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1. Introduction

Isogeometric analysis (IGA) is a recent idea, firstly introduced
by Hughes et al. [13,19], to fill the gap between computational
mechanics and computer aided design (CAD). The key feature of
IGA is to extend the finite element method (FEM) representing
the geometry by spline functions typically used by CAD systems,
and then invoking the isoparametric concept to define field vari-
ables. As a consequence, the computational domain exactly repro-
duces the CAD description of the physical domain. Moreover,
further research on IGA has shown that the high regularity proper-
ties of the employed functions leads in many cases to a better accu-
racy-to-computational-effort ratio than standard FEM (cf., e.g.
[14,20,23]). On these bases, many applications of IGA in different
fields have been studied and implemented, highlighting the unique
properties and advantages of this approach (see, among others,
[1,2,5–12,15,17,21,25]).

Within the framework of IGA, collocation methods have been re-
cently proposed in [3], constituting an appealing high-order low-
cost alternative to standard Galerkin approaches. Such techniques
have also been successfully applied to elastostatics and explicit
elasodynamics [4]. Among the many interesting Computational
Mechanics applications which can be successfully tackled by means
of isogeometric collocation methods, the approximation of thin
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structure problems looks particularly promising; therefore, the
aim of this paper is to initiate the study of this topic.

We here focus on the simple case of an initially straight planar
Timoshenko beam. Despite its simplicity, the numerical approxi-
mation of this problem often presents some difficulties, especially
when dealing with FEM in connection with low-order schemes. In-
deed, one has to avoid the so-called shear locking phenomenon,
which arises when the beam thickness parameter becomes
‘‘small’’. Within the FEM framework, several options to overcome
shear locking are nowadays well-established. For example, ad-hoc
reduced integration of the shear energy term can be used. Alterna-
tively (and, sometimes, equivalently), the employment of discrete
schemes based on a suitable mixed formulation can be of great
advantage. However, the use of a mixed formulation does not solve
the problem by itself: the discrete approximation spaces must be
carefully chosen to avoid shear locking, and to prevent the occur-
rence spurious modes.

On the contrary, in this paper we show that suitable isogeomet-
ric collocation methods can be designed, leading to locking-free
schemes without the need of any compatibility condition between
the selected discrete spaces. Therefore, the convergence behaviour,
uniform in the thickness parameter, is dictated only by the approxi-
mation features of the discrete spaces. We note that this very
appealing property is deeply linked to the collocation method
adopted and not only a consequence of the isogeometric approach.

An outline of the paper is the following. In Section 2 we briefly
review the basics of isogeometric analysis, focusing on the one-
dimensional case. In Section 3 we present the Timoshenko planar
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Fig. 1. Cubic basis functions formed from the open knot vector {0,0,0,0,1/6,1/3,1/
2,2/3,5/6,1,1,1,1}.
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beam problem, by considering a suitable mixed formulation, as
well as the standard displacement-based equations. In Section 4
we propose our isogeometric collocation methods, based on the
different formulations considered in Section 3. Section 5 is devoted
to a rigorous error analysis for the collocation methods based on
the mixed formulation. As already mentioned, our main result
(cf. Theorem 5.1) states that the proposed schemes are convergent
and locking-free irrespective of any balancing among the selected dis-
crete spaces. We also identify that, in some cases, mixed methods
are in fact equivalent to suitable displacement-based schemes. In
Section 6 we report an extensive set of numerical tests, performed
by means of the proposed methods. The presented numerical re-
sults clearly show the appealing features of our isogeometric collo-
cation approach. Finally, in Section 7 we draw our conclusions.

In the following C will indicate a generic positive constant inde-
pendent of the knot vectors, possibly different at each occurrence.
Finally, we will denote with L1ðxÞ and

Ws;1ðxÞ ¼ v 2 L1ðxÞ :
dmv
dxm 2 L1ðxÞ 8m ¼ 0;1; . . . ; s

� �
; s 2 N;

the usual functional spaces, defined on a generic interval x. When
x ¼ ða; bÞ, we simply write L1 and Ws;1.

2. B-spline-based isogeometric analysis

The aim of this section is to present a short description of B-
splines, followed by a simple discussion on the basics of isogeo-
metric analysis.

2.1. B-splines

A knot vector is a set of non-decreasing real numbers represent-
ing coordinates in the parametric space ½0;1�:

fn1 ¼ 0; . . . ; nnþpþ1 ¼ 1g; ð1Þ

where p is the order of the B-spline and n is the number of basis
functions (and control points) necessary to describe it. The interval
½n1; nnþpþ1� is called a patch. A knot vector is said to be uniform if its
knots are uniformly-spaced and non-uniform otherwise; it is said to
be open if its first and last knots have multiplicity pþ 1. In what fol-
lows, we always employ open knot vectors. Basis functions formed
from open knot vectors are interpolatory at the ends of the para-
metric interval ½0;1� but are not, in general, interpolatory at interior
knots.

Given a knot vector, univariate B-spline basis functions are de-
fined recursively starting with p ¼ 0 (piecewise constants)

Ni;0ðnÞ ¼
1 if ni 6 n < niþ1

0 otherwise:

�
ð2Þ

For p > 1:

Ni;pðnÞ ¼
n�ni

niþp�ni
Ni;p�1ðnÞ þ

niþpþ1�n

niþpþ1�niþ1
Niþ1;p�1ðnÞ if ni 6 n < niþpþ1

0 otherwise;

(
ð3Þ

where, in (3), we adopt the convention 0=0 ¼ 0.
In Fig. 1 we present an example consisting of n ¼ 9 cubic basis

functions generated from the open knot vector f0;0;0;0;1=6;1=3;
1=2;2=3;5=6;1;1;1;1g.

