ(x)′b;

then, Eq. (2) becomes

N−1φ(s)′C′
CWb = ρφ(s)′b (3)

and, considering that (3) must hold ∀s, we have

N−1
C

′
CWb = ρb (4)

for each eigenvalue and eigenvector pair. Moreover, given
two eigenvectors bi and b j , the following constraints are
imposed:

– bi ′Wb j = 1 if i = j , because the norm of the corre-
sponding eigenfunction must be equal to 1;

– bi ′Wb j = 0 if i 	= j , because of the orthogonality con-
dition.

Computationally, the most convenient way for solving (4)
is to define z = W

1/2b, in order to obtain the equivalent
symmetric eigenvalue problem

N−1
W

1/2
C

′
CW

1/2z = ρ z (5)

and finally compute b = W
−1/2z.

In this paper, we use the FE basis; the detailed passages for
computing matrixW in this case are reported in Appendix 1.
Note that, if W = I, the FPCA problem reduces to the stan-
dard multivariate PCA for the coefficient arrayC. Moreover,
matrixW may be sparse, as in the test case we will describe
below (Sect. 5).
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3.3 The multidimensional case

Now we extend the analysis to the vectorial case, in which
we consider a multi-dimensional output vi (x) in N different
MC shots θi . The derivation is reported for two dimensions
vi (x) = [

vi,1(x), vi,2(x)
]
, but it can be easily extended to

more dimensions.
In this case, a principal component is defined by a bi-

dimensional vector ξ i (x) = [
ξi,1(x), ξi,2(x)

]
of weight

functions. Hence, we need to define an inner product on the
space of such vector functions and, once this product is given,
the FPCA is defined as previously.

We consider the following inner product:

<ξ i (x), ξ j (x)>

=
∫

Ω

ξi,1(x)ξ j,1(x) dx +
∫

Ω

ξi,2(x)ξ j,2(x) dx

so that ‖ξ i (x)‖2 = ‖ξi,1(x)‖2 + ‖ξi,2(x)‖2.
The principal scores are then defined in the followingway:

fik = <ξ i (x), vk(x)>

and we can proceed in the derivation as in the monodimen-
sional case (Sect. 3.1).

3.4 Choosing K

A very important issue when dealing with PCA is determin-
ing the value K such that the actual data can be properly
replaced by the approximation

K∑

k=1

< ξ k(x), ui (x) > ξk(x).

A popular method is the so called scree plot [15], in
which the eigenvalues ρk are sorted in a descending order
and plotted against k. The point k where the decrease of the
eigenvalues appears to level off is detected and used as the
selected value for K .

Alternatively, another method is theCPVmethod [23,33],
in which the Cumulative Percentage of total Variance (CPV)
explained by the first p principal components is defined as

CPV(K ) =
∑K

k=1 ρk
∑N

l=1 ρl

and the minimum K for which CPV(K ) exceeds a desired
level, e.g., 95%, is chosen.

A thirdmethod, adopted in this paper, is based on themax-
imum eigenvalue λmax . In this case, all of the eigenfunctions
corresponding to an eigenvalueλi > Λλmax are taken,where
Λ typically assumes small values, e.g., 10−4 [10].

4 Efficient Monte Carlo sampling based on
functional PCA

In this section we propose a method for applying FPCA to
the non-intrusive stochastic FE analysis, in order to reduce
the computational effort of MC simulations in uncertainty
quantification. The aim is to evaluate the probability density
function of an output variable of interest q(u(x, θ)).

The proposed algorithm aims at reducing the number
of times that a sample θi requires FE simulation to derive
u (x, θi ), exploiting the expansion of the solutions in the
FPCA reduced basis. In addition, this basis is adaptively
updated thanks to a control of the error. The distance between
the solution obtained using the current reduced basis and
the solution resulting from solving the whole FE problem is
assessed for each sample θi ; if the error exceeds a tolerance
level, the basis is updated enriching the contained informa-
tion.

