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SUMMARY

Particle methods are a class of numerical methods that belong to the family of meshless methods and
are not based on an underlying mesh or grid, but rather on any general distribution of particles. They are
nowadays widely applied in many fields, including, for example, solid mechanics, fluid dynamics, and
thermodynamics.

In this paper, we start from the original formulation of the so-called modified finite particle method
(MFPM) and develop a novel formulation. In particular, after discussing the position of the MFPM in the
context of the existing literature on meshless methods, and recalling and discussing the 1D formulation and
its properties, we introduce the novel formulation along with its extension to the approximation of 2D and
3D differential operators. We then propose applications of the discussed methods to some elastostatic and
elastodynamic problems. The obtained results confirm the potential and the flexibility of the considered
methods, as well as their second-order accuracy, proposing MFPM as a viable alternative for the simulation
of solids and structures. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In recent years, meshless methods have become increasingly important within the framework
of numerical simulation because of their characteristic of being totally free of grids or meshes.
This is particularly useful when dealing with the numerical simulation of problems implying large
deformations or high-velocity impacts, where classical element-based methods (e.g., the FEM)
may suffer from pathologies like excessive element distortion, spurious numerical errors, and mesh
sensitivity. On the contrary, meshless methods overcome these difficulties because the nodes are not
‘rigidly’ attached to a mesh.

Meshless methods can be divided into two categories, depending on whether the points in which
the computational domain is discretized have material properties or not. In the first case, we are
considering the class of meshless particle methods that are characterized by the fact that particles
have a proper mass, velocity, and energy. Some particle method, anyway, can be mesh-based: this
is the case of those methods where an auxiliary mesh is built between particles at each time step,
or after several time-steps. Examples of these methods are the material point method [1, 2] and the
particle FEM [3, 4].
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Other particle methods, on the contrary, are meshfree, and the computation of derivatives is based
on the current distribution of particles, without the need of remeshing.

In this paper, we focus in general on meshless methods, independently of their characteristic
of being also Particle Methods or not. The first meshless particle method that has been proposed
is the Smoothed Particle Hydrodynamics (SPH), introduced in [5] and [6], for the study of astro-
physical problems. In the SPH, the whole domain � is discretized in a finite number of particles,
each one characterized by a given mass, velocity, and energy. Therefore, the state of a continuum is
represented by the properties of the particles, and, as a consequence, SPH is particularly suitable for
the description of the behavior of fluids and ideal gases. Referring for the sake of simplicity to 1D
problems, the starting point of the SPH approximation method is the identity

f .xi / D

Z
�

f .x/ı.x � xi / dx (1)

where ı.x � xi / is the Dirac Delta distribution centered in xi . The first approximation consists
of replacing the Dirac Delta distribution with a bell-shaped smooth function W.x � xi ; h/, called
smoothing function or kernel function, which has the following properties:

Unity
Z
�

W.x � xi ; h/ dx D 1 (2a)

Compact support

²
W.x � xi ; h/ ¤ 0 jx � xi j < h
W.x � xi ; h/ D 0 jx � xi j > h (2b)

Dirac Delta property lim
h!0

W.x � xi ; h/ D ı.x � xi / (2c)

The smoothing length h is a parameter that defines the region �i D Œxi � h; xi C h� where the
smoothing function is different from zero and is a variable of the resulting approximation schemes,
because the accuracy of the approximation strongly depends on the choice of h. Moreover, the
introduction of the kernel (characterized by the smoothing length h) implies that the method is local,
that is, the approximation of the derivatives is influenced by a limited neighboring region and not by
the whole domain. In the following, the dependence of the smoothing function on h will be omitted
for simplicity of notation.

The kernel evaluation of f .xi / is then

f .xi / '

Z
�

f .x/W.x � xi / dx (3)

When�\�i D �i , we say that xi is sufficiently far from the boundary. In this case, the smooth-
ing function is completely developed inside �, and the derivatives f .n/.x/ are easily computed
integrating (3) by parts and omitting the boundary terms that vanish because of Equation (2b):

f .n/.xi / ' .�1/
n

Z
�

f .x/W .n/.x � xi / dx (4)

In order to numerically evaluate the integrals of Equations (3) and (4), the whole domain is divided
into a number of subdomains, each associated to a particle xj ; then, the integrals may be replaced
by summations over j .

In proximity of the boundary, Equation (2a) does not hold; as a consequence, Equations (3)
and (4) are not correct and the approximation of derivatives does not converge. In order to over-
come this deficiency, several corrective methods have been proposed. One of the most used is the
so-called Reproducing Kernel Particle Method (RKPM) [7, 8], where the authors introduce a correc-
tive polynomial Ci .x/, different particle by particle, that multiplies the usual SPH kernel function.
The goal of the introduction of Ci .x/ is to preserve (2a) also at the boundary, thus leading to a con-
vergent kernel evaluation. The use of high-order polynomials as corrective functions Ci .x/ allows
the kernel functions to respect an increasing number of consistency conditions, that is, the result-
ing method is able to reproduce exactly polynomials of higher degree. It has to be pointed out that
the introduction of the corrective function Ci .x/ does not fix the inaccuracy of (4) near the bound-
ary, because condition (2b) is not respected; as a consequence, despite the increasing accuracy of
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A MODIFIED FPM: MULTI-DIMENSIONAL STATICS AND DYNAMICS 3

the kernel evaluation of f .xi /, original RKPM formulation leaves unresolved the problem of the
derivative approximations.

A first attempt to overcome this problem has been proposed in [9, 10] with the Corrective
Smoothed Particle Method (CSPM). In order to evaluate the unknown function f .x/, the authors
consider only the first term of its Taylor series expansion and project it on the smoothing function
W.x � xi /; namely,Z

�

f .x/W.x � xi / dx D f .xi /

Z
�

W.x � xi / dx C o.kx � xik/ (5)

then,

f .xi / D

R
�
f .x/W.x � xi / dxR
�W.x � xi / dx

(6)

Retaining also the first-order term of the Taylor series expansion, the first derivative is obtained
from the kernel evaluation of f .xi /. Iterating the procedure, the approximations of higher-order
derivatives may be obtained. This procedure fixes the inaccuracy of the derivatives also at the
boundary, because the denominators in the kernel evaluation and in the derivative approximations
work as corrective terms, but the recursively use of an approximations to achieve higher derivative
approximation schemes generates error propagations.

Differently from CSPM, in the Modified Smoothed Particle Hydrodynamics (MSPH) [11], the
unknown function and its derivatives are evaluated simultaneously. This procedure prevents the
method from error propagation, but increases the computational cost, because at each particle, a
system of equations has to be solved.

Different typologies of meshless methods use shape functions to represent unknown functions.
Among these, we mention the so-called Meshless Local Petrov-Galerkin (MLPG) [12], where the
shape functions are evaluated by minimization of the weighted squared error between an approxi-
mation of the function and the fictitious nodal values of the function itself. In this method, the shape
functions are not interpolatory.

Radial basis functions (RBF) are shape functions widely used to represent functions and
approximate partial differential equations: Chen et al. [13, 14] studied the optimal properties of RBF
for 2D meshless methods and, based on them, introduced the Point Interpolation Meshless method
(PIM); they used PIM to interpolate some 1D and 2D known functions. More recently, Chi et al.
[15] studied the dispersion and stability properties of collocation methods based on RBF, and [16]
applied RBF collocation to wave propagation.

A particularly interesting method is the second-order maximum entropy approximation (SME),
proposed in [17–20]. The authors start from the consideration that the most appropriate set of shape
functions for approximation strongly depends on the distribution of the collocation points, which are
defined as the set of points where the equations to approximate are enforced. The shape functions
are requested to be always positive and have to respect the zeroth-order, the first-order, and a relaxed
second-order consistency. These properties allow to interpret the shape functions as a probability
distribution, and therefore they are computed through the maximization of a statistical quantity,
called entropy, that is a measure of the uncertainty connected to a probability distribution. This
approach guarantees the basis functions to be devoid of any a priori choice. We remark the high-
order accuracy of SME, but also the complexity of the procedure to build the shape functions and
especially their higher-order derivatives.

