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In this work we present the application of isogeometric collocation techniques to the solution of spatial
Timoshenko rods. The strong form equations of the problem are presented in both displacement-based
and mixed formulations and are discretized via NURBS-based isogeometric collocation. Several numerical
experiments are reported to test the accuracy and efficiency of the considered methods, as well as their
applicability to problems of practical interest. In particular, it is shown that mixed collocation schemes
are locking-free independently of the choice of the polynomial degrees for the unknown fields. Such
an important property is also analytically proven.
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1. Introduction

Isogeometric Analysis (IGA), introduced by Hughes et al.
[18,24], is a powerful analysis tool aiming at bridging the gap be-
tween Computational Mechanics and Computer Aided Design
(CAD). In its original form IGA has been proposed as a Bubnov-
Galerkin method where the geometry is represented by the spline
functions typically used by CAD systems and, invoking the isopara-
metric concept, field variables are defined in terms of the same
basis functions used for the geometrical description. This could
be therefore viewed as an extension of standard isoparametric
Finite Element Methods (FEM), where the computational domain
exactly reproduces the CAD description of the physical domain.
Moreover, recent works on IGA have shown that the high regular-
ity properties of the employed functions lead in many cases to
superior accuracy per degree of freedom with respect to standard
FEM (cf., e.g., [12,19,25,31,32]). Given these unique premises, IGA
has been adopted in different fields of Computational Mechanics,
and the properties and advantages of this more than promising
approach have been successfully tested and analyzed both from
the practical and mathematical standpoints (see, among others,
[2,5–11,13–15,20,22,26,28–30,33,34]).
The original basic concept of IGA (i.e., the use of basis functions
typical of CAD systems within an isoparametric paradigm) can be
also exploited beyond the framework of classical Galerkin meth-
ods. In particular, isogeometric collocation schemes have been re-
cently proposed in [3], as an appealing high-order low-cost
alternative to classical Galerkin approaches. Such techniques have
also been successfully employed for the simulation of elastostatic
and explicit elastodynamic problems [4] and their application to
many other applications of engineering interest is currently the ob-
ject of extensive research.

Within this context, a comprehensive study on the advantages
of isogeometric collocation over Galerkin approaches is reported
in [32], where the superior behavior in terms of accuracy-to-com-
putational-time ratio guaranteed by collocation with respect to
Galerkin is revealed. In the same paper, adaptive isogeometric col-
location methods based on local hierarchical refinement of NURBS
are introduced and analyzed, as well.

In view of the results briefly described above, isogeometric col-
location clearly proposes itself as a viable and efficient implemen-
tation of the main IGA basic concepts.

In addition to this, isogeometric collocation has shown a
remarkable and, to our knowledge, unique property when em-
ployed for the approximation of Timoshenko beam problems. In
fact, it has been analytically proven and numerically tested in
[16] that mixed collocation schemes for initially straight planar
Timoshenko beams are locking-free without the need of any
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Fig. 2. Spatial curve description with c(s) as the position vector and t(s) as the
tangent vector.
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compatibility condition between the selected discrete spaces. We
highlight that this appealing property is deeply linked to the collo-
cation approach adopted and not only a consequence of the isogeo-
metric paradigm.

Moving along this promising research line, in the present paper,
we aim at extending such results to the more interesting case of
curved spatial Timoshenko rods of arbitrary initial geometry, lim-
iting the discussion to the case of small displacements and dis-
placement gradients.

The outline of the paper is as follows. In Section 2, we present
the mechanical model of spatial Timoshenko rods and introduce
the strong form formulation of the problem, in both displace-
ment-based and mixed forms. Section 3 gives a brief review of
one-dimensional B-Splines and NURBS as basis for isogeometric
analysis. In Section 4, isogeometric collocation is introduced and
collocation schemes for spatial Timoshenko rods are explained in
detail. The proposed methods are tested on several numerical
examples in Section 5, confirming their accuracy and showing pos-
sible applications. It is shown that collocation methods based on
mixed formulations are locking-free for any choice of polynomial
degrees for the different fields. This characteristic is also analyti-
cally proven by a theoretical convergence analysis in Section 6.
Conclusions are finally drawn in Section 7.

2. The spatial Timoshenko rod equations

In the following we want to introduce a model describing a spa-
tial rod, as, for example, the one reported in Fig. 1, which is
clamped on the lower end and subjected to an external distributed
load as well as concentrated loads and moments on the upper end.
The model is developed under the assumptions of small displace-
ments and displacement gradients, assuming a first-order Timo-
shenko-like shear deformation and following the approach
proposed in [1].

2.1. Geometry description

The rod geometry is described by a spatial curve c(s). The curve
parameter s is chosen to be the arc-length parameter and we de-
note with ()

0
the derivative with respect to the arc-length parame-

ter, i.e., ()
0
= d/ds. The unit tangent vector of the curve at a point c(s)

is defined by
f(s)

n
_

_
m

Fig. 1. Spatial rod model. The rod in this example is clamped on the lower end,
subjected to a distributed external load f(s) and to concentrated external loads and
moments, �n and �m, respectively.
tðsÞ ¼ c0ðsÞ ¼ dcðsÞ
ds

; for s 2 ½0; l�; ð1Þ

where l > 0 denotes the curve length. Fig. 2 shows a part of the curve
of Fig. 1 from c(0) up to an arbitrary location c(s), along with the po-
sition vector and the unit tangent vector. In the following, all vari-
ables are assumed as functions of the arc-length parameter s (unless
otherwise specified) also if we omit to explicitly indicate such a
dependency.

2.2. Kinematic equations

Adopting a Timoshenko beam-like model, the rod deformation
can be described by the centerline curve c, a displacement vector
v, and a rotation vector u. Accordingly, we may introduce the gen-
eralized strains e and v, respectively defined as the vector of trans-
lational (axial and shear) strains and the vector of rotational
(torsional and flexural) strains. In particular, the translational
strains are obtained by the first derivative of the displacements
subtracting the rigid body rotations, whereas the rotational strains
are obtained by the first derivatives of the rotations:

e ¼ v0 �u� t; ð2Þ
v ¼ u0: ð3Þ
2.3. Constitutive equations

As usual for rod formulations, we introduce a vector n of inter-
nal forces and a vector m of internal moments. In the following, we
assume a linear elastic constitutive relation in the form:

n ¼ Ce; ð4Þ
m ¼ Dv: ð5Þ

Using an intrinsic basis, i.e., a basis composed by three orthogonal
unit vectors with the first one equal to the tangent vector, the mate-
rial matrices C and D are defined by:

C ¼ diag ½EA;GA1;GA2�; ð6Þ
D ¼ diag ½GJ; EI1; EI2�; ð7Þ

where E and G are the elastic and the shear modulus, A the cross
sectional area, A1 = k1A and A2 = k2A (being k1 and k2 the shear
correction factors), J the torsion constant and I1 and I2 the second
moments of inertia. Within such a formulation, the components
of n represent the axial force and the two components of the shear
force, respectively, while the components of m represent the tor-
sional moment and the two components of the bending moment,
respectively.
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Fig. 3. Cubic basis functions formed from the open knot vector {0,0,0,0,1/6,1/3,
1/2,2/3,5/6,1,1,1,1}.
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2.4. Equilibrium equations

The equations ensuring the equilibrium of external loads with
internal forces n and moments m are to be considered separately
for the internal part of the domain and the boundaries. Given a vec-
tor f describing the external load per unit length acting on the rod,
the equilibrium equations on the internal read (see [1]):

n0 þ f ¼ 0; ð8Þ
m0 þ t� n ¼ 0: ð9Þ

The equilibrium conditions at free boundaries are instead given by:

n ¼ �n; ð10Þ
m ¼ �m; ð11Þ

where �n and �m are external boundary forces and moments, respec-
tively, as depicted in Fig. 1.

We remark that in Fig. 1, external boundary forces and moments
are applied at the upper end of the rod, whereas the lower end is
clamped. Of course, such boundary forces and moments can be ap-
plied to both ends, and equations (10) and (11) refer to both ends of
the rod. Furthermore, we remark that in case of ‘‘mixed’’ boundary
conditions, where only certain components of the displacement
variables are free (for example, a simple support), only the corre-
sponding components of Eqs. (10) and (11) apply.

