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1. Introduction

Elliptic interface problems arise in various application fields and several numerical schemes have been designed in order 
to cope with them.

It is well known that the solution of an interface problem lacks global regularity, which is the reason for suboptimal 
convergence of standard finite element schemes unless the computational mesh matches with the interface or suitable 
modifications are introduced (see, for instance, [19,20,16,13,12]).

In this paper we introduce a new variational formulation which might be classified as a fictitious domain method with 
distributed Lagrange multiplier (see [15,14] for some related results). The motivation of our work comes from the study of 
fluid structure interaction problems in the framework of the Immersed Boundary Method (see [22,5,6]).

For ease of presentation we consider the case when a domain is divided into two parts and the elliptic operator has 
a jump in its coefficients along the interface of the two subdomains Ω1 and Ω2. To fix the ideas, one might think of 
a body composed of two different materials; in the case of the Immersed Boundary Method this would correspond to a 
solid body immersed in a fluid domain. The main feature of this formulation is that two unknowns are considered for 
the representation of the solution: the first one is defined on the entire domain Ω1 ∪ Ω2 and the other is restricted to 
the subdomain Ω2 (corresponding to the solid in the case of the Immersed Boundary Method). The first variable can be 
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Fig. 1. Two possible situations of subdivision of Ω .

interpreted as a fictitious extension to the entire domain of the solution in Ω1. A Lagrange multiplier is introduced in order 
to enforce that the two variables coincide on the common subdomain.

The original interface problem is then transformed into a saddle point formulation which can be analyzed with the 
help of the standard theory of mixed approximations [7]. In Section 2 we present the original problem and the new mixed 
formulation. In Section 3 we describe the finite element discretization and develop the main theory. The proof of the inf-sup 
condition requires an inverse inequality, so that we assume the mesh to be quasi-uniform. We prove the ellipticity in the 
kernel condition under the assumption that the diffusion coefficient is not larger in Ω1 than in Ω2. The numerical tests, 
reported in Section 4, seem to indicate that this assumption is actually not necessary.

We would like to point out that the aim of this paper is not to propose an alternative formulation with respect to the 
many already existing ones for dealing with elliptic interface problems. The importance of the present formulation lies in 
its applicability in the framework of the Immersed Boundary Method where an analogous formulation is found in the case 
of a variational implementation of the solid movement. We refer the interested reader to [4] where this application will 
be made clearer; see also [3] for some details. In [1] some numerical formulations for a 1D interface problem have been 
presented.

2. Transmission problem

Let Ω ⊂ R
d with d = 1, 2, 3 be a bounded domain with Lipschitz continuous boundary. Given f ∈ L2(Ω) and a positive 

function ρ̃ ∈ W 1,∞(Ω) with 0 < ρ0 ≤ ρ̃ , we consider the following second order elliptic partial differential equation with 
homogeneous boundary conditions: find u : Ω →R such that

−div(ρ̃∇ũ) = f̃ in Ω
ũ = 0 on ∂Ω. (1)

The variational formulation of (1) reads: find ũ ∈ H1
0(Ω) such that∫

Ω

ρ̃∇ũ∇vdx =
∫
Ω

f̃ vdx ∀v ∈ H1
0(Ω). (2)

It is well known that the variational problem (2) has a unique solution.
We now assume that Ω = Ω1 ∪ Ω2 is divided into two subdomains Ω1 and Ω2 by a smooth or a Lipschitz continuous 

interface Γ so that ρ̃ is regular in each subdomain but can jump across Γ . Two possible situations in the case d = 2 are 
reported in Fig. 1. Denoting by u1 and u2 the restrictions of ũ to the subdomains Ω1 and Ω2, respectively, that is u1 = ũ|Ω1 , 
u2 = ũ|Ω2 and, similarly, ρ1 = ρ̃|Ω1 , ρ2 = ρ̃|Ω2 , and f1 = f̃ |Ω1 , f2 = f̃ |Ω2 , it is classical to rewrite (1) in terms of the following 
transmission problem:

−div(ρ1∇u1) = f1 in Ω1−div(ρ2∇u2) = f2 in Ω2
u1 = u2 on Γ
ρ1∇u1 · n1 = −ρ2∇u2 · n2 on Γ
u1 = 0 on ∂Ω1 \ Γ
u2 = 0 on ∂Ω2 \ Γ, (3)

where n1 and n2 are the outward normals of Ω1 and Ω2, respectively. To start with, we focus on the case depicted in 
Fig. 1(a) where the domain Ω2 is immersed in Ω so that its boundary ∂Ω2 coincides with the interface Γ . Therefore 
problem (3) becomes:

−div(ρ1∇u1) = f1 in Ω1
−div(ρ2∇u2) = f2 in Ω2
u1 = u2 on Γ
ρ1∇u1 · n1 = −ρ2∇u2 · n2 on Γ
u1 = 0 on ∂Ω. (4)



38 F. Auricchio et al. / Applied Numerical Mathematics 95 (2015) 36–50
In view of the finite element discretization, we introduce a fictitious domain formulation with distributed Lagrange 
multiplier equivalent to the original problem (4). We shall use the following notation: V = H1

0(Ω), V 2 = H1(Ω2) and 
Λ = [H1(Ω2)]∗ , that is the dual space of H1(Ω2). These spaces are endowed with their natural norms. Moreover, the 
symbol ‖ · ‖0,ω denotes the L2(ω)-norm; when the domain is clear from the context, the simpler notation ‖ · ‖0 will be 
used.

Problem 1. Let ρ and ρ2 be positive continuous functions on Ω and Ω2, respectively. Given f ∈ L2(Ω) and f2 ∈ L2(Ω2), 
find u ∈ V , u2 ∈ V 2 and λ ∈ Λ such that∫

Ω

ρ∇u · ∇vdx + 〈λ, v |Ω2〉 =
∫
Ω

f vdx ∀v ∈ V (5)

∫
Ω2

(ρ2 − ρ)∇u2 · ∇v2dx − 〈λ, v2〉 =
∫
Ω2

( f2 − f )v2dx ∀v2 ∈ V 2 (6)

〈μ, u|Ω2 − u2〉 = 0 ∀μ ∈ Λ, (7)

where 〈·, ·〉 denotes the duality pairing between Λ = [H1(Ω2)]∗ and V 2 = H1(Ω2).

It is clear that Problem 1 has the structure of a saddle point problem; this is evident if we use the following standard 
notation:

a
(
(u, u2), (w, w2)

) =
∫
Ω

ρ∇u · ∇wdx +
∫
Ω2

(ρ2 − ρ)∇u2 · ∇w2dx

b
(
λ, (w, w2)

) = 〈λ, w|∂Ω2 − w2〉
F (w, w2) =

∫
Ω

f wdx +
∫
Ω2

( f2 − f )w2dx.

The variational formulation then takes the form

a
(
(u, u2), (w, w2)

) + b
(
λ, (w, w2)

) = F (w, w2) ∀(w, w2) ∈ V × V 2

b
(
μ, (u, u2)

) = 0 ∀μ ∈ Λ.

Therefore in order to prove that it is well-posed we apply the Babuška–Brezzi theory: we need to check the ellipticity on 
the kernel and the inf-sup condition (see [7]).

Proposition 1. Let ρ and ρ2 be positive continuous functions on Ω and Ω2 , respectively, such that ρ ≥ ρ0 > 0 and ρ2 ≥ ρ0 > 0. 
Given f ∈ L2(Ω) and f2 ∈ L2(Ω2), then there exists one and only one solution of Problem 1 such that

‖u‖V + ‖u2‖V 2 + ‖λ‖Λ ≤ C
(‖ f ‖0,Ω + ‖ f2‖0,Ω2

)
. (8)

Proof. First of all let us define the kernel of the operator associated to the third equation (7)

K = {
(v, v2) ∈ V × V 2 : v |Ω2 = v2 in Ω2

}
. (9)

Let us consider (v, v2) ∈ K, then we can obtain easily that the ellipticity on the kernel condition is satisfied, namely we 
have ∫

Ω

ρ|∇v|2dx +
∫
Ω2

(ρ2 − ρ)|∇v2|2dx =
∫
Ω1

ρ|∇v|2dx +
∫
Ω2

ρ2|∇v2|2dx

≥ ρ0‖∇v‖2
0,Ω1

+ ρ0‖∇v2‖2
0,Ω2

≥ ρ0

2

(‖∇v‖2
0,Ω + ‖∇v2‖2

0,Ω2

)
≥ C

(‖v‖2
V + ‖v2‖2

V 2

)
, (10)

where we used the Poincaré inequality thanks to the boundary conditions of v ∈ H1
0(Ω) and the fact that (v, v2) ∈ K, so 

that ‖v2‖V 2 ≤ ‖v‖V .
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By definition of the norm in Λ, we have that the following inf-sup condition holds true for all μ ∈ Λ

‖μ‖Λ = sup
v2∈V 2

〈μ, v2〉
‖v2‖V 2

≤ sup
(v,v2)∈V ×V 2

〈μ, v |Ω2 − v2〉
(‖v‖2

V + ‖v2‖2
V 2

)1/2
. (11)

Thanks to (10) and (11), there exists a unique solution to Problem 1 with the a priori bound (8) (see [7]). �
We observe here that the function f appearing in the right hand side of (5) might be different from the function f̃ of 

the original problem (1). However, we have the following equivalence result.

Theorem 2. Given f̃ ∈ L2(Ω) and ρ̃ ∈ L∞(Ω) with ρ̃|Ω1 ∈ W 1,∞(Ω1) and ρ̃|Ω2 ∈ W 1,∞(Ω2), let us set

{
f1 = f̃ |Ω1

f2 = f̃ |Ω2

and

{
ρ1 = ρ̃|Ω1

ρ2 = ρ̃|Ω2 .

Consider any f ∈ L2(Ω) such that f |Ω1 = f1 and ρ ∈ W 1,∞(Ω) such that ρ = ρ1 in Ω1 . Let ũ ∈ H1
0(Ω) be the solution of (2); then, 

setting u2 = u|Ω2 in Ω2 , there exists λ ∈ Λ such that (u, u2, λ) is a solution of Problem 1. Conversely, let (u, u2, λ) ∈ V × V 2 × Λ be 
the solution of Problem 1; then, setting ũ = u, we have that ũ is a solution of (2).

Proof. Let (u, u2, λ) ∈ V × V 2 × Λ be the solution of Problem 1; it is easy to show that ũ = u is a solution of (2). Then, 
thanks to the uniqueness of the solution of (2), the two problems are equivalent. Indeed, for any v ∈ V , we take v2 = v |Ω2

in (6) and sum this equation to the previous one taking into account that u|Ω2 = u2. We obtain

∫
Ω1

ρ∇u · ∇vdx +
∫
Ω2

ρ2∇u · ∇vdx =
∫
Ω1

f vdx +
∫
Ω2

f2 vdx

which gives (2) by definition of ρ2 and f2. �
We observe that in Problem 1, λ is the Lagrange multiplier associated to the linear constraint u|Ω2 − u2 = 0 in Ω2. We 

now give an equivalent strong formulation of Problem 1 and a characterization of λ.
First of all we notice that since u ∈ H1

0(Ω) then u|Ω2 ∈ H1(Ω2), so that Eq. (7) implies that u2 = u|Ω2 in V 2, with equal 
traces on Γ . By integration by parts in (6), we obtain

〈λ, v2〉 = −
∫
Ω2

div
(
(ρ2 − ρ)∇u2

)
v2dx +

∫
Γ

(ρ2 − ρ)∇u2 · n2 v2dγ −
∫
Ω2

( f2 − f |Ω2)v2dx. (12)

Let us take v ∈ H1
0(Ω1) extended by zero outside Ω1 as test function in (5); by integration by parts we can deduce that

−div(ρ∇u) = f in Ω1. (13)

Similarly, we take v ∈ H1
0(Ω2) extended by zero outside Ω2 as test function in (5), integrate by parts, use (12) and the fact 

that u2 = u|Ω2 in Ω2 and get

−div(ρ2∇u2) = f2 in Ω2. (14)

Next let us take v ∈ V and integrate by parts by splitting the integrals on Ω into two integrals onto the two subdomains Ω1
and Ω2. Using again (12), we have