The Generalized Finite Difference Method (GFDM), introduced in [21], moves from a differ-
ent starting point with respect to the methods discussed until now. The approximation schemes of
f 0.xi / and f 00.xi / are achieved by the minimization of a weighted error between the Taylor series
expansion of the function f .x/ about a point xi and the value of f .xi / itself; the authors con-
sider the influence region of a particle as the set of a certain number of surrounding points, selected
with the so-called star criterion. The authors apply their method to hyperbolic and parabolic partial
differential equations [22], to the advection-diffusion equation [23], as well as to third-order and
fourth-order partial differential equations [24, 25].
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A different approach is used in [26], where a Modified Finite Particle Method (MFPM) has been
developed starting from the MSPH [11]. The kernel evaluation of the unknown function is not
computed, because it is assumed that the value of the function is not a real unknown of the problem.
Moreover, a 1D test is solved using these methods, and the results are compared with those obtained
with other approximation schemes (i.e., the original SPH formulation [5], the RKPM [7, 8], the
CSPM [9]). In [27], MFPM is extended to a 2D Poisson problem, whereas in [28], the solution of
some 2D elastostatic and elastoplastic problems are presented.

We need to build and validate the MFPM in terms of robustness, accuracy, velocity of computa-
tion; such a validation is the main goal of the present paper and is going to be performed on rather
simple but relevant benchmarks of linear elastostatics and elastodynamics. Accordingly, we start
from the 1D formulation of MFPM and discuss the uniqueness of the approximation schemes for
stencils consisting of three particles. A novel formulation of the MFPM, based on the concept of
projection of vectors, is then proposed (Section 2). We also introduce the extension of the origi-
nal and novel MFPM to the multidimensional case and give an analytical expression of the discrete
form of the differential operators (Sections 3 and 4). In Section 5, we briefly recall the GFDM and
highlight some similarities and differences with the MFPM. In section 6, we consider the equations
of structural elastodynamics and show their discrete form in case of an MFPM approximation
scheme, including the treatment of the boundary conditions in case of an explicit time integration. In
Section 7, we apply the described methods to solve elastostatics and elastodynamics tests. Finally,
we draw our conclusions in Section 8.

2. MODIFIED FINITE PARTICLE METHOD: ONE-DIMENSIONAL FORMULATION

In this section, we recall the 1D original formulation of MFPM, and introduce a novel formulation
of the method. Furthermore, we show that both methods collapse to the finite difference method
when three particles are involved in the approximation of the derivative. Finally, we introduce the
discrete form of a differential problem approximated by the MFPM.

2.1. Original formulation

Here, the approximation scheme of the original MFPM is recalled. Given a function u.x/, we
consider its second-order Taylor series expansion

u.x/ D u.xi /C u
0.xi /.x � xi /C

1

2
u00.xi /.x � xi /

2 C o
�
jx � xi j

3
�

(7)

and project it on two projection functions W1.x � xi / and W2.x � xi /, such thatZ
�

.u � ui /W
i
1dx D u

0
i

Z
�

.x � xi /W
i
1dx C u

00
i

Z
�

1

2
.x � xi /

2W i
1dx C e

0
1Z

�

.u � ui /W
i
2dx D u

0
i

Z
�

.x � xi /W
i
2dx C u

00
i

Z
�

1

2
.x � xi /

2W i
2dx C e

0
2

(8)

Hereafter, for simplicity of notation, we denote W i
˛ D W˛.x � xi / and u.xi / D ui . e01 and e02 are

the projections of the truncation error.
We divide the whole domain in a finite number of subdomains, whose measure is �xj , each one

referring to the particle in xj . Then we discretize the integrals of (8), and we obtain a set of two
equations that we may write in matrix form as

�
Ai11 A

i
12

Ai21 A
i
22

��
u0i
u00i

�
D

 P
j Œuj � ui �W

ij
1 �xjP

j Œuj � ui �W
ij
2 �xj

!
C

�
e
00

1

e
00

2

�
(9)

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
DOI: 10.1002/nme
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Equation (9) holds at each particle xi . We refer to the left-hand side matrix in Equation (9) asAAAi ,
and its components are

Ai11 D
X
j

.xj � xi /W
ij
1 �xj Ai12 D

1

2

X
j

.xj � xi /
2W

ij
1 �xj

Ai21 D
X
j

.xj � xi /W
ij
2 �xj Ai22 D

1

2

X
j

.xj � xi /
2W

ij
2 �xj

(10)

where W ij
˛ stands for W˛.xj � xi /.

The choice of the projection functions (replacing the classical smoothing functions used in pre-
vious works) is a fundamental issue in any particle method. In classical SPH-based methods, the
traditional choice of a bell-shaped function and its derivative is preferred, and many authors investi-
gated the properties of different kernel choices, for example, in [5], a polynomial function was used,
whereas in [6], a Gaussian function and its derivative were adopted. The Gaussian has been since
then regarded by many authors as the golden function thanks to its smoothness even for high-order
derivatives; on the other hand, some authors used high-order B-splines [29–31], whereas [32] used
a quadratic function. All these kernel functions have to respect the properties of unity (2a), compact
support (2b), positivity, and Dirac Delta property (2c).

In MFPM formulation, these properties are not required. In fact, the projection functions are only
bases for the projection of the unknown functions and no relation with the Dirac Delta is indeed
required. For this reason, they may be chosen in any way such that the matrix AAAi is non singular;
the traditional choice of an even and an odd function guarantees this property, but this is not the
only possibility.

In Equations (9) and (10), summations are computed over a certain number of particles, forming
the stencil of the derivative approximation schemes. As an example, in order to approximate the
first derivative in xi , we may consider the particles in xi�1, in xi , and in xiC1. At the boundary, we
instead consider the i-th particle and the two closest ones.

We finally obtain the approximation schemes for the first and second derivatives by inverting (9).
An accurate analysis of the error in MFPM is available in [27].

2.2. Novel formulation

In this section, a novel formulation is derived by modifying the original MFPM formulation. We
consider the Taylor series expansion (7) about the point xi and collect in the vector qqqi its evaluations
in a certain number of points xj :

uj � ui D u
0
i .xj � xi /C

1

2
u00i .xj � xi /

2 C o
�
jxj � xi j

3
�

(11)

Then, we collect in another vector, namely wwwi , the evaluations of a set of projection functions
W
ij
˛ in the same points xj . We perform the scalar product wwwi � qqqi , neglecting the truncation error;

the following equation holds:X
j

.uj � ui /W
ij
˛ D u

0
i

X
j

.xj � xi /W
ij
˛ C

1

2
u00i

X
j

.xj � xi /
2W ij

˛ (12)

and thus, for ˛ D 1; 2, we obtain:�
Ai11 A

i
12

Ai21 A
i
22

��
u0i
u00i

�
D

 P
j Œuj � ui �W

ij
1P

j Œuj � ui �W
ij
2

!
(13)

where

Ai11 D
X
j

.xj � xi /W
ij
1 Ai12 D

1

2

X
j

.xj � xi /
2W

ij
1

Ai21 D
X
j

.xj � xi /W
ij
2 Ai22 D

1

2

X
j

.xj � xi /
2W

ij
2

(14)
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We observe that the novel formulation can be easily derived from the original one by setting
�xj D 1 for any j .