The interested reader is referred to [1] for more details on
the derivation of the governing equations for spatial Timoshenko
rods.

2.5. Displacement-based formulation

Using the kinematic and constitutive relations, given in
equations (2)–(5), equilibrium equations (8) and (9) can be
rewritten in terms of the displacement variables v and u only, as
follows:

Cðv00 �u0 � t�u� t0Þ þ f ¼ 0; ð12Þ
Du00 þ t� Cðv0 �u� tÞ ¼ 0; ð13Þ

with boundary conditions:

Cðv0 �u� tÞ ¼ �n; ð14Þ
Du0 ¼ �m: ð15Þ

Eqs. (12)–(15) represent the strong form description of the spatially
curved Timoshenko rod problem, in a displacement-based
formulation.
2.6. Mixed formulation

For the mixed formulation, we introduce the internal force vec-
tor n as an additional independent variable. As a consequence, the
equilibrium of forces remains as formulated in (8), and the equilib-
rium of moments (9) is rewritten in terms of n and u:

n0 þ f ¼ 0; ð16Þ
Du00 þ t� n ¼ 0: ð17Þ

Along with the additional unknown variable, a third equation is
added to the system, describing the relation between n and the
primal variables v and u. This relation is given by the constitutive
Eq. (4), expressing the strains e in terms of v and u via relation (2):

n� Cðv0 �u� tÞ ¼ 0: ð18Þ

Eqs. (16) and (17) describe the equilibrium equations, while (18)
represents the constitutive law for internal forces.

The boundary terms in the mixed formulation read as:

n ¼ �n; ð19Þ
Du0 ¼ �m: ð20Þ

Eqs. (16)–(20) represent the strong form description of the spatially
curved Timoshenko rod problem, in a mixed formulation.

3. NURBS-based isogeometric analysis

For solving the spatial rod equations given in the previous sec-
tion, we adopt the concept of isogeometric analysis, where both
the geometry and the unknown variables are discretized by Non-
Uniform Rational B-Splines (NURBS). The aim of this section is to
present a short description of B-splines and NURBS, followed by
a simple discussion on the basics of isogeometric analysis.

3.1. B-splines and NURBS

B-Splines are smooth approximating functions constructed by
piecewise polynomials. A B-spline curve in Rd is composed of lin-
ear combinations of B-spline basis functions and coefficients (Bi).
These coefficients are points in Rd, referred to as control points.

To define such functions we introduce a knot vector as a set of
non-decreasing real numbers representing coordinates in the para-
metric space of the curve

fn1 ¼ 0; . . . ; nnþpþ1 ¼ 1g; ð21Þ

where p is the order of the B-spline and n is the number of basis
functions (and control points) necessary to describe it. The interval
[n1,nn+p+1] is called a patch. A knot vector is said to be uniform if its
knots are uniformly-spaced and non-uniform otherwise; it is said to
be open if its first and last knots have multiplicity p + 1. In what fol-
lows, we always employ open knot vectors. Basis functions formed
from open knot vectors are interpolatory at the ends of the para-
metric interval [0,1] but are not, in general, interpolatory at interior
knots.

Given a knot vector, univariate B-spline basis functions are de-
fined recursively as follows. For p = 0 (piecewise constants):

Ni;0ðnÞ ¼
1 if ni 6 n < niþ1

0 otherwise;

�
ð22Þ

for p P 1:

Ni;pðnÞ ¼
n�ni

niþp�ni
Ni;p�1ðnÞ þ

niþpþ1�n

niþpþ1�niþ1
Niþ1;p�1ðnÞ if ni 6 n < niþpþ1

0 otherwise;

(

ð23Þ

where, in (23), we adopt the convention 0/0 = 0.



Fig. 4. Quartic NURBS curve with control net (dotted) describing the rod geometry
shown in Fig. 1.

116 F. Auricchio et al. / Comput. Methods Appl. Mech. Engrg. 263 (2013) 113–126
In Fig. 3 we present an example consisting of n = 9 cubic basis
functions generated from the open knot vector {0, 0, 0, 0, 1/6,
1/3, 1/2, 2/3, 5/6, 1, 1, 1, 1}.

If internal knots are not repeated, B-spline basis functions are
Cp�1-continuous. If a knot has multiplicity m the basis is Ck-contin-
uous at that knot, where k = p �m. In particular, when a knot has
multiplicity p, the basis is C0 and interpolates the control point at
that location. We define

S ¼ spanfNi;pðnÞ; i ¼ 1; . . . ;ng ð24Þ

To obtain a NURBS curve in R3, we start from a set
Bx

i 2 R4ði ¼ 1; . . . ; nÞ of control points (‘‘projective points’’) for a
B-spline curve in R4 with knot vector N. Then the control points
for the NURBS curve are

½Bi�k ¼
Bx

i

� �
k

xi
; k ¼ 1;2;3 ð25Þ

where [Bi]k is the kth component of the vector Bi and xi ¼ Bx
i

� �
4 is

referred to as the ith weight. The NURBS basis functions of order p
are then defined as

Ri;pðnÞ ¼
Ni;pðnÞxiPn
j¼1Nj;pðnÞxj

: ð26Þ

The NURBS curve a is defined by

aðnÞ ¼
Xn

i¼1

Rp
i ðnÞBi: ð27Þ

As an example, in Fig. 4, we present the NURBS model of the rod
curve shown in Fig. 1.

As usual, we denote the support of the curve a by C(a), hence
CðaÞ � R3. In addition, we suppose that the map a:[0,1] ? C(a)
is smooth and invertible, with smooth inverse denoted by
a�1:C(a) ? [0,1].

Note that the NURBS parameterization is here indicated with a
and not with c since, unlike the map used to describe the model
(see Section 2.1), it does not need to be associated to the arc-length
coordinate. However, we notice that the supports are equal, i.e., it
holds C(a) = C(c).

Following the isoparametric approach, the space of NURBS vec-
tor fields on C(a) is defined, component by component as the span
of the push-forward of the basis functions (26):

Vn ¼ spanfRi;p � a�1; i ¼ 1; . . . ; ng: ð28Þ

We finally note that the images of the knots through the function a
naturally define a partition of the curve support CðaÞ � R3, called
the associated meshMh;h being the mesh-size, i.e., the largest size
of the elements in the mesh.

4. Isogeometric discretization and collocation

To solve the differential equations described in Sections 2.5 and
2.6, the unknown fields are approximated by NURBS functions, and
the corresponding control coefficients are determined solving Eqs.
(12) and (13) (displacement-based formulation) or (16)–(18)
(mixed formulation), which are collocated at the physical images
of the Greville abscissae of the unknown field knot vectors as de-
scribed in the following (cf. [16]).

The Greville abscissae related to a spline space of degree p and
knot vector {n1, . . . ,nn+p+1} are points of the parametric space de-
fined by:

�ni ¼
niþ1 þ niþ2 þ . . .þ niþp

p
; for i ¼ 1; . . . ;n: ð29Þ

In the following, we need to construct also the Greville abscissae re-
lated to the kth derivative space, which are defined as:

�nk
i ¼

niþ1þk þ niþ2þk þ . . .þ niþp

p� k
; for i ¼ 1; . . . ;n� k: ð30Þ
4.1. Displacement-based formulation

Within an isogeometric framework, the approximating fields vh

(displacements) and uh (rotations) are discretized, independently
of each other, by NURBS basis functions as follows:

vhðnÞ ¼
Xnv

i¼1

Rpv
i ðnÞv̂i; ð31Þ

uhðnÞ ¼
Xnu

i¼1

R
pu
i ðnÞûi; ð32Þ

where v̂i and ûi are the unknown control variables and Rp
i ðnÞ are the

NURBS basis functions as described in Section 3. As it can be seen,
the three components of each field are discretized by the same
functions. With these approximations, the equilibrium equations
(12)–(15) are collocated at the images of the Greville abscissae
að�niÞ. Since the discretization spaces for displacements and rota-
tions are not necessarily equal, we have two sets of collocation
points, a �nv

i

� �
and a �nu

i

� �
, referring to the displacement and the rota-

tion space, respectively.
Therefore, we adopt the following collocation scheme for the

displacement-based formulation:

(1) The equation of translational equilibrium is collocated at the
images of the Greville abscissae for the displacement space,
excluding the boundaries.