It is important to remark that the evaluation of such a
difference does not require to run the FE analysis for the
complete solution. This is a fundamental requirement of the
algorithm; otherwise, the benefits of the proposed approach
would be null. Moreover, it is worth highlighting again that
we focus on providing a finite representation of the response
function u (x, θ) rather than of the input quantities. On the
contrary, many literature works are devoted to model input
quantities [1,14,32].

The method is structured in two phases:

1. Training phase Solve N problems with the complete FE
method and create the reduced basis, according to the
FPCA described in Sect. 3.

2. Simulation and update phase Perform Nmc >> N MC
iterations solving the problem in the subspace spanned
by the reduced basis. For each iteration:

– check the error between the reduced solution and the
complete one;

– if the error is “large”, then solve the FE problem for
this instance and update the basis adding this new
solution.

These two steps are detailed in the following Subsects. 4.1
and 4.2.

4.1 Training phase

Draw N realizations {θ1, . . . , θN } of θ from the distribution
L(θ). Solve the corresponding FE problem for each obser-
vation and get u (x, θ1) , . . . , u (x, θN ). Define the matrix

U = [
ũ (θ1) − ū, . . . , ũ (θN ) − ū

]′

where ũ (θi ) is the vector containing the displacements in all
directions for all nodes (ordered as the displacements of the
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first node, then of the second node, and so on) and ū is the
sample mean

ū = 1

N

N∑

i=1

ũ (θi )

The resulting dimension ofU is N × αN f , where α is equal
to 2 for a 2D analysis and 3 for a 3D analysis.

Find the orthonormal basis based on the functional prin-
cipal components of matrix U. Use the so-called method of
snapshots [27,33] to determine the basis: if 2N f > N , which
is certainly our case, the basis of rank K is determined as fol-
lows:

– define Y = (UW1/2)′ based on (5);
– solve the symmetric N × N eigenvalue problem

Y′Yvi = λivi i = 1, . . . , K

where λi are considered in descending order;
– set

ξi = 1√
λi
U′vi i = 1, . . . , K .

Now, the matrix performing the change of basis from the
FE space, with dimension 2N f , to the reduced space, with
dimension K , can be written as

Urb = [
ξ1, . . . , ξK

]
.

The choice of K is of central importance and no general
a-priori rules are available. We have already reported some
possible strategies for choosing K in Sect. 3.4.Asmentioned,
here we choose K as the maximum integer value l such that
λl > Λλmax . We will discuss in Sect. 6 some guidelines to
choose Λ: for now it is sufficient to know that it has to be a
small value.

We remark that the vectors of the basis ξi directly derive
from the data obtained solving the initial N problems with
the complete FE method, and that at the end of this first step
we already have N realizations from L(q(u(x, θ))), where
q(u(x, θ)) is the output quantity of interest.

4.2 Simulation and update phase

At each iteration i , i = 1 . . . Nmc, we solve a reduced prob-
lem, which is much less computationally demanding since
the solution is obtained in the subspace spanned by the prin-
cipal components. The complete FE problem corresponding
to (1) requires to solve

Ki ũ = F, (6)

where Ki is the stiffness matrix depending on the realiza-
tion θ i of the current iteration i . On the contrary, the reduced
problem is obtained by projecting the problem onto the sub-
space spanned by the K principal components, as follows

U′
rbKi ũred = U′

rbF, (7)

so that we have

ũred = ū + UrbU
′
rbu = ū + Urba,

where a = U′
rbu ∈ Rk and projection (7) becomes

U′
rbKiUrba + U′

rbKi ū = U′
rbF.

Summing up, at each iteration of the MC simulation, the
reduced problem turns out to be the following:

⎧
⎪⎨

⎪⎩

Krba = Frb

ũred = Urba

ũ = ū + ũred

(8)

where Krb = U′
rbKiUrb and Frb = U′

rbF − U′
rbKi ū =

U′
rb (F − Ki ū).
Obviously, the solution ũi of (8) is computationally cheap,

but it is only an approximation of the full solution of (6). In
order to monitor the error, at each iteration we compute the
residual

ẽred,i = Ki ũred,i − F

and consider its quadratic norm

erri = ‖ered,i‖2L2

=
∫

Ω

‖ered,i (x)‖2 dx = ẽ′
red,iWẽred,i

as an estimate for the error, where ered,i (x) stands for the
error function over the domainΩ corresponding to the nodal
vector ẽred,i .

We check whether erri < toll, where toll is a threshold
value defined by the user. If the condition is satisfied, we go
ahead with the next iteration of the simulation and update
phase. Conversely, if the condition is not satisfied, we dis-
card the obtained reduced solution, consider θ i as a further
realization of θ for the training phase (thus increasing N by
1) and update the basis. This new updated basis replaces the
previous one for all of the remaining iterations of the simu-
lation and update phase, until a new update is required.

To better clarify the structure of the procedure, a scheme
of the algorithm is shown in Fig. 1.

At the end of the process, we obtain an approximated MC
sample {u(x, θ i )} from the law of the target random variable

123



540 Comput Mech (2015) 56:533–549

Fig. 1 Scheme of the proposed algorithm

u(x, θ), including all of the computed solutions from the full
FE problem and the non-discharged reduced solutions from
the simulation and update phase.

Finally, summary quantities q(u(x, θ)), e.g., the mean or
themaximum displacement in a direction and the stress state,
can be easily extracted from the solution u(x, θ). Due to the
random nature of u, also these quantities are stochastic and,
trivially, a sample of these random quantities is given by
{q(u(x, θ i ))}. Hence, our approach allows a great flexibility
also in the choice of such quantities.

5 Application to a test case

In this section, we apply our proposed method to some test
cases; in all of them, a rectangular domain Ω of dimension
b× h , with a constant body force f and Dirichlet boundary
conditions on a rectangle’s side is considered.

f
h

b

We adopt a standard FE discretization to solve the pro-
posed problem, based on the introduction of quadrilateral
bilinear approximations into a standard principle of virtual
work approximation [16,35].

The setting is: Ω = (0, 5) × (0, 1); body force f =
(30,−2); Poisson’s ratio ν = 0.3. The only random parame-
ter is the Young modulus E ; in the literature, a strong effort
is devoted to the choice of suitable probabilistic laws for
describing the uncertain properties of the randomfield E (see,
e.g., [1,3]). Nevertheless, we focus here on the adequacy and
the assessment of the proposed algorithm; hence, we model
the field E in three simple but realistic ways, increasing the
overall variability at each step.

– Case 1 (homogeneous): a homogeneous Young modulus
E(x, y) = η ∀(x, y) ∈ Ω is assumed, where η simply
follows a truncated Gaussian distribution. In particular
we choose

η ∼ T N (1500, 100),

where T N (μ, σ 2) denotes truncated (0,+∞) univariate
Gaussian density N (μ, σ 2) with expected value μ and
variance σ 2.

– Case 2 (two peaks): a field E with two peaks is assumed,
where the peaks are randomly placed in the domain. In
particular, the positions of the two peaks C1

(
xC1 , yC1

)

and C2
(
xC2 , yC2

)
follow independent Gaussian distrib-

utions:

xC1 ∼ N (1.2, 0.05), yC1 ∼ N (0.3, 0.005),

xC2 ∼ N (3.8, 0.05), yC2 ∼ N (0.6, 0.005),

and

E(x, y) = 1000

(

1 + 0.3

1 + √
(x − xC1)

2 + 5(y − yC1)
2

+ 0.4

1 + √
(x − xC2)

2 + 5(y − yC2)
2)

)

.

Figure 2 shows a realization of the random field E and
a sample of peaks positions of E generated according to
the previous law.