2.3. Discrete form of a 1D boundary value problem by MFPM

Let us consider a generic 1D boundary value problem in the form8̂̂<
ˆ̂:
˛ d2u

dx2
C ˇ du

dx C �u.x/ D f .x/ x 2 .0; L/

u jxD0 D Nu1
du
dx

ˇ̌
xDL
D Nu0L

(15)

We want to reduce it in the algebraic form

KKKuuu D fff (16)

where uuu is the vector of the values of the unknown function u at xi . The ‘stiffness’ matrix KKK, for
linear problems, is the linear composition of the discrete differential operatorsDDDII ,DDDI , and III , that
are the discrete counterparts of the operators d2=dx2, d=dx and 1. In particular, the discrete form of
(15) reads 8̂<

:̂
P
j

h
˛DII

ij C ˇD
I
ij C �ıij

i
uj D fi 8i 2 ¹2; : : : ; N � 1º

u1 D Nu1P
j D

I
Njuj D Nu

0
L

(17)

and 8<
:
KKK D ˛DDDII C ˇDDDI C III 8i 2 ¹2; ::; N � 1º
K11 D 1, K1j D 0 for j ¤ 1
KKKNj DDDD

I
Nj

(18)

The expressions ofDDDII andDDDI can be derived, for the original MFPM formulation, as

DII
ij D E

i
21

"
W
ij
1 �xj � ıij

X
h

W ih
1 �xh

#
CEi22

"
W
ij
2 �xj � ıij

X
h

W ih
2 �xh

#
(19)

and

DI
ij D E

i
11

"
W
ij
1 �xj � ıij

X
h

W ih
1 �xh

#
CEi12

"
W
ij
2 �xj � ıij

X
h

W ih
2 �xh

#
(20)

whereEEEi D .AAAi /
�1

and ıij is the Kronecker Delta operator, that is 1 when i D j and 0 otherwise.
In the novel formulation, the discrete operatorsDDDII andDDDI are equal to

DII
ij D E

i
21

"
W
ij
1 � ıij

X
h

W ih
1

#
CEi22

"
W
ij
2 � ıij

X
h

W ih
2

#
(21)

and

DI
ij D E

i
11

"
W
ij
1 � ıij

X
h

W ih
1

#
CEi12

"
W
ij
2 � ıij

X
h

W ih
2

#
(22)

where, again, EEEi D .AAAi /
�1

. We remark that the components of the matrix AAAi are different in the
two formulations, but here we denote them with the same name because they play an identical role
in both array.

Once the matrixKKK is assembled according to (18), the array uuu is obtained through the solution of
the linear system (16).
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2.4. Comparison with the Finite Difference method

It can be observed that, when only three particles in the stencil are used, the second-order approxi-
mation schemes of derivatives are independent of the choice of the projection functions. In order to
prove this, we recall the classical procedure to get the derivative approximation schemes used in the
Finite Difference Method [33].

The approximation of a function u at a point xj can be achieved by the Taylor expansion about
xi up to the desired order.

A generic approximation scheme of the second derivative reads

u00i D
X
j

˛juj (23)

where ˛j are coefficients to be determined. By combining (11) and (23), we obtain [33, see]

u00i D ui
X
j

˛j C u
0
i

X
j

˛j .xj � xi /C u
00
i

X
j

1

2
˛j .xj � xi /

2 (24)

The points xi are called collocation points of the approximation schemes, whereas the points xj
are the points of the stencil of the approximation. In most of the schemes, they do coincide, but this
is not mandatory in general.

Equation (24) holds only if

8<
:
P
j ˛j D 0P
j ˛j .xj � xi / D 0P
j
1
2
˛j .xj � xi /

2 D 1

(25)

When the particles are three, the number of equations is equal to the number of the unknowns
˛j . If there are no coincident particles at the same point xj , the system (25) has only one solution.
Hence, the second-order approximation scheme for the second derivative is unique. We remark that
the same argument holds also for a second-order approximation of the first derivative.

In both the original and the novel formulation of the MFPM, the final form of the derivative
approximation schemes is identical to (23). In order to achieve a second-order scheme for the first
and second derivatives, any procedure has to return the same ˛j of the FDM, otherwise, the method
would not be second-order accurate. Both original and novel MFPM also satisfies this requirement.

3. ORIGINAL MODIFIED FINITE PARTICLE METHOD: MULTIDIMENSIONAL
FORMULATION

In the following, we show the extension of the MFPM to the three-dimensional case, performing
similar steps to those of the 1D case.

We consider the Taylor series expansion of an unknown function u.xxx/ up to the second order

u.xxx/ D u.xxxi /CDxu.xxxi /.x � xi /CDyu.xxxi /.y � yi /CD´u.xxxi /.´ � ´i /C

C
1

2
D2
xxu.xxxi /.x � xi /

2 C
1

2
D2
yyu.xxxi /.y � yi /

2 C
1

2
D2
´´u.xxxi /.´ � ´i /

2C

CD2
xyu.xxxi /.x � xi /.y � yi /CD

2
y´u.xxxi /.y � yi /.´ � ´i /C

CD2
x´u.xxxi /.x � xi /.´ � ´i /C o.kxxx � xxxik

3/

(26)

where xxx D Œx y ´�T .
Multiplying Equation (26) by nine projection functions W i

˛ D W˛.xxx � xxxi /, ˛ D 1; : : : ; 9, and
integrating over the domain �, we obtain a set of equations, reading

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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Dxu.xxxi /

Z
�

.x � xi /W
i
˛ dV CDyu.xxxi /

Z
�

.y � yi /W
i
˛ dV CD´u.xxxi /

Z
�

.´ � ´i /W
i
˛ dV

C
1

2
D2
xxu.xxxi /

Z
�

.x � xi /
2W i

˛ dV

C
1

2
D2
yyu.xxxi /

Z
�

.y � yi /
2W i

˛ dV C
1

2
D2
´´u.xxxi /

Z
�

.´ � ´i /
2W i

˛ dV

CD2
xyu.xxxi /

Z
�

.x � xi /.y � yi /W
i
˛ dV

CD2
y´u.xxxi /

Z
�

.y � yi /.´ � ´i /W
i
˛ dV

CD2
x´u.xxxi /

Z
�

.x � xi /.´ � ´i /W
i
˛ dV D

Z
�

.u.xxx/

� u.xxxi //W
i
˛ dV

which can be rewritten in matrix form as

AAAi

0
BBBBBBBBBBBB@

Dxu.xxxi /

Dyu.xxxi /

D´u.xxxi /

D2
xxu.xxxi /

D2
yyu.xxxi /

D2
´´u.xxxi /

D2
xyu.xxxi /

D2
y´u.xxxi /

D2
x´u.xxxi /

1
CCCCCCCCCCCCA
D

0
BBBBBBBBBBBB@

R
�.u.xxx/ � u.xxxi //W

i
1 dVR

�.u.xxx/ � u.xxxi //W
i
2 dVR

�.u.xxx/ � u.xxxi //W
i
3 dVR

�
.u.xxx/ � u.xxxi //W

i
4 dVR

�
.u.xxx/ � u.xxxi //W

i
5 dVR

�
.u.xxx/ � u.xxxi //W

i
6 dVR

�
.u.xxx/ � u.xxxi //W

i
7 dVR

�
.u.xxx/ � u.xxxi //W

i
8 dVR

�
.u.xxx/ � u.xxxi //W

i
9 dV

1
CCCCCCCCCCCCA

(27)

The choice of the projection functions is performed with the only requirement that, for each
particle, the matrixAAAi is non singular. For instance, in our tests, we choose

W i
1 D x � xi W i

4 D .x � xi /
2 W i

7 D .x � xi /.y � yi /

W i
2 D y � yi W i

5 D .y � yi /
2 W i

8 D .y � yi /.´ � ´i /

W i
3 D ´ � ´i W i

6 D .´ � ´i /
2 W i

9 D .x � xi /.´ � ´i /

The domain � is then divided into finite subdomains �Vj , one for each particle xxxj , for example,
according to the Voronoi tessellation procedure (see [34] for details). In general, the Voronoi tessel-
lation algorithm generates subregions that are not bounded within the domain. For this reason, it is
also necessary a cutting procedure for cells partially outside the domain: this algorithm is the main
cause of the computational cost of this procedure. For each particle, an influence region �i is also
defined, depending, as in SPH-based methods, on the smoothing length. In MFPM, we do not define
a fixed value of the smoothing length, but we prefer to set the number of particles to be included in
the domain �i for the approximation of derivatives. For all particles such that xj … �i , we pose
that W i

˛ .xxx D xxxj / D 0 for ˛ D 1; : : : ; 9. Then, the integrals are approximated with summations,
and Equation (27) can be rewritten as

AAAiDDD.ui / D CCC
iuuu �BBBui (28)

where

CCC i D
�
WWW i1 j WWW i2 j : : : j WWW iN

	
(29)

BBB i D
X
j

WWW ij (30)

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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and

WWW ij D
h
W
ij
1 �Vj j W

ij
2 �Vj j : : : j W

ij
9 �Vj

iT
(31)

Then, by inverting (28), we obtain

DDD.ui / D EEE
i
�
CCC iuuu �B iB iB iui

�
D EEEi



CCC i �Bi

�
uuu (32)

where

Bi D
�
000 j 000 j : : : j BBB i j : : : j 000 j 000

	
(33)

and finally

DDD.ui / D Diuuu (34)

The operator that, applied to uuu, gives back the discrete form of the generic derivative of u.x/ can
be built by collecting the corresponding rows of Di D EEEi .CCC i �Bi /, 8i .

In order to find the correct row of Di , it is sufficient to refer to Equation (27). For instance, in order
to build the operator DDDxx (that, applied to uuu, gives back the discrete counterpart of @2u.x/=@x2),
we select, for each i , the fourth row of Di , such that

DDDxx D

2
664

D14
D24
: : :

DN4

3
775 (35)

where Di˛ is the ˛-th row of Di .
A 2D formulation of the method is simply achieved by considering only the derivatives in the x

and y directions, that is, ˛ can only be equal to 1; 2; 4; 5; 7. The 3D subdomains �Vj are obviously
replaced by planar subdomains �Aj .

4. NOVEL MODIFIED FINITE PARTICLE METHOD: MULTIDIMENSIONAL
FORMULATION

We now propose the same steps of the 1D formulation for the novel MFPM and show its extension
to the multidimensional case. As previously shown, we consider the Taylor series expansion of an
unknown function u.xxx/ up to the second order and evaluate it in a set of points xxxj 2 �i

u.xxxj / � u.xxxi / D Dxu.xxxi /.xj � xi /CDyu.xxxi /.yj � yi /CD´u.xxxi /.´j � ´i /

C
1

2
D2
xxu.xxxi /.xj � xi /

2 C
1

2
D2
yyu.xxxi /.yj � yi /

2 C
1

2
D2
´´u.xxxi /.´j � ´i /

2

CD2
xyu.xxxi /.xj � xi /.yj � yi /CD

2
y´u.xxxi /.yj � yi /.´j � ´i /

CD2
x´u.xxxi /.xj � xi /.´j � ´i /C o

�
kxxxj � xxxik

3
�

(36)
where xxx D Œx y ´�T .

We consider nine projection functions W i
˛ D W˛.xxx � xxxi /, ˛ D 1; : : : ; 9 and evaluate them in

the same set of points xj . Following the 1D formulation, we perform the scalar product between
two vectors, composed by the evaluations of Equation (36) and the evaluations of the projection

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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function, respectively, in the xj . We obtain

Dxu.xxxi /
X
j

.xj � xi /W
ij
˛ CDyu.xxxi /

X
j

.yj � yi /W
ij
˛ CD´u.xxxi /

X
j

.´j � ´i /W
ij
˛

C
1

2
D2
xxu.xxxi /

X
j

.xj � xi /
2W ij

˛

C
1

2
D2
yyu.xxxi /

X
j

.yj � yi /
2W ij

˛

C
1

2
D2
´´u.xxxi /

X
j

.´j � ´i /
2W ij

˛

CD2
xyu.xxxi /

X
j

.xj � xi /.yj � yi /W
ij
˛

CD2
y´u.xxxi /

X
j

.yj � yi /.´j � ´i /W
ij
˛

CD2
x´u.xxxi /

X
j

.xj � xi /.´j � ´i /W
ij
˛ D

X
j

.u.xxxj /

� u.xxxi //W
ij
˛

(37)

that, in matrix form, reads

AAAi

0
BBBBBBBBBBBB@

Dxu.xxxi /

Dyu.xxxi /

D´u.xxxi /

D2
xxu.xxxi /

D2
yyu.xxxi /

D2
´´u.xxxi /

D2
xyu.xxxi /

D2
y´u.xxxi /

D2
x´u.xxxi /

1
CCCCCCCCCCCCA
D

0
BBBBBBBBBBBBBBB@

P
j .u.xxxj / � u.xxxi //W

ij
1P

j .u.xxxj / � u.xxxi //W
ij
2P

j .u.xxxj / � u.xxxi //W
ij
3P

j .u.xxxj / � u.xxxi //W
ij
4P

j .u.xxxj / � u.xxxi //W
ij
5P

j .u.xxxj / � u.xxxi //W
ij
6P

j .u.xxxj / � u.xxxi //W
ij
7P

j .u.xxxj / � u.xxxi //W
ij
8P

j .u.xxxj / � u.xxxi //W
ij
9

1
CCCCCCCCCCCCCCCA

(38)

In a similar way to the original formulation, the projection functions have to be chosen such that
matrixAAAi is non singular. Here, we use the same projection functions of the original formulation.

In order to build the discrete differential operators, the procedure is the same as in the case of the
original formulation. The only difference is in Equation (31), that, in the novel formulation, reads

WWW ij D
h
W
ij
1 j W

ij
2 j : : : j W

ij
9

iT
(39)

In this formulation, a great advantage lies in the fact that no domain subdivision is required. The
Voronoi tessellation algorithm performed in the original formulation, and in particular the cutting
procedure for cells partially outside the domain, that is the main cause of the high computational
cost of the original formulation, is avoided, leading to a reduction of the computational cost of the
numerical procedure.

Moreover, in the original formulation, the approximation of the integrals was performed in a too
simplistic way, because each collocation point is not necessarily in the centroid of its subdomain.
This leads to an approximation of integrals that is exact only for constant functions. In the novel
formulation we by-pass the need of computing integrals, thus eliminating this possible source of
inaccuracy, granting a better convergence constant, but not a better convergence order of the error.

Given the analytical form of the derivative approximation schemes, it is easy to approximate any
linear differential operator; the most common are reported in Table I

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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Table I. Correspondence between some continuum
differential operators and their discrete form.

Continuum operator Discrete operator

rrr � .�/ DDDx.�/1 CDDDy.�/2 CDDD´.�/3
rrr.�/ ŒDDDx DDDy DDD´�

T .�/

rrr2.�/ DDD2xx.�/CDDD
2
yy.�/CDDD

2
´´.�/

5. COMPARISON BETWEEN THE NOVEL FINITE PARTICLE METHOD AND THE
GENERALIZED FINITE DIFFERENCE METHOD

In this section, we report the basic idea of the GFDM, introduced in [21] and highlight the main
differences and similarities between GFDM and the novel MFPM proposed in this work.

Modified finite particle method and GFDM have a similar structure, but employ a different pro-
cedure to find the derivative approximations. In the MFPM, in particular, we start from the Taylor
series expansion and then project it on a set of projection functions. Also in the GFDM, the starting
point is the Taylor series expansion of a function u.xxx/ about a point xxxi , but in this case, the method
consists in evaluating the series in a set of surrounding points xxxj , and then, for those points, the trun-
cation errors are computed as eij D u.xxxj /�uj , where u.xxxj / is the exact value of the function inxxxj .
The total squared weighted error Ei D

P
j

�
eijT

ij
	2

is then computed, being T ij D T .xxxj � xxxi / a
weight function, that is,

Ei D
X
j

®�
u.xxxj / � u.xxxi /CDxu.xxxi /.xj � xi /CDyu.xxxi /.yj � yi /

CD´u.xxxi /.´j � ´i /C
1

2
D2
xxu.xxxi /.xj � xi /

2 C
1

2
D2
yyu.xxxi /.yj � yi /

2

C
1

2
D2
´´u.xxxi /.´j � ´i /

2 CD2
xyu.xxxi /.xj � xi /.yj � yi /

C D2
y´u.xxxi /.yj � yi /.´j � ´i /CD

2
x´u.xxxi /.xj � xi /.´j � ´i /

	
T ij

¯2
(40)

Finally, the approximation schemes for the spatial derivatives are simply achieved by minimizing
(40) with respect to the values of the derivatives in xxxi .

After minimization, the following linear system is obtained

AAAi

0
BBBBBBBBBBBB@

Dxu.xxxi /

Dyu.xxxi /

D´u.xxxi /

D2
xxu.xxxi /

D2
yyu.xxxi /

D2
´´u.xxxi /

D2
xyu.xxxi /

D2
y´u.xxxi /

D2
x´u.xxxi /

1
CCCCCCCCCCCCA
D

0
BBBBBBBBBBBBBBBB@

P
j 2.u.xxxj / � u.xxxi //.xj � xi / T

ij 2P
j 2.u.xxxj / � u.xxxi //.yj � yi / T

ij 2P
j 2.u.xxxj / � u.xxxi //.´j � ´i / T

ij 2P
j .u.xxxj / � u.xxxi //.xj � xi /

2 T ij
2P

j .u.xxxj / � u.xxxi //.yj � yi /
2 T ij

2P
j .u.xxxj / � u.xxxi //.´j � ´i /

2 T ij
2P

j 2.u.xxxj / � u.xxxi //.xj � xi /.yj � yi / T
ij 2P

j 2.u.xxxj / � u.xxxi //.yj � yi /.´j � ´i / T
ij 2P

j 2.u.xxxj / � u.xxxi //.xj � xi /.´j � ´i / T
ij 2

1
CCCCCCCCCCCCCCCCA

(41)

For brevity, we omit the expression of the components of the matrixAAAi in the GFDM, that can be
found in [21, 22].

By comparing Equations (27), (38), and (41), we see the similarity between the GFDM and both
the original and novel formulations of the MFPM. In particular, it is easy to see that, with a proper
choice of the projection functions in the MFPM, the GFDM is recovered. In particular, the GFDM

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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and the novel MFPM exactly match, if the following functions are chosen for the novel MFPM:

W
ij
1 D 2.xj � xi / T

ij 2

W
ij
2 D 2.yj � yi / T

ij 2

W
ij
3 D 2.´j � ´i / T

ij 2

W
ij
4 D .xj � xi /

2 T ij
2

W
ij
5 D .yj � yi /

2 T ij
2

W
ij
6 D .´j � ´i /

2 T ij
2

W
ij
7 D 2.xj � xi /.yj � yi / T

ij 2

W
ij
8 D 2.yj � yi /.´j � ´i / T

ij 2

W
ij
9 D 2.xj � xi /.´j � ´i / T

ij 2

(42)

We remark that in the GFDM, all the derivative approximation schemes depend on the choice
of one weight function Tij , whereas in the MFPM formulations, nine projection functions have to
be defined.

6. APPLICATION TO ELASTICITY

In the following, we introduce the linear elastodynamic problem in the 3D space and show how it
can be formulated with the MFPM.

We consider an elastic body on a domain �, subjected to internal forces bbb D bbb.xxx; t/, prescribed
displacements Nsss D Nsss.xxx; t/ on the Dirichlet boundary �D , and prescribed tractions Nttt D Nttt.xxx; t/ on the
Neumann boundary �N . �D and �N are such that²

�D [ �N D �
�D \ �N D ;

where � is the whole boundary of �.
The equations governing the problem are8̂̂̂

ˆ̂<
ˆ̂̂̂̂
:

� @
2sss
@t2

D rrr � ��� C bbb xxx 2 �

���nnn D Nttt .t/ xxx 2 �N
sss D Nsss.t/ xxx 2 �D
sss jtD0 D sss0.xxx/ xxx 2 �
@sss
@t

ˇ̌̌
tD0
D Psss0.xxx/ xxx 2 �

(43)

where � is the mass density of the material; nnn is the outward normal vector at the boundary, sss D
sss.xxx; t/ is the vectorial displacement field, whose components are u D u.xxx; t/, v D v.xxx; t/, and
w D w.xxx; t/; ��� D C.rrrsss/S is the symmetric Cauchy stress tensor. C is the fourth-order linear
elastic isotropic tensor, whose components are

Cijkl D 	ıij ıkl C 



ıikıjl C ıilıjk

�
(44)

where 	 and 
 are the Lamé constants, which can be expressed in terms of the Young modulus E
and the Poisson ratio � as follows:

	 D
E�

.1C �/.1 � 2�/
I 
 D

E

2.1C �/
(45)

.�/S denotes the symmetric part of a tensor (i.e.,AAAS D 1
2
.AAACAAAT /).

Making explicit (43) with respect to the components of the displacement u, v, and w, we obtain8<
:
�u;t t D .	C 2
/u;xxC
.u;yy Cu;´´ /C .	C 
/.v;xy Cw;x´ /C bx
�v;t t D .	C 2
/v;yy C
.v;xxCv;´´ /C .	C 
/.u;xy Cw;y´ /C by
�w;t t D .	C 2
/w;´´C
.w;xxCw;yy /C .	C 
/.u;x´Cv;y´ /C b´

(46)

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
DOI: 10.1002/nme



A MODIFIED FPM: MULTI-DIMENSIONAL STATICS AND DYNAMICS 13

The subscripts preceded by a comma indicate partial derivative.
The semi-discrete form of system (46), after the spatial discretization shown in Sections 3, 4, and

5, is then

�ROsss D OKKK Osss C bbb (47)

being Osss the vector of the particle values of sss.xxx; t/. In a more explicit way, Equation (47) reads0
B@ � ROuuu

� ROvvv

� ROwww

1
CA D

0
@ OKKK11 OKKK12 OKKK13OKKK21 OKKK22 OKKK23
OKKK31 OKKK32 OKKK33

1
A
0
@ OuuuOvvv
Owww

1
AC

0
@ bbbxbbby
bbb´

1
A (48)

being Ouuu, Ovvv, and Owww, the vectors containing the particle values of the scalar fields u, v, and w. OKKKij are
the blocks of OKKK, reading

OKKK11 D .	C 2
/DDDxx C 
.DDDyy CDDD´´/

OKKK22 D .	C 2
/DDDyy C 
.DDDxx CDDD´´/

OKKK33 D .	C 2
/DDD´´ C 
.DDDxx CDDDyy/

OKKK12 D OKKK21 D .	C 
/DDDxy

OKKK13 D OKKK31 D .	C 
/DDDx´

OKKK23 D OKKK32 D .	C 
/DDDy´

In the spirit of collocation methods, in Equation (47), the rows of OKKK corresponding to the bound-
ary particles, and the corresponding terms of bbb and �ROsss have to be replaced with the discrete form of
the boundary conditions. In this way, we obtain the final form of the discrete elastodynamic problem

KKK Osss D fff (49)

where the components of fff are �ROsss � bbb for the rows associated to internal particles, and Nsss or Nttt for
the boundary particles, in case of Dirichlet or Neumann boundary conditions, respectively.

For elasto-static applications, time derivatives in Equation (49) are zero, and the system can be
immediately solved; therefore, both internal and external particle values are found simultaneously.

In case of elasto-dynamics, we have first to discretize time derivatives, with a numerical scheme,
that is,

ROsssn D
Osss
nC1
� 2Osss

n
C Osss

n�1

�t2
(50)

where �t is the time step and superscripts refer to time increments (e.g., Osssn D Osss
ˇ̌
tDtn

). The
equations of system (49), collocated at internal particles, becomeX

j

Kij Os
n
j D �

OsnC1i � 2Osni C Os
n�1
i

�t2
� bni (51)

whereas the equations collocated at boundary particles, where no time derivatives are involved, are
in the form X

j

Kij Os
nC1
j D NunC1i (52)

Equations (52) cannot be solved by explicit time integration, because the values of OsnC1j may
depend, in case of Neumann boundary conditions, on the values of the internal particles at the same
time step tnC1. To overcome this difficulty, we perform a static condensation of KKK, and separate
the equations collocated on internal particles from those collocated on the boundary. The degrees of
freedom are also separated, and so the final form of (47) is�

KKKII KKKIB
KKKBI KKKBB

��
OsssI
OsssB

�
D

�
�ROsssI � bbbI
Nuuu

�
(53)
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where Nuuu is the vector of the prescribed displacements or of the tractions at the boundary, and
KKKII , KKKIB , KKKBI , KKKBB are the blocks of the matrix KKK obtained with reference to the internal and
boundary particles.

From the second set of equations of (53), we compute

sssB DKKK
�1
BB . Nuuu �KKKBI OsssI / (54)

and we substitute it into the first set of equations of (53), obtaining

�ROsssI C .KKKIBKKK
�1
BBKKKBI �KKKII /OsssI D �KKKIBKKK

�1
BB Nuuu � bbbI (55)

where the amountKKKIBKKK�1BBKKKBI �KKKII is the condensed stiffness matrix, namely QKKK.
Equations (55) form an unconstrained ordinary differential equation system, which can be solved

by a suitable time integration scheme, like the explicit one of Equation (50). Once the values of the
unknown functions are computed from Equation (55) at time step tnC1, Equation (54) can be used
to retrieve the values of the functions at the boundary particles.

7. NUMERICAL TESTS

In the following, we propose a number of applications of the investigated models. First, we introduce
three elastostatic problems, different for geometry and boundary conditions: the first one is the
classical test of an infinitely extended plate in plane strain with a circular hole under a uniform
remote traction, which has a curvilinear side that complicates the computation of the subdomain in
the Voronoi tessellation; the second problem is the so-called Cook membrane in 2D plane strain, that
is a well-known tough benchmark for elasticity problems; the third test is a block with a spherical
bore stretched on a face on which we show the potentiality of the novel formulation for 3D problems.
The last two problems are two dynamics tests: in the first one, we investigate the wave propagation
in a plane strain 2D bar under a quasi-impulsive load; in the second one, we simulate a quarter
of an annulus under a sinusoidal body load, again in plane strain. We solve all these problems
(except the 3D one that is solved only with the novel MFPM) with the original MFPM, the novel
MFPM, and the GFDM, in order to compare the performances of these methods in terms of error and
computational cost.

7.1. Plate with a circular hole

The geometry of this problem is depicted in Figure 1, along with its symmetry boundary conditions
and applied loads. The radius of the internal hole is a D 0:2.

Figure 1. Plate with a circular hole: model problem including symmetry boundary conditions and
applied loads.
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The equations that govern the problem are the 2D elastostatic version of (46). Plain strain
condition are assumed. The boundary conditions are8<

:
���nnn � nnn D 0 and ���nnn � ttt D 0 on �1 and �4
sss � nnn D 0 and ���nnn � ttt D 0 on �2 and �5
���nnn � nnn D �0 and ���nnn � ttt D 0 on �3

(56)

where nnn is the outward normal, ttt is the unit vector tangent to the boundary, and �0 is the uniform
remote traction.

We solve the problem considering a reduced domain, such that on �3 and �4, we impose boundary
conditions according to the exact solution, that is, in terms of stresses,

�xx D �0

�
1 �

a2

r2

�
3

2
cos 2� C cos 4�

�
C
3a4

2r4
cos 4�

�
(57a)

xy D �0

�
�
a2

r2

�
1

2
sin 2� C sin 4�

�
C
3a4

2r4
sin 4�

�
(57b)

�yy D �0

�
�
a2

r2

�
1

2
cos 2� � cos 4�

�
�
3a4

2r4
cos 4�

�
(57c)

where .r; �/ are the polar coordinates, � being measured from the positive x-axis counterclockwise.
We now introduce the Stress Intensity Factor (SIF) for this problem, that is the ratio between the

maximum value of �xx and the value of the remote traction �0. In this case, the analytical solution
provides SIF D 3. We then numerically solve the problem, assuming

E D 100000Pa; � D 0:33 ; �0 D 100Pa: (58)

and compare the analytical value of the SIF with the obtained numerical results. The distribution
of the �xx stress obtained with the original MFPM and 251001 particles is shown in Figure 2. The
relative error on the SIF is computed as

errr D
jSIFan � SIFnumj

jSIFanj
D
j3 � SIFnumj

3
(59)

Figure 2. �xx in a square with a central hole obtained with the original modified finite particle method and
251001 particles.
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and convergence plots referred to the three considered methods are reported in Figure 3, where N
is the total number of particles used for the numerical solution.

In Table II, the computational costs of the original and novel MFPM for this problem are reported.
We notice the significant time reduction in the case of novel MFPM.

We observe that for this problem, all three methods show the same second-order convergence, but
the original formulation has an higher constant. With the other two methods, quite similar values
of the error are achieved, and the computational cost is significantly reduced, because no Voronoi
tessellation of the domain is needed.

7.2. The Cook’s membrane

The Cook’s membrane is a classical benchmark introduced in [35] to show the performance of plane
finite elements in dealing with volumetric locking. The geometry is shown in Figure 4.

The data of the problem are L D 48m, H1 D 44m, H2 D 16m.
The equations that govern the problem are the 2D elastostatic version of (46). Plain strain

conditions are assumed. The boundary conditions are8<
:
sss � nnn D 0 and sss � ttt D 0 on �1
���nnn � nnn D 0 and ���nnn � ttt D 0 on �2 and �4
���nnn � nnn D 0 and ���nnn � ttt D 0 on �3

(60)

where 0 D 1=16Pa is a constant shear stress distribution.
We solve the problem both in the case of � D 0:33 and in the case of quasi-incompressible

material (� D 0:49).

Figure 3. Logaritmic convergence diagram of the error of the SIF in a square plate with a central hole with
respect to the square root of the total number of particles included for the discretization.

Table II. Comparison of the computational costs between the original and novel modified finite particle
method for the problem of Figure 1.

Computational cost of the
Voronoi tessellation and Total time of the code - Total time of the code -p

N cutting algorithm[s] original formulation [s] novel formulation [s] time saving [%]

11 5:8 10�1 2:16 100 1:53 100 29:17

21 2:04 100 4:85 100 2:78 100 42:68

41 7:57 100 1:47 101 7:19 100 51:02

81 2:92 101 5:85 101 2:73 101 53:31

161 1:16 102 2:76 102 1:59 102 42:27

321 4:62 102 1:72 103 1:40 103 18:87
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Figure 4. The Cook’s problem: geometry, boundary conditions, and applied loads.
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Figure 5. Shear stress distribution in the Cook’s membrane obtained with original modified finite particle
method and 103041 particles.

In Figure 5, we show the shear stress distribution in the case of E D 1Pa and � D 0:33 with the
original MFPM and 103041 particles. The convergence of the value of the displacement of reference
point C (Figure 4) is reported in Figure 6.

In Table III, the computational costs of this problem for the original and novel MFPM are
reported. Again, we notice the significant time reduction in the case of novel MFPM. From the last
columns of Tables II and III, we also notice that the percentage reduction of time is higher at lower
number of particles. This is due to the fact that the computation cost of the Voronoi tessellation algo-
rithm grows less than the one of other routines present in our code, when the number of particles
increases.

We observe from Figure 6 that the solution seems to converge to similar values with all the
methods. Again, the novel MFPM and the GFDM perform in a similar way.

For the case of � D 0:49, the shear stress distribution and the convergence diagram are depicted
in Figures 7 and 8, respectively. The number of particles included in the stencil (that is, the group of

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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Figure 6. Convergence of the displacement of the point C in the Cook’s membrane in the array of orginal
modified finite particle method (MFPM), novel MFPM and generalized finite difference method.

Table III. Comparison of the computational costs between the original and novel modified finite particle
method for the problem of Figure 4.

Computational cost of the
Voronoi tessellation and Total time of the code - Total time of the code -p

N cutting algorithm[s] original formulation [s] novel formulation [s] time saving [%]

11 5:7 10�1 2:46 100 1:56 100 36:33

21 1:61 100 3:54 100 1:86 100 47:03

41 6:12 100 1:28 101 6:41 100 49:92

81 2:39 101 5:21 101 2:70 101 48:21

161 9:47 101 2:51 102 1:96 102 21:93

321 3:83 102 1:94 103 1:41 103 27:22

−0.05

0

0.05

0.1

Figure 7. Shear stress distribution in a quasi-incompressible Cook’s membrane obtained with the original
modified finite particle method and 103041.

particles that contribute to the approximation of derivatives) of the original MFPM is 9, and it looks
sufficient for a good performance of the method. The numerical test performed with the GFDM is
carried out with nine particles in the stencil, selected with the star criterion, as described in [22],
but we observe that for this problem the numerical solution does not converge. The same behavior
is obtained with the novel MFPM, and nine particles in the stencil. For this reason, in Figures 8, the
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Figure 8. Convergence of the displacement of the point C in the quasi-incompressible Cook’s membrane in
the array of orginal modified finite particle method (MFPM), novel MFPM, and generalized finite difference

method. (a) Complete diagram; and (b) Zoom of the right boundary of the diagram.

convergence diagram of the novel MFPM is computed including 25 particles in the stencil, leading
to a convergent approximation.

7.3. Three-dimensional elasticity problem

We study the elasticity of a 3D block under a uniform traction. The geometry of this problem is
depicted in Figure 9. A uniform normal traction �0 D 100Pa is applied on the face x D L. The
data of the problem are L D 5m, H D 3m, B D 2:5m, R D 2m.

Figure 9. Geometry of the parallelepiped with a spherical bore.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
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The equations governing the problem are the static version of (43); the boundary conditions are8̂<
:̂
sss � nnn D 0 and ���nnn � ttt D 0 on the faces x D 0, y D 0, and ´ D 0
���nnn � nnn D 0 and ���nnn � ttt D 0 on the faces y D B , ´ D H ,

and on the surface of the bore
���nnn � nnn D �0 and ���nnn � ttt D 0 at x D L

(61)

In Figure 10, we show the stress distributions on the symmetry plane y D 0 obtained using the
novel MFPM with 83 730 particles and the corresponding finite element overkilled solution (250 476
nodes) obtained with the software Abaqus. We observe a good agreement of the stress distributions
�xx , �´´, and x´ between our numerical results and the overkilled solution provided by Abaqus.
We remark again that with the original MFPM the solution of this 3D test would involve higher
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Figure 10. Stress distributions of the problem of Figure 9 obtained by novel modified finite particle method
(MFPM) (83730 particles) and overkilled Abaqus solution (250476 nodes) at y D 0. (a) �xx by novel
MFPM; (b) �xx by Abaqus; (c) �yy by novel MFPM; (d) �yy by Abaqus; (e) �´´ by novel MFPM; (f) �´´

by Abaqus; (g) x´ by novel MFPM; and (h) x´ by Abaqus.
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level of difficulty from the programming point of view, while in the case of novel MFPM the only
difference with the 2D case lies in the computation of an higher number of derivatives.

7.4. Dynamics of a bar under quasi-impulsive load

We now consider a 2D bar under a quasi-impulsive load. The geometry and the boundary conditions
are depicted in Figure 11, where L D 1m and H D 0:2m.

The equations that govern the problem are the 2D plane strain version of (46); the boundary
conditions are 8<

:
u D 0 and v D 0 on �1
�yy D 0 and xy D 0 on �2 and �4
�xx D �.t/ and xy D 0 on �3

(62)

where �.t/ D �0 exp
�
�b.t � t0/

2
�

is the quasi-impulsive load on the right end of the bar; the test
has been performed considering a Poisson ratio equal to zero, so to reproduce a 1D test. We also set
E D 100Pa and � D 100Kg=m3. For this test, an analytical solution is available for �xx.x; y/,
because the analytical propagation velocity c D

p
E=� is known.

The other data for this problem are

�0 D �100Pa, b D 100 1=s, t0 D 0:3s (63)

The numerical results of �xx obtained using a time step �t D 10�4s are compared with the
analytical solution after 2:5s from the impulse, so that the analytical reference solution is

�xx.x; y/jtD2:8 D ��0exp
�
�b.x � 0:5/2

�
(64)

The relative error is computed as

errr D
k���xx;an � ���xx;numk

k���xx;ank
(65)

In Figure 12 we show the stress component �xx in some time instants, and notice the wave
propagation of this stress component. We show in Figure 13 the convergence of the error for this test.
We observe that both the novel MFPM and the GFDM behave in the same way until the computation
carried out with 201�201 particles, where the GFDM exhibits numerical instability, while the novel
MFPM does not. The original MFPM remains stable until 201 � 201 particles, but with a higher
constant of the error.

7.5. Quarter of annulus under a sinusoidal body load

In this section, we solve the elastodynamic problem studied in [36]. The geometry of this problem
is depicted in Figure 14. The structure is clamped on all its boundary, and undergoes a sinusoidal
body load. For the internal particles Equations (46) hold. The internal radius is r D 1m, whereas
the external one is R D 4m.

Figure 11. Geometry, boundary conditions and loads of the bar under quasi-impulsive load.
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Figure 12. The stress component �xx in the bar during some time instants, obtained with the novel modified
finite particle method and 2121 particles. (a) t D 0:56 s; (b) t D 1:11 s ; and (c) t D 2:76 s.

Figure 13. Convergence diagram for the bar under quasi-impulsive load.

The internal body loads and the initial conditions have been manufactured so that the analytical
solution for the displacements u and v is

u.x; y; t/ D v.x; y; t/ D
1

100
xy


x2 C y2 � 16

� 

x2 C y2 � 1

�
sin.2�t/ (66)

The relative error

errr D
kuan � unumk

kuank
(67)
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Figure 14. Domain of the quarter of annulus with sinusoidal body load.

Figure 15. Convergence diagram of the error for the quarter of annulus under sinusoidal body load.

has been computed at time t D 1:75 s. The time step used for the analysis is �t D 10�4 s. In
Figure 15, we show the rate of convergence of the error and we observe that the second-order
accuracy of the method is confirmed. We remark that in this example the GFDM and the novel
MFPM perfectly coincide.

8. CONCLUSION

In this paper, we have recalled the original formulation of the MFPM for multidimensional prob-
lems, and have proposed its extension to dynamics. We have also introduced a novel formulation
of the method, based on the projection of the unknown function on a discrete set of values. This
avoids the numerical evaluation of integrals and also the implementation of an algorithm for the
subdivision of the domain in subregions (as, e.g., the Voronoi tessellation algorithm), that has a
non negligible computational cost. We have then applied the two formulations to some elastostatic
(a quarter of plate with a circular hole, a compressible and a nearly incompressible Cook’s mem-
brane, a 3D block with a central spherical bore) and elasto-dynamic (a bar under a quasi-impulsive
load and a quarter of an annulus under a sinusoidal body load) tests. Both formulations have shown
second-order accuracy when tested on problems with a manufactured analytical solution. Moreover,
in the novel formulation, we avoid the calculation of integrals, that is a possible source of error (with
an impact on the error constant), that is reduced with the novel formulation. Comparisons with the
GFDM have been also carried out.

