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We study the spectral approximation properties of finite element and NURBS spaces from a
global perspective. We focus on eigenfunction approximations and discover that the L2-
norm errors for finite element eigenfunctions exhibit pronounced ‘‘spikes’’ about the tran-
sition points between branches of the eigenvalue spectrum. This pathology is absent in
NURBS approximations. By way of the Pythagorean eigenvalue error theorem, we deter-
mine that the squares of the energy-norm errors of the eigenfunctions are the sums of
the eigenvalue errors and the squares of the L2-norm eigenfunction errors. The spurious
behavior of the higher eigenvalues for standard finite elements is well-known and there-
fore inherited by the energy-norm errors along with the spikes in the L2-norm of the eigen-
function errors. The eigenvalue pathology is absent for NURBS. The implications of these
results to the corresponding elliptic boundary-value problem and parabolic and hyperbolic
initial-value problems are discussed.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

We study the spectral approximation properties of finite elements and NURBS. Our work builds on earlier investigations,
namely, Cottrell et al. [7], Reali [16], Hughes et al. [13], and Evans and Hughes [9]. See also Cottrell et al. [6]. In these works,
we focused primarily on the approximations of eigenvalues from a global perspective. That is, we investigated a number of
modal problems and compared finite elements with NURBS in their ability to approximate eigenvalues for all modes. In the
case of [13], we also compared discrete wave number approximations for the Helmholtz equation. Our primary analytical
tool in these studies was discrete Fourier/von Neumann analysis (see [17]). Our main findings were that, per degree-of-free-
dom and for the same polynomial order p, NURBS were much more accurate than finite elements. With the exception of a
few ‘‘outlier’’ modes, in many cases the NURBS eigenvalues enjoyed almost spectral accuracy, and the so-called ‘‘optical’’
branches of finite element eigenvalue approximations diverged with p. This last fact was a surprising finding and one that
caused considerable interest and some consternation. A question that naturally arises is ‘‘What are the consequences of these
errors in the spectrum to various boundary- and initial-value problems?’’ An initial answer to this question, in the context of
the Helmholtz equation, was provided in [13], in which it was shown that in certain wave-number intervals propagating
waves become evanescent waves, a completely spurious phenomenon.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cma.2013.11.012&domain=pdf
http://dx.doi.org/10.1016/j.cma.2013.11.012
mailto:john.a.evans@colorado.edu
http://dx.doi.org/10.1016/j.cma.2013.11.012
http://www.sciencedirect.com/science/journal/00457825
http://www.elsevier.com/locate/cma


T.J.R. Hughes et al. / Comput. Methods Appl. Mech. Engrg. 272 (2014) 290–320 291
We approach this question more systematically herein. To that end we review the eigenvalue problem and its approxi-
mation by finite elements. We note that it has been well-known in engineering and mathematics circles that the higher
mode frequencies are poorly approximated (see, e.g., [12,18]). In fact, it is well-known that they are not approximated at
all. This is explicit in the standard finite element error estimates. However, in consideration of various boundary- and ini-
tial-value problems, the eigenvalue approximation is not the only issue. The eigenfunction approximation is fundamental
as well. The errors in the discrete approximations of linear boundary- and initial-value problems can be completely ex-
pressed in terms of the eigenvalue and eigenfunction errors of the corresponding eigenproblem using modal analysis tech-
niques. For this purpose we need to know the errors in the eigenvalues and the eigenfunctions for all the modes, again
necessitating a global analysis approach, in contrast with the standard asymptotic finite element error estimates which tell
us that the low modes are accurate and converge at specific rates. There is one very interesting result for the Galerkin for-
mulation of the eigenvalue problem that is global, that is, it pertains to each and every mode. We refer to it as the ‘‘Pythag-
orean eigenvalue error theorem’’; roughly speaking, it says that, for each mode, the error in the eigenvalue and the square of
the error in the eigenfunction (in say the L2-norm1) sum to the square of the error in the energy-norm. This constitutes an error
budget that will influence the errors in the corresponding boundary- and initial-value problems. We focus in this work on the
simplest elliptic operator, the second derivative in one space dimension. We determine the eigenvalue and eigenfunction errors,
in the L2- and energy-norm, and plot the budgets for all modes for C0-continuous finite elements and Cp�1-continuous NURBS for
p ¼ 2;3, and 4. There is nothing new to say about the eigenvalue errors. However, there is quite a surprise in the eigenfunction
results for finite elements. Specifically, large error ‘‘spikes’’ appear at the transition points between the acoustic (lowest modes)
and optical branches. We note that there are p� 1 transition points in the spectrum for order-p approximations. Furthermore,
these spikes are not present in L2-best approximations of the eigenfunctions. These results are contrasted with those for NURBS
in which case there are no error spikes whatsoever and the approximation quality of the eigenfunctions in L2 is indistinguish-
able from the L2-best approximation. Overall, the spectral accuracy differences between finite elements and NURBS is, to say the
least, striking.

We then return to the original question of the implications of spectral errors on those of boundary- and initial-value
problem errors. To do this we construct expressions for the errors in the boundary- and initial-value problems in terms
of the eigenvalues and eigenfunctions of the discrete and continuous (i.e., exact) problems. Specifically, we look at the
elliptic boundary-value problem and parabolic and hyperbolic initial-value problems. The different mathematical struc-
tures of these cases lead to different conclusions. We argue that the inaccuracy of the higher finite element modes is not
a serious issue for the elliptic boundary-value problem; it is of some, but small, concern for the parabolic initial-value
problem; and it is a significant concern for the hyperbolic initial-value problem. We illustrate this point with numerical
calculations. We further discuss this issue from the standpoint of current industrial practice in solving hyperbolic
initial-value problems, specifically structural dynamics problems. In this discipline, it is apparent that the preferred
time-integration procedures are designed to compensate for the inaccuracy of the higher finite element modes. This
has also been known for some time in the computational structural dynamics community. Nevertheless, the magnitude
of the problem, that the current results dramatize for higher-order finite elements, seems to be a new finding. A positive
result is that NURBS elements are not subject to the pathologies noted for C0-continuous finite elements and produce
accurate results in the same circumstances.

A summary of the remainder of the paper follows. We begin with preliminaries and notational conventions in Section 2.
In Section 3 we present the elliptic eigenvalue problem, standard finite element error estimates, and the aforementioned
spectral results. In Section 4 we assess the elliptic boundary-value problem in light of the spectral results, and we do the
same for the parabolic and hyperbolic initial-value problems in Sections 5 and 6, respectively. We draw conclusions in
Section 7. In Appendix A we perform an analytical investigation to verify some of the numerical results presented in
Section 3.

2. Preliminaries

As a prelude to our study, we mention that we have certain specific problem classes in mind. For example, our results will
apply to the Laplace operator and to the classical linear elasticity operator, and to the various types of boundary- and initial-
value problems that can be formulated in terms of these operators. The abstract variational framework that pertains to these
problems includes many other cases of practical interest as well.

Let X be a bounded and connected domain in Rd, where d 2 Zþ is the number of space dimensions. We assume X has a
Lipschitz boundary @X. Let HmðXÞ denote the Sobolev space of functions with square-integrable generalized derivatives of
degree r, where r ¼ 0;1; . . . ;m 2 Zþ. Let V be a closed subspace of HmðXÞð Þn, where n 2 Zþ. In the typical case under consid-
eration, the functions in V will satisfy some type of homogenous boundary conditions, appropriate to the problem being con-
sidered. We will not need to be more specific about this for what we have in mind. Let ð�; �Þ and að�; �Þ be symmetric bilinear
forms. We assume both are continuous and coercive in the following sense: For all v ;w 2 V,
1 For
elasticit
matrix
purposes of this discussion we are assuming the eigenvalue problem involves a mass matrix and a stiffness matrix. A typical case would be linear
y, in which case the mass and stiffness matrices would be associated with the L2- and H1-norms. In buckling problems of thin structures the mass
is replaced by an initial-stress stiffness matrix, the L2-norm is replaced by the H1-norm, and the stiffness matrix is associated with the H2-norm.
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aðv ;wÞ 6 kvkEkwkE ð1Þ
kwk2

E ¼ aðw;wÞ ð2Þ
ðv ;wÞ 6 kvkkwk ð3Þ
kwk2 ¼ ðv;wÞ ð4Þ
where k � kE is the energy-norm which is assumed equivalent to the ðHmðXÞÞn-norm on V and k � k is the ðL2ðXÞÞn ¼ ðH0ðXÞÞn

norm.
3. Elliptic eigenvalue problem

The elliptic eigenvalue problem is fundamental to our investigation. It is of course of engineering interest itself, in that
within the context of elasticity it describes important cases of free vibration and linearized buckling. As we shall see later
on, the errors in the eigenvalue problem engendered by the finite-dimensional space provide insight into potential errors
in the elliptic boundary-value problem and the parabolic and hyperbolic initial-value problems. The elliptic eigenvalue prob-
lem is stated as follows: Find eigenvalues kl 2 Rþ and eigenfunctions ul 2 V, for l ¼ 1;2; . . . ;1, such that, for all w 2 V,
klðw;ulÞ ¼ aðw;ulÞ ð5Þ
It is well-known that 0 < k1 6 k2 6 k3 6 � � �, and that the eigenfunctions are ðL2ðXÞÞn-orthonormal, that is, ðuk;ulÞ ¼ dkl

where dkl is the Kronecker delta, for which dkl ¼ 1 if k ¼ l and dkl ¼ 0 otherwise. The normalization of the eigenfunctions
is actually arbitrary. We have assumed without loss of generality that kulk ¼ 1, for all l ¼ 1;2; . . . ;1. It follows from (5) that
kulk2
E ¼ aðul;ulÞ ¼ kl ð6Þ
and aðuk;ulÞ ¼ 0 for k – l.

3.1. Galerkin formulation

Now let us introduce a finite-dimensional approximation space Vh � V. We think of Vh as either a standard finite element
space or a space of maximally smooth B-splines or NURBS.2 There are obviously many other possibilities but we will focus on
these herein. The discrete counterpart of (5) is: Find kh

l 2 Rþ and uh
l 2 V

h such that for all wh 2 Vh,
kh
l ðwh;uh

l Þ ¼ aðwh;uh
l Þ ð7Þ
The solution of (7) has similar properties to the solution of (5). Specifically, 0 < kh
1 6 kh

2 6 � � � 6 kh
N , where N is the dimen-

sion of Vh; ðuh
k ;u

h
l Þ ¼ dkl; kuh

l k
2
E ¼ aðuh

l ; u
h
l Þ ¼ kh

l , and aðuh
k ;u

h
l Þ ¼ 0 if k – l.

The comparison of kh
l ;u

h
l

n o
to kl;ulf g for all l ¼ 1;2; . . . ;N is the key to gaining insight into the errors of the discrete

approximations to the elliptic boundary-value problem and the parabolic and hyperbolic initial-value problems. Most of
the classical functional analysis results describing error estimates for the eigenvalues and eigenfunctions are asymptotic, that
is, for each fixed N they are applicable only to the errors of the lowest modes of the finite-dimensional space Vh. In general, a
large portion of the eigenvalue/eigenfunction spectrum, the so-called ‘‘higher modes,’’ are not approximations of their exact
counterparts in any meaningful sense. A nice analytical study of a finite element method utilizing Hermite cubic basis func-
tions is contained in Strang and Fix [18, Chapter 6, pp. 226–228], where it is shown that the upper part of the spectrum has
no approximability whatsoever. It is further stated therein on page 227 that these higher modes can be simply ignored. We
take issue with this. In fact, in certain circumstances we are in almost complete disagreement with it. Nevertheless, it is well-
known in the structural engineering discipline that the higher modes are grossly inaccurate, but the precise point in the
spectrum where the eigenvalues and eigenfunctions cease to approximate their corresponding exact counterparts is never
known in realistic engineering situations. Engineers typically make extremely conservative estimates based on experience,
often only ‘‘accepting’’ a minute fraction of N, the number of modes represented by the entire discrete system. However, the
situation is potentially very different for the discrete approximations of elliptic boundary-value problems and parabolic and
hyperbolic problems. In these cases, all modes may participate in the solution to some extent and, as we will see later, inac-
curate higher modes may not always be simply ignored.