– Case 3 (Gaussian random field): an isotropic and weakly
stationaryGaussian randomfield truncated (0,+∞)with
exponential covariance function is considered for E (see
[4] for a detailed description). More in detail, we assume
that E(E(x, y)) = 1100 ∀(x, y) ∈ Ω and that, for any
finite set of points in the domain, the random vector
{E(x1, y1), . . . , E(xm, ym)} is Gaussian with covariance
Σ = σH and Hi j = e−φ||xi−x j ||. Then, the values are
constrained to be greater than zero. Parameter σ influ-
ences the overall variability and φ the spatial correlation.
We choose σ = 70 and φ = 5 to have a quite relevant
variability in the field. A realization of the fieldwith these
parameters is shown in Fig. 3.
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Fig. 2 Field E with two random peaks for Case 2: a example of a
realization, b sampled centers in the domain Ω

Fig. 3 A realization of the Gaussian random field for E with φ = 5
(Case 3)

We mention here how the value for the Young modulus
E in each triangular element of the mesh is assigned, i.e.,
it is given by the average of the values of the field E(x, y)
evaluated in the 3 vertices of the element.

The derivation of the stiffness matrixW for this geometry
is described in Appendix 2, and the resulting sparsity pattern
is shown in Fig. 4.

For the FE analysis, we set the number n of intervals in
the mesh equal to 30 on each side of the domain. In addition,
we perform a robustness analysis with respect to n in Case
2 (see Sect. 6.2). For the MC sampling, the total number
of iterations is 3100, including a training phase with initial

Fig. 4 Sparsity pattern of matrix W for the considered test case
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Fig. 5 Solution of a FE problem for Case 1: a deformed mesh, b
displacement along the horizontal direction, c displacement along the
vertical direction
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Fig. 6 Histograms of the average displacement along the horizontal
(a) and the vertical directions (b) in Case 1

N = 100 and an improvement phase with Nmc = 3000.
Finally, in all of cases, the tolerance toll on the error is fixed
at 10−3.

The algorithm has been implemented in Matlab (The
MathWorks Inc., Natick, MA, USA) and all simulations run
on a computer equipped with Intel Core i7 2670QM proces-
sor and 6 GB of RAM.

6 Numerical results

In this section, numerical results are separately presented
for each test case. Then, a comparison with a case in which
each solution is generated by means of the complete FEM
computation is given.

The average displacements along either horizontal and
vertical directions are considered as quantities of interest.We
also repeated the analysis for the maximum displacements,
but for brevity they are not reported in the paper.

6.1 Case 1: homogeneous

In this case, the stiffness matrix K is proportional to η due
to the homogeneous field. Hence, it is clear that all of the FE
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Fig. 7 Histograms of the average displacement along the horizontal
(a) and the vertical directions (b) in Case 2

solutions of problem (1) are proportional to each other. Then,
we expect to find a single principal component that describes
the space of the solutions.

We ran the algorithm with Λ = 10−3 and we actually
found only one eigenvalue different from zero. We illustrate
the unique principal component in Fig. 5: the deformation of
the mesh is depicted in panel (a), while panels (b) and (c)
show the horizontal and vertical displacements, respectively.
Furthermore, the histograms of the two quantities of interest,
namely the mean horizontal and vertical displacement, are
shown in Fig. 6.

From a statistical point of view, we observe that the
variability on the input parameter η (whose coefficient of
variation σ/μ is 6× 10−3) induces here a greater variability
in the output quantities, which have coefficients of variation
equal to 0.05 and 0.19 for the x and y direction, respectively.
This shows the added information provided with respect to a
deterministic approach.

6.2 Case 2: two peaks

The proportionality between solutions is lost in this case,
because the field is non-homogeneous. Then, a reduced space
of dimension greater than 1 is expected.
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Fig. 8 First three principal components of the reduced basis along x
and y for Case 2. a 1st principal component along x , b 1st principal
component along y, c 2nd principal component along x , d 2nd principal

component along y, e 3rd principal component along x . f 3rd principal
component along y

We ran the algorithm with Λ = 10−6 in order to force the
algorithm to select many principal components. In this way,
the approximation error erri is frequently smaller than the
tolerance toll, and the rejection rate r is reasonably small.

