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1. Introduction

Isogeometric analysis (IGA) is a recently proposed computa-
tional technique [24] for the solution of boundary value problems,
based on the idea of using the same functions adopted in Computer
Aided Design (CAD) not only to describe the domain geometry, but
also to build the numerical approximation of the problem solution.

In CAD a common choice for the representation of complex
geometries is non-uniform rational B-splines (NURBS). Thus, a par-
ticular case of isogeometric methods is to represent the geometry,
project the data, and find the solution in the space of NURBS. For
the interested reader, we recall that IGA has been summarized in
a recent book [18], studied in a number of contributions (e.g.
[2,3,5,10,19,21,22,25]), and that it is having a progressively grow-
ing impact on fields as diverse as fluid dynamics [6,8,9,13,23],
structural mechanics [1,4,11,20,27,28,30,32], fluid–structure inter-
actions [7–9] and electromagnetics [14,15].

The reason for such extensive attention is mainly due to some
important advantages of IGA methodology over more classical Fi-
nite Element Analysis (FEA). An example is the fact that IGA
numerical solutions can possess high regularity across mesh ele-
ments. This is an important feature, leading to a higher accuracy
per degree-of-freedom (see [10,22]), to improved spectrum prop-
erties of the discrete operators (see [25]), and the possibility of
constructing discretizations able to preserve fundamental
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structures of the continuum differential operators (such as De
Rham diagrams, see [14]).

However, within IGA approaches a remaining issue is the design
of efficient quadrature rules taking advantage of high inter-ele-
ment regularity. In fact, the technique adopted heretofore in the
literature is to use Gauss quadrature on each element, a choice
far from being optimal.

The aim of the present paper is to design an efficient quadrature
strategy, in the sense that it should result in a considerable savings
in terms of computational effort compared to classical Gauss rules,
while maintaining the classical element-by-element assembly
procedure.

The construction of quadrature rules for IGA was initially con-
sidered in [26]. The rule proposed therein is optimal because it
exactly integrates B-spline basis functions with the minimum
number of function evaluations; however, such an optimal quadra-
ture rule is obtained as a solution of a global, non-linear and, in gen-
eral, ill-conditioned system of equations, which is therefore difficult
to solve for high polynomial degrees and numbers of elements.
Moreover, such a quadrature rule has to be recomputed when the
number of elements changes. As a consequence, in [26] the authors
suggest utilizing the rule in a non-optimal way, considering the
function regularity only at the level of small groups of elements
(so-called macro-elements).

The present paper takes advantage of the translation-invariance
of the basis functions defined in the domain interior, leading to a
quadrature rule obtained solving a local, non-linear system of equa-
tions, which does not have to be recomputed when the number of
elements varies. As a consequence, the new rule competes well with
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the optimal one proposed in [26] in terms of efficiency, but is much
simpler to construct. However, special considerations needs to be
given to elements on the boundary.

The rule is initially designed for the case of a uniform discreti-
zation of elements in the parametric domain, but is then extended
to the case of geometrically refined meshes.

The paper is organized as follows. Section 2 describes some pre-
liminaries on IGA and quadrature. Section 3 discusses one-dimen-
sional B-splines, and presents the new quadrature rule, first for a
periodic uniform knot vector and then for an open uniform knot
vector, detailing the algorithm and discussing optimality. Section
4 exploits the new quadrature rule to numerically solve boundary
value problems, including one whose solution possesses sharp
boundary layers. Section 5 gives some final comments.

2. Preliminaries on IGA and quadrature

For the sake of simplicity, the following presentation focuses on
a two-dimensional setting, which can be easily converted to situa-
tions with a different dimensionality. Accordingly, introducing a
parametric domain bX ¼ ½0; k� � ½0; k�, the solution of classical engi-
neering problems requires the calculation of integrals such asZ
bX RiðnÞRjðnÞUðnÞdn; ð2:1Þ
Z
bX rRiðnÞrRjðnÞUðnÞdn; ð2:2Þ
Z
bX rRiðnÞRjðnÞUðnÞdn; ð2:3Þ

where i and j are two-dimensional multi-indices; Ri and Rj are
NURBS basis functions; U is a factor taking into account the coeffi-
cients of the investigated partial differential equation and the prob-
lem geometry, i.e., the Jacobian of the geometry map and, possibly,
the derivatives of its inverse [18]. Typically, (2.1) emanates from a
mass term, (2.2) from a stiffness term, while (2.3) corresponds to
a linear advection term, classically encountered in fluid dynamics.
Of course, one can consider also other terms, which could be in-
cluded in the forthcoming discussion without any difficulty.

As commented in [26, Section 3.2], within isogeometric analysis
it is a common practice to compute terms like (2.1)–(2.3) adopting
quadrature rules able to exactly integrate the spline basis functions
that generate the NURBS. Furthermore, in the case of tensor-prod-
uct discretizations, the multi-dimensional quadrature rule is ob-
tained from the tensor-product of suitable one-dimensional rules.

The one-dimensional integrals of interest are of the following
kindZ k

0
/iðxÞ/jðxÞdx;Z k

0
/0iðxÞ/

0
jðxÞdx;Z k

0
/0iðxÞ/jðxÞdx;

ð2:4Þ

where /i and /j belong to a proper space of univariate spline func-
tions. Assuming the use of the approximation space Sp

r , i.e., the
space of spline functions of degree p and regularity r, examining
Eq. (2.4), we may conclude that for the design of an exact quadra-
ture rule the space of integrand functions to be considered is S2p

r�1.
Considering as an example the interesting case of shape func-

tions with maximum regularity, i.e., /i 2 Sp
p�1, we have:

/i/j 2 S2p
p�1;

/0i/
0
j 2 S2p�2

p�2 ;

/0i/j 2 S2p�1
p�2 ;

ð2:5Þ
and, therefore, S2p
p�2 is the space that contains all the integrands.

To generalize the discussion, in the following we indicate the
space of the functions to be integrated as Sm

q , where m denotes
the degree of the functions to be integrated and q denotes the cor-
responding regularity; clearly, the quantities m and q come from
the original problem of interest (i.e., from Eq. (2.4)), hence they
should satisfy relation

m ¼ 2p; q 6 p� 1;

from which it can also be derived

q 6
m
2

l m
� 1; ð2:6Þ

where dse is the smallest integer l such that s 6 l. