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Meshless methods are widely investigated and successfully implemented in many applications, including mechanics, ﬂuid-dynamics, and thermo-dynamics. Within this context,
this paper introduces a novel particle approach for elasticity, namely the modiﬁed ﬁnite
particle method (MFPM), derived from existing projection particle formulations, however presenting second-order convergence rates when used to solve elastic boundary value
problems. The formulation is discussed and some applications to bi-dimensional elastic
and elasto-plastic problems are presented. The obtained numerical results conﬁrm the
accuracy of the method, both in elasticity and in plasticity applications.
Keywords: Meshless methods; particle methods; elasticity; plasticity; second-order
accuracy.

1. Introduction
Many numerical methods have been recently proposed in the literature to address
mechanical problems involving large displacements and fast dynamics. In particular, to overcome deﬁciencies of ﬁnite element methods, such as numerical errors
due to mesh distortion, particle formulations able to treat large displacements and
high strain rate have been proposed and studied. Among the diﬀerent approaches,
smoothed particle hydrodynamics (SPH), ﬁrst introduced by Gingold and Monaghan [1977], represents one of the most investigated methods. SPH applications
have been presented in ﬂuid-dynamics [Monaghan (1994)], continuum elasticity
[Libersky and Petschek (1991)], mechanics of solids [Benz and Asphaug (1994,
1995)] and heat conduction [Cleary and Monaghan (1999)]. In order to solve a
number of criticalities, several improvements and corrections have been proposed
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in the literature (see, e.g., [Dyka et al. (1997); Johnson and Beissel (1996); Liu
et al. (1995a, 1995b); Randles and Libersky (2000); Swegle et al. (1995)]) leading
to a large number of SPH-type formulations, often very diﬀerent. A good review of
recent developments is presented by Liu and Liu [2010].
In particular, Batra and Zhang [2008, 2009] investigated the choice of the kernel
functions as well as strong and weak approaches and addressed 2D elastic problems,
conducting an error analysis and deriving the convergence order of the proposed
methodologies. Hu et al. [2011] also studied the convergence of meshless formulations in a rigorous and formal format. Kwon et al. [2005] and Xiong et al. [2005]
investigated plasticity problems, to simulate metal forming processes, using the
least-square meshfree method and the reproducing kernel particle method, respectively. Liu et al. [2003] and Liu and Liu [2006] investigated the use of diﬀerent
polynomial kernel function to increase the accuracy of the approximation.
Despite the existence of such a large literature on particle methods, even addressing complex problems, the proposed methodologies, in some cases already adopted
by well-established commercial codes, are still quite sensitive to ad-hoc numerical
settings. Hence, when dealing with new particle methods and algorithms, there is
a clear need to carefully test them on simple problems, as it is the standard in
classical ﬁnite element (FE) methodologies.
In this paper, we present some applications of a novel SPH-based formulation, namely the modiﬁed ﬁnite particle method (MFPM), previously introduced
in [Asprone et al. (2010, 2011)] in the context of Poisson problems. The MFPM is
derived from the ﬁnite particle method (FPM) proposed by Batra and Zhang [2004]
and Liu et al. [2005]. The main properties of the MFPM and the main diﬀerences
from the original FPM have been presented in [Asprone et al. (2010, 2011)] and,
as summarized in Sec. 2, they are the capability to preserve second-order accuracy
for both direct and source diﬀerential problems. Accordingly, the scope and the
motivation of the present paper are to demonstrate the good performance of the 2D
formulation of the method in both elastic and elasto-plastic mechanics problems,
with a focus also on the use of nonregular particle distributions. It is proven, in
fact, that also for such a class of problems the method is second-order accurate. In
order to assess the accuracy of the method, the obtained results are compared with
analytical solutions, when available, or alternatively with “overkilled” FE solutions,
obtained using very ﬁne meshes.
2. MFPM: 1D Formulation
In this section, following [Asprone et al. (2010)], we perform a 1D analysis of the
error of the method in the derivative approximation. We then move to the source
problem, showing how second-order convergence is attained. Within this context,
we discuss the choice of the projection functions, and, in particular, we propose
the use of simpler choices than the classical Gaussian function and its derivative.
The extension of the method to 2D and 3D is discussed in the next section and in the
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Appendix. It is highlighted that the method, even if derived from SPH formulations,
presents several similarities with generalized ﬁnite diﬀerence (GFD) methods [Benito et al. (2003, 2007)], as discussed in the following.
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2.1. Original FPM in 1D
According to the FPM formulation proposed by Batra and Zhang [2004] and Liu
et al. [2005], Taylor’s expansion of the unknown function B(x) is projected on
a number of independent functions, providing a linear algebraic system for each
particle xi , whose unknowns are the approximations at xi of the function B(x)
and its derivatives, up to the order of the Taylor’s formula truncation. Hence, in
the 1D case, considering a series expansion up to the ﬁrst-order and employing as
projection function a kernel function Wi (x) and its derivative DWi (x), the following
relationships are obtained:


B(xi ) Wi (x)dΩ + DB (xi ) (x − xi )Wi (x)dΩ
Ω



=
Ω

Ω

B(x)Wi (x)dΩ + e1 ,

(1)



B(xi ) DWi (x)dΩ + DB (xi ) (x − xi )DWi (x)dΩ
Ω



=
Ω

Ω

B(x)DWi (x)dΩ + e2 ,

(2)

where Ω is the problem domain while e1 and e2 represent the errors due to series
truncation. We note that, in the literature, the kernel Wi (x) is assumed to be
a symmetric Gaussian (or spline) function and, as a consequence, its derivative
DWi (x) is skew-symmetric.
Thus, deﬁning the matrix A, whose components are:


A11 = Wi (x)dΩ, A12 = (x − xi )Wi (x)dΩ,

A21 =

Ω

Ω

Ω



DWi (x)dΩ,

A22 =

Ω

(3)
(x − xi )DWi (x)dΩ,

Equations (1) and (2) can be rearranged as:
  

  

e
A11 A12
B(xi )
Ω B(x)Wi (x)dΩ
+ 1 .
= 
A21 A22 DB (xi )
e2
B(x)DWi (x)dΩ
Ω

(4)

Neglecting error terms e1 and e2 , these equations represent a linear algebraic system
which can be solved with respect to B(xi ) and DB(xi ). Therefore:

 
−1  

B(x)Wi (x)dΩ
A11 A12
B(xi )
Ω
.

(5)
=
DB(xi )
A21 A22
B(x)DW
(x)dΩ
i
Ω
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It can be proven that the evaluation of DB(xi ) is aﬀected by an error of order h2
inside the domain and of order h close to the boundary (see [Asprone et al. (2010)]).
Trying to evaluate also the second derivative of the function B(x), the procedure
can be in principle reiterated. Unfortunately, this operation causes a propagation
of the error, making the formulation not converging. More details about the FPM
formulation and diﬀerent examples of implementation can be found in Zhang and
Batra [2007, 2008, 2009].
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2.2. MFPM in 1D
To overcome the problems previously highlighted and to have a converging solution
also for the second derivative, the MFPM has been introduced in [Asprone et al.
(2010, 2011)]. This novel formulation diﬀers from the original FPM in two main
points.
• Firstly, diﬀerent functions are chosen as projection functions. In the FPM, in
fact, a Gaussian-type function, along with its derivative, is chosen. Instead, in
the MFPM, a couple of functions, generally symmetric and skew-symmetric are
chosen, with the only requirement of generating a nonsingular A matrix (see
Eq. (3)).
• The second diﬀerence of the MFPM with respect to the original FPM formulation
moves from the consideration that the values of B(xi ) do not represent real
unknowns and the system can be rearranged to introduce also second derivatives.
In fact, introducing the Taylor’s expansion for B(x) up to the second-order, multiplying it by the chosen projection functions, namely, Wi1 (x) and Wi2 (x), and
integrating, the following relationships are obtained:


1
DB(xi )
(x − xi )Wi1 (x)dΩ + D2 B(xi )
(x − xi )2 Wi1 (x)dΩ
2
Ω
Ω

= [B(x) − B(xi )]Wi1 (x)dΩ + e1 ,
(6)
Ω



DB(xi )

=
Ω

1
(x − xi )Wi2 (x)dΩ + D2 B(xi )
2
Ω

[B(x) − B(xi )]Wi2 (x)dΩ + e2 ,


Ω

(x − xi )2 Wi2 (x)dΩ
(7)

where terms e1 and e2 represent the errors due to series truncation. Then, deﬁning


1
A11 = (x − xi )Wi1 (x)dΩ, A12 =
(x − xi )2 Wi1 (x)dΩ,
2
Ω
Ω
(8)


1
2
2
2
(x − xi ) Wi (x)dΩ,
A21 = (x − xi )Wi (x)dΩ, A22 =
2 Ω
Ω
1350050-4

2nd Reading
June 26, 2013 17:10 WSPC/0219-8762

196-IJCM

1350050

Modified Finite Particle Method

Int. J. Comput. Methods 2014.11. Downloaded from www.worldscientific.com
by UNIVERSIDADE FEDERAL DO PARANA on 09/06/13. For personal use only.

Equations (6) and (7) can be rearranged as:
  

 

[B(x) − B(xi )]Wi1 (x)dΩ
e1
DB(xi )
A11 A12
Ω
+
.
=

A21 A22 D2 B(xi )
e2
[B(x) − B(xi )]Wi2 (x)dΩ
Ω

(9)

In this case, it can be proven that, the maximum error related to ﬁrst and second
derivative evaluation is of the order of h2 and h, respectively.a
This procedure can be implemented to solve a source problem, that is, to evaluate
a generic function B(x) given its second derivative D2 B(x) and suitable boundary
conditions.
In fact, after particle discretization (see [Asprone et al. (2010)] for details),
introducing E = A−1 evaluated at the centroid particle xi , we may writeb :

 


1
E11 E12
DB (xi )
j [B(xj ) − B(xi )]Wi (xj )∆xj
,

(10)
=
2
D2 B(xi )
E21 E22
j [B(xj ) − B (xi )Wi (xj )∆xj
and obtain:









B(xj )Wi1 (xj )∆xj  − E21 · 

D2 B(xi ) = E21 · 
j



Wi1 (xj )∆xj  · B(xi )
j









B(xj )Wi2 (xj )∆xj  − E22 · 

+ E22 · 
j



Wi2 (xj )∆xj  · B(xi ).
j

(11)
Writing the previous equation for every particle xi (i = 1, . . . , N ), the following
system holds:

  2

D B(x1 )
B(x1 )

 

 B(x2 )   D2 B(x2 ) 
(12)
K
=
,
 ···  

···
B(xN )

D2 B(xN )

K being a N × N matrix whose terms are linear combinations of E21 and E22 multiplied by Wi1 and Wi2 terms. Assigned the second derivatives, the values of the function B(x) can be therefore determined solving system (12). It can be demonstrated
(see [Asprone et al. (2011)]) that this procedure is second-order accurate in the
a Actually,

far from the domain boundary, the second derivative evaluation also presents a maximum error of the order of h2 , degrading to h close to the boundary.
b It is evidenced that this formulation is derived for a regular particle distribution, i.e., with particles equally spaced in the domain. However, the authors have already investigated in a diﬀerent
paper [Asprone et al. (2011)] that convergence is not aﬀected by an irregular particle distribution,
both in direct and source problems. This is also evidenced in some of the numerical tests presented
in next sections, where the hypothesis of regularly distributed particles is removed.
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associated source problem, that is, in the evaluation of the function given its second
derivative. As previously mentioned, the proposed formulation shares similarities
with the GFD method [Benito et al. (2003)]. In both cases, Taylor’s formula is projected on a number of functions to drive to an algebraic system to be solved. The
main diﬀerence from the GFD method is in the deﬁnition of the algebraic system,
that in the GFD approach is derived from the minimization of the Taylor’s series
truncation error.
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3. MFPM: Extension to Plane Strain Elasticity
and Numerical Tests
In this section, we extend MFPM to the case of plane strain elasticity. Before moving
to problems governed by second-order partial diﬀerential equations, the extension
to the 2D case of MFPM as introduced in the previous section has to be discussed.
For an extension to 3D problems the reader is referred to the Appendix. Also, some
numerical tests are presented in order to show the performance of the proposed
formulation.
3.1. Extension to 2D
The starting point is the Taylor’s expansion of a scalar-valued function of two
variables up to the second-order, which is composed by ﬁve derivative terms, since
two ﬁrst-order and three second-order derivatives have to be considered. Multiplying
both sides of the equation by ﬁve projection functions Wik (k = 1, . . . , 5) deﬁned
on a compact support and integrating over the domain, ﬁve equations similar to
Eqs. (6) and (7) are obtained. These can be rearranged in a system, similar to (9)
in the 1D approach, where the A matrix is, in this case, a 5 × 5 matrix, whose
terms represent the ﬁrst- and second-order moments of the Wik functions. Then,
neglecting the Taylor’s series truncation errors and inverting the resulting system,
the values of the ﬁrst and second derivatives can be obtained. Also in this case,
it can be shown that the direct evaluation of the ﬁrst derivatives is aﬀected by an
O(h2 ) error, whereas the evaluation of the second derivatives is aﬀected by an O(h)
error (see [Asprone et al. (2011)]).
As in the 1D case, the system can be rearranged to solve a source problem, that
is, to evaluate a function B(x, y) given P (x, y) = QB (x, y), where Q is a generic
linear diﬀerential operator depending on the ﬁrst and second derivatives of B(x, y).
Deriving the source problem for each of the N particle discretizing the domain, the
following system holds:
 


P (x1 , y1 )
B(x1 , y1 )
 


 B(x2 , y2 )   P (x2 , y2 ) 
 


(13)
K
=
,
..
..
 