We obtained K = 14 and r = 0.23%. These are satis-
factory values, since both the dimension of the subspace and
the rejection rate are quite small. Indeed, the obtained r indi-
cates that the algorithm resorted to the complete FE solution
a very limited number of times; moreover, a basis of dimen-
sion 14 is sufficient to accurately recover the space U(Θ) of
the solutions.

The resulting histograms of the quantities of interest are
represented in Fig. 7, and the first three principal compo-
nents of the reduced basis are reported in Fig. 8. The degree
of variability explained by each principal component ξ k can
be evaluated through the ratio λk/

∑
i λi ; in this case, the

first component “captures” the greatest degree of variability
(98%), while the second and the third components are asso-

ciated with directions of lower variability (1.4 and 0.2%,
respectively). We may interpret such values as follows: the
first component, which catches a great amount of variability,
is very similar to that of the homogeneous Case 1 (see Fig.
5) and, thus, neglects the presence of the peaks. The second
component shows the effect of the peak in C2: in particular,
the vertical component (Fig. 8d) contrasts the behavior of
the solution in the right and left sides of the peak, and the
horizontal component (Fig. 8c) captures the fluctuations of
the solution around the peak (however, also a contribution
from the other peak is visible). Finally, the third component
can be interpreted similarly to the second one but related to
the peak in C1.

As further investigation, we repeated the same test with
different refinements of the mesh, namely several values of n
besides the value 30 used above. The obtained values for the
dimension K of the subspace and the rejection rate r are listed
in Table 1. No substantial changes appear in the dimension
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Table 1 Dimension K and rejection rate r corresponding to different
refinements of the grid, in Case 2

Mesh refinement n Dimension K Rate r (%)

20 14 2.00

25 13 0.70

30a 14 0.23

35 14 0.13

40 13 0.03

45 13 0.03

50 14 0.03

a30 is the reference value used in the other tests

of the subspace while varying the number of nodes, whereas
the rate decreases while increasing n till a sort of “threshold
value” is reached. These two empirical results show that our
procedure is mildly affected by the dimension of the grid;
clearly, the denser is the FE basis, the finer is our approxi-
mation. The lower rejection rate in the presence of an higher
required precision in theFE solution is an important outcome,
meaning that, in this case, our algorithm heavily decreases
the computational effort with respect to the standardMC sim-
ulation (from a n × n to a k × k dimensional linear problem
at each iteration).

6.3 Case 3: Gaussian random field

As in the previous case, the field is non-homogeneous andwe
ran the algorithm with Λ = 10−6. The resulting histograms
of the output quantities of interest are represented in Fig. 9.

The dimension of the reduced space is K = 35 and the
rejection rate r = 1.57%. Also in this case, where the vari-
ability of the input is relatively large, the method is able to
greatly reduce the space dimensionwhile keeping a lowvalue
for r . Finally, Fig. 10 reports the first three components of
the basis, which explain the 98.7%, 1.1% and 0.4% of vari-
ability, respectively. The interpretation of these components
is more difficult here: by comparing Figs. 5, 8 and 10, it is
clear that the greatest part of variability is explained by the
same function (panels (a) and (b)). However, in this case, the
second and third components seem associated to higher fre-
quencies, namely, to different degrees of oscillations in the
solutions.

In order to study how the method performs with differ-
ent degrees of spatial correlation, we ran Case 3 varying the
value of φ with respect to 5. It is well-known that, in order to
represent a highly correlated field, few principal components
are enough to capture its global behavior. Hence, we want to
investigatewhether, if the correlation of the field E decreases,
also correlation of the solutions u(x, y, θ) decreases and
the algorithm needs to enlarge the subspace spanned by the
reduced basis, thus obtaining higher values for K and r . First,

0.2 0.2005 0.201 0.2015 0.202 0.2025 0.203
0

50

100

150

200

250

300

350

400

450

−0.648 −0.646 −0.644 −0.642 −0.64 −0.638 −0.636 −0.634 −0.632 −0.63 −0.628
0

50

100

150

200

250

300

350

400

450

(a)

(b)

Fig. 9 Histograms of the average displacement along the horizontal
(a) and the vertical directions (b) in Case 3

we considered φ = 0.1 (see Fig. 11a); here, the correlation is
very high and, coherently, we obtained K = 9 and r = 0%.
Then, we increased the value of φ to 10 (see Fig. 11b); here,
the correlation is very low; seemingly, we obtained K = 56
and r = 9.13%.