Asymptotic error estimates may be very optimistic in that they ignore the deleterious effects of the higher modes. The
situation is even more disconcerting in nonlinear analyses in that there is modal coupling between inaccurate higher modes
and accurate lower modes. In these cases the ostensible accuracy of the lower modes can be vitiated by the large errors in the
higher modes. For example, insufficiently refined discretizations of turbulent flows are susceptible to this fate [3].
oughout, we usually favor using the terminology NURBS over B-splines for generality because the conventional view is that B-splines just represent the
case of NURBS that are ‘‘unweighted’’ in the sense that the weights are all equal to 1. However, if a study was performed specifically with unweighted
that is, B-splines, we will so specify. On the other hand, NURBS are simply B-splines in a space of dimension dþ 1, but this only creates confusion in the
ity of the terminologies.
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In what follows we will investigate the errors caused by all modes in the discrete approximation. The results will provide
insight into the very different behavior of C0-continuous finite elements in elliptic boundary-value problems compared with
parabolic problems compared with hyperbolic problems. Our approach is not asymptotic, rather it may be characterized as a
global analysis approach.

The fundamental global error analysis result for elliptic eigenvalue problems is the Pythagorean eigenvalue error theorem.
It is simply derived and is done so on page 233 of Strang and Fix [18]. The theorem is global in that it is applicable to each and
every mode in the discrete approximation. Provided that kuh

l k ¼ kulk,
kh
l � kl

kl
þ ku

h
l � ulk2

kulk2 ¼ ku
h
l � ulk2

E

kulk2
E

; 8l ¼ 1;2; . . . ;N ð8Þ
Note that the relative error in the lth eigenvalue and the square of the ðL2ðXÞÞn-norm error in the lth eigenfunction sum to
equal the square of the relative energy-norm error in the lth eigenfunction. Due to the normalizations introduced earlier, (8)
can also be written as
kh
l � kl

kl
þ kuh

l � ulk2 ¼ ku
h
l � ulk2

E

kl
; 8l ¼ 1;2; . . . ;N ð9Þ
See Fig. 1. We note that the first term in (9) is always non-negative as kh
l P kl, a consequence of the ‘‘minimax’’ charac-

terization of eigenvalues (see [18, p. 223]). It also immediately follows from (9) that
kh
l � kl 6 kuh

l � ulk2
E ð10Þ

kuh
l � ulk2

6
kuh

l � ulk2
E

kl
ð11Þ
3.2. Summary of standard finite element estimates for the eigenvalue problem

For a given mode, finite element error estimates can be derived provided the mesh size h satisfies a smallness condition of
the form hk1=ð2mÞ

l 6 � where 2m is the order of the differential operator and � < 1 is a constant independent of h and kl. The
main results, from Strang and Fix [18, pp. 228–236], are
kh
l � kl

kl
6 c hk1=ð2mÞ

l

� �2ðpþ1�mÞ
ð12Þ

kuh
l � ulkE

k1=2
l

6 c hk1=ð2mÞ
l

� �pþ1�m
ð13Þ

kuh
l � ulk 6 c hk1=ð2mÞ

l

� �r
ð14Þ
where
r ¼min pþ 1;2 pþ 1�mð Þf g ð15Þ
in which p is the degree of complete polynomial exactly representable by the finite element space Vh and c is a constant inde-
pendent of h and kl. Note that the dimensionless quantity hk1=ð2mÞ

l is a measure of how well the discrete finite element space
Vh resolves the continuous eigenfunction ul. Consequently, as the continuous eigenvalue kl increases in size, a more refined
mesh must be utilized in order to obtain discrete eigenvalues and eigenfunctions satisfying a prescribed accuracy. Moreover,
it should be noted that the estimates given by (12)–(14) only hold for the lowest modes of Vh due to the smallness condition
hk1=ð2mÞ

l 6 �. This smallness condition also suggests that the lowest modes converge exponentially as the polynomial order p
is increased, but this exponential convergence becomes less pronounced as hk1=ð2mÞ

l ! �.
Fig. 1. Graphical representation of the Pythagorean eigenvalue error theorem.
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Analogous estimates for B-splines and NURBS, to the best of our knowledge, have not yet been obtained, but we conjec-
ture that similar results can be obtained. Indeed, the estimates given by (12)–(14) are largely a consequence of best approx-
imation error. As such, we expect the lowest modes for NURBS to be more accurate than the lowest modes for finite
elements. This expectation is based on prior work which compared the best approximation properties of finite elements
and NURBS using the framework of Kolmogorov n-widths [8]. In SubSection 3.3, we will zoom in on the lowest modes for
both finite element and NURBS spaces to examine their corresponding accuracy.

Unfortunately, the estimates given by (12)–(14) do not apply to the highest modes of the discrete space Vh. Instead, other
approaches such as discrete Fourier/von Neumann analysis (see [17]) must be employed to analyze these often troublesome
modes. This was precisely the approach taken in investigations by Cottrell et al. [7], Reali [16], and Hughes et al. [13] where
the approximation of eigenvalues was conducted from a global perspective. The main conclusions from these works were
that (i) the ‘‘eigenfrequencies’’ (i.e., square roots of the eigenvalues) were significantly more accurate for NURBS than for fi-
nite elements for a fixed number of degrees-of-freedom; (ii) finite element spectra are characterized by spurious ‘‘optical
branches’’ while NURBS spectra are not; (iii) for a fixed number of degrees-of-freedom, the ‘‘optical branches’’ of the finite
element spectra diverge with increasing polynomial order p; and (iv) for a fixed number of degrees-of-freedom, almost the
entire NURBS spectrum converges with increasing polynomial order, achieving almost spectral accuracy. The one caveat to
(iv) is so-called ‘‘outlier’’ frequencies, but their number is very small and independent of N. The divergent optical branches of
finite element spectra correspond to a fixed but rather large fraction of N. These are the modes that offer no approximability
of their exact counterparts. For example, for the standard, second-derivative operator in one-dimension, one-half the modes,
that is, N=2 modes, occupy the optical branch for p ¼ 2. That the behavior of the optical branches is poor for finite elements
has been known since the earliest numerical studies of finite element methods (see, e.g., [12]). However, that the situation
actually worsened with p was a surprise. This created some consternation within the finite element research community.
One response was that since the lowest modes were, at the same time, becoming more accurate with p, the higher modes
could be ignored. Concerning the eigenproblem per se, we view this response as reasonable and consistent with our previous
discussion. Another response was that the inaccuracy of the higher modes was irrelevant for other problems of interest. We
accept this response if we consider only the elliptic boundary-value problem. In this case, the best approximation property in
the energy-norm is the trump card. The participation of the inaccurate higher modes in the solution is suppressed thereby.
However, we feel this response is only partially appropriate for the parabolic initial-value problem and false for the hyper-
bolic initial-value problem, as well as for the corresponding time harmonic case (i.e., the generalized Helmholtz equation).

We previously analyzed the classical Helmholtz equation case in Hughes et al. [13]. Our results indicated that within cer-
tain bands of wave numbers, the finite element solutions would be completely spurious in that propagating waves would be
transmogrified into evanescent waves. This was investigated thoroughly by Thompson and Pinsky in [19] and verified
numerically for cubic finite elements in [13]. This pathology does not occur for NURBS.

One limitation of our previous work was that we focused our attention exclusively on eigenfrequency errors. As we shall
see shortly, it is also important to investigate eigenfunction errors. In fact, another surprise is in the offing.

3.3. Numerical investigation of spectral approximations

We consider the elliptic eigenvalue problem for the second-order differential operator in one-dimension with homoge-
neous Dirichlet boundary conditions. The variational form of the problem is given by (5), in which
aðw;ulÞ ¼
Z 1

0

dw
dx

dul

dx
dx ð16Þ

ðw;ulÞ ¼
Z 1

0
wuldx ð17Þ
The eigenvalues are kl ¼ p2l2 and the eigenfunctions are ul ¼
ffiffiffi
2
p

sin lpxð Þ; l ¼ 1;2; . . . ;1. This may be interpreted phys-
ically as the eigenvalue problem associated with a linear elastic rod undergoing axial deformations, or a string under con-
stant tension undergoing transverse deformation, etc. In contrast with our previous studies, we will present the
eigenvalue errors, rather than the eigenfrequency errors, and, in addition, L2ð0;1Þ- and energy-norm eigenfunction errors.
We will plot the various errors in a format that represents the Pythagorean eigenvalue error theorem budget. We will restrict
our study to quadratic, cubic, and quartic finite elements and B-splines. In all cases, we assume linear geometric paramet-
rizations and uniform meshes. In the case of B-splines this means the Bézier elements all have the same size, namely,
h ¼ 1=ðN � ðp� 2ÞÞ. See Cottrell et al. [7]. Our results constitute portraits of all the errors for discrete spaces of any dimension
N. Strictly speaking, for B-splines the results are only true for sufficiently large N, due to the use of open knot vectors, but in
this case ‘‘sufficiently large’’ is not very large at all, say N > 30. For smaller spaces, the results change slightly. The results that
we present here were computed using N � 1000 and validated using a mesh convergence study and by comparing our re-
sults to analytical computations (see Appendix A). Moreover, we confirmed that the Pythagorean eigenvalue error theorem
was preserved to high precision in all of our numerical experiments.

Let us begin with results for C1-continuous quadratic B-splines, presented in Fig. 2(a). The results for the relative eigen-
value errors (red curve) follow the usual pattern that has been seen before. The squares of the eigenfunction errors in L2ð0;1Þ
are also well-behaved (blue curve) with virtually no discernible error until about l=N ¼ 0:6, and then monotonically



Fig. 2. Pythagorean eigenvalue error theorem budget for quadratic elements. (a) C1-continuous B-splines; (b) C0-continuous finite elements. The blue
curves are kuh

l � ulk2, the red curves are ðkh
l � klÞ=kl , and the black curves are kuh

l � ulk2
E=kl . Note that kulk ¼ kuh

l k ¼ 1; kulk2
E ¼ kl , and kuh

l k
2
E ¼ kh

l . (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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increasing errors in the highest modes. The sums of the errors produce the squares of the relative energy-norm errors (black
curve), as per the Pythagorean eigenvalue error theorem budget. There are no surprises here.