(2) The equation of rotational equilibrium is collocated at the
images of the Greville abscissae for the rotation space,
excluding the boundaries.

This can be formally stated as follows:

Cðv00h�u0h� t�uh� t0Þþ f ¼ 0 on a �nv
i

� �
; for i¼ 2; . . . ;nv �1; ð33Þ

Du00hþ t�Cðv0h�uh� tÞ ¼ 0 on a �nu
i

� �
; for i¼ 2; . . . ;nu�1: ð34Þ

In the case of natural boundary conditions, the boundary equations
of equilibrium to be collocated are:

C v0h �uh � t
� �

¼ �n at free ends; ð35Þ
Du0h ¼ �m at free ends: ð36Þ

In case of essential boundary conditions, these are directly applied
to the respective degrees of freedom. In case of ‘‘mixed’’ boundaries,



Fig. 5. Straight cantilever beam with the different considered loading conditions.

Fig. 6. Circular arch with out-of-plane load. Perspective view (a) and top view (b).

Fig. 7. Stress resultant functions for the circular arch.
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where only certain degrees of freedom are prescribed (e.g., a simple
support), only the respective components of equations (35) and (36)
are imposed.

We want to stress that Eqs. (33) and (34) are collocated on the
standard Greville abscissae associated to the approximating
spaces. Alternatively, collocation can be performed at the Greville
abscissae associated with the second derivative spaces. In this case,
equations (33) and (34) are collocated at all the images of the Gre-
ville abscissae (which are less than the number of unknowns, since
the knots used for computing them are smaller than the original
knots) and the system is made square by the addition of the equa-
tions imposing boundary conditions.

The interested reader is referred to [4,16] for more details on
collocation at Greville abscissae and on boundary condition
imposition.

4.2. Mixed formulation

Analogously, for the mixed formulation, the three approximat-
ing fields vh (displacements), uh (rotations), and nh (internal
forces) are discretized, independently of each other, by NURBS ba-
sis functions as follows:

vhðnÞ ¼
Xnv

i¼1

Rpv
i ðnÞv̂i; ð37Þ

uhðnÞ ¼
Xnu

i¼1

R
pu
i ðnÞûi; ð38Þ

nhðnÞ ¼
Xnn

i¼1

Rpn
i ðnÞn̂i; ð39Þ

where, again, v̂i; ûi, and n̂i are the unknown control variables and
Rp

i ðnÞ are the NURBS basis functions as described in Section 3. As
in the displacement-based formulation, the three components of
each field are discretized by the same NURBS functions. For the
mixed formulation, we apply the following collocation scheme:

(1) The equation of translational equilibrium is collocated at the
images of the Greville abscissae associated to the first deriv-
atives of the space of internal forces.
(2) The equation of rotational equilibrium is collocated at the
images of the Greville abscissae associated to the second
derivatives of the space of rotations.

(3) The constitutive equation of internal forces is collocated at
the images of the Greville abscissae associated to the first
derivatives of the space of displacements.

As it can be seen, in this collocation scheme the collocation
points are chosen from the derivative spaces, such that the order
of the derivative space is equal to the highest order of derivative
of the variable governing the collocation scheme for the respective
equation. This can be formally stated as follows:

n0h þ f ¼ 0 on aðnn;1
i Þ; for i ¼ 1; . . . ;nn � 1; ð40Þ

Du00h þ t� nh ¼ 0 on a nu;2
i

� �
; for i ¼ 1; . . . ; nu � 2; ð41Þ

nh � C v0h �uh � t
� �

¼ 0 on a nv ;1
i

� �
; for i ¼ 1; . . . ;nv � 1; ð42Þ

where the sets of collocation points a nv ;1
i

� �
;a nu;2

i

� �
, and a nn;1

i

� �
refer to the images of the Greville abscissae associated to the first
derivative space of displacements, the second derivative space of
rotations, and the first derivative space of internal forces,
respectively.

In the case of natural boundary conditions, the boundary equa-
tions of equilibrium to be collocated are:

nh ¼ �n at free ends; ð43Þ
Du0h ¼ �m at free ends: ð44Þ

In case of essential boundary conditions, these are directly applied
to the respective degrees of freedom, and in case of ‘‘mixed’’ bound-
aries (e.g., a simple support) only the respective components of
equations (43) and (44) are imposed.

Remark 4.1. We highlight that, as it is numerically shown in
Section 5 and rigorously proven in Section 6, the presented mixed
formulation is locking-free for any choice of the discrete spaces for
displacements, rotations, and internal forces. The same remarkable
property has been recently proven and computationally tested in
[16] for the simpler case of initially straight beams.
5. Numerical tests

In this section, different numerical experiments are shown to
test the accuracy of the method and to numerically prove the prop-
erty of Remark 4.1 for the proposed mixed formulation. Also, an



Fig. 8. Circular arch with out-of-plane load, solved by a displacement-based collocation method with pv = pu = p. L2-norm of displacements error versus number of total
collocation points, for t/r = 10�1 (left) and t/r = 10�4 (right). Dashed lines indicate reference orders of convergence.

Fig. 9. Circular arch with out-of-plane load, solved by a mixed collocation method with pv = pu = pn = p. L2-norm of displacements error versus number of total collocation
points, for t/r = 10�1 (left) and t/r = 10�4 (right). Dashed lines indicate reference orders of convergence.
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example showing possible applications of the method in a geomet-
rically complicated situation (i.e., an elastic spring) is reported.

5.1. Straight cantilever beam

The first example is a simple cantilever beam which is used to
test the behavior of the considered formulations under all possible
strain modes, i.e., tension, pure bending, bending with shear, and
torsion. The beam is clamped on one end and subjected to six dif-
ferent load cases on the other end. Fig. 5 shows the problem setup.
The resulting deformation is compared to the analytical solution
from linear beam theory (including shear deformations). Since
for all six cases the analytical solution is a polynomial of maximum
order p = 3, cubic NURBS are used for the discretized model. In
accordance with linear beam theory, one cubic element yields
the exact solution (up to machine precision) for all six load cases,
for both the displacement-based and the mixed formulations.

5.2. Circular arch with out-of-plane load

In this example, a 90� circular arch, of radius r and thickness t, is
clamped on one end and subjected to an out-of-plane concentrated
load on the other end, as sketched in Fig. 6.

An analytical solution for this example can be obtained by hand
calculation. Since the system is statically determinate, stress resul-
tants can be obtained directly from equilibrium considerations.
Fig. 7 shows the stress resultants as functions of the angle h,
expressed in terms of an intrinsic basis [f1,f2,f3]. The solution for
displacements and rotations can be obtained by integration of
the stress resultants using the constitutive and kinematic relations
described in equations (2)–(5). The analytical solution for the
displacements in z-direction is therefore:
vz ¼
Fzr
GA2

hþ Fzr3

GJ
ðhþ cosðhÞ � sinðhÞ þ 1

2
h sinðhÞ � 1Þ

þ Fzr3

2EI1
h sinðhÞ: ð45Þ

This reference solution is used to compute the L2-norm of the error
of displacements.

For numerical analysis, the rod is discretized employing both
the displacement-based and the mixed formulations, and conver-
gence studies are performed for two different slenderness ratios,
namely t/r = 10�1 and t/r = 10�4, and for polynomial degrees rang-
ing from 3 to 8. The L2-norm of the error of displacements is plot-
ted versus the total number of collocation points in Figs. 8–10.

Fig. 8 shows the convergence plots using the displacement-
based method with equal orders for displacements and rotations.
Dashed lines are added for comparison with the reference orders
of convergence. The figure on the left shows the results for the
thick case (t/r = 10�1). As it can be seen, all polynomial orders con-
verge properly. For p = 8, a zig-zag behavior is noted, as well as for
the finest meshes of p = 7. This is because these results are already
converged at machine precision, considering also the conditioning
of the matrix. The very thin case (t/r = 10�4) is plotted in the figure
on the right. It shows that poor convergence is obtained for lower
approximation degrees, a behavior which clearly indicates the
presence of locking. It can also be noted that the absolute error
at which the zig-zag behavior due to converged results appears is
much higher than in the thick case. This shows that in the displace-
ment-based formulation the condition of the stiffness matrix dete-
riorates with increasing slenderness of the rod.