6.4 Comparison with complete FE

For all of the experiments presented in this section, we com-
pared the solution and the computational time of our reduced
basis approach with those obtained when all of the MC sam-
ples are generated by solving the full FE problem (6) at each
iteration (analyses in this subsection are conductedwith 5100
iterations).

In all of the experiments, the two solutions with the
reduced basis approach and the full FE problem are distribu-
tionally equivalent, as expected, because of the low tolerance
imposed (toll = 10−3).

The different computational times are reported in Table 2.
Results show that our reduced basis approach is always faster
than the complete FEM, as expected. While varying the
refinement of the grid, the reduction shows a certain vari-
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Fig. 10 The first three principal components forming the reduced basis
along x and y for Case 3. a 1st principal component along x . b 1st prin-
cipal component along y, c 2nd principal component along x , d 2nd

principal component along y, e 3rd principal component along x . f 3rd
principal component along y

ability but without a defined trend, mainly around the 8–9%.
On the contrary, the reduction strongly depends on the vari-
ability of the field (see Case 3): increasing the variability of
the field, the reduction changes from 10.2 % with φ = 0.1
to 1.8 % with φ = 10.

Moreover, it is worth highlighting that each complete FE
problem addressed in the examples is relatively simple and
requires a low computational time. In more complex prob-
lems, the number of nodes of the mesh may considerably
increase with a consequent remarkable gap between the time
for a complete FE solution and that for a reduced basis solu-
tion. Regarding the additional computational time required
by our approach, i.e., the time for creating and updating the
basis, it is very low in comparison to the other times: in our
tests, this was always lower than the 0.04 % of the entire
computational time. Hence, this can be neglected and does
not affect the relevant difference between the complete and
reduced solution in larger problems.

7 Comparison with other methodologies

In this section, we describe the application of other method-
ologies to the same tests of Case 3 (at different values of φ).
The goal is to point out the limitations of such approaches,
which justify the use of the proposed FPCA. Indeed, we con-
sider:

– Standard non-functional PCA: we ran the algorithm of
Fig. 1 by building the reduced basis with the classical
PCA, which does not treat data as functions, but simply
as multivariate vectors.

– The approach proposed by Florentin and Diez [11]: we
ran their algorithm for the construction of the reduced
basis, where the basis is formed by gathering the solution
vectors into a whole matrix without any further process-
ing, and by enriching the basis based on the same same
toll criterion we used above.
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Fig. 11 A realization of the Gaussian random field (Case 3) for E with
φ = 0.1 (a) and φ = 10 (b)

As in Sect. 6.4, all of the solutions are distributionally equiv-
alent, due to the low tolerance imposed (toll = 10−3).
The differences arise when comparing the computational
times and parameters K and r . Computational times of the
approaches are reported in Table 3, while dimension K and
rate r are listed in Table 4. Results show that FPCA always
turns out to be faster than the other approaches, and that
the difference increases while increasing the variability of
the field, i.e., φ. Moreover, the standard non-functional PCA
case appears to be very ineffectual, evenwhen comparedwith
the approach of Florentin and Diez [11].

Compared to the standard PCA, the proposed FPCA also
determines smaller values of K and r , thus indicating a better
performance of our method, where the random behavior of
the solution is very well captured with few elements in the
basis. On the other hand, the dimensions of the reduced space
of [11] are an order of magnitude larger than those of the
FPCA, since the dimension is increased by 1 each time the
criterion on the error is not satisfied. Moreover, r is higher in
[11], meaning that their larger basis is also less significant.