Next we compare with C0-continuous quadratic finite elements in Fig. 2(b). The pattern of eigenvalue errors (red curve),
consisting of two branches, the acoustic branch for l=N < 1=2, and the optical branch for l=N P 1=2, is well-known for this
case. However, the eigenfunction error in L2ð0;1Þ (blue curve) represents a surprise in that there is a large spike about
l=N ¼ 1=2, the transition point between the acoustic and optical branches. Again, the square of the energy-norm eigenfunc-
tion error term (black curve) is the sum, as per the budget. This is obviously not a happy result. It suggests that if modes in
the neighborhood of l=N ¼ 1=2 are participating in the solution of a boundary-value or initial-value problem, the results will
be in significant error. The two unpleasant features of this result are (i) the large magnitude of the eigenfunction errors about
l=N ¼ 1=2 and (ii) the fact that they occur at a relatively low mode number. That the highest modes are significantly in error
is well-established for C0-continuous finite elements, but that there are potential danger zones much earlier in the spectrum
has not been recognized previously. The midpoint of the spectrum in one-dimension corresponds to the quarter point in two
dimensions and the eighth point in three dimensions, and so one must be aware of the fact that the onset of inaccurate
modes occurs much earlier in higher dimensions.

The spikes in the eigenfunction error spectrum for C0-finite elements raise the question as to whether or not the eigen-
functions are representative of the best approximation to eigenfunctions in the vicinity of l=N ¼ 1=2. To answer this ques-
tion, we computed the L2ð0;1Þ best approximations of some of the exact eigenfunctions and plotted them in Fig. 3(b). (They
are indicated by �.) The case for C1-continuous quadratic B-splines is presented in Fig. 3(a) for comparison. For this case
there are almost no differences between the best approximation of the exact eigenfunctions and the computed eigenfunc-
tions. However, for the C0-continuous quadratic finite elements, the differences between the computed eigenfunctions and
the L2ð0;1Þ best approximations of the exact eigenfunctions are significant, as can be seen in Fig. 3(b). The spike is nowhere
to be seen in the best approximation results. We conclude that the Galerkin formulation of the eigenvalue problem is simply
not producing good approximations to the exact eigenfunctions about l=N ¼ 1=2 in the finite element case.3

We observe from Fig. 2(a) and (b) that the initial portion of the spectrum is well-resolved for both C1-continuous qua-
dratic B-splines and C0-continuous quadratic finite elements. This is expected due to the error estimates that were discussed
in Section 3.2. In order to better compare the initial portion of the error spectrum for B-splines and finite elements, detailed
views of the first 10% of the modes (i.e., l=N 6 1=10) are presented in Fig. 4(a) and (b). Note that while all of the errors are of
small magnitude in this portion of the spectrum, the eigenvalue and eigenfunction errors are much smaller for C1-continu-
ous quadratic B-splines than they are for C0-continuous quadratic finite elements. Indeed, the eigenvalue error at l=N � 1=10
3 In contrast with the elliptic boundary-value problem, there is no guarantee that the Galerkin formulation of the eigenvalue problem will produce best
approximations of the eigenfunctions in any norm. This is apparent here for the L2ð0;1Þ- and energy-norm for C0-continuous finite elements. Curiously, the
results for B-splines seem to be at least very close to best approximations in the L2ð0;1Þ-norm.



Fig. 3. Comparisons of eigenfunctions computed by the Galerkin method with L2ð0;1Þ best approximations of the exact eigenfunctions. (a) C1-continuous
quadratic B-splines; (b) C0-continuous quadratic finite elements. The blue curves are kuh

l � ulk2, where uh
l is the Galerkin approximation of ul , and the �’s

are k~uh
l � ulk2, where ~uh

l is the L2ð0;1Þ best approximation of ul . (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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(and the square of the energy-norm eigenfunction error) is more than fifteen times smaller for C1-continuous quadratic B-
splines than for C0-continuous quadratic finite elements. This is consistent with available analytical results (see Table 1,
Appendix A). Also note that in this portion of the spectrum, the eigenvalue errors dominate L2ð0;1Þ eigenfunction errors,
and thus the energy-norm errors are almost entirely attributable to the eigenvalue errors.

The comparison of C2-continuous cubic B-splines and C0-continuous cubic finite elements is presented in Fig. 5(a) and (b),
respectively. See Table 1, Appendix A, for the analytical comparison. As we would anticipate, the C2-continuous B-spline re-
sults are uniformly more accurate than the C1-continuous quadratic B-spline results (cf. Fig. 2(a)). The eigenvalue error re-
sults for the C0-continuous cubic finite elements are divided among three branches (see Fig. 5(b)). The separation points are
at l=N ¼ 1=3 and 2=3. (This follows from the general fact that there are p equal-length branches for pth-degree C0-continuous
finite elements.) The eigenvalue and eigenfunction errors in this case for the acoustic branch, that is the low modes
l=N < 1=3, are smaller than the corresponding ones for the C0-continuous quadratic finite elements (cf. Fig. 2(a)). However,
for the branch beyond l=N ¼ 2=3 they are worse. The results for the region between, 1=3 6 l=N 6 2=3, are a bit mixed due to
the fact that the locations of branch separation are not coincident. (This becomes clearer when we consider the case p ¼ 4
and compare it with p ¼ 2, for which we have coincident separation points.) Note that the spikes in the eigenfunction errors
are again located at the separation points. We have plotted the L2ð0;1Þ best approximations of some of the exact eigenfunc-
tions in Fig. 6(a) and (b) and, as in the quadratic case, the spikes are nowhere to be seen in the best approximation results. In
Fig. 7(a) and (b), detailed views of the first 10% of the modes in the error spectrum are presented, and like before, the eigen-
value and eigenfunction errors are far smaller for C2-continuous cubic B-splines than they are for C0-continuous cubic finite
elements.



Fig. 4. Pythagorean eigenvalue error theorem budget for quadratic elements and l=N 6 1=10. (a) C1-continuous B-splines; (b) C0-continuous finite
elements. The blue curves are kuh

l � ulk2, the red curves are ðkh
l � klÞ=kl , and the black curves are kuh

l � ulk2
E=kl . Note that kulk ¼ kuh

l k ¼ 1; kulk2
E ¼ kl , and

kuh
l k

2
E ¼ kh

l . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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The comparison of C3-continuous quartic B-splines and C0-continuous quartic finite elements is presented in Fig. 8(a) and
(b), respectively. Again, the improvement of all the results for the quartic B-splines is uniform (see Fig. 8(a)). There are no
discernible errors of any kind up to about l=N ¼ 0:7. For the C0-continuous quartic finite elements there are four branches
(see Fig. 8(b)). The first, l=N < 1=4, is extremely accurate with respect to all quantities. There is also no discernible spike
in eigenfunction errors at l=N ¼ 1=4, but there are large spikes about l=N ¼ 1=2 and 3=4. As in the previous cases, the spikes
are absent in the L2ð0;1Þ-best approximations of the functions, as displayed in Fig. 9(a) and (b). The uppermost optical
branch errors are growing compared with the lower-order finite element cases (cf. Figs. 2(b) and 5(b)). In Fig. 10(a) and
(b), detailed views of the first 10% of the modes in the error spectrum are provided, and even though C0-continuous quartic
finite elements are extremely accurate in the first portion of the spectrum, they are markedly less accurate than C3-contin-
uous B-splines. At l=N � 1=10, the eigenvalue error for C0-continuous quartic finite elements is nearly three thousand times
as large as the eigenvalue error for C3-continuous B-splines, as confirmed analytically (see Table 1, Section Appendix A), and
the energy-norm eigenfunction error is more than fifty times as large. Consequently, even for problems in which the higher
modes are not participating, C3-continuous quartic B-splines hold a distinct advantage over C0-continuous quartic finite ele-
ments in terms of approximability.

One question that remains is what is the behavior of discrete eigenfunctions near the transition points between the
branches of the error spectrum. To answer this question, we have visualized discrete eigenfunctions for C3-continuous quar-
tic B-splines and C0-continuous finite elements near the transition points l=N ¼ 1=4; 1=2, and 3=4 (for N ¼ 99) in Figs. 11 and
12 and the corresponding exact eigenfunctions in Fig. 13. We immediately observe that all of the discrete eigenfunctions for
C3-continuous quartic B-splines are qualitatively and quantitatively accurate, though less so for the discrete eigenfunctions
near the last transition point l=N ¼ 3=4. This is consistent with our prior observations. On the other hand, while the discrete
eigenfunctions for C0-continuous quartic finite elements are accurate near the first transition point l=N ¼ 1=4, they are
exceptionally inaccurate near the transition points l=N ¼ 1=2 and 3=4, both qualitatively and quantitatively. In fact, the dis-
crete eigenfunctions near these last two points appear to be the superposition of several waves with different frequencies
and wavelengths as opposed to just a single wave. We have observed similar phenomena for C0-continuous finite elements
of different degree p P 2.

Engineering folklore regards the accuracy of the eigenvalues as a surrogate for the accuracy of the eigenfunctions. The
justification for this is the Rayleigh quotient,
kh
l ¼

aðuh
l ;u

h
l Þ

ðuh
l ;u

h
l Þ

ð18Þ



Fig. 5. Pythagorean eigenvalue error theorem budget for cubic elements. (a) C2-continuous B-splines; (b) C0-continuous finite elements. The blue curves are
kuh
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l � klÞ=kl , and the black curves are kuh

l � ulk2
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in which the eigenvalue is determined by the corresponding eigenfunction. Clearly, if the eigenfunction is accurate, so will be
the eigenvalue. However, it is not clear at all that an accurate eigenvalue implies an accurate eigenfunction, and our spectral
results demonstrate that such an implication is incorrect. For example, in Fig. 8(a), as we approach l=N ¼ 1, the eigenfunction
errors are increasing when the eigenvalue errors are decreasing. Likewise, in Fig. 8(b), in the acoustic branch as we approach
l=N ¼ 1=2, the eigenvalue error is small and diminishing at the same time as the eigenfunction error is increasing rapidly and
becoming quite large. Consequently, despite the fact that most practitioners generally assume that the higher the eigenvalue,
the greater the eigenfunction error, our results demonstrate that this is not always the case. Nonetheless, in all our results,
the largest eigenfunction error does correspond to the highest eigenvalue.

As has been mentioned in previous works [7,13], there are a collection of so-called ‘‘outlier’’ modes in the NURBS spec-
trum that appear to offer no approximability when a uniform mesh is utilized. These modes lie at the end of the spectrum
and are finite in number. Numerical evidence has revealed that, in the context of the problem given by (5), there are precisely
p� 1 outlier modes when p is odd and p� 2 outlier modes when p is even. In Fig. 14(a) and (b), the discrete eigenfunctions
corresponding to the two outlier modes for C3-continuous quartic B-splines are presented for N ¼ 99. It is apparent from the
figures that the ðN � 1Þst and Nth discrete eigenfunctions are very inaccurate. In fact, they are mirror images of each other,
zero throughout most of the domain, and only nonzero near the domain boundaries. While this spurious qualitative behavior
may introduce error for problems in which the outlier modes are participating, the fact that the eigenfunctions hold support
only near the boundaries of the domain indicates that their presence will not spoil the accuracy of numerical approximations
in the interior of the domain, at least in the context of linear elliptic, parabolic, and hyperbolic problems. Moreover, it has
been observed in practice that outlier modes do not spoil the stability or accuracy of NURBS approximations for nonlinear
problems, and outlier modes may be removed entirely through the use of a suitable nonlinear parametrization of the geom-
etry [7]. It is worth noting that we have observed that the outlier modes for other polynomial degrees are also only nonzero
near the domain boundaries.

We think the results comparing the accuracy of eigenvalues and eigenfunctions for equal-order B-spline and finite ele-
ment cases speak for themselves. Maximally smooth B-splines are simply much more accurate than equal-order C0-contin-
uous finite elements based on equal numbers of degrees-of-freedom.