Fig. 9 shows the convergence plots using the mixed method
with equal orders for displacements, rotations, and internal forces.
A very good convergence behavior is observed independently of



Fig. 10. Circular arch with out-of-plane load, solved by a mixed collocation method with pv = pu � 1 = pn � 2 = p. L2-norm of displacements error versus number of total
collocation points, for t/r = 10�1 (left) and t/r = 10�4 (right). Dashed lines indicate reference orders of convergence.

Fig. 11. Circular elastic spring subjected to different loadings at the tip. Unde-
formed configuration (a), load along z, Fz = 0.1kN (b), load along x,Fx = �0.01kN (c),
load along y,Fy = �0.01kN (d).
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the slenderness. These results confirm the locking-free properties
of mixed collocation methods. This characteristic is independent
of the choice of spaces for the three fields, i.e., the spaces for dis-
placements, rotations, and internal forces can be chosen freely
without any inf-sup-like condition to be fulfilled by the spaces
(see Remark 4.1 and the theoretical results of Section 6). To further
test this, the example is repeated with the following ‘‘exotic’’
choice of polynomial degrees: pv = pu � 1 = pn � 2. The results are
plotted in Fig. 10 and confirm the behavior described above. It
should also be noted that in Figs. 9 and 10, zig-zagging of the
curves due to converged results is really at machine precision,
for both the thick and the thin cases, which proves that the mixed
formulation does not cause conditioning problems.

5.3. Elastic spring

In this final example, an elastic spring is clamped on one end
and loaded on the other end by a concentrated force. The objective
is to show possible applications of the method in a geometrically
complicated situation. The spring is made up of 10 coils with a to-
tal height of 5 cm and a coil radius of 1 cm. The cross section diam-
eter of the wire (i.e., the rod thickness) is 0.1 cm. The material
parameters are chosen as E = 104 kN/cm2 and m = 0.2, and the shear
correction factors are set to k1 = k2 = 5/6. The geometry is modeled
by a single NURBS curve with p = 5,158 control points and 153
non-zero knot spans. The problem is solved using the mixed for-
mulation, where the same discretization as for the geometry is
used for all involved fields. The total number of degrees of freedom
is 1422. The spring is clamped at the bottom end, and subjected to
different loadings at the tip. The loading conditions we consider are
an axial load (pull) Fz = 0.1 kN, a lateral force along x,Fx = �0.01 kN,
and a lateral force along y, Fy = �0.01kN. The deformed configura-
tions induced by the different loadings are reported in Fig. 11 along
with the initial undeformed configuration. A qualitatively good
behavior is observed (no analytical solution is available in this case
for a quantitative error analysis).

6. Theoretical convergence analysis

In this section we present the theoretical convergence analysis
of the proposed method for the mixed formulation. As usual in the
study of thin structure problems, we consider a suitable scaled
problem, which makes it possible to theoretically investigate the
possible occurrence of undesirable numerical effects (such as lock-
ing phenomena) for the discrete scheme under consideration. Fol-
lowing the approach of [1], the derivation of the scaled model is
briefly considered in Section 6.1.

6.1. A scaled model

We here briefly review the scaled model of [1]. First of all, in or-
der to include the NURBS parameterization directly into the analy-
sis, the parameterization used to describe the rod is not assumed to
be the curvilinear abscissae anymore. Therefore, we assume that
the rod axis is defined by a NURBS curve a(n), with n 2 [0,1], see
(27). Accordingly, the tangent vector, indicated directly by a0(n)
relates to t(s) by (cf. (1)):



Table 1
Conversion between the original and the scaled model. Note that, with a little abuse
of notation, we use the same notation for some variables.

Original model f D C u v n

Scaled model q E A u v s
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a0ðnÞ ¼ tðsÞ ds
dn
; if aðnÞ ¼ cðsÞ: ð46Þ

We notice that a0(n) is not necessarily of unit length. We moreover
assume, more generally than in the previous sections, that the
material tensors are neither isotropic nor homogeneous. Therefore,
in particular, they may vary with the rod coordinate n. Furthermore
we do not assume that the basis is intrinsic, but we include the pos-
sibility of more general basis for the description of the problem
variables; as a consequence, the considered material tensors are
not necessarily diagonal.

Finally, the involved variables are all suitably scaled with re-
spect to the slenderness d of the rod, in order to obtain a problem
that can be written also for the limit case d = 0 . Such a choice is
amenable to a rigorous investigation of the locking-free properties
of the proposed method. In Table 1 we show the correspondence
between the quantities in the scaled (current) model and the un-
scaled model of the previous sections. We refer to [1] for more
details.

In order to develop the analysis, we require the minimal regu-
larity assumption a 2 C1[0,1]. In the considered mixed formulation,
the unknowns are the displacements v(n), the rotations u(n), and a
variable, s(n), associated to internal forces. Assuming for simplicity,
but without loss of generality, clamped boundary conditions, the
problem to be solved is the following:

Find ðu;v; sÞ 2 C2½0;1� � C1½0;1� � C1½0;1� such that :

�s0ðnÞ ¼ qðnÞ; n 2�0;1½
�ðEðnÞu0ðnÞÞ0 � a0ðnÞ � sðnÞ ¼ 0; n 2�0;1½
v0ðnÞ �uðnÞ � a0ðnÞ � d2

A�1ðnÞsðnÞ ¼ 0; n 2�0;1½
vð0Þ ¼ vð1Þ ¼ 0;
uð0Þ ¼ uð1Þ ¼ 0:

8>>>>>>>>><
>>>>>>>>>:

ð47Þ

In (47), the vector field q 2 C0[0,1] represents the load acting on the
rod, the tensor fields E 2 C1½0;1� and A 2 C0½0;1� are uniformly po-
sitive definite and symmetric, and they are associated to the given
material law and section geometry, while d is a slenderness param-
eter (cf. [1,17]). Moreover, we notice that data q; E;A are suitably
scaled with respect to the local length factor of the rod
parametrization.

For the collocation method purposes, we rewrite system (47)
as:

Find ðu;v; sÞ 2 C2½0;1� � C1½0;1� � C1½0;1� such that :

�s0ðnÞ ¼ qðnÞ; n 2�0;1½
�EðnÞu00ðnÞ � E0ðnÞu0ðnÞ � a0ðnÞ � sðnÞ ¼ 0; n 2�0;1½
v0ðnÞ �uðnÞ � a0ðnÞ � d2

A�1ðnÞsðnÞ ¼ 0; n 2�0;1½
vð0Þ ¼ vð1Þ ¼ 0;
uð0Þ ¼ uð1Þ ¼ 0:

8>>>>>>>>><
>>>>>>>>>:

ð48Þ

Using the variational approach of [17] and standard regularity
results, one gets the following proposition.

Proposition 6.1. There exists a unique solution (u,v,s) 2 C2[0,1] �
C1[0,1] � C1[0,1] to Problem (47) (and, therefore, also to Problem
(48)). Moreover, it holds:
kukW2;1 þ kvkW1;1 þ kskW1;1 6 CkqkL1 : ð49Þ
6.2. Brief review of the proposed collocation scheme

In this section we review the collocation method for the Timo-
shenko rod introduced previously, now written in terms of the
scaled model and using a slightly different notation, more suitable
for the theoretical analysis.

