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Abstract To perform realistic finite element simulations of
cardiovascular surgical procedures (such as balloon angio-
plasty, stenting or bypass), it is necessary to use appropriate
constitutive models able to describe the mechanical behavior
of the human arterial wall (in healthy and diseased condi-
tions) as well as to properly calibrate the material parame-
ters involved in such constitutive models. Moving from these
considerations, the goal of the present study is to compare
the reliability of two isotropic phenomenological models and
of four structural invariant-based constitutive models, com-
monly used to describe the passive mechanical behavior of
arteries. The arterial wall is modeled as a thick-wall tube with
one- and two- layer structure. Residual stresses inclusion is
also considered, to evaluate informations on the stress distri-
bution through the wall thickness. The predictive capability
of the investigated models is tested using extension/inflation
data on human carotid arteries related by two different exper-
imental works available in the literature. The material para-
meters involved in the investigated models are computed in
the least-square sense thought a best fitting procedure, rely-
ing on a multi-start optimization algorithm. The good quality
of the optimal solution is validated quantitatively computing
proper error measures and comparing the model prediction
curves. The final outcome of the paper is a critical review of
the six considered constitutive models, comparing their for-
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mulation and evidencing the more or less capability of such
models to fit the considered experimental data.

1 Introduction

Cardiovascular diseases (such as atherosclerosis and
aneurysm) are nowadays the leading cause of death in
Europe, accounting for over 4.35 million deaths each year
[1–3]. The development of such diseases involves significant
changes in the arterial tissue from the histological point of
view and, as consequence, may induce a different mechanical
behavior of such a tissue with respect to healthy conditions.
Accordingly, the identification of arterial mechanical prop-
erties can be of paramount importance for clinical diagnoses
and treatments. In fact, on one hand, the knowledge of human
arterial mechanical properties can provide helpful informa-
tion to predict the onset and the progression of atheroscle-
rotic lesions [4–6], the rupture of aneurysm [7,8] as well as to
design artificial vascular grafts [9]. On the other hand, such
a knowledge is essential to study and to optimize the perfor-
mance of minimally-invasive interventions (such as balloon
angioplasty or stenting) through finite element simulations
[6,10–14]. In this context, a vascular district of particular
clinical importance is the carotid bifurcation due to the very
high incidence of the previous mentioned pathologies as well
as to the district geometrical complexity, which demands for
advanced computational modeling.

For accurately predicting stress/strain distributions as well
as the interventions outcome, one promising approach is to
use finite element analysis with patient-specific geometrical
models, generated from imaging data, and with appropriate
constitutive models, able to describe the mechanical behav-
ior of the human arterial wall (in both healthy and diseased
conditions). Moving from these considerations, in this work
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we focus on the constitutive modeling feature, which is a
very active field of research continuously increasing in the
biomechanics area.

Within the framework of nonlinear hyper-elasticity [15]
and invariant theory [16,17], two major groups of constitutive
models may be evidenced, i.e.: (i) the isotropic phenomeno-
logical approach [18–23]; and (ii) the more recent structural
invariant- approach [24–28,46]. The two formulations prin-
cipally differ for the more or less ability to take into account
the histological evidences on the arterial wall tissue and
then, to capture the incompressible, anisotropic and nonlinear
stiffen behavior of arteries. In particular phenomenological-
based models, exploiting isotropic exponential and power-
law functions, have been largely used in the past to charac-
terize the overall mechanical behavior of arteries, although
their material parameters are not related to the vessel wall
structure and are often difficult to physically interpret. On
the contrary, the structural invariant-based models are based
on the theory of deformation invariants and, in particular, on
additional invariants able to capture some structural aspects
of the tissue, as the orientation of collagen fibers, the disper-
sion in the orientation, and the associated anisotropy of the
material properties.

In this scenario, the present study wants to investigate the
reliability of constitutive models, commonly used to describe
the passive mechanical behavior of arteries, comparing the
complexity of the respective formulations and their capability
to fit human carotid experimental data available in the liter-
ature. In particular, we start with the isotropic strain-energy
function proposed by Demiray [18] and the one proposed
by Harinton [29], already used to characterize the overall
mechanical behavior of a human carotid bifurcation [30,31].
Then, we consider the anisotropic strain-energy function with
two-fibe families proposed by Holzapfel et al. [24] and the
one with four-fiber families proposed by Baek et al. [27].
Finally, in the context of works conceived for modeling fiber
distribution, we also consider the models of Holzapfel et al.
[25] and Gasser et al. [26].

Once an arterial model is defined, the correct identifi-
cation of the material parameters involved in its expres-
sion represents a fundamental step in constitutive model-
ing. The process of identification requires experimental data
obtained usually from mechanical tests and the solution of
an inverse problem using optimization algorithms.In view
of the problem at hand, the six investigated strain-energy
functions are calibrated with respect to the experimental
data reported in the work of Delfino [30] and in the one
of Sommer et al. [32]. Both studies [30] and [32] refer to
extension/inflation tests, respectively, performed in force-
controlled and in stretch-controlled conditions. The intent
toward extension/inflation tests comes from the fact that such
tests preserve the native geometry of the artery and closely
reproduce the in-vivo loading conditions. Hence, following

[33], the overall arterial mechanical response may be char-
acterized.

Moreover, the two experimental works under investigation
provide geometrical and residual data usable to include resid-
ual stresses in the arterial model. It should be noted that, sev-
eral studies [21,34–37] have demonstrated that, at the phys-
iological state, residual stresses reduce the high stress con-
centration at the inner radius, inducing a stress redistribution
through the thickness. It has also been speculated that such
a distribution is very close to uniform and increasing with
the radius [38]. Hence, the introduction of residual stresses
on the arterial model cannot be discarded to get a true stress
distribution throughout the arterial wall.In order to incorpo-
rate the important features of residual stresses, we follow the
so-called opening angle method proposed by Choung and
Fung [34], accordingly the carotid artery is modeled as a
thick-wall cylindrical tube. Although this is a schematiza-
tion of the arterial geometry, it also ables to take into account
the multi-layer structure of the arterial wall [24,39], where
each layer (intima, media and adventitia) has different com-
position and structural organization of the tissue components
[15,24,40,41].

Clearly, the performance and the predictive capabilities of
a multi-layer model are improved if the model calibrations
are performed on experimental data referring to each single
layer. To our knowledge, a multi-layer structural model has
been proposed in the work of Holzapfel et al. [24] and subse-
quently used, for example, in Holzapfel et al. [39] and Wang
et al. [42], to calibrate experimental data of rabbit carotids
and porcine coronaries, respectively.Regarding human data,
the work of [32] is the first study which provide exten-
sion/inflation data and residual parameters on excised adven-
titia and media-intima layers of carotid arteries.

In the following, we briefly present the paper organization.
Section 2 starts with a short discussion on the kinematics
and equilibrium equations related to the extension/inflation
test. Then, the constitutive models typically used to describe
the mechanical behavior of human arteries is presented. In
Sect. 4, we focus on the optimization method used to identify
material parameters, whereas the fitting results are presented
in Sect. 5 and discussed in Sect. 6. Finally, the conclusions
are presented in Sect. 7.

2 Material and Method

To describe the extension/inflation test, the arterial wall is
assumed to be a thick-wall cylindrical tube (with one and two-
layers structures), subjected to an internal pressure Pi and to
an axial force Fz . Assuming axial symmetry of the tube and
for such loading conditions, the deformation is torsion-free,
so that the cylindrical shape of the tube is preserved and the
problem can be described by a cylindrical coordinate system.
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To include residual stresses in the arterial model, we fol-
low the so-called opening angle method, proposed by Choung
and Fung [34]. According to this approach, the reference con-
figuration is represented by a circular open sector defined by
a sector angle α, and the residual stress/strain may be defined
by two parameters: the axial residual stretch λzres (released
after axial excision) and the sector angle α (measured in the
open geometry after a radial cut).

In the following, we summarize the kinematics and the
equilibrium equations related to the extension/inflation prob-
lem under investigation and then, we present the constitutive
models adopted to describe the arterial mechanical behavior.