4. Elliptic boundary-value problem

Let f 2 ðL2ðXÞÞn be a given function, referred to as the forcing. The continuous elliptic boundary-value problem is stated as
follows: Find u 2 V such that for all w 2 V
aðw;uÞ ¼ ðw; f Þ ð19Þ



Fig. 6. Comparisons of eigenfunctions computed by the Galerkin method with L2ð0;1Þ best approximations of the exact eigenfunctions. (a) C2-continuous
cubic B-splines; (b) C0-continuous cubic finite elements. The blue curves are kuh

l � ulk2, where uh
l is the Galerkin approximation of ul , and the �’s are

k~uh
l � ulk2, where ~uh

l is the L2ð0;1Þ best approximation of ul . (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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The discrete counterpart is: Find uh 2 Vh such that for all wh 2 Vh
aðwh;uhÞ ¼ ðwh; f Þ ð20Þ
The usual approach to obtaining error estimates for (20) is to utilize the fact that uh is the best approximation to u in k � kE,
that k � kE is equivalent to the ðHmðXÞÞn-norm, and standard approximation estimates [18], from which it immediately follows
that
kuh � ukE 6 chpþ1�mkukpþ1 ð21Þ
Error estimates in ðL2ðXÞnÞ can be obtained using the Aubin–Nitsche method, viz.,
kuh � uk 6 chrkukpþ1 ð22Þ
where r ¼ min pþ 1;2ðpþ 1�mÞf g. These results hold for both finite elements and B-splines. All standard mathematical
texts on finite elements may be consulted for background. Eq. (21) is proved for B-splines in Bazilevs et al. [4], and (22)
is a simple exercise.

We now investigate the approximation of (19) by (20) from the point of view of eigenfunction expansions. Due to the
completeness of the eigenfunctions, we can expand the solutions of (19) and (20) in terms of the eigenfunctions of the con-
tinuous and discrete eigenvalue problems,
u ¼
X1
l¼1

dlul ð23Þ



Fig. 7. Pythagorean eigenvalue error theorem budget for cubic elements and l=N 6 1=10. (a) C2-continuous B-splines; (b) C0-continuous finite elements.
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Fig. 8. Pythagorean eigenvalue error theorem budget for quartic elements. (a) C3-continuous B-splines; (b) C0-continuous finite elements. The blue curves
are kuh

l � ulk2, the red curves are ðkh
l � klÞ=kl , and the black curves are kuh
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Fig. 9. Comparisons of eigenfunctions computed by the Galerkin method with L2ð0;1Þ best approximations of the exact eigenfunctions. (a) C3-continuous
quartic B-splines; (b) C0-continuous quartic finite elements. The blue curves are kuh

l � ulk2, where uh
l is the Galerkin approximation of ul , and the �’s are

k~uh
l � ulk2, where ~uh

l is the L2ð0;1Þ best approximation of ul . (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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ul ¼
XN

l¼1

dh
l uh

l ð24Þ
where dl and dh
l are the Fourier coefficients of the continuous and discrete solutions, respectively. We can solve for the Fou-

rier coefficients by substituting (23) and (24) into (19) and (20), respectively, and by replacing w in (19) with uk and wh in
(20) by uh

k , and by using the orthogonality properties and normalizations described earlier. We have
kldl ¼ fl ¼
defðul; f Þ ð25Þ

kh
l dh

l ¼ f h
l ¼

defðuh
l ; f Þ ð26Þ
and so
uðxÞ ¼
X1
l¼1

fl

kl
ulðxÞ ð27Þ

uhðxÞ ¼
XN

l¼1

f h
l

kh
l

uh
l ðxÞ ð28Þ
Consequently, the error in the solution is



Fig. 10. Pythagorean eigenvalue error theorem budget for quartic elements and l=N 6 1=10. (a) C3-continuous B-splines; (b) C0-continuous finite elements.
The blue curves are kuh
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(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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eðxÞ ¼ uhðxÞ � uðxÞ ¼ �eðxÞ þ e0ðxÞ

�eðxÞ ¼
XN

l¼1

�elðxÞ ¼
XN

l¼1

f h
l

kh
l

uh
l ðxÞ �

fl

kl
ulðxÞ

 !
ð29Þ

e0ðxÞ ¼
X1

l¼Nþ1

e0lðxÞ ¼
X1

l¼Nþ1

� fl

kl
ulðxÞ

� �
ð30Þ
We refer to �e as the resolved error and e0 as the unresolved error. Clearly, nothing can be done about e0 within the Galerkin
method. It is what it is. However, �e is completely determined by the errors in the discrete eigenvalues and eigenfunctions. If
the projection of the forcing onto the eigenfunctions is confined to the eigenmodes that are grossly inaccurate, it follows
from (29) that uh will likely be significantly in error.4 Let us assume that the lth eigenmode is one such mode and estimate
�el in the L2ðXÞ

� �n
-norm and energy-norm. To this end, it is convenient to introduce the temporary notations
a ¼ 1
kl

ð31Þ

b ¼ fl ¼ ðul; f Þ ð32Þ
c ¼ ul ð33Þ

ah ¼ 1
kh

l

ð34Þ

bh ¼ f h
l ¼ ðuh

l ; f Þ ð35Þ
ch ¼ uh

l ð36Þ

ea ¼ ah � a ¼ 1
kh

l

� 1
kl

ð37Þ

eb ¼ bh � b ¼ uh
l � ul; f

� �
¼ el; fð Þ ð38Þ

ec ¼ ch � c ¼ uh
l � ul ¼ el ð39Þ
he elliptic boundary-value problem setting, there is the possibility of cancellation of modal errors as each error component �el can be either positive or
e. Cancellation of modal errors will be discussed further in Section 4.1.



Fig. 11. Visualization of the discrete 24th, 26th, 49th, 51st, 74th, and 76th eigenfunctions for a C3-continuous quartic B-spline approximation where the
total number of discrete modes is N ¼ 99.
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With these, we can write
�el ¼ ahbhch � abc ¼ ðaþ eaÞðbþ ebÞðc þ ecÞ � abc ¼ ðeabc þ aebc þ abecÞ þ ðaebec þ eabec þ eaebcÞ þ eaebec ð40Þ
This is a cubic polynomial in the errors ea; eb, and ec , with coefficients depending on the exact data represented by a; b,
and c. Note that this is an exact expression for the modal error, �el. Now we wish to estimate the norms of �el. To do this we first
need to estimate ea; eb; ec; a; b, and c:
jaj ¼ 1
kl

ð41Þ

jbj ¼ jðul; f Þj 6 kulkkfk ¼ kfk ð42Þ
kck ¼ kulk ¼ 1 ð43Þ
kckE ¼ kulkE ¼ k1=2

l ð44Þ

jeaj ¼
1
kh

l

� 1
kl

					
					 ¼ 1

kh
l

kh
l � kl

kl

 !
6

1
kl

kh
l � kl

kl

 !
ð45Þ

jebj ¼ ðel; f Þj j 6 kelkkfk ð46Þ



Fig. 12. Visualization of the discrete 24th, 26th, 49th, 51st, 74th, and 76th eigenfunctions for a C0-continuous quartic finite element approximation where
the total number of discrete modes is N ¼ 99. These eigenfunctions correspond to modes near the transition points between branches in the error spectrum.
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keck ¼ kelk ð47Þ

keckE ¼ kelkE ð48Þ
Employing these in (40), we have
k�elk6
1
kl
kfkkelkþ

1
kl
kelkkfkþ

1
kl

kh
l �kl

kl

 !
kfk

 !
þ 1
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þ 1
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ð49Þ
It is apparent from (49) that k�elk is bounded by terms involving kelk and kh
l � kl

� �
=kl. By (10) and (11) these can both be

estimated in terms of kelkE:
k�elk 6 2
kfk
kl

kelkE

k1=2
l

1þ 1
2
kelkE

k1=2
l

 !
1þ kelk2

E

kl

 !
þ 1

2
kelk2

E

kl

 !
ð50Þ



Fig. 13. Visualization of the exact 24th, 26th, 49th, 51st, 74th, and 76th eigenfunctions.

Fig. 14. Visualization of the discrete eigenfunctions corresponding to ‘‘outlier’’ modes for a C3-continuous quartic B-spline approximation where the total
number of discrete modes is N ¼ 99. Only the last two modes are significantly in error. This holds for all significantly large values of N.
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As is evident, the exact eigenvalues in the denominators tend to diminish the influence of the higher modes.
Proceeding as before, but this time for the energy-norm, we have
k�elkE 6
1
kl
kfkkelkE þ

1

k1=2
l

kelkkfk þ
1

k1=2
l

kh
l � kl
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 !
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 !

þ 1
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kelkkfkkelkE þ

1
kl

kh
l � kl

kl

 !
kfkkelkE þ
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l
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l � kl
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 !
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 !
þ 1

kl
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l � kl

kl

 !
kelkkfkkelkE ð51Þ
This expression reveals that the eigenfunction errors in the ðL2ðXÞÞn-norm and the energy-norm, and the eigenvalue er-
rors, influence k�elkE. As before, thanks to (10) and (11), we can express kelk and kh

l � kl

� �
=kl in terms of kelkE:
k�elkE 6
1
kl
kfkkelkE þ

1
kl
kelkEkfk þ

1

k3=2
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 !
þ 1
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kelk4
Ekfk ð52Þ
Simplifying the above expression:
k�elkE 6 2
kfkkelkE

kl
1þ kelkE

k1=2
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þ kelk2
E
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2
1
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ð53Þ
Once again, the beneficial effect of the exact eigenvalues is apparent.

4.1. Reconciliation with the ‘‘best approximation property’’

From (29) it seems apparent that a discrete solution to the elliptic boundary-value problem has the potential to be sig-
nificantly in error. On the other hand, it is well-known that the Galerkin solution to the elliptic boundary-value problem pos-
sesses the so-called best approximation property in the energy-norm. The best approximation property is indeed a very
strong and important result. It guarantees that we get the best possible fit of u by uh in the energy-norm. Optimal error esti-
mates ensue from this property. However, it is not in conflict with the observations made about (29). If the discrete eigen-
values and eigenfunctions that are participating in the solution are grossly in error, the ‘‘best approximation’’ will most likely
not be very good. There are well-known examples of this phenomenon. The phenomenon of ‘‘locking’’ may be mentioned, of
which there are several different manifestations, such as, volumetric locking, shear locking, membrane locking, etc. Volumet-
ric locking fits precisely into the present elliptic boundary-value problem format. For example, consider a plane strain elas-
ticity problem in which the ratio of the Lamé parameters, k and l, is very large, say k=l� 1. Solve a typical problem, such as
the classical benchmark of a plane strain beam in bending (see, e.g., Figs. 4.4.1 and 4.4.2 on page 220 in Hughes [12]), for
which there is an exact Airy stress function solution. Utilize standard linear triangular or bilinear quadrilateral finite ele-
ments. The results are grossly inaccurate (see, e.g., Fig. 4.7.1 on page 249 in Hughes [12]). Nevertheless, they represent
the best approximation in the energy-norm for the function spaces employed. Over the years, deficiencies of this kind have
been circumvented through a variety of alternative finite elements and variational formulations. However, the type of
pathology identified in our eigenvalue and eigenfunction calculations, that is, Figs. 2–8, represents a quite different problem,
but one that is not a major concern for the elliptic boundary-value problem. The reason for this is that higher modes usually
do not participate significantly in solutions, except possibly locally. This is referred to as elliptic regularity in mathematics
and Saint-Venant’s principle in mechanics. The manifestation of this in the modal result is that eigenvalues are in the denom-
inators of the discrete and exact solutions and they significantly attenuate the participation of the higher modes. Conse-
quently, the standard elliptic boundary-value problems are usually forgiving, despite the potential for error expressed in
Figs. 2–8.