If internal knots are not repeated, B-spline basis functions are
Cp�1-continuous. If a knot has multiplicity k, the basis is Cp�k-con-
tinuous at that knot. In particular, when a knot has multiplicity p,
the basis is C0 and interpolates the control point at that location.
We define

Sn ¼ spanfNi;pðnÞ; i ¼ 1; . . . ;ng ð4Þ
the spline space spanned by the basis functions Ni;pðnÞ. Following
the isogeometric approach, the space of B-spline functions defined
on a generic interval ½a; b� is given by:

Vn ¼ spanfNi;p � F�1; i ¼ 1; . . . ;ng; ð5Þ

where x ¼ FðnÞ ¼ aþ ðb� aÞn is the linear parametrization which
maps ½0;1� onto ½a; b�. We finally note that the images of the knots
through the function F naturally define a partition of the interval
ða; bÞ, called the associated mesh Mh;h being the mesh-size, i.e.,
the largest size of the elements in the mesh.

3. Timoshenko beam equations

We consider an initially straight, planar, elastic, and homoge-
nous beam. The beam axis is assumed to occupy the interval
½a; b�. Following the Timoshenko model [24], we introduce two
possible ways to describe the beam static problem.

3.1. Mixed formulation

We first introduce a mixed formulations, where the un-
known variables are the displacements vðxÞ (usually referred
to as deflections), the rotations uðxÞ, and the shear strain
cðxÞ. Assuming for simplicity, but without loss of generality,
clamped boundary conditions, the equations to be solved are
the following:

jGAc0ðxÞ ¼ pðxÞ; x 2�a; b½

�EIu00ðxÞ þ jGAcðxÞ ¼ 0; x 2�a; b½

v 0ðxÞ þuðxÞ � cðxÞ ¼ 0; x 2�a; b½

vðaÞ ¼ vðbÞ ¼ 0;

uðaÞ ¼ uðbÞ ¼ 0;

8>>>>>>>>><>>>>>>>>>:
ð6Þ

where G and E are respectively the shear and Young’s moduli, pðxÞ is
the transversal load per unit length, j is the so-called shear correc-
tion factor, and A and I are the cross section area and the relevant
moment of inertia, respectively. In particular, considering for sim-
plicity a rectangular cross-section of width d and depth t (usually
referred to as beam thickness), we have j ¼ 5=6;A ¼ dt, and
I ¼ dt3

=12.
For analysis purposes, we rewrite the equations above in a more

convenient scaled form, where the unknowns are again the trans-
versal displacements vðxÞ and the rotations uðxÞ, plus a variable,
sðxÞ, associated to shear stresses. In this case, the equations to be
solved read:
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s0ðxÞ ¼ aqðxÞ; x 2�a; b½
�u00ðxÞ þ sðxÞ ¼ 0; x 2�a; b½
v 0ðxÞ þuðxÞ � a�1t2sðxÞ ¼ 0; x 2�a; b½
vðaÞ ¼ vðbÞ ¼ 0;
uðaÞ ¼ uðbÞ ¼ 0:

8>>>>>><>>>>>>:
ð7Þ

In (7), we have set qðxÞ ¼ � 6f v ðxÞ
5Gt2 and a ¼ 10 G

E ; fvðxÞ ¼
pðxÞ

A being the
transversal load per unit volume.

3.2. Displacement-based formulation

Eliminating the shear strain using the third equation of (6), one
gets the following displacement-based formulation, where the un-
knowns are the transversal displacements vðxÞ and the rotations
uðxÞ:

jGA v 00ðxÞ þu0ðxÞð Þ ¼ �pðxÞ; x 2�a; b½
�EIu00ðxÞ þ jGA v 0ðxÞ þuðxÞð Þ ¼ 0; x 2�a; b½
vðaÞ ¼ vðbÞ ¼ 0;
uðaÞ ¼ uðbÞ ¼ 0:

8>>><>>>: ð8Þ

In a scaled form similar to (7), the equations above read:

t�2 v 00ðxÞ þu0ðxÞð Þ ¼ qðxÞ; x 2�a; b½
�u00ðxÞ þ at�2 v 0ðxÞ þuðxÞð Þ ¼ 0; x 2�a; b½
vðaÞ ¼ vðbÞ ¼ 0;
uðaÞ ¼ uðbÞ ¼ 0:

8>>><>>>: ð9Þ
4. Isogeometric collocation methods for the Timoshenko beam

In this Section, we present our collocation methods for the Tim-
oshenko beam, which are implemented in the spirit of isogeomet-
ric collocation methods, as introduced in [3] and further developed
in [4].