2.1 Kinematics

Following the opening angle method, we define three config-
urations: (i) the reference configuration Ω0, which is load-
free and stress-free; (ii) the intermediate configuration Ω∗,
which is load-free but residually-stressed; and finally (iii) the
current configuration Ω , which is loaded by a pressure Pi and
an axial force Fz , see Fig. 1.

In the reference configuration Ω0, the position of a par-
ticle is identified by the material point X with cylindrical
coordinates (R,�, Z), see Fig. 1a:

Ri ≤ R ≤ Ro, 0 ≤ � ≤ 2π − α, 0 ≤ Z ≤ L , (1)

being Ri and Ro the inner and the outer radius, respectively,
and L the length of the open sector.

In the intermediate configuration Ω∗, the same particle is
identified by X∗ with cylindrical coordinates (ρ, ϑ, ζ ), see
Fig. 1b:

R∗
i ≤ ρ ≤ R∗

o , 0 ≤ ϑ ≤ π, 0 ≤ ζ ≤ L∗, (2)

being R∗
i and R∗

o the inner and the outer radius, respectively,
and L∗ the length of the tube expressed as L∗ = λzres L with
λzres the residual axial stretch of the tube with respect to Ω0.

Finally, in the current configuration Ω , the spatial counter-
part of the particle is identified by the point x with cylindrical
coordinates (r, θ, z), see Fig. 1c:

ri ≤ r ≤ ro, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ l, (3)

being ri and ro the inner and outer radius, respectively, and l
the length of the tube expressed as L = λzload L∗ with λzload

the axial stretch of the tube with respect to Ω∗.
Following [34], the total deformation map associated to

the sector closing as well as to the inflation and axial elon-
gation can be described via two successive maps: the first
one, ϕ1 : Ω0 → Ω∗, X �→ X∗, mapping material particles
from the reference to the intermediate configuration; and the
second one, ϕ2 : Ω∗ → Ω , X∗ �→ x, mapping the same
particles from the intermediate to the current configuration.

If the material is assumed to be incompressible (i.e., the
volume of the tube is preserved) the total map, ϕ : Ω0 → Ω ,
X �→ x, may be described by the equations:

r = r (R) =
√

R2 − R2
i

κλz
+ r2

i , θ = κ�, z = λz Z , (4)

with κ = 2π/ (2π − α) a measure of the opening angle. Due
to the map composition, ϕ = ϕ2 ◦ ϕ1, the total axial stretch
λz can also be expressed as λz = λzloadλzres .

In cylindrical coordinates the deformation gradient F =
∂x/∂X has the following diagonal matrix representation:

F = diag
[
λr , λθ , λz

] = diag

[
∂r

∂ R
,

r

R

∂θ

∂�
,

∂z

∂ Z

]
, (5)

with λr , λθ , λz the principal stretches in the radial, circum-
ferential and axial direction, respectively.With positions (4),
the principal stretches λr , λθ , λz become:

λr = R

κλzr
, λθ = kr

R
, λz = z

Z
. (6)

Fig. 1 Geometry of an arterial
ring and cylindrical coordinate
system in the a reference
configuration Ω0, b
intermediate configuration Ω∗,
and c current configuration Ω
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It is straightforward to verified that the principal stretches in
Eq. (6) satisfy the incompressibility condition J = det F =
λrλθλz = 1. Finally, the right Cauchy-Green strain tensor
C = FT F takes the diagonal form:

C=diag
[
λ2

r , λ
2
θ , λ

2
z

]=diag

[(
∂r

∂ R

)2

,

(
r

R

∂θ

∂�

)2

,

(
∂z

∂ Z

)2]
.

(7)

2.2 Equilibrium and Boundary Conditions

Assuming that all body forces can be neglected, the equilib-
rium equations in terms of the Cauchy stress tensor σ are:

divσ = 0 and σ = σ T , (8)

with div(•) the spatial divergence operator. In the radial
direction, the boundary conditions correspond to a prescribed
pressure Pi on the inner radius and to zero pressure on the
outer radius:

σn · n = −Pi at r = ri , σn · n = 0 at r = ro, (9)

with n the unit outward normal to the surface boundary.
Due to the specific problem (extension/inflation of an

axial-symmetric tube) wherein the deformation depends only
on the radius r , the equilibrium equation (8) reduces to the
radial one:

dσrr

dr
+ 1

r
(σrr − σθθ ) = 0, (10)

to be solved with boundary conditions: σrr (ri ) = −Pi and
σrr (ro) = 0.

Integrating Eq. (10) and using the boundary condition
σrr (ri ) = −Pi , the radial stresses through the thickness are
computed as follows:

σrr (ξ) = −Pi +
ξ∫

ri

(σθθ − σrr )
dr

r
, (11)

with ξ ranging between ri and ro.Assuming the current radius
ξ equal to the outer radius ro and using the boundary condi-
tion σrr (ro) = 0, it follows from Eq. (11) the expression of
the internal pressure Pi at the inner surface:

Pi =
ro∫

ri

(σθθ − σrr )
dr

r
. (12)

On the contrary, the axial force Fz is computed by imposing
the global equilibrium in the axial direction. Since the termi-
nal parts of the tube are supposed to be closed, the internal

Table 1 Investigated isotropic strain-energy functions: W = Wiso −
p (I3 − 1)

Model Ref. Wiso

Demiray 1972 [18]
a

2b

{
exp

[
b(I1 − 3)

]−1
}

Harinton 2007 [29] c (I1 − 3) + a

2b

{
exp

[
b(I1 − 3)2

]−1
}

pressure Pi also contributes to the equilibrium in the axial
direction as follows:

Fz + πri
2 Pi = π

ro∫
ri

2σzzr dr, (13)

which may be rewritten in the form presented in [15,24]:

Fz = π

ro∫
ri

(2σzz − σθθ − σrr ) r dr. (14)

2.3 Material Model

In the context of nonlinear hyper-elasticity the passive
mechanical behavior of the arterial wall is described in terms
of a strain-energy function W per unit reference volume from
which the Cauchy stress tensor σ is obtained by derivation
of W with respect to the strain tensor C [15,23,43]:

Jσ = −pI + 2F
∂W

∂C
FT , (15)

with p a Lagrange multiplier accounting for the incompress-
ibility assumption.

Clearly, to have an explicit relationship of the previ-
ous mentioned constitutive law, a particular form of the
strain-energy function W have to be defined. In this study,
we consider the isotropic (exponential) strain-energy func-
tion of Demiray [18] and its modification form proposed
by Harinton [29]. Then, we review the anisotropic strain-
energy function with two-fiber families of Holzapfel et al.
[24] and the one with four-fiber families proposed sub-
sequently by Baek et al. [27]. Finally, in the context of
works conceived for modeling fiber distribution, we also
consider the models of Holzapfel et al. [25] and Gasser
et al. [26].

In the following, we briefly explain both the isotropic
and anisotropic formulations, with a focus on the notation
adopted and the quantities involved in such expressions.
Finally, we list the isotropic strain-energy functions in Table 1
and the anisotropic strain-energy functions in Table 2, respec-
tively.
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Table 2 Investigated
anisotropic strain-energy
functions: W = Wiso
+Waniso − p (I3 − 1)

Model Ref. Wiso Waniso

Holzapfel 2000 [24] c (I1 − 3)
a

2b

∑2
i=1

{
exp

[
b(I4

i − 1)2
] − 1

}
Baek 2007 [27] c (I1 − 3)

a

2b

∑4
i=1

{
exp

[
b(I4

i − 1)2
] − 1

}
Holzapfel 2005 [25] c (I1 − 3)

a

2b

∑2
i=1

{
exp

[
b
{
(1 − ρ)(I1 − 3)2 + ρ(I4

i − 1)2
}] − 1

}
Gasser 2006 [26] c (I1 − 3)

a

2b

∑2
i=1

{
exp

[
b(κ I1 + (1 − 3κ)I4

i − 1)2
] − 1

}

2.3.1 Isotropic Strain-Energy Functions

For incompressible and isotropic models, the strain-energy
function W is written as:

W = Wiso (I1) − p (I3 − 1) , (16)

with I1 and I3 the first and the third invariant of the right
Cauchy-Green strain tensor C, defined as:

I1 = trC = λ2
r + λ2

θ + λ2
z , I3 = det C = λ2

r λ
2
θλ

2
z . (17)

The investigated isotropic strain-energy function of Demiray
[18] and of Harinton [29] are defined respectively as:

Wiso = c1

2c2

{
exp

[
c2(I1 − 3)

]−1
}
,

Wiso = c (I1 − 3) + c1

2c2

{
exp

[
c2(I1 − 3)2]−1

}
, (18)

with c1 > 0 a stress-like material parameters, c2 a dimension-
less parameter, and c > 0 the stress-like material parameter
for the neo-Hookean potential.