Before proceeding, we need to recall the NURBS space
Uh � C2[0,1], used for the rotation approximation, and associated
with the knot vector

nu
1 ¼ 0; . . . ; nu

nuþpuþ1 ¼ 1
n o

: ð50Þ

The knot vector (50) will be used for each of the three components
of the approximated rotation field. Accordingly, we set (cf. (24) and
(28)):

Uh ¼ ðVnu Þ
3
: ð51Þ

Analogously, we remind the NURBS space

Vh ¼ ðVnv Þ
3 � C1½0;1� ð52Þ

for the displacement approximation, and associated with the knot
vector (used component-wise)

nv
1 ¼ 0; . . . ; nv

nvþpvþ1 ¼ 1
n o

: ð53Þ

Finally, we recall the NURBS space

Ch ¼ ðVns Þ
3 � C1½0;1� ð54Þ

for the internal force approximation, and associated with the knot
vector (used component-wise)

ns
1 ¼ 0; . . . ; ns

nsþpsþ1 ¼ 1
n o

: ð55Þ

We notice that it holds

dimðUhÞ ¼ 3nu; dimðVhÞ ¼ 3nv ; dimðChÞ ¼ 3ns: ð56Þ
Remark 6.1. We remark that the three knot vectors above induce,
in principle, three different meshes:

Mhu ; Mhv ; Mhs ;

with corresponding mesh-sizes hu,hv, and hs. In the sequel, we will
set h ¼ maxfhu;hv ;hsg. However, we notice that, in practical appli-
cations, the three meshes most often coincide.
Remark 6.2. We remark that, in principle, one might also think of
using different knot vectors for the different components of the
approximated fields. However, this latter choice does not seem to
be of practical interest.

In the sequel, we will also use the spaces of first and second
derivatives:

U00h :¼ u00h : uh 2 Uh
	 


; V0h :¼ v0h : vh 2 Vh
	 


;

C0h :¼ s0h : sh 2 Ch
	 


; ð57Þ

whose dimensions are given by dim U00h
� �

¼ 3ðnu � 2Þ;dim V0h
� �

¼
3ðnv � 1Þ, and dim C0h

� �
¼ 3ðns � 1Þ, see (56). Furthermore, we intro-

duce suitable sets of collocation points in [0,1]:

N U00h
� �

¼ fx1; x2; . . . ; xnu�2g;
N V0h
� �

¼ fy1; y2; . . . ; ynv�1g;
N C0h
� �

¼ fz1; z2; . . . ; zns�1g:

8><
>: ð58Þ



F. Auricchio et al. / Comput. Methods Appl. Mech. Engrg. 263 (2013) 113–126 121
We notice that it holds 3 # N U00h
� �� �� �

¼dimðUhÞ�6;3 # N V0h
� �� �� �

¼
dimðVhÞ � 3, and 3 # N C0h

� �� �� �
¼ dimðChÞ � 3. Therefore, we have

(cf. (48)):

3 # N U00h
� �� �� �

þ 3 # N V0h
� �� �� �

þ 3 # N C0h
� �� �� �

þ ð#ðboundary conditionsÞÞ ¼ dimðUhÞ þ dimðVhÞ þ dimðChÞ:
ð59Þ

We are now able to present the proposed scheme rewritten in the
new setting of this section. Given the finite dimensional spaces de-
fined in (51), (52), and (54), together with the collocation points
introduced in (58), the discretized problem reads as follows.

Find ðuh;vh;shÞ2Uh�Vh�Ch such that :

�s0hðziÞ¼qðziÞ; zi 2NðC0hÞ
�EðxjÞu00hðxjÞ�E0ðxjÞu0hðxjÞ�a0ðxjÞ�shðxjÞ¼0; xj 2N U00h

� �
v0hðykÞ�uhðykÞ�a0ðykÞ�d2

A�1ðykÞshðykÞ¼0; yk 2N V0h
� �

vhð0Þ¼vhð1Þ¼0;
uhð0Þ¼uhð1Þ¼0:

8>>>>>>>><
>>>>>>>>:

ð60Þ

Notice that, according with (56) and (59), problem (60) is a linear
system of 3(nu + nv + ns) equations for 3(nu + nv + ns) unknowns.

We finally present the following fundamental assumption on
the collocation points.

Assumption 6.1 (Stable interpolation). There exists a constant Cint,
independent of the knot vectors, such that the following holds. For
all functions a, w, and r in C0[0,1]3 there exist unique interpolating
functions

aIIðxjÞ ¼ aðxjÞ 8xj 2 NðU00hÞ; aII 2 U00h;
wIIIðziÞ ¼ wðziÞ 8zi 2 N V0h

� �
; wIII 2 V0h;

rIðykÞ ¼ rðykÞ 8yk 2 N C0h
� �

; rI 2 C0h;

with the bounds
kaIIkL1 6 CintkakL1 ;

kwIIIkL1 6 CintkwkL1 ;

krIkL1 6 CintkrkL1 :

A discussion on possible practical collocation points satisfying
Assumption 6.1 can be found in Section 6.6.

6.3. A useful splitting

Our starting point is the following splitting of the solution
(u,v,s) to problem (48). Indeed, by linearity, we may write

u ¼ u0 þ ~u
v ¼ v0 þ ~v
s ¼ s0 þ ~s

8<
: ð61Þ

where (u0,v0,s0) is the solution to the problem:

Find ðu0;v0;s0Þ 2C2½0;1��C1½0;1��C1½0;1� such that :

�s00ðnÞ¼qðnÞ; n2�0;1½
�EðnÞu000ðnÞ�E0ðnÞu00ðnÞ�a0ðnÞ�s0ðnÞ¼0; n2�0;1½
v00ðnÞ�u0ðnÞ�a0ðnÞ�d2

A�1ðnÞs0ðnÞ¼0; n2�0;1½
s0ð0Þ¼0; v0ð1Þ¼0;
u0ð0Þ¼u0ð1Þ¼0

8>>>>>>>><
>>>>>>>>:

ð62Þ
and ð~u; ~v; ~sÞ is the solution to the problem:

Find ð ~u; ~v; ~sÞ 2 C2½0;1� � C1½0;1� � C1½0;1� such that :

�~s0ðnÞ ¼ 0; n 2�0;1½
�EðnÞ~u00ðnÞ � E0ðnÞ ~u0ðnÞ � a0ðnÞ � ~sðnÞ ¼ 0; n 2�0;1½
~v0ðnÞ � ~uðnÞ � a0ðnÞ � d2

A�1ðnÞ~sðnÞ ¼ 0; n 2�0;1½
~vð0Þ ¼ �v0ð0Þ; ~vð1Þ ¼ 0;
~uð0Þ ¼ ~uð1Þ ¼ 0:

8>>>>>>>><
>>>>>>>>:

ð63Þ
Using the variational approach of [17] and standard regularity re-
sults, one gets the following propositions.

Proposition 6.2. There exists a unique solution (u0,v0,s0) 2
C2[0,1] � C1[0,1] � C1[0,1] to Problem (62). Moreover, it holds:

ku0kW2;1 þ kv0kW1;1 þ ks0kW1;1 6 CkqkL1 : ð64Þ
Proposition 6.3. There exists a unique solution ð~u; ~v; ~sÞ 2 C2½0;1��
C1½0;1� � C1½0;1� to Problem (63). Moreover, it holds:

k~ukW2;1 þ k~vkW2;1 þ k~skW1;1 6 Cjv0ð0Þj 6 CkqkL1 : ð65Þ

An analogous spitting holds for the solution (uh,vh,sh) to prob-
lem (60). Indeed, we may write

uh ¼ u0;h þ ~uh

vh ¼ v0;h þ ~vh

sh ¼ s0;h þ ~sh

8><
>: ð66Þ

where (u0,h,v0,h,s0,h) is the solution to the problem:

Find ðu0;h;v0;h; s0;hÞ 2 Uh � Vh � Ch such that :

�s00;hðziÞ ¼ qðziÞ; zi 2 N C0h
� �

�EðxjÞu000;hðxjÞ � E0ðxjÞu00;hðxjÞ � a0ðxjÞ � s0;hðxjÞ ¼ 0; xj 2 N U00h
� �

v00;hðykÞ �u0;hðykÞ � a0ðykÞ � d2
A�1ðykÞs0;hðykÞ ¼ 0; yk 2 N V0h

� �
s0;hð0Þ ¼ 0; v0;hð1Þ ¼ 0;
u0;hð0Þ ¼ u0;hð1Þ ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

ð67Þ

and ð~uh; ~vh; ~shÞ is the solution to the problem:

Find ð ~uh; ~vh; ~shÞ 2 Uh � Vh � Ch such that :

�~s0hðziÞ ¼ 0; zi 2 N C0h
� �

�EðxjÞ~u00hðxjÞ � E0ðxjÞ ~u0hðxjÞ � a0ðxjÞ � ~shðxjÞ ¼ 0; xj 2 N U00h
� �

~v0hðykÞ � ~uhðykÞ � a0ðykÞ � d2
A�1~shðykÞ ¼ 0; yk 2 N V0h

� �
~vhð0Þ ¼ �v0;hð0Þ; ~vhð1Þ ¼ 0;
~uhð0Þ ¼ ~uhð1Þ ¼ 0:

8>>>>>>>>><
>>>>>>>>>:

ð68Þ

The proof of the following proposition is postponed to Section 6.4,
together with the associated error estimates.