Before proceeding, we need to introduce the B-spline space
Uh � C2ða; bÞ, used for the rotation approximation, and associated
with the knot vector

fnu
1 ¼ 0; . . . ; nu

nvþpvþ3 ¼ 1g: ð10Þ

Accordingly, we set (cf. (4) and (5)):

Uh ¼ Vnuþ2: ð11Þ

Analogously, we introduce the B-spline space

Vh ¼ Vnvþ2 � C2ða; bÞ; ð12Þ

used for the deflection approximation, and associated with the knot
vector

fnv
1 ¼ 0; . . . ; nv

nvþpvþ3 ¼ 1g: ð13Þ

Finally, we define the B-spline space

Ch ¼ Vns � C1ða; bÞ; ð14Þ

used for the shear stress approximation, and associated with the
knot vector

fns
1 ¼ 0; . . . ; ns

nsþpsþ1 ¼ 1g: ð15Þ

We notice that it holds

dimðUhÞ ¼ nu þ 2; dimðvhÞ ¼ nv þ 2; dimðChÞ ¼ ns: ð16Þ
Remark 4.1. Furthermore, we remark that the three knot vectors
above induce, in principle, three different meshes:

Mhu ; Mhv ; Mhs ;
with corresponding mesh-sizes hu;hv , and hs. In the sequel, we will
set h ¼ maxfhu;hv ;hsg. However, we notice that, in practical appli-
cations, the three meshes most often coincide.

In the sequel, we will also use the spaces of first and second
derivatives:

U00h ¼: u00h : uh 2Uh

� �
; V 0h ¼: v 0h : vh 2 Vh

� �
; C0h ¼: s0h :¼ sh 2Ch

� �
;

ð17Þ

whose dimensions are obviously given by dimðU00hÞ ¼ nu,
dimðV 0hÞ ¼ nv þ 1, and dimðCh0Þ ¼ ns, see (16). Furthermore, we
introduce suitable sets of collocation points in ½a; b�:

N ðU00hÞ ¼ x1; x2; . . . ; xnu

� �
;

N ðV 0hÞ ¼ y1; y2; . . . ; ynvþ1

� �
;

N ðC0hÞ ¼ z1; z2; . . . ; zns�1f g:

8><>: ð18Þ

We notice that it holds #ðN ðU00hÞÞ ¼ dimðUhÞ � 2, #ðN ðV 0hÞÞ ¼
dimðVhÞ � 1, and #ðN ðC0hÞÞ ¼ dimðChÞ � 1. Therefore, we have (cf.
(7)):

#N ðU00hÞ
� �

þ #N ðV 0hÞ
� �

þ #N ðC0hÞ
� �

þ #ðboundary conditionsÞð Þ
¼ dimðUhÞ þ dimðVhÞ þ dimðChÞ: ð19Þ
Remark 4.2. The reason for introducing the notations ðN ðU00hÞ;
N ðV 0hÞ, and ðN ðC0hÞ is the following. The chosen collocation points
should be compatible with the existence of a stable interpolating
operator on the derivative spaces Uh00;Vh0, and Ch0, respectively (see
Assumption 5.1). We will discuss some possible practical choices of
the collocation points later on in the paper.
4.1. Mixed discretizations

We now introduce our collocation method based on the mixed
formulation (7). Given the finite dimensional spaces defined in
(11), (12), and (14), together with the collocation points introduced
in (18), the discretized problem reads as follows.

Find ðuh;vh; shÞ 2 Uh � Vh � Ch such that :

s0hðziÞ ¼ aqðziÞ; zi 2 ðN ðC0hÞ
�U00hðxjÞ þ shðxjÞ ¼ 0; xj 2 ðN ðU00hÞ
v 0hðykÞ þUhðykÞ � a�1t2shðykÞ ¼ 0; yk 2 N ðV 0hÞ
vhðaÞ ¼ vhðbÞ ¼ 0;
uhðaÞ ¼ uhðbÞ ¼ 0:

8>>>>>>>><>>>>>>>>:
ð20Þ

Notice that, according with (16) and (19), problem (20) is a linear
system of ðnu þ nv þ ns þ 4Þ equations for ðnu þ nv þ ns þ 4Þ
unknowns.

Different choices could also be made. For instance, one could
think of considering the discrete equations:

Find ðuh;vh; shÞ 2 Uh � Vh � Ch such that :

s0hðykÞ ¼ aqðykÞ; yk 2 N ðV 0hÞ
�u00hðxjÞ þ shðxjÞ ¼ 0; xj 2 ðN ðU00hÞ
v 0hðziÞ þuhðziÞ � a�1t2shðziÞ ¼ 0; zi 2 ðN ðC0hÞ
vhðaÞ ¼ vhðbÞ ¼ 0;
uhðaÞ ¼ uhðbÞ ¼ 0:

8>>>>>>>><>>>>>>>>:
ð21Þ

Formulation (21) is obtained by simply swapping the collocation
points for equations (20)(1) and (20)(3). This choice may be called
variational-like, since it corresponds to the standard variational
framework, where Eqs. (21)(1), (21)(2)), and (21)(3) are weighted by
deflection, rotation and shear deformation test functions, respec-
tively (for more details see [4]).
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In the sequel, we consider the more ‘‘unusual’’ formulation (20),
since it leads to locking-free schemes for every choice of discretization
spaces, and it is amenable to a rigorous error analysis, see Section 5.
However, we notice that, in some cases, the two formulations (20)
and (21) coincide. For example, this obviously occurs when
Vh ¼ Ch and N ðV 0hÞ ¼ N ðC0hÞ, cf. Section 6.2.