−
∫
Ω1

div(ρ∇u)vdx +
∫
Γ

ρ∇u · n1 vdγ −
∫
Ω2

div(ρ∇u2)vdx +
∫
Γ

ρ∇u2 · n2 vdγ

=
∫
Ω1

f vdx +
∫
Ω2

f vdx +
∫
Ω2

div
(
(ρ2 − ρ)∇u2

)
vdx −

∫
Γ

(ρ2 − ρ)∇u2 · n2 vdγ +
∫
Ω2

( f2 − f )vdx

from which we arrive at∫
ρ∇u · n1 vdγ +

∫
ρ2∇u2 · n2 vdγ = 0. (15)
Γ Γ
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Inserting Eqs. (14) and (15) into (12), we obtain the following characterization of λ

〈λ, v2〉 = −
∫
Ω2

(
(ρ/ρ2) f2 − f

)
v2dx +

∫
Γ

(ρ2 − ρ)∇u2 · n2 v2dγ

= −
∫
Ω2

(
(ρ/ρ2) f2 − f

)
v2dx −

∫
Γ

ρ(∇u · n1 + ∇u2 · n2)v2dγ . (16)

We end this section, by stating regularity results for the solution of Problem 1. We recall that due to the presence 
of discontinuous coefficients, the solution ũ does not belong to H2(Ω) but we have only ũ ∈ Hs(Ω) with 1 < s < 3/2. 
However, for its restrictions to the subdomains Ω1 and Ω2, we have ũ|Ω1 ∈ H2(Ω1) and ũ|Ω2 ∈ H2(Ω2) if the interface Γ is 
of class C2, see [2,10,18,17]. Thanks to the equivalence of Problem 1 with (1), we have that u ∈ Hs(Ω) with 1 < s < 3/2 and 
u2 ∈ H2(Ω2). However, when Γ is Lipschitz continuous the restriction of u to Ω1 and u2 belong only to Hr(Ωi) (i = 1, 2) 
for some r with 3/2 < r ≤ 2, see [21, Ch. 2].

3. Finite element discretization

Let Th and T2,h denote shape-regular families of decompositions of Ω and Ω2, respectively. We denote by h and h2 the 
maximum diameter of the elements in Th and T2,h , respectively. We introduce the following finite-dimensional subspaces 
Vh ⊆ V , V 2,h ⊆ V 2 and Λh ⊆ Λ. Then the discrete counterpart of Problem 1 reads:

Problem 2. Given f ∈ L2(Ω) and f2 ∈ L2(Ω2), find uh ∈ Vh , u2,h ∈ V 2,h and λh ∈ Λh such that∫
Ω

ρ∇uh · ∇vdx + 〈λh, v |Ω2〉 =
∫
Ω

f vdx ∀v ∈ Vh (17)

∫
Ω2

(ρ2 − ρ)∇u2,h · ∇v2dx − 〈λh, v2〉 =
∫
Ω2

( f2 − f )vsdx ∀v2 ∈ V 2,h (18)

〈μ, uh |Ω2
− u2,h〉 = 0 ∀μ ∈ Λh. (19)

In order to analyze the well-posedness of Problem 2 and to obtain the error estimates we need to show ellipticity on 
the discrete kernel and the discrete inf-sup condition (see [7]). We introduce the discrete kernel as follows

Kh = {
(v, v2) ∈ Vh × V 2,h : 〈μ, v |Ω2 − v2〉 = 0 ∀μ ∈ Λh

}
, (20)

then we have to prove the following inequalities:

• ellipticity on the discrete kernel: there exists a real number α > 0, independent of h and h2, such that for all (v, v2) ∈ Kh
it holds∫

Ω

ρ|∇v|2dx +
∫
Ω2

(ρ2 − ρ)|∇v2|2dx ≥ α
(‖v‖2

V + ‖v2‖2
V 2

); (21)

• inf-sup condition: there exists a real number β > 0, independent of h and h2, such that for all μ ∈ Λh the following 
inequality holds true

sup
(v,v2)∈Vh×V 2,h

〈μ, v |Ω2 − v2〉
(‖v‖2

V + ‖v2‖2
V 2

)1/2
≥ β‖μ‖Λ. (22)

The discrete spaces we are going to use are defined as follows. Let us assume that the meshes Th and T2,h are built by 
triangles/tetrahedra, then we set