Where the computational costs of the original and novel formulation have been compared, the
expectation of significant time reduction have been numerically confirmed.
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Further developments will include the extension of the MFPM formulations to schemes based
on a completely random distribution of particles, in order to make the method more general and
suitable for applications involving large deformations and fluid dynamics.

REFERENCES

1. Bardenhagen S, Brackbill J, Sulsky D. The material-point method for granular materials. Computer Methods in
Applied Mechanics and Engineering 2000; 187(3):529–541.

2. Bardenhagen S, Kober E. The generalized interpolation material point method. Computer Modeling in Engineering
and Sciences 2004; 5(6):477–496.

3. Idelsohn SR, Oñate E, Pin FD. The particle finite element method: a powerful tool to solve incompressible flows
with free-surfaces and breaking waves. International Journal for Numerical Methods in Engineering 2004; 61(7):
964–989.

4. Oñate E, Idelsohn SR, Del Pin F, Aubry R. The particle finite element methodan overview. International Journal of
Computational Methods 2004; 1(02):267–307.

5. Lucy L. A numerical approach to the testing of the fission hypothesis. The Astronomical Journal 1977; 82:
1013–1024.

6. Gingold R, Monaghan J. Smoothed particle hydrodynamics: theory and application to non spherical stars. Monthly
Notices of the Royal Astronomical Society 1977; 181:375–389.

7. Liu WK, Jun S, Li S, Adee J, Belytschko T. Reproducing kernel particle methods for structural dynamics.
International Journal for Numerical Methods in Engineering 1995; 38:1655–1680.

8. Liu WK, Jun S, Zhang YF. Reproducing kernel particle methods. International Journal for Numerical Methods in
Fluids 1995; 20:1081–1106.

9. Chen JK, Beraun JE, Carney TC. A corrective smoothed particle method for boundary value problems in heat
conduction. International Journal for Numerical Methods in Engineering 1999; 46:231–252.

10. Chen JK, Beraun JE, Jih CJ. An improvement for tensile instability in smoothed particle hydrodynamics. Computa-
tional Mechanics 1999; 23:279–287.

11. Zhang G, Batra R. Modified smoothed particle hydrodynamics method and its application to transient problems.
Computational Mechanics 2004; 34:137–146.

12. Atluri SN, Zhu T. A new Meshless Local Petrov-Galerkin (MLPG) approach in computational mechanics.
Computational Mechanics 1998; 22:117–127.

13. Wang J, Liu G. On the optimal shape parameters of radial basis functions used for 2-D meshless methods. Computer
Methods in Applied Mechanics and Engineering 2002a; 191:2611–2630.

14. Wang JG, Liu GR. A point interpolation meshless method based on radial basis functions. International Journal for
Numerical Methods in Engineering 2002b; 54(11):1623–1648.

15. Chi S, Chen J, Luo H, Hu H, Wang L. Dispersion and stability properties of radial basis collocation method for
elastodynamics. Numerical Methods for Partial Differential Equations 2013; 29(3):818–842.

16. Wang L, Chu F, Zhong Z. Study of radial basis collocation method for wave propagation. Engineering Analysis with
Boundary Elements 2013; 37:453–463.

17. Arroyo M, Ortiz M. Local max-ent approximation schemes: A seamless bridge between finite elements and meshfree
methods. International Journal for Numerical Methods in Engineering 2006; 65:2167–2202.

18. Arroyo M, Ortiz M. Local maximum-entropy approximation schemes. In Meshfree Methods for Partial Differential
Equations III. Springer: Berlin Heidelberg, 2007; 1–16.

19. Cyron CJ, Arroyo M, Ortiz M. Smooth, second order, non-negative meshfree approximants selected by maximum
entropy. International Journal for Numerical Methods in Engineering 2009; 79:1605–1632.

20. Rosolen A, Milln D, Arroyo M. Second-order convex maximum entropy approximants with applications to
high-order PDE. International Journal for Numerical Methods in Engineering 2013; 94(2):150–182.

21. Benito J, Ureña F, Gavete L. Influence of several factors in the generalized finite difference method. Applied
Mathematica Modelling 2001; 25:1039–1053.

22. Benito J, Ureña F, Gavete L. Solving parabolic and hyperbolic equations by the generalized finitedifference method.
Journal of computational and applied mathematics 2007; 209:208–233.

23. Ureña F, Benito J, Gavete L. Application of the generalized finite difference method to solve the advection-diffusion
equation. Journal of Computational and Applied Mathematics 2011; 2011:1849–1855.

24. Gavete L, Ureña F, Benito J, Salete E. A note on the dynamic analysis using the generalized finite difference method.
Journal of Computational and Applied Mathematics 2012; 236:3016–3025.

25. Ureña F, Salete E, Benito J, Gavete L. Solving third- and fourth-order partial differential equations using GFDM:
application to solve paroblems of plates. International Journal of Computer Mathematics 2012; 89:366–376.

26. Asprone D, Auricchio F, Manfredi G, Prota A, Reali A, Sangalli G. Particle methods for a 1d elastic model problem:
error analysis and development of a second-order accurate formulation. Computational Modeling in Engineering &
Sciences 2010; 62:1–21.

27. Asprone D, Auricchio F, Reali A. Novel finite particle formulations based on projection methodologies. International
Journal for Numerical Methods in Fluids 2011; 65:1376–1388.

28. Asprone D, Auricchio F, Reali A. Modified finite particle method: applications to elasticity and plasticity problems.
International Journal of Computational Methods 2014; 11(01).

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
DOI: 10.1002/nme



A MODIFIED FPM: MULTI-DIMENSIONAL STATICS AND DYNAMICS 25

29. Monaghan J, Lattanzio J. A refined particle method for astrophysical problems. Astronomy and Astrophysucs 1985;
149:135–143.

30. Morris JP. Analysis of smoothed particle hydrodynamics with applications. Ph. D. Thesis, Monash University, 1996a.
31. Morris JP. A study of the stability properties of SPH. Publications of The Astronomical Society of Australia 1996b;

13:97–102.
32. Johnson GR, Stryk RA, Beissel SR. SPH for high velocity impact computations. Computer Methods in Applied

Mechanics and Engineering 1996; 139:347–373.
33. LeVeque Randall J. Finite difference methods for ordinary and partial differential equations: steady-state and time-

dependent problems. SIAM, 2007.
34. Aurenhammer F. Voronoi diagrams - a survey of a fundamental geometric data structure. ACM Computing Survey

1991; 23:345–405.
35. Cook R, Al-Abdulla J. Some plane quadrilateral ’hybrid’ finite element. American Institute of Aeronautics and

Astronautics Journal 1969; 7:2184–2185.
36. Auricchio F, da Veiga LB, Hughes T, Reali A, Sangalli G. Isogeometric collocation for elastostatics and explicit

dynamics. Computer Methods in Applied Mechanics and Engineering 2012; 249–252(0):2–14.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2014; 99:1–25
DOI: 10.1002/nme


	A Modified Finite Particle Method: Multi-dimensional elasto-statics and dynamics
	SUMMARY
	INTRODUCTION
	MODIFIED FINITE PARTICLE METHOD: ONE-DIMENSIONAL FORMULATION
	Original formulation
	Novel formulation
	Discrete form of a 1D boundary value problem by MFPM
	Comparison with the Finite Difference method

	ORIGINAL MODIFIED FINITE PARTICLE METHOD: MULTIDIMENSIONAL FORMULATION
	NOVEL MODIFIED FINITE PARTICLE METHOD: MULTIDIMENSIONAL FORMULATION
	COMPARISON BETWEEN THE NOVEL FINITE PARTICLE METHOD AND THE GENERALIZED FINITE DIFFERENCE METHOD
	APPLICATION TO ELASTICITY
	NUMERICAL TESTS
	Plate with a circular hole
	The Cook's membrane
	Three-dimensional elasticity problem
	Dynamics of a bar under quasi-impulsive load
	Quarter of annulus under a sinusoidal body load

	CONCLUSION
	REFERENCES