4.2. Displacement-based discretizations

We now introduce our collocation method based on the dis-
placement-based formulation (9). We need to introduce the space
of the second derivatives of Vh:

V 00h ¼: v 00h : vh 2 Vh
� �

;

together with suitable collocation points in ½a; b�

N ðV 00hÞ ¼ w1;w2; . . . ;wnvf g ðcf : also Remark 4:2Þ: ð22Þ

We notice that it holds #ðN ðV 00hÞÞ ¼ dimðVhÞ � 2. Considering the fi-
nite dimensional spaces defined in (11), as well as the collocation
points introduced in (18)1, the discretized problem reads as follows:

Find ðuh;vhÞ 2 Uh � Vh such that :

t�2 vh00ðwjÞ þuh0ðwjÞ
� �

¼ qðwjÞ; wj 2 N ðV 00hÞ
�uh00ðxkÞ þ at�2 vh0ðxkÞ þuhðxkÞð Þ ¼ 0; xk 2 N ðU00hÞ
vhðaÞ ¼ vhðbÞ ¼ 0;
uhðaÞ ¼ uhðbÞ ¼ 0:

8>>>>>><>>>>>>:
ð23Þ

Notice that problem (23) is a linear system of ðnu þ nv þ 4Þ equa-
tions and ðnu þ nv þ 4Þ unknowns. We also remark that formulation
(23) corresponds to a variational-like choice, cf. Section 4.1.

Remark 4.3. We must note that the linear systems arising from
collocation methods are in general non symmetric; the same
happens for the formulation presented here. This may have
implications, for instance, in vibration analysis since the eigen-
values are not, in principle, guaranteed to be real. However, the
numerical tests performed in [3] have shown that real eigenvalues
are in general expected.
5. Theoretical results

In this Section, we develop a theoretical analysis of the colloca-
tion method presented in Section 4.1, based on the mixed formula-
tion of Section 3.1. The same analysis can be applied, in some cases,
also to the displacement-based method, see Section 4.2, as detailed
in Section 5.4.1.

We make the following fundamental assumption on the collo-
cation points.

Assumption 5.1 (Stable interpolation). There exists a constant Cint,
independent of the knot vectors, such that the following holds. For
all functions h;w, and r in C0ða; bÞ there exist unique interpolating
functions

hIIðxjÞ ¼ hðxjÞ; 8xj 2 N ðU00hÞ; hII 2 U00h;

wIIIðxjÞ ¼ wðxjÞ; 8zi 2 N ðV 0hÞ; wIII 2 V 0h;

rIðxjÞ ¼ rðxjÞ; 8yk 2 N ðC0hÞ; rI 2 C0h;

with the bounds

khIIkL1 6 CintkhkL1 ;

kwIIIkL1 6 CintkwkL1 ;

krIkL1 6 CintkrkL1 :

A discussion on possible practical collocation points satisfying
Assumption 5.1 can be found in Section 5.4.
5.1. A useful splitting

Our starting point is the following splitting of the solution
ðu; v; sÞ to problem (7). Indeed, by linearity, we may write

u ¼ uo þ ~u
v ¼ vo þ ~v
s ¼ so þ ~s

8><>: ð24Þ

where ðuo;vo; soÞ is the solution to the problem:

s0oðxÞ ¼ aqðxÞ; x 2�a; b½
�u00oðxÞ þ s0ðxÞ ¼ 0; x 2�a; b½
v 00ðxÞ þu0ðxÞ � a�1t2s0ðxÞ ¼ 0; x 2�a; b½
s0ðaÞ ¼ 0;v0ðbÞ ¼ 0;
u0ðaÞ ¼ u0ðbÞ ¼ 0;

8>>>>>><>>>>>>:
ð25Þ

and ð~u; ~v; ~sÞ is the solution to the problem:

~s0ðxÞ ¼ 0; x 2�a; b½
�~u00ðxÞ þ ~sðxÞ ¼ 0; x 2�a; b½
~v 0ðxÞ þ ~uðxÞ � a�1t2~sðxÞ ¼ 0; x 2�a; b½
~vðaÞ ¼ �v0ðaÞ; ~vðbÞ ¼ 0
~uðaÞ ¼ ~uðbÞ ¼ 0:

8>>>>>><>>>>>>:
ð26Þ

An analogous spitting holds for the solution ðUh; vh; shÞ to problem
(20). Indeed, we may write

uh ¼ u0;h þ ~uh

vh ¼ v0;h þ ~vh;

sh ¼ s0;h þ ~sh

8><>: ð27Þ

where ðu0;h;v0;h; s0;hÞ is the solution to the problem:

Find ðu0;h; v0;h; s0;hÞ 2 Uh � Vh � Ch such that :

s00;hðziÞ ¼ aqðziÞ; zi 2 ðN ðC0hÞ
�u000;hðxjÞ þ s0;hðxjÞ ¼ 0; xj 2 N ðU00hÞ
v 00;hðykÞ þu0;hðykÞ � a�1t2s0;hðykÞ ¼ 0; yk 2 N ðV 0hÞ
s0;hðaÞ ¼ 0; v0;hðbÞ ¼ 0;
u0;hðaÞ ¼ u0;hðbÞ ¼ 0:

8>>>>>>>>>><>>>>>>>>>>:
ð28Þ

and ð~uh; ~vh; ~shÞ is the solution to the problem:

Find ð ~uh; ~vh; ~shÞ 2 Uh � Vh � Ch such that :

~s0hðziÞ ¼ 0; zi 2 N ðs0hÞ
�~u00hðxjÞ þ ~shðxjÞ ¼ 0; xj 2 ðN ðU00hÞ
~v 0hðykÞ þ ~uhðykÞ � a�1t2~shðykÞ ¼ 0; yk 2 N ðV 0hÞ
~vhðaÞ ¼ �v0;hðaÞ; ~vhðbÞ ¼ 0;

~uhðaÞ ¼ ~uhðbÞ ¼ 0:

8>>>>>>>>>><>>>>>>>>>>:
ð29Þ

Accordingly, the error quantities ðu�uh;v � vh; s� shÞ can be split
as

u�uh ¼ ðu0 �u0;hÞ þ ð~u� ~uhÞ
v � vh ¼ ðv0 � v0;hÞ þ ð~v � ~vhÞ
s� sh ¼ ðs0 � s0;hÞ þ ð~s� ~shÞ:

8><>: ð30Þ

Therefore, the error analysis can be performed by estimating the er-
rors arising from the discretizations of problems (25) and (26),
respectively.