There is also a possibility that the overall solution error may be small even if the modal errors are large due to cancellation
of error. Each modal component �el of the resolved error �e may be positive or negative. If two of the modal errors are large but
equal in magnitude and opposite in sign, then they will cancel each other out when summed together in (29). However, this
cancellation phenomena is entirely limited to the elliptic setting. In the hyperbolic setting, for example, modal errors oscil-
late at different frequencies and the consequences of our global error estimates are fully realized at later times even if there
is an initial cancellation of errors. In Section 6.1, we will present a numerical example illustrating this error behavior in the
context of quartic finite elements. While the initial condition is well-resolved as a result of cancellation of modal errors,
these modal errors then oscillate at different frequencies, resulting in an approximation with no qualitative or quantitative
accuracy whatsoever at later times.

5. Parabolic initial-value problem

Let
VT ¼ v 2 L2 0; T;Vð Þ :
@v
@t
2 L2 ð0; TÞ;V�ð Þ


 �
ð54Þ
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where T 2 Rþ is the final time of interest and V� is the dual space of V, and let f 2 L2 ð0; TÞ; ðL2ðXÞÞn
� �

, the forcing, and
U 2 ðL2ðXÞÞn, the initial condition, be given functions. The continuous, parabolic initial-value problem is stated as follows:
Find u 2 VT such that for all w 2 V and almost every t 2 ð0; TÞ,
w;
@u
@t
ðtÞ

� 
þ aðw;uðtÞÞ ¼ ðw; f ðtÞÞ ð55Þ
and
w;uð0Þð Þ ¼ w;Uð Þ ð56Þ
where h�; �i is the duality pairing. We remark that (56) makes sense as functions in VT also lie in C ½0; T	; ðL2ðXÞÞn
� �

, the space
of continuous functions u : ½0; T	 ! ðL2ðXÞÞn (see Theorem 3 in Section 5.9.2 of Evans [10]). Let
Vh
T ¼ v 2 L2 ð0; TÞ;Vh

� �
:
@v
@t
2 L2 ð0; TÞ;Vh

� �
 �
ð57Þ
The semi-discrete counterpart of the parabolic initial-value problem is: Find uh 2 Vh
T such that for all wh 2 V and almost

every t 2 ð0; TÞ,
wh;
@uh

@t
ðtÞ

� 
þ aðwh;uhðtÞÞ ¼ ðwh; f ðtÞÞ ð58Þ
and
ðwh;uhð0ÞÞ ¼ ðwh;UÞ ð59Þ
The standard finite element error estimate for the parabolic case is
keðtÞk 6 chr kuðtÞkðHpþ1ðXÞÞnÞ þ exp �kh
1t

� �
kuð0ÞkðHpþ1ðXÞÞn þ
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0
exp �kh

1ðt � sÞ
� � @u
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ðsÞ

����
����
ðHpþ1ðXÞÞn

ds
 !

ð60Þ
where r is the constant defined in (15) and kh
1 > 0 is the smallest eigenvalue of the discretized eigenproblem [18].

Employing eigenfunction expansions, we can express the solutions of (55) and (58) as
uðtÞ ¼
X1
l¼1

dlðtÞul ð61Þ

uhðtÞ ¼
XN

l¼1

dh
l ðtÞuh

l ð62Þ
where dlðtÞ and dh
l ðtÞ are the Fourier coefficients of the continuous and discrete solutions, respectively. To generate uncou-

pled first-order ordinary differential equations governing the Fourier coefficients, we substitute (61) and (62) into (55) and
(58), respectively, and replace w in (55) by uk and wh in (58) by uh

k , and employ the orthogonality properties of the eigen-
functions, to arrive at
_dlðtÞ þ kldlðtÞ ¼ flðtÞ ¼
defðul; f ðtÞÞ 8l ¼ 1;2; . . . ;1 ð63Þ
and
_dh
l ðtÞ þ kh

l dh
l ðtÞ ¼ f h

l ðtÞ ¼
defðuh

l ; f ðtÞÞ 8l ¼ 1;2; . . . ;N ð64Þ
where a superposed dot denotes time differentiation. Proceeding analogously with (56) and (59), we determine the corre-
sponding initial conditions
dlð0Þ ¼ Ul ¼
defðul;UÞ 8l ¼ 1;2; . . . ;1 ð65Þ
and
dh
l ð0Þ ¼ Uh

l ¼
defðuh

l ;UÞ 8l ¼ 1;2; . . . ;N ð66Þ
Solving the initial-value problems for the ordinary differential equations, we obtainZ

dlðtÞ ¼ Ul exp �kltð Þ þ

t

0
exp �klðt � sÞð ÞflðsÞds ð67Þ
and
dh
l ðtÞ ¼ Uh

l exp �kh
l t

� �
þ
Z t

0
exp �kh

l ðt � sÞ
� �

f h
l ðsÞds ð68Þ
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and so
uðx; tÞ ¼
X1
l¼1

Ul exp �kltð Þ þ
Z t

0
exp �klðt � sÞð ÞflðsÞds

� �
ulðxÞ ð69Þ
and
uhðx; tÞ ¼
XN

l¼1

Uh
l exp �kh

l t
� �

þ
Z t

0
exp �kh

l ðt � sÞ
� �

f h
l ðsÞds

� �
uh

l ðxÞ ð70Þ
The error can then be expressed as
eðx; tÞ ¼ uhðx; tÞ � uðx; tÞ ¼ �eðx; tÞ þ e0ðx; tÞ

�eðx; tÞ ¼
XN

l¼1

�elðx; tÞ

¼
XN

l¼1

Uh
l exp �kh

l t
� �

uh
l ðxÞ � Ul exp �kltð ÞulðxÞ þ

Z t

0
exp �kh

l ðt � sÞ
� �

f h
l ðsÞdsuh

l ðxÞ
�

�
Z t

0
exp �klðt � sÞð ÞflðsÞdsulðxÞ

�
ð71Þ
e0ðx; tÞ ¼
X1

l¼Nþ1

e0lðx; tÞ ¼
X1

l¼Nþ1

�Ul exp �kltð ÞulðxÞ �
Z t

0
exp �klðt � sÞð ÞflðsÞdsulðxÞ

� �
ð72Þ
Again, there is nothing more to be said about e0. For �e the error is due to the errors in eigenvalues and eigenfunctions. The
errors in decay rates are due exclusively to the errors in eigenvalues. The initial condition error is due to the projection error
of U onto the eigenfunctions. This decays rapidly for the higher modes but is important at early times say up to t ¼ Oðk�1

l Þ for
the error in Ul. The situation is similar for the forcing. If f is concentrated around time �t, then errors may be appreciable for
short time intervals thereafter, say for ðt � �tÞþ ¼ Oðk�1

l Þ where ð�Þþ denotes the Macaulay bracket, that is, ðsÞþ ¼ s if s > 0,
and is zero otherwise. The rationale for this is provided by assuming the forcing to be an impulse at time �t, that is, a Dirac
distribution with respect to time
f ðx; tÞ ¼ �f ðxÞdðt � �tÞ ð73Þ
Then
flðtÞ ¼ ulðxÞ; f ðx; tÞð Þ ¼ ulðxÞ;�f
� �

dðt � �tÞ ¼ �f ldðt � sÞ ð74Þ
Likewise,
f h
l ðtÞ ¼ uh

l ðxÞ; f ðx; tÞ
� �

¼ uh
l ðxÞ;�f

� �
dðt � �tÞ ¼ �f h

l dðt � sÞ ð75Þ
Substituting (74) and (75) into (71) results in
�eðx;tÞ¼
XN

l¼1

Uh
l exp �kh

l t
� �

uh
l ðxÞ�Ul exp �kltð ÞulðxÞþ

Z t

0
exp �kh

l ðt�sÞ
� �

�f h
l uh

l ðxÞ�exp �klðt�sÞð Þ�f lulðxÞ
� �

dðt�sÞds
� �

¼
XN

l¼1

Uh
l exp �kh

l t
� �

uh
l ðxÞ�Ul exp �kltð ÞulðxÞþ�f h

l exp �kh
l t��tð Þþ

� �
uh

l ðxÞ��f l exp �kl t��tð Þþ
� �

ulðxÞ
� �

ð76Þ
From (76) we see that the error due to an impulse at time �t behaves very much like the error in initial data. If we view the
forcing to be decomposed into a sequence of impulses, then each impulse would create an error similar in form to the error
created by the initial data. Consequently, we can simplify our discussion of errors by considering only those caused by initial
data.

As in the case of the elliptic boundary-value problem, it is revealing to investigate the contribution of a typical
modal error. However, the analysis is similar to that performed for the elliptic boundary-value problem and is tedious,
so we will content ourselves with presenting only final results, neglecting forcing contributions. For the L2ðXÞ

� �n
-norm,

the estimate is
k�elðtÞk6 exp �kltð ÞkUk 2kelk 2þkelkð Þþmin kelk2
Et;1

n on o
6 exp �kltð ÞkUk 2

kelkE

k1=2
l

2þkelkE

k1=2
l

 !
þmin kelk2

Et;1
n o( )

ð77Þ
Clearly for large times, the term exp �kltð Þ dominates, and k�elk ! 0 as �klt ! �1. For short times, that is kelk2
Et < 1, we

have
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k�elðtÞk 6 exp �kltð ÞkUk 2
kelkE

k1=2
l

2þ kelkE

k1=2
l

 !
þ kelk2

Et

( )
ð78Þ
Likewise, for the energy-norm, we have
k�elðtÞkE 6 exp �kltð ÞkUk 2kelkE 2þ kelkE

k1=2
l

 !
þ k1=2

l min kelk2
Et;1

n o( )
ð79Þ
As for the ðL2ðXÞÞn-norm, k�elkE ! 0 as �kt ! �1. For short times,
k�elðtÞkE 6 exp �kltð ÞkUk 2kelkE 2þ kelkE

k1=2
l

 !
þ k1=2

l min kelk2
Et;1

n o( )
ð80Þ
Examination of (77)–(80) again confirms that modal errors may be explicitly expressed in terms of errors of the eigen-
functions in the ðL2ðXÞÞn-norm and the energy-norm, and errors in the eigenvalues.

The fact that higher modes decay exponentially fast suggests that the parabolic problem is also very forgiving, at least
after a short time interval of Oðk�1

k Þ, where k here denotes the lowest mode number for which the discrete eigenvalue
and/or eigenfunction are/is significantly in error.