Finally, we point out that also varying the refinement of
the mesh the resulting values of K and r are smaller than

Table 2 Computational times inminutes for the proposed reduced basis
approach and the case inwhich allMC samples are generated by solving
the full FE problem (6) at each iteration, and per cent reduction for the
reduced basis approach with respect to the full case

Case Time (min) Percent
reduction (%)

Reduced Full

1 49 54 9.2

2

n = 20 32 35 8.6

n = 25 45 49 8.2

n = 30 51 56 8.9

n = 35 55 58 5.0

n = 40 77 84 8.3

n = 45 100 111 9.9

n = 50 114 126 9.5

3

φ = 0.1 53 59 10.2

φ = 5 51 55 7.3

φ = 10 55 56 1.8

Table 3 Computational times in minutes for the three compared meth-
ods, for the experiments of Case 3 (3 h+ means longer than 3 h)

φ = 0.1 φ = 5 φ = 10

FPCA 50 49.5 54

Standard PCA 56 3 h+ 3 h+
Florentin and Diez [11] 53.1 90.7 117.5

Table 4 Dimension K and rejection rate r for the three comparedmeth-
ods, for the experiments of Case 3

Method φ Dimension K Rate r (%)

FPCA 0.1 9 0.00

5 35 1.57

10 56 9.13

Standard PCA 0.1 10 0.00

5 40 0.77

10 69 3.90

Florentin and Diez [11] 0.1 86 1.70

5 775 15.00

10 875 17.20

the ones obtained employing the standard PCA. Precisely,
considering the same instances of Case 2 reported in Table
1, the dimension K of the standard PCA is equal to 14 when
n ∈ {20, 25, 30, 35} and 15 when n ∈ {40, 45, 50}, and also
the rejection rates r are slightly higher than those in Table 1.
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8 Discussion and conclusions

In this paper, we considered a relevant problem for the
practical applicability of the FE analyses in the real prac-
tice, i.e., the uncertainty quantification problem due to the
incomplete knowledgeofmodel parameters. This uncertainty
may significantly affect the outcomes of the analysis, and a
deterministic solution that only considers the expected or
nominal values of such parameters may not be suitable in
many applicative cases, e.g., it may neglect a robustness
analysis.

More in detail, let consider a problem in which a maxi-
mum admissible value for the stress state or the displacement
in a direction must be respected. A non-robust approach can
be inadequate because, even if the solution computed with
the expected values of model parameters respects the thresh-
old, including the uncertain knowledge of model parameters
could reveal a non-negligible probability of exceeding the
threshold.

Ideally, MC simulations provide a very simple approach
for sampling the output of a FE analysis, but the required
computational effort makes impossible its practical applica-
tion. Hence, an improved approach is necessary.

For this purpose, we applied a well-known method of
the functional statistics, i.e., the FPCA. It allows building a
data-driven orthonormal basis of low dimension, and defin-
ing a reduced problem. Thus, MC iterations are run in such
reduced subspace, leading to a computationally cheap prob-
lem. Results on several test cases show the applicability and
the suitability of the approach, since few elements in the basis
are enough to obtain MC samples close to those obtained
solving the full FE problem. Moreover, when compared with
othermethodologies, the proposedFPCAproved to be amore
efficient tool, able to provide a reliable probability density
function of the output displacements in a shorter time.

Two main aspects will be further investigated in future
work. First, further test cases on more complex and realistic
geometries will be conducted; then, our approach will be
extended to the non-linear case, where the problem to solve
is a system of the type R (u (x, θ)) = 0, where R (·) refers
to a generic non-linear function.
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Appendix 1

This Appendix describes the general procedure to derive
matrix W. As suggested in Sect. 3, the bivariate function
that represents the horizontal and vertical displacement can
be written as

vi (x) =
2N f∑

f=1

ci f φ f (x), i = 1, . . . , N ,

where N f is the number of nodes in the grid, equal to (n+1)2,
and

ci = (cui1, c
v
i1, c

u
i2, c

v
i2, . . . , c

u
i N f

, cv
i N f

).

where cui j and cv
i j are the horizontal and vertical nodal dis-

placements, respectively. Similarly,

φ = (φ̃1, φ̃1, φ̃2, φ̃2, . . . , φ̃N f , φ̃N f )

where φ̃ f is the finite element basis function centered in node
f , f = 1, . . . , N f . Hence,

W =
∫

φ φ′

=

⎛

⎜
⎜
⎜
⎝

∫
φ1φ1

∫
φ1φ2 . . .