Remark 5.1. We notice that problem (29) can be considered an
approximation of problem (26), also because of the presence of the
approximated boundary datum �v0;hðaÞ in place of �v0ðaÞ.
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5.2. Discretization error for problem (25)

In the following, we will denote by ku; kv ; ks the regularity index
k introduced in Section 2.1, respectively associated to each space
Uh;Vh;Ch. Note that, for simplicity, we assume that such regularity
index is the same for all knots in each of the three knot vectors
defining the discrete spaces.

We will make use of the approximation Lemma below, which
can be proved using exactly the same techniques as in [12].

Lemma 5.1. Let V be any spline space with associated polynomial
degree p, global regularity index k and maximum mesh-size h. Then,
there exists a projection operator P : L1ða; bÞ ! V such that, for all
functions f 2 Ckða; bÞ that satisfy f jE 2Wm;1ðEÞ for all elements E of
the mesh Mh, it holds, for 0 6 m 6 pþ 1:

kf �PfkL1 6 CAhmmax
E2Mh

jf jWm;1ðEÞ;

with the constant CA independent of f and the mesh-size h.
We have the following corollary.

Corollary 5.1. Let r 2 Cks�1ða; bÞ and such that rjE 2Wm;1ðEÞ for all
elements E of the mesh Mh. Then for all 0 6 s 6 m 6 ptau it holds

kjr � rIkL1 6 Chmmax
E2Mh

jrjWm;1ðEÞ:

where rI 2 Ch0 is defined in Assumption 5.1.
Proof. Let P be the projection introduced in Lemma 5.1 for the
space V ¼ Ch0. Note that the space Ch0 has polynomial order
ps � 1 and regularity index ks � 1. By a triangle inequality and not-
ing that ðPrÞI ¼ Pr it follows

kr � rIkL1 6 kr �PrkL1 þ kðr �PrÞIkL1 :

The proof then follows from the above bound first using Assump-
tion 5.1 and then Lemma 5.1

kr � rIkL1 6 ð1þ CintÞkr �PrkL1

6 ð1þ CintÞCAhmmax
E2Mh

jrjWm;1ðEÞ: �

The same identical result holds for the space Vh0, simply substitut-
ing ps; ks with pv ; kv in Corollary 5.1.

Moreover, the proof of the following corollary for the space Uh00
is analogous and, therefore, not detailed.

Corollary 5.2. Let h 2 Ck/�2ða; bÞ and such that hjE 2Wm;1ðEÞ for all
elements E of the mesh. Then for all 0 6 m 6 pphi� 1 it holds

kh� hIIkL1 6 ChmjhjWm;1 ;

where hII 2 U00h is defined in Assumption 5.1.
We are now able to analyse the discretization error for problem

(25). We start noting that, due to (25)1 and (28)1, it holds

s00;hðziÞ ¼ s00ðziÞ; 8zi 2 N ðC0hÞ ) s00;h ¼ ðs00ÞI;

where ðs00ÞI 2 C0h is defined in Assumption 5.1.
Therefore, using first the above identity and the triangle

inequality, then using Corollary 5.1, we get for all 0 6 m 6 ps:

js0 � sh;0jW1;1 ¼ js00 � ðs00ÞIjL1 6 Chmjs00jWm;1

¼ Chmjs0jWmþ1;1 : ð31Þ

Moreover, since s0ðaÞ ¼ s0;hðaÞ ¼ 0, the Poincaré inequality yields

ks0 � s0;hðaÞkL1 6 Chmjs0jWmþ1;1 : ð32Þ

Eqs. (25)2 and (28)2 yield respectively
u000 ¼ s0; u000;h ¼ ðs0;hÞII
where the symbol II denotes the interpolation introduced in
Assumption 5.1.

Adding and subtracting ðs0ÞII , using the above identities and the
triangle inequality, we easily get:

ju0 �u0;hjW2;1 ¼ ku000 �u000;hkL1

6 ks0 � ðs0ÞIIkL1 þ kðs0ÞII � ðs0;hÞIIkL1

¼ ks0 � ðs0ÞIIkL1 þ kðs0 � s0;hÞIIkL1 : ð33Þ

The first term in the right hand side of (33) can be bounded apply-
ing Corollary 5.2, while a bound for the second term can be derived
using Assumption 5.1 and then (32). We get, for all 0 6 m 6 pu � 1
and 0 6 m 6 ps:

ju0 �u0;hjW2;1 6 C hmjs0jWm;1 þ hmjs0jWmþ1;1

� 	
: ð34Þ

Applying the above estimate with the choice m ¼ pu � 1;m ¼ ps, we
obtain:

ju0 �u0;hjW2;1 6 Chcjs0jWcþ1;1 ð35Þ

with c ¼minðps;pu � 1Þ.
Due to the boundary conditions u0ðaÞ ¼ u0ðbÞ ¼ u0;hðaÞ ¼

u0;hðbÞ ¼ 0, a Poincaré inequality also gives

ku0 �u0;hkL1 6 Chcjs0jWcþ1;1 : ð36Þ

The same argument above can be applied also to the last two Eqs.
(25)3 and (28)3. Note again that we have

v00 ¼ u0 þ a�1t2s0; v 00;h ¼ u0;h þ a�1t2s0;h

� 	
III

where the symbol III denotes the interpolation introduced in
Assumption 5.1. Using (31), (32), (35), and (36), since t is bounded
from above, one easily gets

kv0 � v0;hkW1;1 6 Chpv t2js0jWpv ;1 þ js0jWpv�2;1
� �

þ Chcðt2 þ 1Þjs0jWcþ1;1

6 Chbjs0jWbþ1;1 ; ð37Þ
where b :¼minðpv ; ps;pu � 1Þ. Bounds (31), (35), and (37) give the
error estimates for problem (25).