6. Hyperbolic initial-value problem

Let
VT ¼ v 2 L2 0; T;Vð Þ :
@v
@t
2 L2 ð0; TÞ; ðL2ðXÞÞn

� �
and

@2v
@t2 2 L2 ð0; TÞ;V�ð Þ

( )
ð81Þ
where, as before, T 2 Rþ; V� is the dual of V and f 2 L2 ð0; TÞ; ðL2ðXÞÞn
� �

is the forcing. Let U 2 ðL2ðXÞÞn and V 2 V� be the ini-
tial data, referred to as the initial displacement and initial velocity, respectively. The continuous hyperbolic initial-value
problem is: Find u 2 VT such that for all w 2 V and almost every time t 2 ð0; TÞ,
w;
@2u
@t2 ðtÞ

* +
þ aðw; uðtÞÞ ¼ ðw; f ðtÞÞ ð82Þ

w;uð0Þð Þ ¼ w;Uð Þ ð83Þ
and
w;
@u
@t
ð0Þ

� 
¼ w;Vh i ð84Þ
where h�; �i is the duality pairing. We remark that (83) and (84) make sense because functions in VT lie in C ½0; T	; ðL2ðXÞÞn
� �

and their time derivatives lie in C ½0; T	;V�ð Þ (see Theorem 2 in Section 5.9.2 of Evans [10]). Let
Vh
T ¼ v 2 L2 0; T;Vh� �

:
@v
@t
2 L2 ð0; TÞ;Vh� �

and
@2v
@t2 2 L2 ð0; TÞ;Vh� �( )

ð85Þ
The semi-discrete counterpart of (82)–(84) is: Find uh 2 Vh
T such that for all wh 2 Vh and almost every time t 2 ð0; TÞ,
wh;
@2uh

@t2 ðtÞ
* +

þ aðwh;uhðtÞÞ ¼ ðwh; f ðtÞÞ ð86Þ

wh;uhð0Þ
� �

¼ wh;U
� �

ð87Þ
and
wh;
@uh

@t
ð0Þ

� �
¼ wh;V
� �

ð88Þ
Let
E u;
@u
@t

� �
¼ 1

2
@u
@t
;
@u
@t

� �
þ aðu;uÞ

� �
ð89Þ
denote the total energy. The square root of E is a norm on L2ðXÞ
� �n

� V, equivalent to the L2ðXÞ
� �n

� HmðXÞð Þn-norm. The
standard finite element error estimate for the hyperbolic problem in the energy-norm is
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E e;
@e
@t

� �1=2

6 c hm kuð0Þk
Hpþ1ðXÞð Þn þkuðtÞk Hpþ1ðXÞð Þn

� �
þhr @u

@t
ð0Þ

����
����

Hpþ1ðXÞð Þn
þ @u

@t
ðtÞ

����
����

Hpþ1ðXÞð Þn
þ
Z t

0

@2u
@t2 ðsÞ
�����

�����
Hpþ1ðXÞð Þn

ds

0
@

1
A

0
@

1
A
ð90Þ
where r is defined in (15) and m ¼ pþ 1�m [18]. Note that m 6 r. Consequently, for early times the rate of convergence of
the energy-norm is m. At times of order h�m, the r term begins to dominate in the sense that the error becomes OðhrtÞ for
t P Oðh�mÞ due to the time integral in (90).

Proceeding as for the parabolic case (see (61)–(66)), we arrive at the uncoupled second-order, ordinary differential equa-
tions, and corresponding initial conditions, governing the Fourier coefficients:
€dlðtÞ þ kldlðtÞ ¼ flðtÞ 8l ¼ 1;2; . . . ;1 ð91Þ
with
dlð0Þ ¼ Ul 8l ¼ 1;2; . . . ;1 ð92Þ
_dlð0Þ ¼ Vl ¼

defhul;Vi 8l ¼ 1;2; . . . ;1 ð93Þ
and
€dh
l ðtÞ þ kh

l dh
l ðtÞ ¼ f h

l ðtÞ 8l ¼ 1;2; . . . ;N ð94Þ
with
dh
l ð0Þ ¼ Uh

l 8l ¼ 1;2; . . . ;N ð95Þ
_dh

l ð0Þ ¼ Vh
l ¼

defhuh
l ;Vi 8l ¼ 1;2; . . . ;N ð96Þ
Solving these ordinary differential equations and defining the two frequencies xl ¼ klð Þ1=2 and xh
l ¼ kh

l

� �1=2
, we obtain
dlðtÞ ¼ Ul cos xltð Þ þ Vl

xl
sin xltð Þ þ 1

xl

Z t

0
sin xlðt � sÞð ÞflðsÞds ð97Þ

dh
l ðtÞ ¼ Uh

l cos xh
l t

� �
þ Vh

l

xh
l

sin xh
l t

� �
þ 1

xh
l

Z t

0
sin xh

l ðt � sÞ
� �

f h
l ðsÞds ð98Þ
and so
uðx; tÞ ¼
X1
l¼1

Ul cos xltð Þ þ Vl

xl
sin xltð Þ þ 1

xl

Z t

0
sin xlðt � sÞð ÞflðsÞds

� �
ulðxÞ ð99Þ

uhðx; tÞ ¼
XN

l¼1

Uh
l cos xh

l t
� �

þ Vh
l

xh
l

sin xh
l t

� �
þ 1

xh
l

Z t

0
sin xh

l ðt � sÞ
� �

f h
l ðsÞds

 !
uh

l ðxÞ ð100Þ
The error is then expressed in the now familiar way as
eðx; tÞ ¼ uhðx; tÞ � uðx; tÞ ¼ �eðx; tÞ þ e0ðx; tÞ

�eðx; tÞ ¼
XN

l¼1

Uh
l cos xh

l t
� �

uh
l ðxÞ � Ul cos xltð ÞulðxÞ þ

Vh
l

xh
l

sin xh
l t

� �
uh

l ðxÞ �
Vl

xl
sin xltð ÞulðxÞ

 

þ 1
xh

l

Z t

0
sin xh

l ðt � sÞ
� �

f h
l ðsÞdsuh

l ðxÞ �
1
xl

Z t

0
sin xlðt � sÞð ÞflðsÞdsulðxÞ

!
ð101Þ

e0ðx; tÞ ¼
X1

l¼Nþ1

�Ul cos xltð Þ � Vl

xl
sin xltð Þ � 1

xl

Z t

0
sin xlðt � sÞð ÞflðsÞds

� �
ulðxÞ ð102Þ
By assuming the forcing is a Dirac distribution with respect to time, as in the parabolic case (see (73)), we can simplify
(101) to
�eðx; tÞ ¼
XN

l¼1

Uh
l cos xh

l t
� �

uh
l ðxÞ � Ul cos xltð ÞulðxÞ þ

Vh
l

xh
l

sin xh
l t

� �
uh

l ðxÞ �
Vl

xl
sin xltð ÞulðxÞ

 

þ
�f h

l

xh
l

sin xh
l ðt � �tÞþ

� �
uh

l ðxÞ �
�f l

xl
sin xlðt � �tÞþ
� �

ulðxÞ
!

ð103Þ
Thus, we see that an impulse at �t behaves similarly to the initial velocity, but at times later than �t. Therefore, we can sim-
plify our discussion of errors to consideration of those induced by the initial data.



Fig. 15. Plots of the initial condition coefficients Uh
l for C3-continuous quartic B-spline and C0-continuous quartic finite element solutions of the hyperbolic

initial-value problem with exact solution uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ. The total number of discrete modes for the numerical solutions is N ¼ 99.
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As before, the analysis of modal errors is tedious. Consequently, we will just present final results. The errors due to initial
displacement are
k�elðtÞk 6 kUk kelk 2þ kelkð Þj cos xltð Þj þ 1þ kelk 2þ kelkð Þð Þ cos xh
l t

� �
� cos xltð Þ

		 		� �
6 kUk kelkE

xl
2þ kelkE

xl

� �
j cos xltð Þj þ 1þ kelkE

xl
2þ kelkE

xl

� �� �
cos xh

l t
� �

� cos xltð Þ
		 		
 �

ð104Þ

k�elðtÞkE 6 kUk kelkE 2þ kelkð Þj cos xltð Þj þ xl þ kelkE 2þ kelkð Þð Þ cos xh
l t

� �
� cos xltð Þ

		 		� �
6 kUk kelkE 2þ kelkE

xl

� �
j cos xltð Þj þ xl þ kelkE 2þ kelkE

xl

� �� �
cos xh

l t
� �

� cos xltð Þ
		 		
 �

ð105Þ
The errors due to initial velocity may be obtained from the above by replacing kUk with kVk=xl; cos xh
l t

� �
by sin xh

l t
� �

,
and cos xltð Þ by sin xltð Þ, viz.,
k�elðtÞk 6
kVk
xl

kelk 2þ kelkð Þj sin xltð Þj þ 1þ kelk 2þ kelkð Þð Þ sin xh
l t

� �
� sin xltð Þ

		 		� �
6
kVk
xl

kelkE

xl
2þ kelkE

xl

� �
j sin xltð Þj þ 1þ kelkE

xl
2þ kelkE

xl

� �� �
sin xh

l t
� �

� sin xltð Þ
		 		
 �

ð106Þ

k�elðtÞkE 6
kVk
xl

kelkE 2þ kelkð Þj sin xltð Þj þ xl þ kelkE 2þ kelkð Þð Þ sin xh
l t

� �
� sin xltð Þ

		 		� �
6
kVk
xl

kelkE 2þ kelkE

xl

� �
j sin xltð Þj þ xl þ kelkE 2þ kelkE

xl

� �� �
sin xh

l t
� �

� sin xltð Þ
		 		
 �

ð107Þ
As for the elliptic boundary-value problem and the parabolic initial-value problem, we see from (104)–(107) that the
modal errors may be bounded by the eigenfunction errors in the ðL2ðXÞÞn-norm and energy-norm, and the eigenvalue errors.

As we can observe from the initial displacement terms, any projection error in initial displacement will manifest itself
immediately, as cos 0 ¼ 1, and will oscillate in time thereafter unattenuated due to the presence of the cosine behavior in
time. There are no eigenvalues in the denominator, as in the elliptic boundary-value problem, and no exponentially decaying
terms, as in the parabolic initial-value problem, to mitigate high modal errors. The errors in initial velocity start out as zero
but quickly build up to their full values and oscillate in time thereafter undiminished in magnitude. Forcing errors behave
similarly. As these errors will occur in the higher and intermediate modes, their impact will be felt almost instantaneously
compared with the periods of the accurately represented lower modes. Nevertheless, there is some help from the eigenfre-
quencies in the denominators, but it is not as strong as for the eigenvalues in the denominators for the elliptic boundary-
value problem because xl ¼ klð Þ1=2.

Both displacement and velocity phase errors, cos xh
l t

� �
� cos xltð Þ

		 		 and sin xh
l t

� �
� sin xltð Þ

		 		, eventually vitiate the solu-
tion no matter how accurate the projection errors.

The main conclusion for the hyperbolic case is that any modal error that is severe, combined with any initial data or forc-
ing that non-negligibly projects onto that mode, will create significant errors that will appear virtually instantaneously and
will persist thereafter for all time. In the hyperbolic case, we conclude that one cannot simply ignore the higher modes if they
are significantly in error, and for the case of C0-continuous finite elements the higher-modes, and even modes that might be
categorized as intermediate, are significantly in error. The latter case might be of the most concern.