 


.
.
B(xN , yN )
P (xN , yN )
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K being a N × N matrix, whose terms depend on the inverse of the matrix A and
on the functions W k (k = 1, . . . , 5), evaluated for each of the N particles. Also in
this case, in a way similar to that used in 1D, it can be proven that this formulation
for the evaluation of B(x, y) is aﬀected by an O(h2 ) error. The interested reader is
referred to [Asprone et al. (2011)] for more details.
A remark is necessary on the choice of the functions W k . In fact, the only
requirement for the A matrix is its invertibility, i.e., its nonsingularity. It can be
demonstrated that, to have this property, the linear and quadratic functions in
x- and y-directions and the bilinear function can be successfully employed. Further
details on the multi-dimensional formulation of the MFPM are presented in the
appendix, where the 3D case is developed.
3.2. Plane strain elasticity
The linear elastic small strain problem can be written as a system of second-order
partial diﬀerential equations (along with the suitable boundary conditions), where
the components of the displacement ﬁeld ux and uy can be regarded as the only
unknown functions (leading to the Navier formulation of linear elasticity). The
equations governing the 2D problem in plane strain conditions are:
  

bx
Dx σxx + Dy σxy
0
+
=
,
(14)
0
Dx σxy + Dy σyy
by
σxx
σxy

σxy
εxx
=C
σyy
εxy
εxx
εxy

εxy
εyy

εxy
εxx
= 2µ
εyy
εxy

εxy
1 0
+ λ(εxx + εyy )
,
εyy
0 1


1
Dx u x
2 (Dy ux + Dx uy )
,
= 1
Dy u y
2 (Dy ux + Dx uy )

(15)

(16)

where σxx , σyy , σxy and εxx , εyy , εxy are the components of the stress and of
the strain tensors, respectively, while bx and by are the components of the body
force ﬁeld. C is the elasticity fourth-order tensor whose components are obtained
from (15) in terms of the Lamé material constants, λ and µ, as follows:
Cijkl = λδij δkl + µ(δik δjl + δil δjk),

with i, j, k, l = x, y,

(17)

being δij the standard Kronecker operator.
Combining Eqs. (14)– (16), a system of two diﬀerential equations (i.e., the Navier
equations) is obtained in terms of the the second derivatives of the displacement
ﬁeld components:
2
uy ) + bx = 0,
µ(Dx2 ux + Dy2 ux ) + (µ + λ)(Dx2 ux + Dxy
2
ux + Dy2 uy ) + by = 0.
µ(Dx2 uy + Dy2 uy ) + (µ + λ)(Dxy

(18)

Boundary conditions can be displacement (Dirichlet) conditions or traction
(Neumann) conditions. In the ﬁrst case, boundary condition imposition reduces to
1350050-7
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the assignment of prescribed values to the displacement ﬁeld components, whereas,
in the second case, they can be expressed through the following equations:
    

tx
0
σxx nx + σxy ny
−
=
,
(19)
0
σxy nx + σyy ny
ty
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where nx and ny are the components of the outward normal unity vector on the
boundary and tx and ty the components of the traction force applied to the boundary.
Combining Eqs. (15) and (16) with (19) two diﬀerential equations are obtained
in terms of the ﬁrst derivatives of the displacement ﬁeld components:
(2µ + λ)Dx ux + µ(Dy ux + Dx uy ) = tx ,

(20)

(2µ + λ)Dy uy + µ(Dx uy + Dy ux ) = ty .
Finally, the MFPM formulation for the plane strain elasticity problem moves
from the solution of Eqs. (14) or (19), for particles inside the domain or on the part
of the boundary subjected to traction, respectively. The system of equations which
is obtained from the application of the MFPM in this case reduces to a particular
expression of Eq. (13) and an approximation of the unknown displacement components at the particles can be computed solving such linear system and imposing
the suitable boundary conditions on the displacement of the particle lying on the
part of the domain where displacements are prescribed. In general, a system of the
following form is obtained:


ux (x1 , y1 )


 ux (x2 , y2 ) 




..


.


ux (xN , yN )


K
(21)
= f ,
 uy (x1 , y1 ) 


 uy (x2 , y2 ) 




..


.


uy (xN , yN )
where K is a 2N × 2N matrix representing the global stiﬀness matrix, N is the
number of particles, and f is a vector of known terms, composed by the components
of the body or traction forces or by the prescribed displacement values, depending
on the position of the considered particle.
It is underlined that each row of system (21) represents an equilibrium equation (i.e., the Navier equations (18) or the traction equations (20)), where ux and
uy values appear in the derivative terms, according to the MFPM approximation
procedure. Further details are presented in the Appendix, where the 3D case is
addressed.
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3.3. Numerical tests
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We now propose some numerical tests in order to show the performance of the
MFPM. In particular, some examples for which the exact solution is available are
investigated in order to study the formulation response both in terms of classical
patch tests and of orders of convergence. Also, some more complicate examples are
considered; in these cases the results have been compared to those obtained by
means of (overkilled) standard FE methods.
The following four cases have been considered:
(1)
(2)
(3)
(4)

Pure traction test of a square.
Sinusoidal body loading test of a clamped square.
Traction test of a square clamped on an edge.
Traction test of a square with a circular hole.