5.3. Discretization error for problem (26)

The solution to problem (26) can be analytically computed.
Indeed, a direct computation shows that it holds:

~uðxÞ ¼ v0ðaÞ
2cðtÞ p2ðxÞ;

~vðxÞ ¼ v0ðaÞ
cðtÞ

R b
x

p2ðrÞ
2 þ a�1t2

h i
dr;

~sðxÞ ¼ v0ðaÞ
cðtÞ ;

8>>><>>>: ð38Þ

where p2ðxÞ ¼ ðx� aÞðb� xÞ, and cðtÞ ¼ ðb� aÞ3=48þ a�1t2ðb� aÞ.
We also notice that the solution of the discrete problem (29)

can be analytically computed. Indeed, assuming pv P 3, it is easy
to check that:

~uhðxÞ ¼
v0;hðaÞ
2cðtÞ p2ðxÞ;

~vhðxÞ ¼
v0;hðaÞ

cðtÞ
R b

x
p2ðrÞ

2 þ a�1t2
h i

dr;

~shðxÞ ¼
v0;hðaÞ

cðtÞ :

8>>><>>>: ð39Þ

As a consequence, we can express explicitly the errors:

~uðxÞ � ~uhðxÞ ¼
v0ðaÞ�v0;hðaÞ

2cðtÞ p2ðxÞ;

~vðxÞ � ~vhðxÞ ¼
v0ðaÞ�v0;hðaÞ

cðtÞ
R b

x
p2ðrÞ

2 þ a�1t2
h i

dr;

~sðxÞ � ~shðxÞ ¼
v0ðaÞ�v0;hðaÞ

cðtÞ :

8>>><>>>: ð40Þ
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Fig. 2. Mixed collocation method with pu ¼ ps ¼ pv � 1. Relative errors versus number of total collocation points, for v (top), u (middle), s (bottom).
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Noting that there exist c1 > 0 and c2 > 0 such that c1 6 cðtÞ 6 c2,
from (40) we get the error estimate, for all s 2 R:

k~u� ~uhkWs;1 þ k~v � ~vhkWs;1 þ k~s� ~shkWs;1

6 CðsÞjv0ðaÞ � v0;hðaÞj 6 CðsÞkv0 � v0;hkL1 ; ð41Þ

where v0 and v0;h are the solutions to problems (25) and (28),
respectively.

5.4. Error estimates

It is now straightforward to obtain the following error estimate,
uniform in the thickness parameter t, for the error of the proposed
collocation method.
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Fig. 4. Mixed collocation method with pu ¼ ps ¼ pv � 1. Relative errors versus
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Fig. 3. Mixed collocation method with pu ¼ ps ¼ pv � 1. Distribution of the active
collocation points relative to the spaces for v ;u, and s according to (49), for the
choices pv ¼ 3 (top) and pv ¼ 4 (bottom) and a total of 30 active collocation points.
Theorem 5.1. Let ðu;v ; sÞ and ðuh;vh; shÞ represent the solutions of
problem (7) and (20), under Assumption 5.1 on the collocation points.
Then it holds

ku�uhkW2;1 þ kv � vhkW1;1 þ ks� shkW1;1 6 ChbjqjWb;1 ð42Þ

with

b ¼minðpv ;ps;pu � 1Þ; ð43Þ

and where the constant C is independent of the knot vectors and the
thickness parameter t.
Proof. The proof immediately follows recalling (30) and by com-
bining bound (41) with (31), (35), (37). Note that we also use
js0jWbþ1;1 6 jqjWb;1 (see (25)1). h

Approximation results in higher order norms can also be easily
obtained by using inverse estimates. Moreover, note that one could
also extend the above results to the case of less regular loads q,
which would possibly give a lower convergence rate b. We will
not provide details of these extensions, since they take advantage
of standard techniques. We also remark that Eq. (43) should not
be intended as a recipe to find the optimal balancing among pv ; pv
and ptau. Indeed, our estimates are not sharp, and, therefore, the
optimal balancing is not necessarily driven by (43), i.e., a choice dif-
ferent from pv ¼ ps ¼ pu � 1 could possibly lead to better results.

The optimal selection of points for interpolation of one-dimen-
sional splines is addressed in various papers. The only choice proved
to be stable (i.e., satisfying Assumption 5.1) for any mesh and de-
gree, are the so-called Demko abscissae proposed in [18]. These
points are the extrema of suitable Chebyshev splines and can be ob-
tained by an iterative algorithm (see for instance [16]). A different
approach proposed in the engineering literature [22] is to collocate
at the Greville abscissae, obtained as knot averages [16,18].
Although Greville abscissae interpolation is proved to be stable only
up to degree 3, in practice this choice yields stable and accurate re-
sults in most situations. We refer to [3] for a deeper investigation
and comparison between the Demko and Greville choices.