Nonlinear cases involving sudden loading, such as occur in physical impact of elastic structures, would seem to fall into
the category of hyperbolic problems in which errors of the kind anticipated might be severe. We believe that there is over-



Fig. 16. Plots of the exact and numerical solutions to the hyperbolic initial-value problem with exact solution uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ over the first
half-cycle t 2 0;1=51½ 	. The total number of discrete modes for the displayed numerical solutions is N ¼ 99. Snapshots from top to bottom correspond to
times t ¼ 0;0:25=51;0:5=51;0:75=51, and 1=51, respectively.
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Fig. 17. Plots of the exact and numerical solutions to the hyperbolic initial-value problem with exact solution uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ over the sixth
half-cycle t 2 5=51;6=51½ 	. The total number of discrete modes for the displayed numerical solutions is N ¼ 99. Snapshots from top to bottom correspond to
times t ¼ 5=51;5:25=51;5:5=51;5:75=51, and 6=51, respectively.
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Fig. 18. Plots of the exact and numerical solutions to the hyperbolic initial-value problem with exact solution uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ over the
eleventh half-cycle t 2 10=51;11=51½ 	. The total number of discrete modes for the displayed numerical solutions is N ¼ 99. Snapshots from top to bottom
correspond to times t ¼ 10=51;10:25=51;10:5=51;10:75=51, and 11=51, respectively.
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whelming practical evidence to support this. In engineering practice one does not exactly solve the t-continuous semi-dis-
crete Galerkin equations. Time-stepping algorithms are utilized that introduce strong damping of the higher modes, sup-
pressing their detrimental influence. In this regard, we may mention the HHT algorithm of Hilber et al. [11] and the
generalized a algorithm of Chung and Hulbert [5], that are employed in implicit codes, such as Abaqus [1], and the artificial
viscosities employed in explicit codes such as LS-DYNA [15].5 Thus, in suppressing the influence of erroneous higher modes,
these strategies result in solutions that are closer to the projection of the exact solutions. Nevertheless, it would seem that the
more accurate higher-mode behavior of spline-based approximations would diminish, but not entirely eliminate, the need for
algorithmic damping mechanisms and would produce significantly more accurate response in hyperbolic cases. An example
illustrating this follows in the next subsection.
6.1. Numerical investigation of hyperbolic approximations

To further elucidate the implications of error estimate (101), let us consider a very simple numerical test problem. Given
f ðtÞ ¼ 0; U ¼ sinð51pxÞ, and V ¼ 0, the exact solution to the hyperbolic initial-value problem given by (82)–(84) is
5 Bot
uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ
Note that this is a single wave solution, with solution coefficients (see (99))
Ul ¼
1=

ffiffiffi
2
p

if l ¼ 51
0 otherwise

(
; Vl ¼ 0; f l ¼ 0
B-spline and finite element approximations to the hyperbolic initial-value problem are explicitly given by formula (100),
wherein
Uh
l ¼ uh

l ; sin 51pxð Þ
� �

; Vh
l ¼ 0; f h

l ¼ 0 ð108Þ
In what follows, we consider C3-continuous quartic B-spline and C0-continuous quartic finite element approximation
spaces of dimension N ¼ 99. We plot the solution coefficients Uh

l for these two approximation spaces in Fig. 15 and note that
Uh

l � Ul for all l in the case of C3-continuous quartic B-splines. Consequently, we expect the quartic B-spline approximation
to the hyperbolic initial-value problem to resemble a single wave solution. In the case of C0-continuous quartic finite ele-
ments, Uh

l is of appreciable magnitude for both l ¼ 49 and l ¼ 51, and thus we expect the quartic finite element approxima-
tion to be composed of two different waves. Moreover, finite element modes 49 and 51 are both located near the transition
point between the second and third branches in the error spectrum, and as illustrated in Fig. 12, the eigenfunctions corre-
sponding to these modes are very inaccurate. For all of the above reasons, and in light of the error estimate provided by
(101), we anticipate that the quartic finite element approximation to the hyperbolic initial-value problem has no approxi-
mability whatsoever, especially at later times t. This runs counter-intuitive to what one might normally anticipate, as modes
with high wavenumber are not participating in the numerical solution of the hyperbolic problem.

We present the exact solution uðx; tÞ ¼ sinð51pxÞ cosð51ptÞ in conjunction with the C3-continuous quartic B-spline and
C0-continuous quartic finite element approximations over the first half-cycle t 2 ½0;1=51	 in Fig. 16. The B-spline and finite
element approximations were obtained by evaluating formula (100) using the coefficients given by (108). The B-spline
approximation is visually exact over the first half-cycle and the finite element approximation is also fairly accurate. How-
ever, the finite element approximation does exhibit some spurious composite wave structure. It should be remarked that
while the discrete initial condition for the finite element approximation is composed of modes 49 and 51, both of which
are highly inaccurate, the initial condition is actually well-resolved. This enhanced resolution is due to cancellation of modal
errors. In Fig. 17, we present the exact solution and quartic B-spline and finite element approximations over the sixth half-
cycle t 2 ½5=51;6=51	. We immediately note that the B-spline approximation is nearly exact in the ‘‘eyeball norm’’, but the
finite element approximation is both quantitatively and qualitatively inaccurate. The two-wave structure of the finite ele-
ment approximation is visually apparent over this time period, as the influence of both modes 49 and 51 is observable in
the plots. Lastly, in Fig. 18, we present the exact solution and B-spline and finite element approximations over the eleventh
half-cycle t 2 ½10=51;11=51	. The B-spline approximation is still very accurate over this time period, but dispersion error has
started to affect the solution to a minor degree. The B-spline wave approximation is oscillating at a slightly higher frequency
than the exact wave solution due to the minimax principle, and hence the B-spline approximation will eventually lose
approximability at sufficiently later times t. In contrast with the B-spline approximation, the finite element approximation
has lost all approximability by the eleventh half-cycle and bears no resemblance whatsoever to the exact solution.

In addition to directly evaluating formula (100), we also solved the semi-discrete hyperbolic problem given by (86)–(88)
numerically in time using the classical Runge–Kutta method as well as the generalized a algorithm [5]. We obtained very
similar results to those reported here provided sufficiently small time-steps were employed to resolve the frequencies of
the semi-discrete approximations. Moreover, we found that algorithmic damping was unable to restore qualitative accuracy
for the quartic finite element approximation. In particular, it was discovered that algorithmic damping either did not signif-
h Abaqus and LS-DYNA now provide both implicit and explicit algorithmic options.
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icantly affect the quartic approximation or damped both participating modes. This is due to the fact that both participating
finite element modes are medium modes.

We have conducted a collection of other numerical tests, and our conclusion has always been the same: if any of the ‘‘spu-
rious’’ finite element eigenfunctions corresponding to spikes in the error spectrum participate in the numerical solution of a
hyperbolic initial-value problem, then the corresponding finite element approximation has no qualitative or quantitative
accuracy. On the other hand, NURBS approximations of hyperbolic initial-value problems are well-behaved in all modes (ex-
cept a finite number of ‘‘outlier’’ modes) and are limited only by dispersion error for sufficiently smooth solutions. Addition-
ally, NURBS approximations exhibit much less dispersion error than finite element approximations, even for the lowest
modes of the spectrum (recall Figs. 4–10). We simply conclude that, for the same polynomial order and an equal number
of degrees-of-freedom, NURBS approximations of hyperbolic initial-value problems are much more robust and accurate than
finite element approximations.

7. Conclusions

We have studied the accuracy of finite elements and NURBS approximations to the elliptic eigenvalue problem, and the
implications of these results to the corresponding elliptic boundary-value problem and the parabolic and hyperbolic initial-
value problems. One observation made herein is that the errors in the solutions to these problems can be expressed entirely
in terms of the eigenfunction and eigenvalue errors. The inaccuracy of the higher modal eigenvalues in finite element
approximations has been known for quite some time. The results herein have revealed a new phenomenon: There are large
error spikes in the L2-norms of the eigenfunction errors centered about the transitions between branches of the finite ele-
ment eigenvalue spectrum. The squares of the energy-norm eigenfunction errors are sums of squares of L2-norm eigenfunc-
tion errors and eigenvalue errors, which exhibit thereby the worst behavior of both. The NURBS errors are better behaved in
every respect. The L2-norms of the eigenfunction errors are indistinguishable from the L2 best approximation errors of the
eigenfunctions. The eigenvalue spectra do not have optical branches and, with the exception of a few ‘‘outlier modes’’, ex-
hibit convergence of almost the entire spectrum. The upshot is that this is a demonstrably serious problem in the hyperbolic
case, much less so in the parabolic case, and not a significant concern for the elliptic boundary-value problem. This possibly
explains that while higher-order finite elements drastically outperform low-order finite elements for elliptic and parabolic
problems, they are more ‘‘fragile’’ than low-order elements in hyperbolic and nonlinear applications. The situation is much
more positive for NURBS elements in all cases. Finally, it should be noted that while the theoretical analysis presented herein
holds in the general multi-dimensional setting, the corresponding numerical investigation was restricted to one spatial
dimension. In future work, we hope to extend this investigation to higher spatial dimensions, general geometries and topol-
ogies, and multi-patch discretizations. It is anticipated that similar results will be obtained in such settings, especially as the
eigenvalues associated with multi-dimensional and multi-patch NURBS approximations have already been observed to be
well-behaved [13,14].
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Appendix A. Analytical computation of eigenvalue errors

In this appendix, we analytically compute the eigenvalue errors for the one-dimensional Laplace eigenproblem subject to
homogeneous Dirichlet boundary conditions and discretized by B-splines and finite elements. We begin by deriving an
expression for the eigenvalue error for linear approximations (where the two approaches coincide), and we then extend
our results to higher-order B-spline and finite element approximations.

A.1. Eigenvalue errors for linear approximations

In what follows, consider a uniform mesh 0 ¼ x0 < x1 < � � � xA < � � � < xNþ1 ¼ 1, where the number of elements is
nel ¼ N þ 1 and the mesh-size is h ¼ 1=nel. The system obtained by discretizing the homogeneous Laplace eigenproblem
by linear finite elements on the uniform mesh is
khh
6
ðuA�1 þ 4uA þ uAþ1Þ þ

1
h
ðuA�1 � 2uA þ uAþ1Þ ¼ 0; A ¼ 1; . . . ;N ð109Þ

u0 ¼ uNþ1 ¼ 0 ð110Þ
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where N is the total number of degrees-of-freedom, uA ¼ uhðxAÞ is the nodal value of the discrete normal mode uh at node xA,
and kh is the eigenvalue corresponding to mode uh. We write (109) in the compact form
6 It sh
normal
khh2

c
aþ b

 !
uA ¼ 0; A ¼ 1; . . . ;N ð111Þ
where c is a constant and a and b are operators, defined in this case to be
c ¼ 6; ð112Þ
auA ¼ uA�1 þ 4uA þ uAþ1 ð113Þ
buA ¼ uA�1 � 2uA þ uAþ1 ð114Þ
Assuming a sinusoidal discrete normal mode which satisfies uA ¼ C sinðxxAÞ for A ¼ 1; . . . ;N and C a normalization con-
stant (see [12, Chapter 9]), we obtain
ðxhhÞ2

c
aþ b

 !
sinðAxhÞ ¼ 0; A ¼ 1; . . . ;N ð115Þ
where x ¼
ffiffiffi
k
p

and xh ¼
ffiffiffiffiffi
kh

p
are the exact and discrete eigenfrequencies, respectively. Substituting expressions (112)–(114)

for c; a, and b and using the trigonometric identity sinðaþ bÞ þ sinða� bÞ ¼ 2 sinðaÞ sinðbÞ yields
ðxhhÞ2

6
ð2þ cosðxhÞÞ � 1þ cosðxhÞ ¼ 0 ð116Þ
The eigenvalue error kh�k
k ¼ xh

x

� �2
� 1 is then easily expressed as
kh � k
k
¼ 6ð1� cosðxhÞÞ
ðxhÞ2ð2þ cosðxhÞÞ

� 1 ð117Þ
This formula can now be evaluated to obtain the induced error in approximating any eigenvalue kl ¼ xlð Þ2 ¼ p2l2 using
linear finite elements.