2.3.2 Anisotropic Strain-Energy Functions

For incompressible and anisotropic models, the strain-energy
function W is split into an isotropic part Wiso, associated to
the elastin matrix, and to an anisotropic part Waniso, associ-
ated to the collagen fibers embedded in the matrix. The fiber
architecture is introduced through the definition of additional
invariants associated to the collagen fibers.

Following [44,45], the strain-energy function W is written
as:

W = Wiso (I1) + Waniso

(
I4

1, I4
2, . . . , I4

N f
)

− p (I3 − 1) ,

(19)

with N f the total number of fibers and I4
i the forth invariant

associated to the i th fibers family:

I4
i = C : ai

0 ⊗ ai
0 = λ2

1 cos2 β i + λ2
2 sin2 β i , (20)

with ai
0 the unit vector denoting the direction of the i th

fibers family in the reference configuration, and β i the angle
between ai

0 and a given direction, usually the circumferential
one.

The four investigated anisotropic models have the same
isotropic contribution, i.e., the neo-Hookean potential Wiso =
c (I1 − 3), whereas the anisotropic part Waniso, is modeled
by an exponential function whose expression differs from
case to case, see Table 2. The simplest expression for Waniso

generalized to N f collagen fibers is given by:

Waniso =
N f∑
i=1

ai

2bi

{
exp

[
bi (I4

i − 1)2] − 1
}
, (21)

with ai > 0 a stress-like parameter and bi > 0 a dimen-
sionless parameter. The contribution of the i th fibers family
is disregarded from the potential when such family is com-
pressed, i.e., when I4

i < 1.
In particular, in the Holzapfel 2000 model [24] only two-

fiber families (i.e., N f = 2) are considered. Such fibers are
assumed diagonally arranged (i.e., β1 = −β2 = β) and
mechanically equivalent (i.e., a1 = a2 = a and b1 = b2 =
b).

In the Baek 2007 model [27] the number of fibers fam-
ilies is incremented to four (i.e., N f = 4). Precisely, two
of such fibers families are diagonally arranged and mechan-
ically equivalent as in Holzapfel 2000 model, whereas the
other two are supposed circumferentially and axially oriented
(i.e., β4 = 0° and β3 = 90°) with the same mechanical prop-
erties (i.e, a3 = a4 = a′ and b3 = b4 = b′).

The last two anisotropic strain-energy functions (i.e., the
model of Holzapfel et al. [25] and the one of Gasser et al.
[26]) improve the previous mentioned Holzapfel 2000 model
including informations on the fiber distribution.

In the Holzapfel 2005 model [25], the anisotropic part
Waniso takes the form:

Waniso = a

2b

∑
i=1,2

{
exp

[
b
{
(1−ρ)(I1−3)2+ρ(I4

i −1)2}]−1
}
,

(22)
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with ρ ∈ [0, 1] a weighting factor between the full isotropy
(ρ = 0) and the full fiber alignment (ρ = 1), which has not
structural correspondences.

On the contrary, in the Gasser 2006 model [26], the
anisotropic part Waniso is given by:

Waniso = a

2b

∑
i=1,2

{
exp

[
b(I〈4〉i − 1)2] − 1

}
,

I〈4〉i = C : [
κI + (1 − 3κ)ai

0 ⊗ ai
0

]
, (23)

with κ ∈ [0, 1/3] the fiber distribution parameter to see in an
integral sense [26]. The limits κ = 0 and κ = 1/3 correspond
to full fiber alignment (no dispersion) and to full isotropy.

It should be noted that in the Gasser 2006 model the distri-
bution parameter, κ , derive from a structure tensor approach
[46] wherein a von Mises function is assumed for modeling
fiber splay. On the contrary, in the Holzapel 2005 model the
distribution parameter, ρ, is only an additional scalar coeffi-
cients to weight the dependence on both invariants I1 and I4.
However, for a detailed comparison of both the models [25]
and [26], we suggest the reader to refer to the review work
of Holzapfel and Ogden [47].

2.3.3 Model Prediction of Cauchy Stresses
and Extension/Inflation Loads

Once the strain-energy function W is given, we can compute
the Cauchy stresses in terms of W using Eq. (15). For axial-
symmetric deformations and either isotropic or orthotropic
materials, the tangential stresses are not present. Hence,
the normal stresses become the principal ones. Following
[24] and along with the assumption of incompressibility, the
expression of the principal stresses σrr , σθθ and σzz take the
following form:

σrr = −p + λr
∂W

∂λr
, σθθ = −p + λθ

∂W

∂λθ

,

σzz = −p + λz
∂W

∂λz
. (24)

Substituting Eq. (24) in Eq. (12) and Eq. (14), we can
express the internal pressure Pi and the axial force Fz in
terms of W , respectively, as follows:

Pi =
ro∫

ri

[
λθ

∂W

∂λθ

− λr
∂W

∂λr

]
dr

r
,

Fz = π

ro∫
ri

[
2λz

∂W

∂λz
− λθ

∂W

∂λθ

− λr
∂W

∂λr

]
rdr . (25)

Equation (25) defines the model prediction loads to be
used in the optimization procedure.

Subtracting Eq. (24)1 from Eq. (24)2 and from Eq. (24)3,
respectively, we can eliminate the Lagrange multiplier p and
write the stress differences σθθ −σrr and σzz −σrr as follows:

σθθ −σrr =λθ

∂W

∂λθ

−λr
∂W

∂λr
, σzz −σrr =λz

∂W

∂λz
−λr

∂W

∂λr
.

(26)

Finally, substituting the current radial stress (11) in
Eq. (26), we can obtain the current circumferential and axial
stresses to be used to compute the stress distribution through
the thickness.

3 Experimental Data

The experimental data of human common carotid arteries
reported in the work of Delfino [30] and Sommer et al. [32]
are used to calibrate the two isotropic and the four anisotropic
strain-energy functions under investigation. Both studies [30]
and [32] refer to extension/inflation tests, respectively, per-
formed in force-controlled and in stretch-controlled condi-
tions. For our calibrations, we consider the data on common
carotid arteries obtained digitizing the curves plotted in the
two works, i.e., in Figs. 4, 5, and 6 of [30] and in Fig. 5 of
[32], respectively. For the sake of completeness, the exper-
imental procedures adopted in the works [30] and [32] are
summarized in the following.

In the work of Delfino [30], the intact specimens of com-
mon carotid artery were loaded by an internal pressure Pi

(ranging from 0 to 24 kPa) at three fixed axial stretches
λz (equal to 1.05, 1.10 and 1.15). The tests were carried
out under force-controlled conditions, i.e., an axial force Fz

(changing with the pressure Pi ) was applied to held con-
stant the axial stretch λz during the test. After the exten-
sion/inflation procedures, the author estimated in the inter-
mediate configuration Ω∗ the inner and outer average radii
ρi = 3.1 mm and ρo = 4.0 mm (corresponding to a mea-
sured thickness η = 0.90 mm). After a radial cut, i.e., in the
reference configuration Ω0, the author measured an inner
radius Ri = 4.46 mm and an opening angle α = 100°. On
the contrary, the author assumed the reference thickness H
and the residual axial stretch λzres to be equal to the corre-
sponding values in the intermediate configuration Ω∗, i.e.,
0.9 mm and 1, respectively.