Remark 5.2. The result in Theorem 5.1 is surprising, at least in
comparison with Galerkin schemes. Indeed, Theorem 5.1 shows a
converge estimate, uniform in the thickness parameter, without
requiring any particular compatibility condition among the three
discrete spaces Uh;Vh, and Ch. In other words, the method is
.4 2.6 2.8
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number of total collocation points for the normalized bending moment m.
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Fig. 5. Mixed collocation method with pu ¼ ps ¼ pv � 1, in the case of reduced inter-element continuity. Relative errors versus number of total collocation points, for v (top),
u (middle), s (bottom).
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locking-free regardless of the chosen polynomial degrees and space
regularities. Even different meshes can be adopted among the three
spaces. This is a very significant difference from typical Galerkin
approaches where the discrete spaces Uh;Vh;Ch must be carefully
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Fig. 6. Mixed collocation method with pu ¼ ps ¼ pv . Relative errors versus number of total collocation points, for v (top), u (middle), s (bottom).
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chosen, to avoid the locking phenomenon and the occurrence of
spurious modes. The numerical tests of Section (6) confirm this
very appealing property of the proposed isogeometric collocation
methods.
5.4.1. Equivalence between mixed and displacement-based methods
In some cases, the mixed collocation method (20) is equivalent

to a displacement-based collocation method of the form (23). This
occurs when it holds:
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Fig. 7. Mixed collocation method with pu ¼ pv ¼ ps � 2. Relative errors versus number of total collocation points, for v (top), u (middle), s (bottom).
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Uh # Vh0 and Ch ¼ Vh0: ð44Þ

Indeed, from Eq. (20)3 we obtain
vh0 ¼ �uh þ a�1t2sh
� �

III: ð45Þ

If (44) holds, from (45) we infer
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vh0 ¼ �uh þ a�1t2sh: ð46Þ

Hence, we get

sh ¼ at�2 vh0 þuhð Þ: ð47Þ

Substituting into(20)1,2 Eq. (47) (i.e., eliminating sh), and noticing
that C0h ¼ Vh00, we obtain

Find ðuh;vhÞ 2 Uh � Vh such that :

t�2 v 00hðwjÞ þu0hðwjÞ
� �

¼ qðwjÞ; xj 2 N ðV 0hÞ
�u00hðykÞ þ at�2 v 0hðykÞ þuhðykÞ

� �
¼ 0; yk 2 N ðU00hÞ

vhðaÞ ¼ vhðbÞ ¼ 0;
uhðaÞ ¼ uhðbÞ ¼ 0:

8>>>>>><>>>>>>:
ð48Þ

Above, we have defined N ðV 0hÞ :¼ ðN ðC0hÞ, i.e., the collocation points
associated with the space V 00h are exactly the ones associated with
the space C0h.

6. Numerical results

In this section, we present some numerical experiments sup-
porting the theoretical results previously provided. In particular,
we consider the problem described by Eq. (7) (or, equivalently,
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Fig. 8. Displacement-based collocation method with pu ¼ pv � 1. Relative err
Eq. (9)) and we select as the problem domain the interval [0,1]
(i.e., a ¼ 0 and b ¼ 1). We then choose the loading function:

qðxÞ ¼ �8p3

a
cosð2pxÞ;

giving rise to the analytical solution:

vðxÞ ¼ 4p2t2=aþ1
2p ðcosð2pxÞ � 1Þ;

uðxÞ ¼ sinð2pxÞ;
sðxÞ ¼ �4p2 sinð2pxÞ:

8><>:
In all presented numerical examples, we adopt the following model
parameters: a ¼ 4 and t ¼ 10�4.

We moreover remark that we assume maximum inter-element
regularity (i.e., no internal knot repetitions) in most of the consid-
ered tests, and we explicitly specify the adopted regularity only
when this is reduced by means of knot repetitions. In all the pre-
sented tests we restrict ourselves to the case where all knot vectors
induce the same mesh, i.e., Mhu �Mhv �Mhs , see Remark 4.2. Fi-
nally, note that in all the mixed tests we follow formulation (20).

The model problem described above is then solved using differ-
ent choices of mixed or displacement-based collocation formula-
tions and the obtained results are reported and commented in
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the following sections. All results are presented, for several choices
of pv , in terms of convergence plots of the problem variable relative
errors versus the number of total active collocation points (indi-
cated with n in the figures). Errors are computed in L1-norm and
are normalized with respect to the norm of the analytical solution.

In the presented numerical tests we have chosen the following
collocation points in the spirit of [3]. Such points are first defined in
the parametric space and then mapped to the physical space
through the mapping F. Referring to (10), (13), and (15), we set

xj ¼ FðbxjÞ; bxj ¼
nu

jþ2 þ nu
jþ3 þ � � � þ nu

jþpuþ1

pu
; j ¼ 1;2; . . . ;nu;

yk ¼ FðbykÞ; byk ¼
nv

kþ2 þ nv
kþ3 þ � � � þ nv

kþpv

pv � 1
; k ¼ 1;2; . . . ;nv ; ð49Þ

zi ¼ FðbziÞ; bzi ¼
ns

iþ2 þ ns
iþ3 þ � � � þ ns

iþps

ps � 1
; i ¼ 1;2; . . . ; ns

We remark that the abscissae fykg and fzjg are the standard Greville
abscissae associated to the derivative spaces V 0h and s0h, respectively.
On the contrary, the abscissae fxjg are the Greville abscissae associ-
ated to the space Uh, dropping the first and last points (for boundary
condition imposition). As an alternative, the Greville abscissae asso-
ciated with the second derivative space U00h can be used (but this
choice does not significantly affect the numerical results).