In the ﬁrst two cases the results are compared with the exact solution, while in the
last two the results are compared with an overkilled ﬁnite element solution.
In all cases, a Young modulus E = 1,000 and a Poisson ratio ν = 0.3 are used
and a plane strain regime is considered.
We also remark that the previously introduced Lamé constants are obtained in
terms of E and ν as follows:
E
νE
; µ=
.
(22)
λ=
(1 + ν)(1 − 2ν)
2(1 + ν)
Case 1. Pure traction test of a square.
The problem is represented in Fig. 1, where L = 1 and q = 1. A zero body load is
assumed.
The exact solution consists of a constant strain state (i.e., linear displacements),
and, in particular, the displacement components of point A are:
uA
x = 0.0039,

uA
y = 0.0091.

Fig. 1. Pure traction test of a square.
1350050-9
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The analytical solution is matched up to machine precision by the computed
numerical solution, even in the case of a coarse discretization of ﬁve particles per
direction.
Case 2. Sinusoidal body loading test of a clamped square.
The same domain as before is considered, but zero displacement are assumed for
all boundary particles. Applying as body load:
bx = by = −4π 2 (3µ + λ) sin(2πx) sin(2πy) + 4π 2 (µ + λ) cos(2πx) cos(2πy), (24)
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gives rise to the following exact solution for the displacement ﬁeld components:
ux = uy = sin(2πx) sin(2πy).

(25)

Besides a regular particle distribution, we also consider an irregular distribution,
determined introducing a random perturbation at each particle position of the regular grid, up to 30% of the particle span. We highlight that in case of an irregular
particle distribution, the area of the local region around each particle is determined
using a Voronoi tessellation procedure, as depicted in Fig. 2 (referring to a 33 × 33
particle distribution). To construct such Voronoi tessellations, the algorithm present
in MATLAB (http://www.mathworks.com/products/matlab) has been used.
Figure 3 reports a plot of the inﬁnity-norm error versus the particle number per direction, for the cases of regular and irregular particle distributions. It
can be observed that, as expected, a second-order convergence is attained in both
cases.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0

0.2

0.4

0.6

0.8

1

Fig. 2. (Color online) Sinusoidal body loading test of a clamped square: irregular 33 × 33 particle
distribution along with the corresponding Voronoi tessellation.
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Error infinity norm

−1

10

−2

10

−3

10

1

2

10

10
Particle number per direction

Fig. 3. (Color online) Sinusoidal body loading test of a clamped square: inﬁnity-norm error versus
particle number per direction.

Moreover, Fig. 4 reports the σxx ﬁeld numerically computed using 33 particles
per direction (Figs. 4(a) and 4(b)), in case of regular and irregular particle distributions (Fig. 4(a) and 4(b), respectively), which favorably compares with the exact
one (Fig. 4(c)).
Case 3. Traction test of a square clamped on an edge.
The same domain as before is again considered and zero displacements are imposed
to the bottom edge. Zero tractions are assumed on the vertical edges and a vertical
displacement of 0.2 is imposed to the top edge. Figure 5 depicts both the undeformed
conﬁguration and the deformed one numerically computed using 17 particles per
direction.
The horizontal displacement of the top right vertex resulting from the numerical
analysis is compared with the solution from an “overkilled” ﬁnite element analysis,
−2
. In particular, such a reference solution is computed using
i.e., uref
x = −4.466 · 10
a u − p − θ mixed formulation on a mesh of 10,121 nodes. The normalized error is
plotted in Fig. 6 versus the particle number per direction. It can be observed that
the MFPM analysis converges to the reference solution.
Case 4. Traction test of a square with a circular hole.
In the last example, a square of side length L = 2 and with a central circular hole
of diameter D = 0.4 is tested under pure traction, imposing the following boundary
conditions:
• The top and the bottom edges are restrained to have a normal displacement of
0.02.
• Zero tractions are assumed on the vertical edges.
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Fig. 4. (Color online) Sinusoidal body loading test of a clamped square: numerically computed
(33 particles per direction) σxx ﬁeld ((a) regular particle distribution, (b) irregular particle distribution,) versus the exact one.

Given the double symmetry of the problem, only a quarter of the domain can
be modeled imposing suitable symmetry boundary conditions. Figure 7 depicts the
modeled part of the membrane in the undeformed conﬁguration. 1, 365 particles are
employed.c
The horizontal displacement of the top right vertex of the square resulting from
the numerical analysis is compared with the solution from an “overkilled” ﬁnite
−2
. In particular, such a reference solution
element analysis, i.e., uref
x = −7.484 · 10
is computed using a u − p − θ mixed formulation on a mesh of 132,098 nodes. The
normalized error is plotted in Fig. 8 versus the square root of the total number of
particles. It can be observed that, also in this case, the MFPM analysis converges
to the reference solution.
c In

this case, an irregular particle distribution is adopted. As before, the area of the local region
around each particle is determined using a Voronoi tessellation procedure, as depicted in Fig. 7.
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Fig. 5. (Color online) Traction test of a square clamped on an edge: numerically computed
(17 particles per direction) deformed (solid dots) and undeformed (circles) conﬁgurations.
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Fig. 6. (Color online) Traction test of a square clamped on an edge: error (normalized with respect
to a reference solution from mixed ﬁnite elements on a mesh of 10,121 nodes) versus particle
number per direction.
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Fig. 7. (Color online) Traction test of a square with a circular hole: a quarter of the domain
modeled with 1, 365 particles.
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Fig. 8. (Color online) Traction test of a square with a circular hole: error (normalized with respect
to a reference solution from mixed ﬁnite elements on a mesh of 132,098 nodes) versus the square
root of the total number of particles.