Proposition 6.4. For h sufficiently small, Problem (67) admits a
unique solution (u0,h,v0,h,s0,h) 2Uh � Vh � Ch.

As far as Problem (68) is concerned, we have the following re-
sult, whose proof is postponed to Section 6.5.

Proposition 6.5. For h sufficiently small, Problem (68) admits a
unique solution ð~uh; ~vh; ~shÞ 2 Uh � Vh � Ch.

We now remark that the error quantities (u � uh,v � vh,s � sh)
can be split as

u�uh ¼ ðu0 �u0;hÞ þ ð~u� ~uhÞ
v � vh ¼ ðv0 � v0;hÞ þ ð~v � ~vhÞ
s� sh ¼ ðs0 � s0;hÞ þ ð~s� ~shÞ:

8><
>: ð69Þ

Therefore, the error analysis can be performed by estimating the er-
rors arising from the discretizations of problems (62) and (63),
respectively.

Remark 6.3. We notice that problem (68) can be considered an
approximation of problem (63), also because of the presence of the
approximated boundary datum �v0,h(0) in place of �v0(0).
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6.4. Discretization error for problem (62)

In the following we will denote by ku,kv,ks the regularity index k
introduced in Section 3.1, respectively associated to each space
Uh,Vh,Ch. For simplicity of notation, we assume that such a regu-
larity index is the same for all knots in each of the three knot vec-
tors defining the discrete spaces. We will assume that the loading,
the material data q; E;A, and the axial curve a are (at least mesh-
wise) regular. Therefore also the solution (u0,v0,s0) can be assumed
to share the same (mesh-wise) regularity properties.

Hereafter, in order to shorten the exposition, we adopt the fol-
lowing norm and semi-norm notation. For all sufficiently regular
scalar and vector functions f on (0,1) we define

kfkm;1 ¼ kfkWm;1ð0;1Þ; jf jm;1 ¼ jf jWm;1ð0;1Þ;

jf jm;1;h ¼max
E2Mh

jf jWm;1ðEÞ 8m 2 N:

We will make use of the following interpolation Lemmas, that can
be proven using exactly the same techniques as in [15] combined
with Assumption 6.1. The details can be found in [16].

Lemma 6.1. Let r 2 Cks�1½0;1� and such that rjE 2 [Wm,1(E)]3 for all
elements E of the mesh Mh. Then for all 0 6m 6 ps it holds

kr� rIkL1 6 Chmjrjm;1;h:

where rI 2 C0h is defined in Assumption 6.1. The same identical result
holds for the space V0h and interpolating operator (�)III, simply substitut-
ing ps,ks with pv,kv.

Moreover, the following holds for the space U00h.

Lemma 6.2. Let a0 2 Cku�2½0;1� and such that a0jE 2 [Wm,1(E)]3 for
all elements E of the mesh. Then for all 0 6m 6 pu � 1 it holds

ka0 � ða0ÞIIkL1 6 Chmja0jm;1;h;

where ða0ÞII 2 U00h is defined in Assumption 6.1.

The analysis of the discretization error for problem (62), to-
gether with the existence of a unique discrete solution, will be pre-
sented very briefly since it follows the same steps for the analogous
part in [16].

Proof of Proposition 6.4 and error estimates. Comparing (62)1

and (67)1 one immediately obtains that s0,h exists and is unique,
since it is determined by s00;h ¼ s00

� �
I and the boundary condition in

0. Moreover, using Lemma 6.1 and the Poincaré inequality we get
the existence of a unique s0,h with the estimate

ks0;h � s0k1;1 6 Chmjs0jmþ1;1;h ð70Þ

for all 0 6m 6 ps.
We now consider Eqs. (62)2 and (67)2. Note that s and s0,h have

been already determined in the previous step and can now be
treated as a datum. Therefore, the existence of a unique u0,h and an
error bound for the discretization of the second order differential
Eq. (62)2 can be derived using the results of [3]. Note that there is
also an approximation error deriving from the datum error s � s0,h.
Such term is handled immediately due to the stability of the
considered equation and using (70). One finally gets, for all
0 6 m 6 pu � 1 and 0 6 m 6 ps,

ku0 �u0;hk2;1 6 Cðhmjs0jm;1;h þ hmjs0jmþ1;1;hÞ: ð71Þ

Applying the above estimate with the choice m ¼ pu � 1;m ¼ ps, we
obtain:

ju0 �u0;hj2;1 6 Chcjs0jcþ1;1;h ð72Þ

with c = min(ps,pu � 1).
The same argument above can be applied also to the last two
equations (62)3 and (67)3 where s0,h and u0,h are now handled as
an (approximated) datum. We finally obtain the existence of a
unique v0,h with the error bound

kv0 � v0;hk1;1 6 Chpv ðt2js0jpv ;1;h þ js0jpv�2;1;hÞ

þ Chcðt2 þ 1Þjs0jcþ1;1;h 6 Chbjs0jbþ1;1;h; ð73Þ

where b:¼min(pv,ps,pu � 1). Bounds 70, 72, and 73 give the error
estimates for problem (62):

Proposition 6.6. For h > 0 sufficiently small, it holds:

ku0 �u0;hk2;1 þ kv0 � v0;hk1;1 þ ks0 � s0;hk1;1 6 Chb
; ð74Þ

with b:¼min(pv,ps,pu � 1).
6.5. Discretization error for problem (63)

We first rewrite problem (63) in the following equivalent way:

Find ð~u; ~v;kÞ 2 C2½0;1� � C1½0;1� � R3 such that :

�EðnÞ ~u00ðnÞ � E0ðnÞ~u0ðnÞ ¼ a0ðnÞ � k; n 2�0;1½
~v0ðnÞ � ~uðnÞ � a0ðnÞ � d2

A�1ðnÞk ¼ 0; n 2�0;1½
~vð0Þ ¼ �v0ð0Þ; ~vð1Þ ¼ 0;
~uð0Þ ¼ ~uð1Þ ¼ 0:

8>>>>>><
>>>>>>:

ð75Þ

We now notice that a0ðnÞ � k ¼Ma0 ðnÞk, where Ma0 ðnÞ is the skew-
symmetric matrix given by

Ma0 ðnÞ ¼
0 �a0ðnÞ � e3 a0ðnÞ � e2

a0ðnÞ � e3 0 �a0ðnÞ � e1

�a0ðnÞ � e2 a0ðnÞ � e1 0

2
64

3
75 ð76Þ

Therefore, system (75) can be rewritten as:

Find ð~u; ~v;kÞ 2 C2½0;1� � C1½0;1� � R3 such that :

�EðnÞ ~u00ðnÞ � E0ðnÞ~u0ðnÞ ¼Ma0 ðnÞk; n 2�0;1½
~v0ðnÞ � ~uðnÞ � a0ðnÞ � d2

A�1ðnÞk ¼ 0; n 2�0;1½
~vð0Þ ¼ �v0ð0Þ; ~vð1Þ ¼ 0;
~uð0Þ ¼ ~uð1Þ ¼ 0:

8>>>>>><
>>>>>>:

ð77Þ

Hence, exploiting that k 2 R3 is a constant vector, we see that

~uðnÞ ¼ SðnÞk; ð78Þ

where SðnÞ is a 3 � 3 function matrix, unique solution to the ODE
boundary value problem:

Find S 2 C2ð½0;1�;M3�3Þ such that :

�EðnÞS00ðnÞ � E0ðnÞS0ðnÞ ¼Ma0 ðnÞ; n 2�0;1½
Sð0Þ ¼ Sð1Þ ¼ 0;