6.1. Mixed collocation methods: pu ¼ ps ¼ pv � 1

We start considering a mixed collocation method where we se-
lect pv ¼ ps ¼ pv � 1. The results obtained in this case are reported
in Fig. 2 and are in agreement with our theoretical results. In par-
ticular, no locking behavior is observed for any degree choice (de-
spite the small adopted thickness parameter, t ¼ 10�4).
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Fig. 9. Displacement-based collocation method with pu ¼ pv . Relative error
We remark that for pv ¼ 7, it is not possible to obtain the cor-
rect convergence slope below an error level of 10�12, since this is
the minimum error level that can be computed in a reliable way,
given the condition number of the stiffness matrix (that for
pv ¼ 7 may reach the order of 105). Analogous considerations hold
also for the numerical experiments of the following sections.

Finally, for the case under consideration (i.e., pu ¼ ps ¼ pv � 1),
the plots of the distribution of the active collocation points relative
to the spaces for v ;u, and s according to (49), for the choices
pv ¼ 3;4 and a total of 30 active collocation points, are reported
in Fig. 3.

6.1.1. Approximation of bending moment
In engineering applications, the approximation of beam bend-

ing moments is of paramount importance; in this section we dis-
cuss this issue and we show the convergence behavior of such an
important quantity within the proposed isogeometric collocation
scheme.

In the elastic beam theory, the bending moment is expressed in
terms of the cross section rotation as follows

MðxÞ ¼ EIu0ðxÞ; ð50Þ

and a normalized bending moment can be written as

mðxÞ ¼ MðxÞ b� a
EI
¼ ðb� aÞu0ðxÞ: ð51Þ

Therefore, the L1-norm of the bending moment is proportional to
the W1;1-norm (i.e., the L1-norm of the first derivative) of the cross
section rotation uðxÞ. In [3], it is shown that the same convergence
rates in both L1- and W1;1-norm are attained for the solution of
second-order partial differential equations, when isogeometric col-
location schemes are employed for the approximation. As a conse-
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quence, the same convergence behavior for cross section rotations and
bending moments is in general expected.

In Fig. 4, we report the bending moment convergence rates in
L1-norm for the example presented above; as expected, the same
convergence rates obtained for rotations (see Fig. 2) are obtained.
We remark that analogous results can be attained for all the exam-
ples of the following sections, but they are not reported for the
sake of brevity.

6.1.2. Case of reduced inter-element continuity
In order to test the method in case of reduced inter-element

continuity, we perform the numerical experiments above also
adopting knot vectors with repeated internal knots. In this way, in-
ter-element continuity drops to Cp�2, being p the degree of the
approximation. The obtained results are reported in Fig. 5, where
it is possible to appreciate the same behavior, in terms of conver-
gence rates, as in the case of maximum regularity.

We highlight that in this numerical test we select pv ¼ 4 as min-
imum degree for v. The reason for this choice is that pv ¼ 3 would
lead to a C0 quadratic approximation for u, that cannot work since
the second derivative of u appears in the second equation of sys-
tem (7). As a general remark, the case of C0 discrete spaces and/
or jumps in the material or loading data could be treated (for in-
stance) using a multipatch approach, that is beyond the scope of
the present paper. For a deeper investigation of the multipatch case
for isogeometric collocation see [4].

Remark 6.1. We have also studied in detail the behavior of the
method with respect to different choices of the thickness param-
eter t. In particular, we have considered values of t equal to
10�1;10�2;10�3;10�4;10�5, and 10�6, and no sensible differences
have been evidenced in terms of error convergence plots among
the different choices.
6.2. Mixed collocation methods: pu ¼ ps ¼ pv and pu ¼ pv ¼ ps � 2

We now consider other possible choices of mixed collocation
methods. In particular we study the case of equal approximation
for all variables, namely, pu ¼ ps ¼ pv , and a more ‘‘exotic’’ case,
where we select pu ¼ pv ¼ ps � 2. This is to check that, as predicted
by our theory, for any choice of the degree approximations a good
solution is provided and no locking occurs. The results obtained for
these two cases are reported, respectively, in Figs. 6 and 7, both
showing results similar to those of the previous section.

6.3. Displacement-based collocation methods

We finally test the behavior of displacement-based collocation
methods. In particular, we consider the two cases pu ¼ pv � 1
and pu ¼ pv ; the obtained results are reported, respectively, in
Figs. 8 and 9.

Fig. 8 shows, for the choice pu ¼ pv � 1, numerical results in
agreement with our theory. In particular, no locking behavior is ob-
served for any degree choice. However, the high condition number
of the stiffness matrix significantly affects the results when high
orders are employed and an error level of 10�7 is attained.

Fig. 9, instead, shows that the choice pu ¼ pv leads to locking for
low order approximations.

7. Conclusions

We have considered an isogeometric collocation approach for
the approximation of initially straight planar Timoshenko beams.
The proposed schemes, based on a standard mixed formulation
of the problem, are shown, theoretically and computationally, to
be free of shear locking, without the need of any compatibility condi-
tion among the chosen discrete spaces. This very appealing feature, in
contrast with most of the Galerkin approximation procedures (Fi-
nite Element Methods, for instance), opens the possibility to design
simple and efficient numerical schemes for other more compli-
cated thin structures.
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