4. MFPM: Extension to Plasticity and Numerical Tests
The extension to plasticity problems is addressed via a step-based approach. The
target forces and displacements (i.e., body forces, boundary tractions, and boundary
displacements) are posed incrementally and at each step the equilibrium and the
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plasticity equations are veriﬁed through a predictor–corrector algorithm. A standard
Mises elasto-plastic model with isotropic hardening is considered here (see [Simo
and Hughes (1998)] for details).
In particular, the MFPM can be applied in the plane strain regime as described
in the following. Equilibrium is addressed, as in the elastic case, for each of the N
particles discretizing the domain. In particular, at the beginning of each step j, a
new set of equilibrium equations are posed as:
 

 



Dx σxx + Dy σxy
bx
∆bx
0
+
+
=
,
(26)
0
by
∆by
Dx σxy + Dy σyy
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j

or



σxx nx + σxy ny
σxy nx + σyy ny

j

j−1

−

 
tx
ty

j−1

j

−



∆tx
∆ty

=
j

 
0
0

,

(27)

where subscripts indicate the step at which quantities are computed and ∆bx , ∆by ,
∆tx , ∆ty are the increments of the load components. Computing the stress from the
displacement ﬁeld obtained at the previous step, the equilibrium equations above
are obviously not satisﬁed. Hence, the objective of the predictor–corrector algorithm
is to determine the displacement increment leading to the satisfaction of equilibrium
while respecting the plasticity equations.
Linearizing the equilibrium equations, the following system holds:


∆ux (x1 , y1 )


 ∆ux (x2 , y2 ) 




..


.




∆ux (xN , yN )
 = ∆f j ,

(28)
K

 ∆uy (x1 , y1 ) 


 ∆uy (x2 , y2 ) 




..


.


∆uy (xN , yN )
∆f j being the increment of the posed forces and displacements at the considered
step and K the tangent stiﬀness matrix. It is underlined that K matrix is evaluated
using the procedure already presented in previous section for elasticity problems,
where the initial elastic costants are substituted by the tangent values at each step.
The increment of the displacement ﬁeld ∆uj is then evaluated iteratively through
the following steps:
(i) System (28) is solved and a ﬁrst value of ∆uj1 is determined.
(ii) Given the displacement ﬁeld u + ∆uj1 , the strain ﬁeld, the plastic strain ﬁeld
and the stress ﬁeld are evaluated, using the MFPM procedure for the direct
evaluation of the derivatives (Eq. (10) in 1D).
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(iii) Equilibrium Eqs. (26) and (27) are used to compute an updated residual ∆f j1 .
(iv) The tangent stiﬀness matrix K is updated in function of the updated displacements, and the algorithm is reiterated until the norm of the residual vector is
driven below a prescribed (relative) tolerance.
4.1. Numerical tests
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The algorithm above has been implemented within a MFPM formulation and the
following numerical tests are performed in order to show its performance:
(1) Elasto-plastic traction test of a square clamped on an edge (i.e., elasto-plastic
version of previous section case 3).
(2) Elasto-plastic traction test of a square with a circular hole (i.e., elasto-plastic
version of previous section case 4).
In both cases the results have been compared with an overkilled FE solution.
Case 1. Elasto-plastic traction test of a square clamped on an edge.
The same domain, boundary conditions, and elastic properties of the corresponding
elastic test (case 3 in the previous section) are considered. Moreover, a yielding
stress value R = 50 and a zero isotropic hardening modulus are assumed.
Figure 9 reports the particle distribution in the undeformed conﬁguration (circles) and in the deformed conﬁguration (solid dots, with blue and red dots referring
to elastic and plasticized points, respectively), for a discretization consisting of 17
particles per direction. The horizontal displacement of the top right vertex resulting
from the numerical analysis is compared with the solution from an “overkilled” FE
analysis, i.e., uref
x = −0.1505. In particular, such a reference solution is computed
using a u−p−θ mixed formulation on a mesh of 10,121 nodes. The normalized error
is plotted in Fig. 10 versus the particle number per direction. It can be observed
that the MFPM analysis converges to the reference solution.
Case 2. Elasto-plastic traction test of a square with a circular hole.
The same domain and boundary conditions of the corresponding elastic test (case 4
in the previous section) are considered; a Young modulus E = 5, 000 and a Poisson
ratio ν = 0.3 are adopted. Moreover, a yielding stress value R = 50 and an isotropic
hardening modulus Hiso = 10 are assumed.
The horizontal displacement of the top right vertex of the square resulting from
a MFPM analysis using 1170 particles is compared with the solution from a FE
analysis computed on a mesh of 8,448 nodes (a u − p − θ mixed FE formulation is
adopted). The target displacement is reached in 40 steps in both cases. Figure 11
reports the horizontal displacement versus the imposed vertical displacement, for
both analyses. It can be observed that MFPM and FEs achieve basically the same
ﬁnal value, showing very similar behaviors. Finally, Fig. 12 depicts the particle
distribution for the whole domain both in the undeformed conﬁguration (circles)
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Fig. 9. (Color online) Elasto-plastic traction test of a square clamped on an edge: numerically
computed (17 particles per direction) deformed (solid dots; blue: elastic particles, red: plasticized
particles) and undeformed (circles) conﬁgurations.
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Fig. 10. (Color online) Elasto-plastic traction test of a square clamped on an edge: error (normalized
with respect to a reference solution from mixed ﬁnite elements on a mesh of 10,121 nodes) versus
particle number per direction.
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Fig. 11. (Color online) Elasto-plastic traction test of a square with a circular hole: top right vertex
horizontal displacement versus the imposed vertical displacement, computed using MFPM (red
line: 1,170 particles) and mixed ﬁnite elements (blue line: 8,448 nodes).
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Fig. 12. (Color online) Elasto-plastic traction test of a square with a circular hole: numerically
computed (1,170 particles) deformed (solid dots; blue: elastic particles, red: plasticized particles)
and undeformed (circles) conﬁgurations for the whole domain.
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and in the deformed conﬁguration (solid dots, with blue and red dots referring to
elastic and plasticized points, respectively).