Vh = {
v ∈ H1

0(Ω) : v |K ∈ P1(K ) ∀K ∈ Th
}

V 2,h = {
v2 ∈ V 2 : v2|K ∈ P1(K ) ∀K ∈ T2,h

}
Λh = V 2,h, (23)

where P1(K ) is the set of affine polynomials on K .
In the sequel of the paper, we are going to use the standard L2-projection onto V 2,h . Namely, let Ph : L2(Ω2) → V 2,h be 

the L2-orthogonal projection such that for any w ∈ L2(Ω2), Ph w ∈ V 2,h satisfies

(w − Ph w, z) = 0 ∀z ∈ V 2,h.
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It is well-known that the following error estimate holds true for w ∈ V 2:

‖Ph w‖0 ≤ ‖w‖0

‖w − Ph w‖0 ≤ Ch‖∇w‖0.

Theorem 3. Let Vh, V 2,h and Λh be given as in (23) and assume that ρ2 −ρ|Ω2 ≥ η0 > 0 a.e. in Ω2 , then the ellipticity on the discrete 
kernel (21) holds true.

Proof. For all (v, v2) ∈Kh we have∫
Ω

ρ|∇v|2dx +
∫
Ω2

(ρ2 − ρ)|∇v2|2dx ≥ ρ0‖∇v‖2
0 + η0‖∇v2‖2

0,Ω2
.

Since (v, v2) belongs to Kh , v2 is equal to the L2-projection Ph v of v |Ω2 onto V 2,h , whence

‖v2‖0,Ω2 = ‖Ph v‖0,Ω2 ≤ ‖v |Ω2‖0,Ω2 ≤ ‖v‖0.

Then the Poincaré inequality gives the required condition (21). �
Theorem 4. Let Vh, V 2,h and Λh be given as in (23) and assume that the mesh sequence is quasi-uniform, then the inf-sup condi-
tion (22) holds true.

Proof. We observe that the duality pairing 〈μ, v2〉 can be identified with the scalar product in L2(Ω2) if μ ∈ L2(Ω2). 
Moreover when the mesh is quasi-uniform we can prove that

‖∇ Ph w‖0 ≤ C‖w‖V 2 ∀w ∈ V 2.

Indeed, let Πh : V 2 → V 2,h be the Clément’s operator such that for all v2 ∈ V 2

‖v2 − Πh v2‖r ≤ c

(∑
K

h2−2r
K ‖v2‖2

1,K

)1/2

for r = 0,1.

Then, using the inverse inequality, we have

‖∇ Ph w‖0 ≤ ‖∇Πh w‖0 + ∥∥∇(Ph w − Πh w)
∥∥

0

≤ c‖w‖1 + 1

h
‖Ph w − Πh w‖0

≤ c‖w‖1 + 1

h
‖Ph w − w‖0 + 1

h
‖w − Πh w‖0 ≤ C‖w‖1.

Since the inf-sup condition for the continuous problem holds true (see (11)), given μ ∈ Λh there exists v2 ∈ V 2 such that

〈μ, v2〉
‖v2‖V 2

= sup
v2∈V 2

〈μ, v2〉
‖v2‖V 2

= ‖μ‖Λ.

Then we easily obtain

sup
(v,v2)∈Vh×V 2,h

〈μ, v |Ω2 − v2〉
(‖v‖2

V + ‖v2‖2
V 2

)1/2
≥ sup

v2∈V 2,h

〈μ, v2〉
‖v2‖V 2

≥ 〈μ, Ph v2〉
‖Ph v2‖V 2

≥ C
〈μ, v2〉
‖v2‖V 2

= C‖μ‖Λ. �
Remark. The hypotheses of Theorems 3 and 4 are not optimal. Indeed, in Theorem 3 the assumption on the coefficients ρ
and ρ2 is stronger than in Proposition 1. The numerical tests of Section 4 seem to show that this assumption is not 
necessary. Actually, in [8] a deeper analysis has been performed which allows to weaken such condition.

In Theorem 4 the mesh is assumed to be quasi-uniform. This assumption could be weakened (but not completely 
avoided) using the results of [9,11].