8><
>: ð79Þ

where M3�3 denotes the space of 3 � 3 real valued matrices.
Inserting (78) into the second equation of (75), we obtain the

equation for ~vðnÞ:

~v0ðnÞ ¼ ðSðnÞkÞ � a0ðnÞ þ d2
A�1ðnÞk n 2�0;1½: ð80Þ

Integrating and using the skew-symmetry of the vector product to-
gether with the boundary condition ~vð1Þ ¼ 0, we get

~vðnÞ ¼
Z 1

n
½a0ðqÞ � ðSðqÞkÞ � d2

A�1ðqÞk�dq: ð81Þ

Using now the boundary condition ~vð0Þ ¼ �v0ð0Þ, we infer that it
holds
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�v0ð0Þ ¼
Z 1

0
½a0ðqÞ � ðSðqÞkÞ � d2

A�1ðnÞk�dq: ð82Þ

Recalling (76), Eq. (82) can be written as

�v0ð0Þ ¼
Z 1

0
ðMa0 ðqÞSðqÞ � d2

A�1ðqÞÞdq
� �

k: ð83Þ

Similar computations can be performed for the discrete problem
(68). More precisely, problem (68) can be written as:

Find ð ~uh; ~vh;khÞ 2 Uh � Vh � R3 such that :

�EðxjÞ ~u00hðxjÞ � E0ðxjÞ ~u0hðxjÞ ¼Ma0 ðxjÞkh; xj 2 N U00h
� �

~v0hðykÞ � ~uhðykÞ � a0ðykÞ � d2
A�1ðykÞkh ¼ 0; yk 2 N V0h

� �
~vhð0Þ ¼ �v0;hð0Þ; ~vhð1Þ ¼ 0;
~uhð0Þ ¼ ~uhð1Þ ¼ 0:

8>>>>>><
>>>>>>:

ð84Þ

From the first equation of (84), exploiting that kh 2 R3 is a constant
vector, we see that

~uhðnÞ ¼ ShðnÞkh; ð85Þ

where ShðnÞ is a 3 � 3 function matrix, unique solution to the dis-
crete ODE boundary value problem:

Find Sh 2 M3�3ðVnu Þ such that :

�EðxjÞS00hðxjÞ � E0ðxjÞS0hðxjÞ ¼Ma0 ðxjÞ; xj 2 N U00h
� �

Shð0Þ ¼ Shð1Þ ¼ 0:

8><
>: ð86Þ

Above, M3�3ðVnu Þ denotes the space of 3 � 3 matrices, whose en-
tries are functions in the NURBS space Vnu , see (51).

Remark 6.4. We highlight that, using the techniques of [3], it can
be proven that (86) admits a unique solution only for h sufficiently
small. However, in practical computations this restriction does not
appear.

Inserting (85) into the second equation of (84), we obtain the
equation for ~vhðnÞ:

~v0hðnÞ ¼ ððShðnÞkhÞ � a0ðnÞÞIII þ d2
A�1ðnÞIIIkh n 2�0;1½: ð87Þ

Integrating and using the skew-symmetry of the vector product to-
gether with the boundary condition ~vhð1Þ ¼ 0, we get

~vðnÞ ¼
Z 1

n
ða0ðqÞ � ðShðqÞkhÞÞIII � d2

A�1
III ðqÞkh

h i
dq: ð88Þ

Using now the boundary condition ~vhð0Þ ¼ �v0;hð0Þ, we infer that it
holds

�v0;hð0Þ ¼
Z 1

0
ða0ðqÞ � ðShðqÞkhÞÞIII � d2

A�1
III ðqÞkh

h i
dq: ð89Þ

Recalling (76), Eq. (89) can be written as

�v0;hð0Þ ¼
Z 1

0
ððMa0ShÞIIIðqÞ � d2

A�1
III ðqÞÞdq

� �
kh: ð90Þ
Remark 6.5. In Eqs. (87) and (90), we have introduced the matrix-
valued interpolated functions A�1

III ðqÞ and ðMa0ShÞIIIðqÞ, respec-
tively. These quantities, with a little abuse of notation, should be
intended as the corresponding row-wise interpolated vectorial
functions, using the interpolation operator introduced in Assump-
tion 6.1.

The following Lemma is useful for what follows.

Lemma 6.3. Referring to (83) and (90), it holds:
ðMa0S� d2
A�1Þ � ðMa0ShÞIII � d2

A�1
III

� � 
L1
6 Chd

; ð91Þ

where d:¼min{pv,pu � 1}.
Proof. We first notice that the triangle inequality gives:

ðMa0S� d2
A�1Þ � ðMa0ShÞIII � d2

A�1
III

� � 
L1

6 kMa0S� ðMa0ShÞIIIkL1 þ d2
A�1 �A�1

III

 
L1 : ð92Þ

Furthermore, it holds:

kMa0S� ðMa0ShÞIIIkL1 6 kMa0S� ðMa0SÞIIIkL1

þ kðMa0SÞIII � ðMa0ShÞIIIkL1 : ð93Þ

Using also Lemma 6.1 and the stability Assumption 6.1, we get:

kMa0S� ðMa0ShÞIIIkL1 6 Chpv jMa0Sjpv ;1;h þ kMa0 kL1kS� ShkL1 :

ð94Þ

Furthermore, comparing (79) and (86), using a Poincaré inequality
and the results in [3], yields

kS� ShkL1 6 CkS� Shk2;1 6 Chpu�1jujpuþ1;1;h: ð95Þ

Combining (94) and (95), we obtain:

kMa0S� ðMa0ShÞIIIkL1 6 Chd
; ð96Þ

where d:¼min{pv,pu � 1}. In addition, Lemma 6.1 gives:

d2
A�1 �A�1

III

 
L1 6 Chpv jA�1jpv ;1;h: ð97Þ

Estimate (91) now follows from (96) and (97). h

We now prove the following propositions.

Proposition 6.7. The linear operator L : R3 ! R3 defined by (cf.
(83)):

Lw :¼
Z 1

0
ðMa0 ðqÞSðqÞ � d2

A�1ðqÞÞdq
� �

w ð98Þ

is an isomorphism.
Proof. By contradiction. Suppose there exists w⁄– 0 such that
Lw� ¼ 0. Now, set (u⁄(n),v⁄(n),s⁄(n)) as:

u�ðnÞ ¼ SðnÞw�

v�ðnÞ ¼
R 1

n a0ðqÞ � ðSðqÞw�Þ � d2
A�1ðqÞw�

h i
dq

s�ðnÞ ¼ w�;

8>><
>>: ð99Þ

where SðnÞ is defined by (79). Using w⁄– 0 together with Lw� ¼ 0,
one can see that (u⁄,v⁄,s⁄) is a non-vanishing regular solution to the
problem (cf. (47)):

Find ðu;v; sÞ 2 C2½0;1� � C1½0;1� � C1½0;1� such that :

�s0ðnÞ ¼ 0; n 2�0;1½
�ðEðnÞu0ðnÞÞ0 � a0ðnÞ � sðnÞ ¼ 0; n 2�0;1½
v0ðnÞ �uðnÞ � a0ðnÞ � d2

A�1ðnÞsðnÞ ¼ 0; n 2�0;1½
vð0Þ ¼ vð1Þ ¼ 0;
uð0Þ ¼ uð1Þ ¼ 0:

8>>>>>>>>><
>>>>>>>>>:

ð100Þ

Recalling Proposition 6.1, we obtain that problem (100) has the un-
ique trivial solution (u,v,s) = (0,0,0), which provides the
contradiction. h
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Proposition 6.8. There exists h0 > 0 such that, for every h with
0 < h < h0, the linear operator Lh : R3 ! R3 defined by (cf. (90)):

Lhw :¼
Z 1

0
ðMa0ShÞIIIðqÞ � d2

A�1
III ðqÞ

� �
dq

� �
w ð101Þ

is an isomorphism. Moreover, it holds:

kL � Lhk 6 Chd
; ð102Þ

where d:¼min{pv,pu � 1},k � k denotes a given operator norm, and C
depends on the chosen norm, but it is independent of h.
Proof. Using Lemma 6.3, we get that Lh ! L. Since the linear oper-
ator L is an isomorphism (cf. Proposition 6.7), it follows that also
Lh is an isomorphism for h sufficiently small. Estimate (102) is
an immediate consequence of Lemma 6.3. h

We are now ready to provide the proof of Proposition 6.5.