In the work of Sommer et al. [32], the intact specimens
of common carotid artery were initially pre-stretched (with
values of the initial axial stretch ranging from 1.0 to 1.3 in
increments of 0.05) and then loaded by an internal pressure
Pi (ranging from 0 to 33 kPa). The tests were carried out
under axial stretch-controlled conditions, i.e., an axial force
Fz (corresponding to each initial axial stretch) was applied
and held constant during the test. After the extension/inflation
procedures, the authors estimated in the intermediate con-
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How Constitutive Model Complexity 279

figuration Ω∗ the average radii ρi = 2.98 mm and ρo =
4.15 mm (corresponding to a thickness η = 1.17 mm). After
a radial cut, i.e., in the reference configuration Ω0,the author
measured an inner radial curvature κRi = 0.232 mm−1 (cor-
responding to Ri = 4.31 mm) and an inner axial curvature
κZi = −0.110 mm−1.

In the work [32], we have not found a directly expressed
measure of the thickness H , of the axial residual stretch λzres

and of the opening angle α for the intact wall of the inves-
tigated common carotid arteries. Accordingly, the reference
configuration and the residual stresses field are not uniquely
identified.In order to overcome this issue, we can precede
according to two different approaches. Following [30], we
can set the reference thickness H and the residual axial
stretch λzres to be equal to the corresponding values in the
intermediate configuration Ω∗, i.e., 1.17 mm and 1, respec-
tively. Then, we can compute the opening angle α imposing
that the volume V0 in the reference configuration Ω0 is equal
to the volume V ∗ in the intermediate configuration Ω∗. The
solution of such equation leads to α = 81.0°. Alternatively
and in dealing with the idea of no assumptions on H , λzres ,
and α, the unknown geometrical/residual parameters may be
computed together with the material parameters through the
optimization procedure. In this work, we adopt the second
approach, following the methodology proposed by Stalhand
et al. [48,49].

4 Material Parameter Identification

In this section we present the optimization procedure adopted
to identify the best-fitting material parameters of a given
strain-energy function W with respect to a given experimen-
tal data set.

In order to apply the optimization procedure, we define
an objective function χ2 as the sum of squared differences
between the experimental measurements and the related
model prediction variables.

Focusing on the extension/inflation test, the measured
quantities are the internal pressure Pexp

i and the axial force
Fexp

z , where the superscript exp stands for experiment. The
predicted internal pressure Pmod

i and axial force Fmod
z , are

computed by using Eq. (12) and Eq. (14), respectively, where
the superscript mod stands for model. Since the experimen-
tal tests of Delfino [30] and Sommer et al. [32] were carried
out with different protocols (i.e., force-controlled testing and
axial stretch-controlled testing, respectively), we consider for
each case a different expression of the objective function as
explained in the following.

– Experimental data of Delfino [30]. In this case, the
unknown quantities κ are the only material parameters
involved in the expression of W . Since the experimental

results are presented as pressure and axial force vs. inner
radius, the objective function χ2 is written as the square
sum of the residuals of both pressure and axial force:

χ2(κ) = w2
P

N∑
a=1

[
Pi,

mod
a − Pi,

exp
a

]2

+ w2
F

N∑
a=1

[
Fz,

mod
a − Fz,

exp
a

]2
, (27)

with N the number of data points.Since the experimental
values of the axial force are an order of magnitude smaller
than those of the pressure, we introduce the weighting
factors wP and wF to scale properly the two residual
terms, so that such terms equally affect the minimiza-
tion procedure. In this work, wP and wF are set to the
mean value of experimental pressure and axial force data,
respectively.

– Experimental data of Sommer et al. [32]. In this case, the
unknown quantities κ are the material parameters of W
as well as the geometrical/residual parameters H , λzres

and α. Since the axial force is held constant during the
tests, the experimental results are presented as pressure
vs. both the circumferential and axial stretches. It follows
that the objective function χ2 is written as the square sum
of the only pressure term:

χ2(κ) =
N∑

a=1

[
Pi,

mod
a − Pi,

exp
a

]2
. (28)

Clearly, this form does not provide any control on the
axial force so that a proper term should be included to
penalize the deviation from a constant trend of the axial
force. Following [49], the additional term is set equal
to the square sum of the difference between consecu-
tive values of the model prediction axial force. Then, the
objective function χ2 takes the following form:

χ2(κ) =
N∑

a=1

[
Pi,

mod
a − Pi,

exp
a

]2

+ εF

N∑
a=2

[
Fz,

mod
a − Fz,

mod
a−1

]2
, (29)

with εF a penalty parameter representing a trade-off
between an appropriate pressure fitting and the axial force
constraints. In our computations, we respect this compro-
mise setting εF = 0.1.
Since the geometrical/residual parameters are also com-
puted via the optimization procedure, some constraints
should be imposed to preserve specific deformation con-
ditions. Following [49,50], we impose an equal constraint
to preserve the constant volume to the map between the
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reference and the intermediate configuration, Ω∗ and Ω0.
Following [32], we relate the axial residual stretch λzres

to the thickness H via the equation λzres = 1 − κZi H ,
with the axial curvature κZi measured.

Defined the objective function χ2 as in (27) or (29),
depending on the adopted experimental data, the minimiza-
tion problem becomes:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min
κ

χ2 (κ) ,

subjected to: κ ∈ K ,

V0 = V ∗,
λzres = 1 − κZi H,

(30)

with K ={κ : κ− ≤ κ ≤ κ+} the solutions space and κ− and
κ+ the lower and upper bounds for the material parameters.
In our computation, no particular restrictions are imposed
on the unknown parameters except those necessary to define
the domain of W and discard non-physical/histological solu-
tions. For example, when two-layers structure of the arter-
ial model is considered, we impose box bounds on the ori-
entation angle β to obtain collagen fibers closer to the cir-
cumferential direction in the media (β+ = 45°) and to the
axial direction in the adventitia (β− = 45 ° and β+ = 90°)
[51,52]. Regarding the geometrical/residual parameters, we
set H− = 1.17 mm, λ−

zres
= 1 and α− = 0°.

The minimization problem (30) has been solved using the
MultiStart solver available in the Global Optimization Tool-
box of Matlab R2011 (The MathWorks, Inc., Natick, MA,
U.S.A.), which gives the possibility to use multiple starting
values randomly generated within the solution space K . As
local solver, we choose the standard function lsqcurvefit to
solve the no constraint problem and the standard function
fmincon to solve the constraint problem. Both the functions
are available in the Matlab Optimization Toolbox and are
based on the trust-region-reflective method. The iterations
of the considered algorithm can stop when: (i) a maximum
number of iterations, Max I ter , is performed; (ii) the New-
ton incremental step becomes smaller than a fixed threshold
value, T ol X ; (iii) the infinity norm of the estimated gradient
of χ2 is smaller than a fixed threshold value, T ol Fun. Fol-
lowing [55], in our computations, we also test the sensitivity
of the optimal procedure to changes in the values of numeri-
cal tolerances T ol X and T ol Fun as well as in the number of
starting values. For this purpose, we consider the following
numerical setting combinations:

NumSet − 1 : T ol X =10−2 T ol Fun =10−2 n =50,

NumSet − 2 : T ol X =10−4 T ol Fun =10−4 n =50,

NumSet−3 : T ol X =10−2 T ol Fun =10−2 n =200.

Finally, the quality of the optimal solution is validated
computing two proper error measures. Following Holzapfel

et al. [25], the first adopted error measures is the root mean
square error RMSE:

RMSE =
√

χ2

N − q
, (31)

with q the number of parameters and N the number of data
points. Following Baek et al. [27], the second error measure
is given by:

e = 1

2

√√√√∑N
a=1

(
Pi,

mod
a − Pi,

exp
a

)2

∑N
a=1

(
Pi,

exp
a

)2 +1

2

√√√√∑N
a=1

(
Fz,

mod
a − Fz,

exp
a

)2

∑N
a=1

(
Fz,

exp
a

)2 .