Int. J. Comput. Methods 2014.11. Downloaded from www.worldscientific.com
by UNIVERSIDADE FEDERAL DO PARANA on 09/06/13. For personal use only.

5. Conclusions
The present work focuses on the MFPM method, introduced in Asprone et al. (2010,
2011) and derived from the FPM method proposed by Batra and Zhang [2004]. In
particular, the formulation in more than 1D has been here presented and discussed.
Moreover, several 2D elasticity and plasticity tests have been considered and the
results have been compared with those from FE analysis. It has been observed that
the MFPM formulations leads to the solution of elasticity problems with a secondorder convergence and that both also plasticity problems are correctly addressed.
Therefore, this study conﬁrms the potential of the method for a reliable particlebased solution of problems of engineering interest.
Appendix
The extension of the proposed formulation to multi-dimensions moves from the
Taylor’s expansion. In the 3D case, the following equation holds:
B(x, y, z) = B(xi , yi , zi ) + (x − xi )Dx B(xi , yi , zi ) + (y − yi )Dy B(xi , yi , zi )
1
+ (z − zi )Dz B(xi , yi , zi ) + (x − xi )2 Dx2 B(xi , yi , zi )
6
1
+ (y − yi )2 Dy2 B(xi , yi , zi )
6
1
2
B(xi , yi , zi )
+ (z − zi )2 Dz2 B(xi , yi , zi ) + (x − xi )(y − yi )Dxy
6
2
B(xi , yi , zi )
+ (x − xi )(z − zi )Dxz
2
B(xi , yi , zi ) + O(|x − xi |3 ).
+ (y − yi )(z − zi )Dyz

(29)

Multiplying both sides of the equation by 9 projection functions Wik (k =
1, . . . , 9) deﬁned on a compact support and integrating over the domain, we obtain:

(x − xi )Wik (x, y, z)dx dy dz
Dx B(xi , yi , zi )
Ω

+ Dy B(xi , yi , zi )
+ Dx2 B(xi , yi , zi )
+ Dy2 B(xi , yi , zi )


Ω

(y − yi )Wik (x, y, z)dx dy dz




1
(x − xi )2 Wik (x, y, z)dx dy dz
Ω6

1
(y − yi )2 Wik (x, y, z)dx dy dz
Ω6
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1
(z − zi )2 Wik (x, y, z)dx dy dz
Ω6

2
+ Dxy
B(xi , yi , zi )
(x − xi )(y − yi )Wik (x, y, z)dx dy dz

+ Dz2 B(xi , yi , zi )

2
+ Dxz
B(xi , yi , zi )
2
+ Dyz
B(xi , yi , zi )
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=
Ω




Ω

Ω

Ω

(x − xi )(z − zi )Wik (x, y, z)dx dy dz
(y − yi )(z − zi )Wik (x, y, z)dx dy dz

(B(x, y, z) − B(xi , yi , zi ))Wik (x, y, z)dx dy dz + ek ,

k = 1, . . . , 9,
(30)

where terms ek represent the error related to series truncation. Similarly to the 1D
approach, Eq. (30) can be rearranged as:

Ω

[B(x, y, z) − B(xi , yi , zi )]Wi1 (x, y, z)dx dy dz




  


e
 Ω [B(x, y, z) − B(xi , yi , zi )]Wi2 (x, y, z)dx dy dz 
  1 

 
 e 

 Dy B(xi , yi , zi )  
2


 
[B(x, y, z) − B(xi , yi , zi )]Wi3 (x, y, z)dx dy dz 

 
Ω


 D B(x , y , z )  

e
i i i 


 z
3
 
 2
  [B(x, y, z) − B(xi , yi , zi )]W 4 (x, y, z)dx dy dz 

i

 Dx B(xi , yi , zi )  
Ω
  e4 

 
  

 2
 
5
 + e 
,
A Dy B(xi , yi , zi )  = 
[B(x,
y,
z)
−
B(x
,
y
,
z
)]W
(x,
y,
z)dx
dy
dz
i
i
i
i
  5
Ω

 
  

 D2 B(x , y , z )  


  e6 
6
i i i 
 z

 2
  Ω [B(x, y, z) − B(xi , yi , zi )]Wi (x, y, z)dx dy dz 
 
Dx,y B(xi , yi , zi ) 
e7 

 



 
7
 2
  Ω [B(x, y, z) − B(xi , yi , zi )]Wi (x, y, z)dx dy dz 

 
e


Dx,z B(xi , yi , zi ) 
8


 [B(x, y, z) − B(x , y , z )]W 8 (x, y, z)dx dy dz 
2

i
i
i
 Ω

Dy,z B(xi , yi , zi )
e9
i


9
Ω [B(x, y, z) − B(xi , yi , zi )]Wi (x, y, z)dx dy dz


Dx B(xi , yi , zi )



(31)
where A is a 9×9 matrix whose terms represent the ﬁrst- and second-order moments
of the Wik functions. Then, neglecting the ek errors and inverting the resulting system, the values of the ﬁrst and second derivatives of B(x, y, z) can be obtained. It
can be shown that the evaluation of the ﬁrst derivatives is aﬀected by an O(h2 )
error, whereas the evaluation of the second derivatives is aﬀected by an O(h)
error.
Equation (31) can be rearranged to solve a source problem, that is, to evaluate a
function B(x, y, z) given P (x, y, z) = QB(x, y, z), where Q is a generic linear diﬀerential operator depending on the ﬁrst and second derivatives of B(x, y, z), coming
from the solutions of the system (31). Deriving the source problem for each of the
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N particle discretizing the domain, the following system holds:
 


P (x1 , y1 , z1 )
B(x1 , y1 , z1 )
 B(x2 , y2 , z2 )   P (x2 , y2 , z2 ) 
 


K
=
,
..
..




.
.
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B(xN , yN , zN )

(32)

P (xN , yN , zN )

K being a N × N matrix, whose terms depend on the matrices A−1 and on the
functions W k (k = 1, . . . , 9), evaluated for each of the N particles. It can be proven
that this formulation for the evaluation of B(x, y, z) is aﬀected by an O(h2 ) error.
It is underlined that it is requested that the A matrix is nonsingular, in order to
invert (31). This aﬀects the choice of the functions W k and, to have this property,
the following functions can be used:
• Linear function in x-direction:
Wi1 (x, y, z) = (x − xi ) ∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h
Wi1 (x, y, z) = 0

otherwise.

• Linear function in y-direction:
Wi2 (x, y, z) = (y − yi ) ∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h
Wi2 (x, y, z) = 0

otherwise.

• Linear function in z-direction:
Wi3 (x, y, z) = (z − zi )

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h

Wi3 (x, y, z)

otherwise.

=0

• Quadratic function in x-direction:
Wi4 (x, y, z) = (x − xi )2

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h

Wi4 (x, y, z) = 0

otherwise.

• Quadratic function in y-direction:
Wi5 (x, y, z) = (y − yi )2

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h

Wi5 (x, y, z)

otherwise.

=0

• Quadratic function in z-direction:
Wi6 (x, y, z) = (z − zi )2

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h and |z − zi | < h

Wi6 (x, y, z) = 0

otherwise.

• Bilinear function in x- and y-directions:
Wi7 (x, y, z) = (x − xi )(y − yi )

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h
and |z − zi | < h

Wi7 (x, y, z)

=0

otherwise.
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• Bilinear function in x- and z-directions:
Wi8 (x, y, z) = (x − xi )(z − zi )

∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h
and |z − zi | < h

Wi8 (x, y, z)

=0

otherwise.

• Bilinear function in y- and z-directions:
Wi9 (x, y, z) = (y − yi )(z − zi ) ∀ (x, y, z) s.t. |x − xi | < h, |y − yi | < h
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and |z − zi | < h
Wi9 (x, y, z)

=0

otherwise.
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