Proof of Proposition 6.5. We prove that Problem (68) (or,
equivalently, Problem (84)) has the unique trivial solution
ð~uh; ~vh; ~shÞ ¼ ð0;0;0Þ when v0,h(0) = 0.

To do so, we first notice that Eq. (90) may written as:

kh ¼ �Lhv0;hð0Þ: ð103Þ

Set now v0,h(0) = 0 in Problem (84), and therefore in (103). From
Proposition 6.8 we infer that, for h with 0 < h < h0, it holds kh = 0,
which means ~sh ¼ 0. Hence, considering Problem (84) with kh = 0
and using again the results of [3], we get ð ~uh; ~vhÞ ¼ ð0;0Þ, which
ends the proof.

We now give an estimate for ~s� ~sh ¼ k� kh (cf. (75) and (84)).
We have the following lemma.

Lemma 6.4. For h sufficiently small, it holds:

k~s� ~shkL1 ¼ jk� khj 6 Cðjv0ð0Þ � v0;hð0Þj þ kL � LhkÞ: ð104Þ
Proof. We first denote with InvðR3Þ the set of invertible linear
operators from R3 to itself. Now, we notice that the function
u : InvðR3Þ ! InvðR3Þ, defined by uðLÞ ¼ L�1, is differentiable at
every point L, hence it is locally Lipschitz. As a consequence, it is
immediate to check that it exists positive constants C independent
of h such that

kL�1
h � L

�1k 6 CkLh � Lk; kL�1
h k 6 C:

Therefore, first recalling 83, 98, 90 and 101, then using the above
bounds and some trivial algebra, we get:

jk� khj ¼ L�1
h v0;hð0Þ � L�1v0ð0Þ

�� ��
6 L�1

h v0;hð0Þ � L�1
h v0ð0Þ

�� ��
þ L�1

h v0ð0Þ � L�1v0ð0Þ
�� ��

6 L�1
h

 jv0;hð0Þ � v0ð0Þj þ L�1
h � L

�1
 jv0ð0Þj

6 C jv0;hð0Þ � v0ð0Þj þ kLh � Lk
� �

; ð105Þ

where we included jv0(0)j in the constant. h

The Corollary below follows immediately combining Lemma 6.4
with bound (73) and Proposition 6.8.

Corollary 1. For h sufficiently small, it holds:

k~s� ~shkL1 ¼ jk� khj 6 Chb
; ð106Þ

where b:¼min(pv,ps,pu � 1).
Finally, we have the following results for the rotation and the
displacement variables.

Lemma 6.5. For h sufficiently small, it holds:

k~u� ~uhk2;1 þ k~v � ~vhk1;1 6 Chb
; ð107Þ

where b:¼min(pv,ps,pu � 1).
Proof. We first prove that it holds:

k~u� ~uhk2;1 6 C hpu�1jujpuþ1;1;h þ jk� khj
� �

ð108Þ

k~v � ~vhk1;1 6 C hd þ jk� khj
� �

; ð109Þ

with d:¼min{pv,pu � 1} In fact, recalling the identities (78) and (85),
a triangle inequality and bound (95) give

k~u� ~uhk2;1 ¼ kSk� Shkhk2;1 6 kS� Shk2;1jkj þ kShk2;1jk� khj

6 Cðhpu�1jujpuþ1;1;h þ jk� khjÞ

where we included the terms jkj and kShk2;1 in the constant C, inde-
pendent of h.

The estimate for the error ~v � ~vh follows recalling that, by (81)
and (88), it holds

v0ðnÞ ¼ �
Z 1

n
ðMa0 ðqÞSðqÞ � d2

A�1ðqÞÞdq
� �

k

v0;hðnÞ ¼ �
Z 1

n
ðMa0ShÞIIIðqÞ � d2

A�1
III ðqÞ

� �
dq

� �
kh:

ð110Þ

As a consequence, simple algebraic manipulations combined with
Lemma 6.3 yield

k~v� ~vhk1;1 6 C kðMa0S�d2
A�1Þ� ðMa0ShÞIII �d2

A�1
III

� �
kL1 þ jk�khj

� �
6 Cðhdþjk�khjÞ;

with d:¼min{pv,pu � 1}. Estimate (107) now follows from (108),
(109) and Corollary 1. h

From Corollary 1 and Lemma 6.5, we obtain the error estimate
for Problem 48:

Proposition 6.9. For h sufficiently small, it holds

k~s� ~shkL1 þ k~u� ~uhk2;1 þ k~v � ~vhk1;1 6 Chb
; ð111Þ

where b:¼min(pv,ps,pu � 1).
6.6. Discretization error for the rod problem (48)

It is now straightforward to obtain the following error estimate
for the error of the proposed collocation method.

Theorem 6.1. Let (u,v,s) and (uh,vh,sh) represent the solutions of
problem (48) and (60), under Assumption 6.1 on the collocation
points. Then it holds

ku�uhkW2;1 þ kv � vhkW1;1 þ ks� shkW1;1 6 Chb ð112Þ

with

b ¼minðpv ;ps;pu � 1Þ; ð113Þ

and where the constant C is independent of the knot vectors and the
thickness parameter d.
Proof. The proof immediately follows recalling (69) and by com-
bining Proposition 6.6 with Proposition 6.9. h
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We remark that the theoretical results establish error estimates
in the W2,1-norm while the convergence plots in Section 5 are
reported in terms of L2-norm errors, which are more relevant in
engineering applications. However, we point out that, since the
L2-norm is bounded from above by the W2,1-norm, our theoretical
error estimates hold for the L2-norm as well.

One could extend the above results to the case of less regular
loads q, obtaining a lower convergence rate b. Moreover, approxi-
mation results in higher order norms can also be derived by using
inverse estimates. We do not provide here the details of these
rather simple extensions. We also remark that Eq. (113) should
not be intended as a recipe to find the optimal balancing among
pu,pv and ps since the provided estimates are not sharp.

The optimal selection of points for interpolation of one-dimen-
sional splines is addressed in various papers. The only choice pro-
ven to be stable (i.e., satisfying Assumption 6.1) for any mesh and
degree are the so-called Demko abscissae, see for instance [21,23].
A different approach proposed in the engineering literature [27] is
to collocate at the Greville abscissae. We refer to [3] for a deeper
investigation and comparison between the Demko and Greville
choices.

Remark 6.6. Theorem 6.1 yields a converge estimate, uniform in
the thickness parameter, without requiring any particular com-
patibility condition among the three discrete spaces Uh,Vh, and Ch.
Therefore, the proposed method is locking-free regardless of the
chosen polynomial degrees and space regularities. Even different
meshes can be adopted among the three spaces. Such result is
surprising, at least in comparison with Galerkin schemes. Indeed,
in typical Galerkin approaches the discrete spaces Uh,Vh,Ch must
be carefully chosen, in order to avoid the locking phenomenon and
the occurrence of spurious modes.
7. Conclusions

In this work we have presented the application of isogeometric
collocation techniques to the solution of spatial Timoshenko rods.
After introducing the strong form equations of the problem in both
displacement-based and mixed forms, we have considered their
discretization via NURBS-based isogeometric collocation at the
images of Greville abscissae.

The obtained collocation schemes have been then numerically
tested on several examples in order to assess their accuracy and
efficiency, as well as their possible application to problems of prac-
tical interest. In particular, it is interesting to highlight that the
considered mixed formulations appeared to be locking-free for
any choice of the discrete spaces for displacements, rotations,
and internal forces; such a remarkable behavior has also been ana-
lytically proven in the second part of the paper. The same property
of isogeometric collocation was analytically proven and computa-
tionally tested in [16] in the context of the simpler case of initially
straight Timoshenko beams.

These results propose isogeometric collocation methods as a
viable and efficient alternative to standard approximation methods
for curved beams. They moreover constitute a first fundamental
step towards the development of novel efficient locking-free ap-
proaches for the simulation of bidimensional thin structures, such
as plates and shells. In particular, extension to Reissner-Mindlin
plates is currently under investigation.
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