(32)

5 Results

In this section we present the results of the fitting procedure
obtained for each considered constitutive model and for each
considered set of experimental data. The section is subdi-
vided in two main parts: one related to the data of Delfino [30]
and the other one to those of Sommer et al. [32]. Each part
is again subdivided in three subsections. The first two sub-
sections summarize the fitting results obtained by using the
considered strain-energy functions and assuming the arterial
wall to be a one-layer and two-layers thick-wall tube, respec-
tively. In the third subsection, the residual stresses effects on
the stress/strain distributions are investigate for both cases.

5.1 Fitting Results on Delfino [30] Data

5.1.1 One-Layer Thick Wall Tube

We start our investigation by considering the one-layer rep-
resentation of the arterial wall modeled with the isotropic
strain-energy functions of Demiray [18] and Harinton [29]; as
well as the anisotropic strain-energy functions of Holzapfel
et al. [24], Baek et al. [27], Holzapfel et al. [25] and Gasser
et al. [26].

Isotropic strain-energy functions

The optimal solutions related to the strain-energy function
of Demiray [18] and to the strain-energy functions of Harin-
ton [29] are listed in Table 3. For both cases, the optimization
procedure leads to a global minimum and the convergence to
the optimal solution is not affect by the different numerical
setting. The plots in Fig. 2 show that the experimental data
are captured quite well even though the considered strain-
energy functions are isotropic and the human carotid tissue
is anisotropic. It is worth noting that our results are practi-
cally equal to those obtained previously by Delfino [30] and
Harinton [29] validating the approach used in this study. The
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Table 3 Experimental data of Delfino et al. [30] fitted using isotropic strain-energy functions

W Material parameters RMSE e

c (kPa) c1 (kPa) c2 (−)

Demiray 1972∗ − 46.7 15.7 0.0988 0.0802

Harinton 2007∗∗ 35.3 309.8 10.3 0.0976 0.0791

* Delfino et al. [30] obtained c1 = 44.2 kPa and c2 = 15.7
** Harinton [29] obtained c = 36.3 kPa, c1 = 306.5 kPa and c2 = 11.6

Fig. 2 Experimental data of
Delfino [30] (symbol curves)
fitted using the isotropic
strain-energy functions of
Demiray [18] (solid curves) and
of Harinton [29] (dashed
curves). a Plot of pressure vs.
inner radius; b Plot of axial
force vs. inner radius for the
three axial stretches λz = 1.05,
1.10 and 1.15
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very small difference detected in the values of the mater-
ial coefficients may be due to the digitization of the curves
plotted in [30] and [29].

Anisotropic strain-energy functions

The fitting results have evidenced different fitting capa-
bility and different sensitivity to changes in the numerical
setting. Consequently, for readability purposes, we list sep-
arately the results of each strain-energy function.

– Holzapfel 2000 model [24]. For the different numerical
setting, the MultiStart solver converges always to the
same solution which is regarded as a global rather than a
local minimum. The obtained set of material parameters
is reported in Table 4. The found angle β = 45.5° seems
to be reasonable if it is thought as the mean value of the
fiber orientations in the media and adventitia layers. In

contrast to the results obtained with the isotropic strain-
energy functions, the fit quality is worse in all range of
pressure as shown in Fig. 3a and confirmed by the higher
error measures than the two isotropic cases.

– Holzapfel 2005 model [25]. For the different numerical
setting, the MultiStart solver converges to the solution
reported in Table 4 which may be regarded as a global
minimum. Although the predicted curves capture quite
well the trend of the data as shown in Fig. 3b and the
error measures are lower than the previous mentioned
cases, this set of material parameters has not histolog-
ical correspondences. In fact, for β = 90° the optimal
solution represents a material with only one family of
fibers perfectly aligned to the axial direction. However,
the obtained value ρ = 0 indicates that the fibers con-
tribution is discarded, reducing the constitutive model to
its isotropic form.

Table 4 Experimental data of Delfino et al. [30] fitted using two-fiber anisotropic strain-energy functions

W N f Material parameters RMSE e

c (kPa) a (kPa) b (–) β (°) ρ/κ (−)

Holzapfel 2000 2 34.2 10.9 28.3 45.5 – 0.2577 0.1458

Holzapfel 2005 2 15.9 158.3 9.8 90.0 0.000 0.1349 0.0755

Gasser 2006 2 24.9 851.5 179.3 47.3 0.333 0.2098 0.1180
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Fig. 3 Experimental data of Delfino [30] (symbol curves) fitted using the two-fiber strain-energy functions of: a Holzapfel et al. [24]; b Holzapfel
et al. [25]; and c Gasser et al. [26] (solid curves). Plots of pressure and axial force vs. inner radius for the three axial stretches λz = 1.05, 1.10 and
1.15

– Gasser 2006 model [26]. In contrast to the strain-energy
functions mentioned above, the Gasser 2006 model
proves to be sensitive to changes in the numerical toler-
ance and the number of starting values. For the NumSet-1,
the MultiStart solver generates six distinct solutions with
decreasing values of the objective function χ2. The solu-
tion with the lowest value of the objective function is
reported in Table 4 and the predict responses are plot-
ted in Fig. 3c. Moreover, such solutions correspond to
a different fiber architecture. In fact, the first five solu-
tions recover κ = 0.333 which evidences a full isotropy,
whereas the last solution recovers κ = 0.0 which evi-
dences a full fiber alignment. Repeating the estimation
procedure for the other two numerical setting (NumSet-
2, NumSet-3) other multiple local solutions are found.

– Baek et al. model [27]. For the different numerical set-
ting, the MultiStart solver converges to the optimal solu-
tion reported in Table 5 which may be regarded as a global
minimum. Again, we find for the diagonal fibers an orien-
tation angle equal to 45° as in the Holzapfel 2000 model.

The error measures in Table 5 as well as the curves plot-
ted in Fig. 4 show that the fit quality improves using
four-fiber families rather than two-fiber families.

5.1.2 Two-Layers Thick-Wall Tube

In this section, we consider the arterial wall to be a thick-wall
tube with two-layers: the media-intima M I (internal layer)
and the adventitia A (outer layer). Since the experimental
data of Delfino [30] refer to the intact wall, we assume the
media and adventitia layers take up the 2/3 and 1/3 of the
wall thickness, respectively [39]. For each layer, we adopt the
same expression of the strain-energy function but different
sets of material parameters. For lack of experimental data,
the simultaneous material parameters identification in both
the media and adventitia is performed using the experimental
curves of the intact wall.

In contrast to the previous subsection, we reduce the field
of our investigations to the only strain-energy function of
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Table 5 Experimental data of Delfino et al. [30] fitted using four-fibers anisotropic strain-energy functions

W N f Material parameters RMSE e

c (kPa) a (kPa) b (–) β (°) ā (kPa) b̄ (–)

Baek 2007 4 0.1 39.0 16.1 45.1 23.0 2.7 0.1251 0.0695

Fig. 4 Experimental data of
Delfino [30] fitted using the
four-fibers strain-energy
fubction of Baek et al. [27]. a
Plot of pressure vs. inner radius;
and b plot of axial force vs.
inner radius for the three axial
stretches λz = 1.05, 1.10 and
1.15
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Holzapfel et al. [24]. On one hand, this potential has the
lowest number of material parameters, so that we avoid the
problems related to the identification of a large number of
coefficients. On the other hand, this potential has provided
the highest error measures with the one-layer thick-wall tube
assumption, so that we want to check the possible improve-
ments on the fitting quality using the two-layers thick-wall
tube assumption.

Anisotropic strain-energy functions

– Holzapfel 2000 model [24]. For the different numerical
setting, the MultiStart solver converges to the solution
reported in Table 6. The found values of fibers angle in
each layer respect the imposed box bounds. The corre-
sponding mean value is equal to 45°, confirming that the
angle β = 45° obtained with the one-layer model reflects
the overall fibers orientation in the arterial wall. The error
measures in Table 6 and the predict responses plotted in
Fig. 5 highlight that the fit quality improves the predictive
capability of the Holzapfel 2000 model using a two-layers
rather than one-layer structure.