By applying well-known results on saddle point problems [7], we can obtain the following optimal error estimates.
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Theorem 5. Let (u, u2, λ) ∈ V × V 2 × Λ and (uh, u2,h, λh) ∈ Vh × V 2,h × Λh be the solutions of Problem 1 and 2, respectively. Then 
there exists a constant C independent of h such that

‖u − uh‖V + ‖u2 − u2,h‖V 2 + ‖λ − λh‖Λ ≤ C
(

inf
v∈Vh

‖u − v‖V + inf
v2∈V 2,h

‖u2 − v2‖V 2 + inf
μ∈Λh

‖λ − μ‖Λ

)
. (24)

In the remaining part of this section we give a bound for the terms on the right hand side. Recalling that, thanks to 
Theorem 2, u ∈ Hs(Ω) with 1 < s < 3/2 and u2 ∈ Hr(Ω2) with 3/2 < r ≤ 2, see e.g. [10,18,17,21], standard results on the 
approximation of piecewise linear finite elements imply

inf
v∈Vh

‖u − v‖V ≤ Chs−1‖u‖Hs(Ω)

inf
v2∈V 2,h

‖u2 − v2‖V 2 ≤ Chr−1‖u2‖Hr(Ω2) (25)

Let us now estimate the approximation error for the Lagrange multiplier λ which has been characterized in (16).

Proposition 6. Let λ ∈ Λ be the third component of the solution of Problem 1 with the characterization given in (16), then there exists 
a positive constant C independent of h such that

inf
μ∈Λh

‖λ − μ‖Λ ≤ Chr−1(‖(ρ/ρ2) f2 − f ‖0 + ‖u|Ω1‖Hr(Ω1) + ‖u2‖Hr(Ω2)

)
. (26)

Proof. Thanks to (16), we can split λ into the sum λ = λ1 +λ2 where λ1 and λ2 belong to Λ with the following definitions:

〈λ1, v2〉 =
∫
Ω2

(
(ρ/ρ2) f2 − f

)
v2dx

〈λ2, v2〉 =
∫
Γ

ρ(∇u · n1 + ∇u2 · n2)v2dγ . (27)

We are going to construct two elements of Λh approximating λ1 and λ2, respectively; the approximation of λ will then 
follow by summing up the two elements.

It is easy to see that λ1 ∈ L2(Ω2) and ‖λ1‖0 ≤ ‖(ρ/ρ2) f2 − f ‖0. Let P0λ1 ∈ Λh be the L2-projection of λ1 onto Λh that 
is

〈P0λ1, v2,h〉 = (P0λ1, v2,h) =
∫
Ω2

(
(ρ/ρ2) f2 − f

)
v2dx.

Then

‖λ1 − P0λ1‖Λ = sup
v2∈V 2

〈λ1 − P0λ1, v2〉
‖v2‖V 2

= sup
v2∈V 2

(λ1 − P0λ1, v2)

‖v2‖V 2

and

(λ1 − P0λ1, v2) = (λ1 − P0λ1, v2 − P0 v2) = 〈λ1, v2 − P0 v2〉 ≤ Ch‖λ1‖0‖v2‖V 2 .

This gives

‖λ1 − P0λ1‖Λ ≤ Ch
∥∥(ρ/ρ2) f2 − f

∥∥
0. (28)

Let us now find an element of Λh which approximates λ2. In order to simplify the notation we set

g = ρ(∇u · n1 + ∇u2 · n2) = ρ∇(u2 − u) · n2.

Since u|Ω1 ∈ Hr(Ω1) and u2 ∈ Hr(Ω2) (r > 3/2), then g ∈ Hr−3/2(Γ ). Let μ2,h ∈ Λh be such that

〈μ2,h, wh〉 =
∫
γ

g whdγ ∀wh ∈ Λh. (29)

Thanks to (27) we have the following error equation:

〈λ2 − μ2,h, wh〉 = 0 ∀wh ∈ Λh.
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Let P0 denote the L2-projection of V 2 onto V 2,h , then, due to the fact that Λh = V 2,h , we obtain

〈λ2 − μ2,h, v2〉 = 〈λ2 − μ2,h, v2 − P0 v2〉
= 〈λ2, v2 − P0 v2〉 − 〈μ2,h, v2 − P0 v2〉
= 〈λ2, v2 − P0 v2〉 − (μ2,h, v2 − P0 v2)