A.2. Eigenvalue errors for higher-order B-spline approximations

The computations carried out above for linear elements can largely be repeated for Cp�1-continuous B-spline approxima-
tions of degree p > 1. This is due to the fact that smooth B-spline approximations inherit a uniform stencil equation for all
control points except the first and last p points when defined on a uniform mesh. For example, the system obtained by dis-
cretizing the homogeneous Laplace eigenproblem by C1-continuous quadratic B-splines on the uniform mesh
0 ¼ x0 < x1 < � � � xA < � � � < xN ¼ 1 is
khh
120
ð14u0 þ 40u1 þ 25u2 þ u3Þ þ

1
6h
ð6u0 � 8u1 þ u2 þ u3Þ ¼ 0 ð118Þ

khh
120
ð2u0 þ 25u1 þ 66u2 þ 26u3 þ u4Þ þ

1
6h
ð2u0 þ u1 � 6u2 þ 2u3 þ u4Þ ¼ 0 ð119Þ

khh
120
ðuA�2 þ 26uA�1 þ 66uA þ 26uAþ1 þ uAþ2Þ þ

1
6h
ðuA�2 þ 2uA�1 � 6uA þ 2uAþ1 þ uAþ2Þ ¼ 0; A ¼ 3; . . . ;N � 2 ð120Þ

khh
120
ðuN�3 þ 26uN�2 þ 66uN�1 þ 25uN þ 2uNþ1Þ þ

1
6h
ðuN�3 þ 2uN�2 � 6uN�1 þ uN þ 2uNþ1Þ ¼ 0 ð121Þ

khh
120
ðuN�2 þ 25uN�1 þ 40uN þ 14uNþ1Þ þ

1
6h
ðuN�2 þ uN�1 � 8uN þ 6uNþ1Þ ¼ 0 ð122Þ

u0 ¼ uNþ1 ¼ 0 ð123Þ
where h ¼ 1=nel and the uA’s are the control variables of mode uh. We refer to (118), (119), (121), and (122) as the boundary
stencil equations and (120) as the interior stencil equations. In the following, rather than find the exact eigenpair ðuh; khÞ
which satisfies both the boundary and interior stencil equations, we seek an admissible normal mode and associated eigen-
value which only satisfy the interior stencil equations and homogeneous Dirichlet boundary conditions. We expect that this
approximate eigenpair will converge to the exact discrete eigenpair as N !1.6 If we assume that the admissible normal
mode takes the form
uA ¼ C sin xh A� 1=2ð Þð Þ; A ¼ 1; . . . ;N ð124Þ
u0 ¼ uNþ1 ¼ 0 ð125Þ
ould be noted that the admissible normal mode and its associated eigenvalue will not converge to the exact discrete eigenpair ðuh; khÞ if the discrete
mode uh is an outlier mode. However, there are no outlier modes in the quadratic setting.
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where x ¼
ffiffiffi
k
p

is the exact eigenfrequency, we obtain the simplified interior stencil equations
ðxhhÞ2

c
aþ b

 !
sinð A� 1=2ð ÞxhÞ ¼ 0; A ¼ 3; . . . ;N � 2 ð126Þ
where xh ¼
ffiffiffiffiffi
kh

p
is the discrete eigenfrequency and
c ¼ 20 ð127Þ
auA ¼ uA�2 þ 26uA�1 þ 66uA þ 26uAþ1 þ uAþ2 ð128Þ
buA ¼ uA�2 þ 2uA�1 � 6uA þ 2uAþ1 þ uAþ2 ð129Þ
Invoking the trigonometric identity sinðaþ bÞ þ sinða� bÞ ¼ 2 sinðaÞ sinðbÞ in (126) yields the following expression for the
eigenvalue error:
kh � k
k
¼ 20ð3� 2 cosðxhÞ � cosð2xhÞÞ
ðxhÞ2ð33þ 26 cosðxhÞ þ cosð2xhÞÞ

� 1 ð130Þ
Note that the above expression is valid only for the admissible normal mode and not the exact discrete normal mode.
Nonetheless, we expect that it yields a correct expression for the eigenvalue error in the limit of mesh refinement.

We now repeat the above procedure for cubic and quartic B-splines, but we omit details for brevity. The interior stencil
equations for a uniform C2-continuous cubic B-spline approximation take the form
khh2

c
aþ b

 !
uA ¼ 0; A ¼ 4; . . . ;N � 3 ð131Þ
where
c ¼ 42 ð132Þ
auA ¼ uA�3 þ 120uA�2 þ 1191uA�1 þ 2416uA þ 1191uAþ1 þ 120uAþ2 þ uAþ3 ð133Þ
buA ¼ uA�3 þ 24uA�2 þ 15uA�1 � 80uA þ 15uAþ1 þ 24uAþ2 þ uAþ3 ð134Þ
If we assume a sinusoidal admissible normal mode and follow the same steps as in the quadratic case, we arrive at the
following expression for the eigenvalue error:
kh � k
k
¼ 42ð40� 15 cosðxhÞ � 24 cosð2xhÞ � cosð3xhÞÞ
ðxhÞ2ð1208þ 1191 cosðxhÞ þ 120 cosð2xhÞ þ cosð3xhÞÞ

� 1 ð135Þ
The interior stencil equations for a uniform C3-continuous quartic B-spline approximation are
khh2

c
aþ b

 !
uA ¼ 0; A ¼ 5; . . . ;N � 4 ð136Þ
where
c ¼ 72 ð137Þ

auA ¼ uA�4 þ 502uA�3 þ 14608uA�2 þ 88234uA�1 þ 156190uA þ 88234uAþ1 þ 14608uAþ2 þ 502uAþ3 þ uAþ4 ð138Þ

buA ¼ uA�4 þ 118uA�3 þ 952uA�2 þ 154uA�1 � 2450uA þ 154uAþ1 þ 952uAþ2 þ 118uAþ3 þ uAþ4 ð139Þ
and assuming a sinusoidal admissible normal yields the following expression for the eigenvalue error:
kh � k
k
¼ 72ð1225� 154 cosðxhÞ � 952 cosð2xhÞ � 118 cosð3xhÞ � cosð4xhÞÞ
ðxhÞ2ð78095þ 88234 cosðxhÞ þ 14608 cosð2xhÞ þ 502 cosð3xhÞ þ cosð4xhÞÞ

� 1 ð140Þ
In the first row of Table 1, we have reported the analytically computed eigenvalue errors at 10% of the spectrum (i.e., for
l=N ¼ 1=10) for Cp�1-continuous B-spline approximations of degree p ¼ 2; . . . ;4 in the limit N !1. It should be repeated
that these errors correspond to the admissible normal modes and not the exact discrete normal modes, but we expect these
errors to coincide in the limit of mesh refinement.

A.3. Eigenvalue errors for higher-order finite element approximations

The extension of our previous results to C0-continuous finite elements of degree p > 1 is a delicate procedure as multiple
stencils are present even away from the domain boundaries. Namely, there is a stencil associated with the ‘‘element edges’’
and a set of p� 1 stencils associated with the internal nodes (i.e., the nodes internal to an element). In the context of dis-
persion analysis, this issue has been circumvented by means of a static condensation procedure which solves for the internal



Table 1
Analytically computed eigenvalue errors at 10% of the spectrum (i.e., for l=N ¼ 1=10) for Cp�1-continuous B-spline and C0-continuous finite element
approximations of degree p ¼ 2; . . . ;4.

p ¼ 2 p ¼ 3 p ¼ 4

Cp�1 1:382 � 10�5 3:338 � 10�8 8:542 � 10�11

C0 2:121 � 10�4 6:740 � 10�6 2:347 � 10�7

C0 to Cp�1 ratio 1:535 � 101 2:019 � 102 2:748 � 103
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‘‘bubble’’ degrees of freedom in terms of the edge nodes. By employing this technique, Ainsworth [2] derived a collection of
discrete dispersion relations for higher-order finite elements of the form cosðkhhÞ ¼ f ðkhÞ where h ¼ 1=nel and k and kh are
the exact and discrete wave numbers, respectively. In virtue of the duality principle between dispersion and spectrum anal-
ysis (see [13]), we equivalently have the relationship cosðxhÞ ¼ f ðxhhÞ where x and xh are the exact and discrete eigenfre-
quencies. For quadratic finite elements, this relationship takes the form
cosðxhÞ ¼ 3ðxhhÞ4 � 104ðxhhÞ2 þ 240

ðxhhÞ4 þ 16ðxhhÞ2 þ 240
ð141Þ
The above equation can be solved for the discrete eigenvalues kh ¼ ðxhÞ2, giving rise to the following two solutions for the
eigenvalue error kh�k

k ¼ xh

x

� �2
� 1:
kh
1;2 � k

k
¼ 52þ 8 cosðxhÞ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�176 cos2ðxhÞ þ 1792 cosðxhÞ þ 1984

p
ðxhÞ2ð3� cosðxhÞÞ

� 1 ð142Þ
These two solutions represent two distinct branches of the eigenvalue spectrum. The first branch, the so-called acoustical
branch, is valid for xh 2 ½0;p	, while the second branch, the optical branch, is valid for xh 2 ½p;2p	. By substituting in the
expression xlh ¼ pl=nel into (142) and noting which branch the eigenfrequency belongs to, one can evaluate the error for
any discrete eigenvalue kh

l .
The relation between the exact and discrete eigenfrequencies in the cubic finite element setting is
cosðxhÞ ¼ �4ðxhhÞ6 þ 540ðxhhÞ4 � 11520ðxhhÞ2 þ 25200

ðxhhÞ6 þ 30ðxhhÞ4 þ 1080ðxhhÞ2 þ 25200
ð143Þ
For cubic finite elements, there are three eigenvalue branches (one acoustical and two optical, valid respectively for
xh 2 ½0;p	; xh 2 ½p;2p	, and xh 2 ½2p;3p	) which correspond to the three solutions kh

1;2;3 of the cubic equation:
ðcosðxhÞ þ 4ÞðkhhÞ3 þ ð30 cosðxhÞ � 540ÞðkhhÞ2 þ ð1080 cosðxhÞ þ 1520Þkhhþ 25200ðcosðxhÞ � 1Þ ¼ 0 ð144Þ
Similarly, there are four eigenvalue branches (one acoustical and three optical, valid respectively for
xh 2 ½0;p	; xh 2 ½p;2p	; xh 2 ½2p;3p	, and xh 2 ½3p;4p	) for a quartic finite element approximation. These can be ob-
tained by starting from the relation
cosðxhÞ ¼ 5ðxhhÞ8 � 1800ðxhhÞ6 þ 134064ðxhhÞ4 � 2378880ðxhhÞ2 þ 5080320

ðxhhÞ8 þ 48ðxhhÞ6 þ 3024ðxhhÞ4 þ 161280ðxhhÞ2 þ 5080320
ð145Þ
given in [2], replacing xh ¼
ffiffiffiffiffi
kh

p
, and then finding the four solutions kh

1;2;3;4 of the quartic equation:
ðcosðxhÞ � 5ÞðkhhÞ4 þ ð48 cosðxhÞ þ 1800ÞðkhhÞ3 þ ð3024 cosðxhÞ � 134064ÞðkhhÞ2

þ ð161280 cosðxhÞ þ 2378880Þkhhþ 5080320ðcosðxhÞ � 1Þ ¼ 0 ð146Þ
In the second row of Table 1, we have reported the analytically computed eigenvalue errors at 10% of the spectrum (i.e.,
for l=N ¼ 1=10) for C0-continuous finite elements of degree p ¼ 2; . . . ;4 in the limit N !1, and in the third row of the table,
we have reported the ratio between the eigenvalue errors of the finite element and B-spline approximations.
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