5.1.3 Stress Distributions Through the Thickness Wall

Using the best-fit material parameters, we compute the stress
distributions at Pi = 13.33 kPa (physiological state) for

the three axial stretches λz = 1.05, λz = 1.10 and λz =
1.15.In order to evidence the effect of residual stresses on
the stress distribution, we perform the computations with
α = 0.0° (no residual stresses) and α = 100.0° (residual
stresses included). Representative examples of stress distri-
butions are plotted for the one-layer thick-wall tube in Fig. 6
and for the two-layer thick-wall tube in Fig. 7. Such examples
refer to the axial stretch λz = 1.05.

Although the residual stresses are very low, see Figs. 6c
and 7c, their influence on the stress distribution is substan-
tial. In fact, without residual stresses (α = 0.0°), the curves
are non-linear and monotonically decreasing with the radius.
When residual stresses are included (α = 100.0°), the high
stress concentration at inner radius is reduced. In particular,
for the specified value α = 100.0°, the curves become linear
with similar slopes and monotonically increasing with the
radius, i.e., a reversal of the stress trend is evidenced.

For the case with two layers having different material
properties, a discontinuity in the values of circumferential
and axial stresses takes place at the layer interface. If we com-
pare the stresses in the two layers, we observe that the higher
values take place in the media-intima (inner layer) than in the
adventitia (outer layer). This occurrence results from the dif-
ferent values of material parameters in each layer.Inside the
media-intima, the stress distribution reflects the same trend
obtained in the one-layer case which is non-linear monoton-
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Table 6 Experimental data of Delfino et al. [30] fitted using the strain-energy function of Holzapfel et al. [24] and with the two-layers assumption

W Layer Material parameters RMSE e

c (kPa) a (kPa) b (−) β (°)

Holzapfel 2000 MI 27.4 20.4 20.0 36.1 0.1572 0.0869

A 0.01 39.7 19.1 54.7

Fig. 5 Experimental data of
[30] fitted using the
strain-energy function of
Holzapfel et al. [24] with the
assumption of two-layers
thick-wall tube. a Plot of
pressure vs. inner radius; and b
plot of axial force vs. inner
radius for the three axial
stretches λz = 1.05, 1.10 and
1.15, respectively
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Fig. 6 Cauchy stresses through the wall thickness at Pi = 13.33 kPa and λz = 1.05 for a α = 0.0◦ and b α = 100.0◦. c Residual stresses. The
results are obtained using the strain-energy function of Holzapfel et al. [24] and the one-layer thick-walled tube assumption

ically decreasing for α = 0.0°, and linear monotonically
increasing for α = 100.0°. On the contrary, inside the adven-
titia the stress profile is closer to be uniform for both cases
α = 0.0° and α = 100.0°.

Finally, we also investigate how the value of the axial
stretch stress affects the stress distribution. In all the consid-
ered cases, we have observed that an increment of λz induces
a shift upwards of σzz and a shift downwards of σθθ whereas

does not affect the radial stresses σrr (the results are not plot-
ted here).

Figure 8 plots the stretch distributions for both cases
α = 100°(with residual stresses) and α = 0°(without
residual stresses), highlighting that at Pi = 13.33 kPa the
circumferential stretch λθ becomes constant through the
thickness when residual stresses are included in the arterial
model.
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(a) Cauchy stresses (b) Cauchy stresses (c) Residual stresses
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Fig. 7 Cauchy stresses through the wall thickness at Pi = 13.33 kPa and λz = 1.05 for a α = 0.0◦ and b α = 100.0◦, respectively. c Residual
stresses. The results are obtained for the constitutive models of Holzapfel et al. [24] with the two-layers thick-walled tube assumption

Fig. 8 Radial, circumferential
and axial stretches through the
thickness at Pi = 13.33 kPa and
λz = 1.05. The results are
obtained for the constitutive
models of Holzapfel et al. [24]
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5.2 Fitting Results on Sommer et al. [32] Data

Similarly to the previous section, here, we investigate the
fitting capability of the considered strain-energy functions
with respect to the experimental data of Sommer et al. [32],
distinguishing again the case of one-layer and two-layers
thick-wall tube.

5.2.1 One-Layer Thick Wall Tube

With respect to the one-layer thick walled tube assumption,
the arterial tissue is modeled using (i) the isotropic strain-
energy functions of Demiray [18] and Harinton [29]; and
(ii) the anisotropic strain-energy functions of Holzapfel et
al. [24], Holzapfel et al. [25], Gasser et al. [26] and Baek

et al. [27]. In contrast to the results obtained in the previous
section, the isotropic strain-energy functions are not able to
fit the experimental data of Sommer et al. [32] so that such
results are not reported here, but only the ones corresponding
the considered anisotropic strain-energy functions.

Anisotropic strain-energy functions

– The anisotropic Holzapfel 2000 model [24] and Holzapfel
2005 model [25] have evidenced no sensitivity to changes
in the numerical setting. The fitting results summarized
in Table 7 highlight that the two solutions correspond to
the same fibers organization and mechanical behavior. In
fact, the obtained value ρ = 0.97 indicates fibers strongly
aligned to the main direction, i.e., the Holzapfel 2005
model reduces to the Holzapfel 2000 model. It should be
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Table 7 Experimental data of Sommer et al. [32] fitted using the two-fiber anisotropic strain-energy functions

W N f Material and geometrical/residual parameters RMSE e

c (kPa) a (kPa) b (−) β (°) ρ (−)∗ H (mm) λzres(−) α (°)

Holzapfel 2000 2 26.5 20.9 56.5 24.9 − 1.17 1.06 80.9 1.1578 0.0332

Holzapfel 2005∗∗ 2 26.6 20.9 56.5 24.9 0.97 1.17 1.06 80.9 1.1982 0.0332

Gasser 2006 2 27.9 28.6 53.3 24.8 0.03 1.17 1.06 80.9 1.1599 0.0321

*κ (−) for the Gasser 2006 model
** Sommer [32] obtained c = 27.4 kPa, a = 13.0 kPa, b = 91.5, β = 26.1° and ρ = 0.9

noted that the obtained material parameters are similar
to those found by Sommer and Holzapfel [53] validating
the approach used in this study. The differences detected,
especially for the coefficients a and b, may be due to the
digitization of the curves plotted in [32] and to the com-
putations of the reference configuration via the optimiza-
tion procedure. The model predicted curves (pressure vs.
stretches) are plotted in Fig. 9 for the four different value
of axial force identified by the corresponding axial pre-
stretch λz = 1.00, 1.05, 1.10 and 1.15. The experimental
data are captured well at the high pressures, whereas it is
not the same at the low pressure values wherein a right
shift takes place.

– Gasser 2006 model [26]. In contrast to the two strain-
energy functions mentioned above, the Gasser 2006
model proves to be sensitive to the numerical tolerance
and to the number of starting values. For the NumSet-
1, the MultiStart solver generates nine distinct solu-
tions with decreasing value of the objective function χ2.
Repeating the estimation procedure for the other two
numerical setting (NumSet-2, NumSet-3) other multiple
local solutions are found. The solution with the lowest
value of the objective function is reported in Table 7 and
the corresponding predict responses are plotted in Fig. 9.

It should be noted that the multiple solutions correspond
to different fiber architectures. In fact, the first solution
provides a value of κ near to zero (full fibers alignment).
Such value increases progressively for the other solutions
until to reach κ = 0.333 (full isotropy). The results are
not presented here. Finally, we also note that the first
solution is in agreement with those obtained with the
Holzapfel 2000 model and the Holzapfel 2005 model.

– Baeck 2007 model [27]. For the different numerical set-
ting the MultiStart solver converges always to the same
solution reported in Table 8, which may be regarded as
a global minimum. A closer inspection of the table high-
lights that the stress-like parameter a′ (related to the cir-
cumferential and axial fibers) is equal to zero, i.e., the
contribution to the mechanical behavior of such fibers
is disregarded and the Baek 2007 model reduces to the
Holzapfel 2000 model.