= 〈λ2, v2 − P0 v2〉.
The definition of λ2 yields

〈λ2, v2 − P0 v2〉 =
∫
Γ

g(v2 − P0 v2)dγ

≤ C‖g‖Hr−3/2(Γ )h
r−1‖v2‖H1/2(Γ ) ≤ C‖g‖Hr−3/2(Γ )h

r−1‖v2‖V 2

and we conclude as follows:

‖λ2 − μ2,h‖Λ = sup
v2∈V 2

〈λ2 − μ2,h, v2〉
‖v2‖V 2

≤ sup
v2∈V 2

C‖g‖Hr−3/2(Γ )h
r−1‖v2‖V 2

‖v2‖V 2

≤ Chr−1‖g‖Hr−3/2(Γ )

≤ Chr−1(‖u|Ω1‖Hr(Ω1) + ‖u2‖Hr(Ω2)

)
. � (30)

4. Numerical results

In this section we show some numerical results which, in a very simple one-dimensional setting, confirm the theoretical 
investigations and the main result of this paper.

Let Ω = (0, 6) and Ω2 = (a, b). The interface points are chosen as irrational numbers, so that it is guaranteed that they 
never match with the computational grid: a = exp(1), b = 1 + π . We consider f1 = f2 = 1 and we make different choices 
for ρ1 and ρ2; in particular, we take the fictitious load f equal to 1 in Ω and the fictitious diffusion ρ constant and equal 
to ρ1.

In this simple situation it is possible to compute the exact solution, and the error can be evaluated exactly.
All presented simulations are compared with the standard Galerkin approximation described in (2). Each test case is 

solved for different combinations of mesh sizes in Ω and Ω2: we consider fixed ratios between h (the mesh size in Ω) 
and h2 (the mesh size in Ω2).

Remark. In the presented numerical results, we implemented the duality pairings appearing in Problem 2 as scalar products 
in L2.

The results reported in Figs. 2–7 show the global error which involves both component (u, u2) of the solution (the error 
is the square root of the sum of squares of the errors in each component). The errors are reported in the energy norm H1

and in L2.
It is evident that the error behavior is strongly dependent on the interactions between the two meshes. In particular, 

we are not expecting a clean order of convergence: when the mesh is better aligned with the jumps in the coefficients, the 
error is smaller, while this is not the case in general. This behavior is observed for the standard Galerkin solution as well. 
Moreover, in some of the reported results the mesh is not fine enough to appreciate the theoretical rate of convergence; 
however, we performed more tests than the reported ones and in all cases the results are in agreement with the theory.

4.1. Case ρ2 > ρ1

We start by considering ρ1 = 1 and by raising the value of ρ2 from 4 to 100. The computed convergence rates are 
reported in Figs. 2–4. It can be observed that the behavior of the fictitious domain approach is comparable to the one of 
the standard Galerkin formulation; the case when h2 ≈ 2.4h gives a convergence rate surprisingly cleaner than in the other 
situations.
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Fig. 2. ρ1 = 1, ρ2 = 4.
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Fig. 3. ρ1 = 1, ρ2 = 10.
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Fig. 4. ρ1 = 1, ρ2 = 100.
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Fig. 5. ρ1 = 4, ρ2 = 1.
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Fig. 6. ρ1 = 10, ρ2 = 1.
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Fig. 7. ρ1 = 100, ρ2 = 1.
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4.2. Case ρ1 > ρ2

This case is not covered by our theory, nevertheless we found encouraging results.
We take ρ2 = 1 and let ρ1 vary from 4 to 100. Also in this case the results are comparable to those of the standard 

Galerkin approach. It turns out that the best performance is achieved when the mesh size h2 is smaller than h; the reason 
for this behavior (which is the opposite of what we observed in the previous case) might be related to the fact that the 
solution is varying less where the diffusion is higher, so that a smaller mesh size is needed where the diffusion is smaller 
in order to achieve the same accuracy.

5. Conclusions

In this paper we introduced a new mixed variational formulation for an elliptic interface problem. The problem is 
analyzed together with its finite element discretization, showing optimal error estimates. Some simple one-dimensional 
numerical experiments confirm the theoretical analysis and show that the accuracy is comparable to that achieved by the 
standard Galerkin approximation when a comparable meshes are used.

We point out once again that the importance of the present formulation lies in its applicability in the framework of the 
Immersed Boundary Method. We refer the interested reader to [4,3] where this application is made clearer.
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