∫
φ1φ2N f∫

φ2φ1
∫

φ2φ2 . . .
∫

φ2φ2N f
...

...
. . .

...∫
φ2N f φ1

∫
φ2N f φ2 . . .

∫
φ2N f φ2N f

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∫
φ̃1φ̃1

∫
φ̃1φ̃1 . . .

∫
φ̃1φ̃2N f

∫
φ̃1φ̃2N f∫

φ̃1φ̃1
∫

φ̃1φ̃1 . . .
∫

φ̃1φ̃2N f

∫
φ̃1φ̃2N f∫

φ̃2φ̃1
∫

φ̃2φ̃1 . . .
∫

φ̃2φ̃2N f

∫
φ̃2φ̃2N f∫

φ̃2φ̃1
∫

φ̃2φ̃1 . . .
∫

φ̃2φ̃2N f

∫
φ̃2φ̃2N f

...
...

. . .
...

...
∫

φ̃2N f φ̃1
∫

φ̃2N f φ̃1 . . .
∫

φ̃2N f φ̃2N f

∫
φ̃2N f φ̃2N f

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

The procedure outlined till now is general and does not
depend on the specific case, i.e., the shape of the domain
and the mesh. In Appendix 2, we apply the procedure to the
specific test case considered in this paper.

Appendix 2

In this Appendix, we compute the matrixW specific for our
test case, with rectangular domain and structured triangular
mesh.

Thanks to an appropriate change of variables, we obtain
that the number of elements of the FE basis with a peak in
node i , i = 1, . . . , F , is

∫
φ̃i φ̃i = h1h2

12 and that the number
of FE basis with a peak in node i and the other in node k is∫

φ̃i φ̃k = h1h2
24 . Then, due to the structured mesh, W is as

follows.
Diagonal entries:

– wkk = h1h2
6 if k = 1, n2;

– wkk = h1h2
12 if k = n, n(n − 1) + 1;
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– wkk = h1h2
4 if k belongs to a border that it is not an angle;

– wkk = h1h2
2 otherwise.

Non-diagonal entries:

– If i corresponds to an internal node

wi j = h1h2
12 j = i+1, i−1, i+n, i−n, i+n+1, i−n−1;

wi j = 0 otherwise.
– If i corresponds to a node belonging to the bottom edge

wi j = h1h2
12 j = i + n, i + n + 1;

wi j = h1h2
24 j = i + 1, i − 1;

wi j = 0 otherwise.
– If i corresponds to a node belonging to the top edge

wi j = h1h2
12 j = i − n, i − n − 1;

wi j = h1h2
24 j = i + 1, i − 1;

wi j = 0 otherwise.
– If i corresponds to a node belonging to the right edge

wi j = h1h2
12 j = i − 1, i − n − 1;

wi j = h1h2
24 j = i + n, i − n;

wi j = 0 otherwise.
– If i corresponds to a node belonging to the left edge

wi j = h1h2
12 j = i + 1, i + n + 1;

wi j = h1h2
24 j = i + n, i − n;

wi j = 0 otherwise.
– If i = 1

wi j = h1h2
12 j = i + n + 1;

wi j = h1h2
24 j = i + 1, i + n;

wi j = 0 otherwise.
– If i = n

wi j = h1h2
24 j = i − 1, i + n;

wi j = 0 otherwise.
– If i = n(n − 1) + 1

wi j = h1h2
24 j = i + 1, i − n;

wi j = 0 otherwise.
– If i = n2

wi j = h1h2
12 j = i − n − 1;

wi j = h1h2
24 j = i − 1, i − n;

wi j = 0 otherwise.

The resulting sparsity pattern of this matrix W is shown
in Fig. 4.
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