Relatively to the geometrical/residual parameters, we note
that the same values of H , λzres and α are recovered by
each model, and that such values are equal to those obtained
bypassing the fitting procedure as previously mentioned in
Sect. 3.

Fig. 9 Experimental data of
Sommer et al. [32] fitted using
the strain-energy function of
Holzapfel et al. [24] with the
assumption of one-layer
thick-wall tube. a Plot of
pressure vs. circumferential
stretch; and b plot of pressure
vs. axial stretch
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Table 8 Experimental data of Sommer et al. [32] fitted using the four-fibers anisotropic strain-energy function

W N f Material and geometrical/residual parameters RMSE e

c (kPa) a (kPa) b (−) β (°) a′ (kPa) b′ (−) H (mm) λzres(−) α (°)

Baek 2007 4 26.5 20.0 55.5 25.4 0.00 4.6 1.17 1.06 80.6 1.2075 0.0332

5.2.2 Two-Layers Thick Wall Tube

In this section, we consider the arterial wall to be a thick-wall
tube with two-layers: the media-intima M I (internal layer)
and the adventitia A (outer layer). As reported in [32], we
set the thickness for the media and the adventitia layer to
0.70 mm and 0.47 mm, respectively, and we assume λzres =
1.06 and α = 80.9° as computed in the previous section.
It follows that the only material parameters are computed
through the optimization procedure.

For each layer, we adopt the same expression of the strain-
energy function but different sets of material parameters.
Although [32] provides experimental data for the media-
intima and adventitia, we identify the two set of material
parameters using the experimental curves of the only intact
wall as done for the [30] data. Again, although [32] also
provides residual data for each layer, we assume the same
opening angle and the same axial pre-stretch in the the media-
intima and adventitia. Finally, as done for the Delfino [30]
data, we reduce the field of our investigations to the only
strain-energy function of Holzapfel et al. [24].

Anisotropic strain-energy functions

– Holzapfel 2000 model [24].
The optimal solution is reported in Table 9 whereas
the model prediction responses are plotted in Fig. 10.
Although the optimization procedure is performed using
only the data of the intact wall, the predictive capabil-
ity of the Holzapfel 2000 model improves using two-
layers rather than one, as evidenced quantitatively by the
error measures and qualitatively by the model prediction
curves. In fact, in contrast to the one-layer case, the exper-
imental curves are captured well in all range of pressures
using a two-layers strtucture.

5.2.3 Stress Distributions Through the Thickness Wall

Using the best-fit material parameters, we compute the
stress distributions at Pi = 13.33 kPa (physiological state)
for the axial forces corresponding to the four axial pre-
stretches λz = 1.0, 1.05, 1.10 and 1.15. In order to evi-
dence the effect of residual stresses on the stress distribu-
tion, we perform the computations with α = 0.0° (no resid-
ual stresses) and α = 80.0° (residual stresses included).
Representative examples of stress distributions are plot-
ted for the one-layer thick-wall tube in Fig. 11 and for
the two-layer thick-wall tube in Fig. 12. Such examples
refer to the force corresponding to the axial pre-stretch
λz = 1.05.

As for the Delfino [30] data, we assist to a reduction of
the higher stresses manifested at the inner radius in absence
of residual stresses. On the contrary, although a flattening
of such stresses occurs, we do not assist to a reversal of the
circumferential and axial stress distribution for the opening
angle α = 80.9°.

For the case with two layers, a discontinuity in the values
of circumferential and axial takes place at the layer interface.

If we compare the stresses in the two layers, we observe
higher values in the adventitia (outer layer) than in the
media-intima (inner layer), with exception the circumferen-
tial stresses at the inner radius zone for α = 0°, see Fig. 12a
and b.

6 Discussion

In the present study, we investigate how the complexity of a
constitutive model can affect and/or improve the capability
to fit human carotid experimental data.

On one hand, regarding constitutive modeling, we con-
sider the two isotropic strain-energy functions proposed

Table 9 Experimental data of sommer et al. [32] fitted using the strain-energy function of Holzapfel et al. [24] and with the two-layers assumption

W Layer Material parameters RMSE e

c (kPa) a (kPa) b (–) β (◦)

Holzapfel 2000 MI 0.6 24.8 61.4 4.5 0.5326 0.0154

A 64.6 14.8 44.4 47.4
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Fig. 10 Experimental data of
Sommer et al. [32] fitted using
the strain-energy function of
Holzapfel et al. [24] with the
assumption of two-layers
thick-wall tube. a Plot of
pressure vs. inner radius; and b
plot of axial force vs. inner
radius for the three axial
stretches λz = 1.05, 1.10 and
1.15, respectively
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Fig. 11 Cauchy stresses through the wall thickness at Pi = 13.33 kPa for the axial pre-stretches λz = 1.05 and for: a α = 80◦, and b α = 0◦. c
Residual stresses. The results are obtained using the strain-energy funxtion of Holzapfel et al. [24] and the one-layer thick-walled tube assumption

by Demiray [18] and Harinton [29] as well as the four
anisotropic strain-energy functions proposed, respectively,
by Holzapfel et al. [24], Baek et al. [27], Holzapfel et al.
[25] and Gasser et al. [26] for which the only structural tis-
sue information is the collagen fibers architecture. On the
other hand, regarding the experimental data, we consider
the extension/inflation results reported on both experimental
works of Delfino [30] and Sommer [54]. The intent toward
extension/inflation tests comes from the fact that such tests
preserve the native geometry of the artery and close repro-
duce the in-vivo loading conditions. In our investigations, we
also assume the arterial wall as a thick-wall cylindrical tube
to incorporate the important features of multi-layer structure
and residual stresses and then, to evaluate their effects on the
predicted mechanical response and on the stress distribution
through the thickness.

The good quality of the found optimal solutions is
validated quantitatively computing proper error measures
[25,27] and comparing the related model prediction curves.
Following [55], any sensitivity of the optimal solution to
changes in the values of tolerance, number of start values
and number of iterations is also evaluated.

In the following, we briefly discuss the results obtained
from the fitting procedure performed for each considered
model and with respect to both the data of Delfino [30] and
of Sommer [54]. Subsequently, we present some notes on the
research of local and global minima through the MultiStart
solver with a focus on the models for which more local min-
ima occur. Then, we discuss the substantial dependence of
the stress distribution through the thickness on the residual
stresses and on the multi-layer structure of the arterial wall.
Finally, we evidence some limitations of the present study.
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Fig. 12 Cauchy stresses through the wall thickness at Pi = 13.33 kPa for the axial pre-stretches λz = 1.05 and for: a α = 80◦ and b α = 0◦,
respectively. c Residual stresses. The results are obtained using the strain-energy function of Holzapfel et al. [24] and the two-layer thick-walled
tube assumption

– Fitting results on the experimental data of Delfino [30]
Relatively to the experimental data of Delfino [30], the
two isotropic strain-energy functions in conjuction with
the one-layer structure assumption provide a good agree-
ment with the experimental data although such data cor-
respond to a typical anisotropic tissue. On the contrary,
with our surprise, the Holzapfel 2000 model [24] with
two-fiber families produces a poor fit. On the other hand,
the fitting quality slightly improves using the Holzapfel
2005 model [25] and the Gasser 2006 model [26], which
include a fiber distribution parameter. However, such an
improvement is due to the fact that the two models reduce
through the optimization procedure to theirs respective
isotropic forms.
In other words, although it is well-known that the carotid
tissue is anisotropic, it seems that the data of Delfino [30]
on intact human carotids highlights an overall mechanical
response of isotropic type.From the fitting point of view,
such a result could be acceptable although not justified by
histological and mechanical evidences. Accordingly, we
argue that the assumptions of one-layer thick-wall tube
and two-fiber families (with or without dispersion) are
not sufficient to provide reasonable solutions for these
specific experimental data.
On the contrary, using a one-layer thick-wall tube rein-
forced by four-fiber families as well as a two-layers thick-
wall tube reinforced by two-fiber families, the error mea-
sures decrease and the trend of the data is captured quite
well considering. In particular, the model with one-layer
and four-fiber families achieves lower errors than the
model with two-layers and two-fibers. Such a difference
can be attributed to the greater number of material para-

meters for the model with two-layers and to the fact that
the experimental data of Delfino [30] refer only to the
intact carotid wall, and thus could not be exhaustive for
the two-layers wall assumption.
Finally, we recall that all calibrations executed with the
one-layer assumption have provided (for the diagonally
orientated fibers) an angle β close to 45°, indicating an
overall symmetrical fibers arrangement with respect to
both the circumferential and longitudinal directions.Such
a result is confirmed by the one obtained with the two-
layers assumption. In fact, the mean value between the
media and adventitia fiber angles is very close to 45°.

– Fitting results on the experimental data of Sommer et al.
[32]
Relatively to the experimental data of Sommer et al. [32],
the two isotropic strain-energy functions are not able to
provide reasonable fit to data and then to characterize the
overall carotid mechanical behavior. On the contrary, the
four investigated anisotropic strain-energy functions cap-
ture quite well the considered extension/inflation data,
providing the same optimal solution as well as the same
good fit to the data.
However, our computations evidence a different predic-
tive capability of the Holzapfel 2005 model [25] and
Gasser 2006 model [26]). In fact, when the fiber dis-
tribution is very low (i.e., for ρ ≈ 0.97 and κ ≈ 0.03,
respectively, as occur for the data of Sommer et al. [32]),
such models provide a reliable optimal solution.On the
contrary, when the fiber distribution is very high (i.e.,
for ρ ≈ 0 and κ ≈ 1/3, respectively, as occur for the
data of Delfino [30]), the optimal solutions have no his-
tological correspondences. It should be noted that such
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results are in agreement with the range of angular distrib-
utions suggested recently by Cortes et al. [56], according
to which the mechanical behavior of an anisotropic tis-
sue with high fibers dispersion is not captured well by
models incorporating such a dispersion with structural
approaches.
Finally, we recall that for the data of Sommer et al. [32],
the optimization procedures is applied to both material
parameters and to some geometrical/residual data (i.e.,
the reference thickness H , the axial residual stretch λzres

and the opening angle α). Proper box-bounds and equal
constraints are used in the minimization in order to avoid
non-physical/histological solutions, to preserve specific
deformation conditions (such as constant volume, con-
stant axial force) and to prescribe a specific relationship
for the axial residual stretch.

– Local and global minima
For both experimental data of Delfino [30] and Sommer et
al. [32], all constitutive models (with the only exception
for the Gasser 2006 model [26]) converges to a single
optimal solution and such convergence is not affect by
the levels of accuracy required by the optimization pro-
cedure (i.e., tolerances, maximum number of start values
and number of iterations). This result evidences that for
such models the optimal set of material parameters repre-
sents a global minimum for the corresponding objective
function.On the contrary, the Gasser 2006 model [26]
provides more local solutions whose number and val-
ues change with the levels of accuracy required by the
optimization procedure. In addition, such local minima
correspond to different fibers architecture (i.e., full fiber
dispersion and full fiber alignment).

– Stress distributions through the thickness wall
For both experimental data of Delfino [30] and Sommer
et al. [32], our results confirm the positive effects of the
residual stresses on the distribution of circumferential
and axial stresses through the thickness [21,34,38]. In
fact, residual stresses reduce the high stresses concen-
tration at the inner radius and induce an almost uniform
distribution takes place across the wall.
In absence of residual stresses, such a distribution is
non-linear and monotonically decreasing with the radius.
With residual stresses included, the stress distribution
become linear and can also be monotonically increasing.
We have also observed that such reversal in the trend of
the stress distribution depends on the value of the open-
ing angle α.In fact, we obtain a flattening of the stress
distribution for both the opening angle α = 100° (for
Delfino [30] data) and α = 80° (for Sommer [54] data),
but a change in the trend is manifested only for α = 100°.
The important role of the opening angle on the stress dis-
tribution has been discussed recently in the work of Wang
et al. [57], wherein the authors specify that a reversal

of the stress distribution can occur (at the physiological
state) for values of α higher than 90°.
Finally, we also evidence the dependence of the stress
distribution on any material inhomogeneity through the
thickness. In fact, a multi-layer structure changes the
assessment of the stresses in each layer and induces a
discontinuity at the layer interface with a stress jump
depending on the values of the material parameters of
each adjacent layer. In particular, we obtain stresses are
higher in the media-intima layer (inner layer) than in
the adventitia (outer layer) for the data of Delfino [30],
whereas an opposite result occurs for the data of Sommer
[54].

– Limitations
In the following, we evidence some limitations of the
present study related to the considered constitutive mod-
els as well as to the assumptions on the geometri-
cal/residual arterial model.
On one hand, with respect to constitutive models, we
have considered isotropic phenomenologically models
as well as structural-based models for which the col-
lagen fiber architecture is the only structural tissue infor-
mation. Regarding the structural-based models, colla-
gen fibers are assumed embedded in an isotropic non-
collageneous matrix and treated as a discrete number of
independent units or as continuum distributed units. In
view of improving the description of the arterial wall
mechanics, microstructural-based models which incor-
porate, for example, fiber-fiber interaction, fiber crimp
could be considered [58,59].
On the other hand, with respect to residual stresses, we
have assumed the same residual parameters (i.e., the
opening angle and the axial residual stretch) for the
media-intima and adventitia layers. In actual fact, it is
known that residual stresses are still present in such layers
after a single cut. In the context of human carotid arteries,
such occurrence has been evidenced in the experimental
work of Sommer et al. [32]. Hence, for a more realis-
tic arterial modeling, different residual parameters (mea-
sured histologically) should be used for the two layers. A
step forward in this direction has been made in the recent
constitutive modeling work of Sommer et al. [53]. With
respect to the multi-layer structure, we have simultane-
ously calibrated the set of material parameters of each
arterial layer, using the experimental data of the intact
wall. Clearly, more realistic capabilities of the multi-layer
model could be obtained using experimental data of the
intact wall in conjunction with the ones of each layer.

7 Conclusions

The ability to describe the mechanical response of human
carotid arteries is a crucial topic in the constitutive model-
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ing, which is a very active field of research continuously
increasing in the biomechanics area.

On one hand, the model should be able to give a good fit
over the range of experimental data as well as to provide a
realistic stress distribution in the arterial wall. Hence, models
taking into account histological, residual and mechanical evi-
dences on the human arterial wall are expected. On the other
hand, such models should ensure the uniquely of the optimal
set of material parameters via the optimization procedure.

In the present study, we have evidenced how the com-
plexity of a constitutive model can affect and/ or improve the
capability to fit experimental data of human carotid arteries
as well as how the optimal set of material parameters can
also depend on the levels of accuracy in the optimization
procedure in some cases.

The investigated isotropic phenomenological models have
evidenced a good capability to characterize the mechanical
behavior of arteries only if the overall response is of isotropic
type. On the contrary, the investigated structural invariant-
based model with two-fiber families (perfectly aligned) in
conjunction with a one-layer thick-walled tube are not able
to capture such a behavior.Again, the structural invariant-
based models including fiber distribution have evidenced a
low capability to characterize the mechanical behavior of tis-
sues with high fibers dispersion.Such unpleasant occurrences
are avoided using models with a more number of fibers and
more arterial layers. Finally, the inclusion of residual stresses
as well as the multi-layer organization on the arterial model
cannot be discarded to get a true stress distribution through-
out the arterial wall. Such informations could be important
to predict the onset and the progression of atherosclerotic
lesions, the rupture of aneurysms as well as the stress distri-
bution across the wall under angioplasty and stenting.

In conclusion, we hope that the present paper may be for
the readers a critical review of the considered arterial models
and a useful guideline for improving understanding of typical
problems occuring in fitting experimental data.
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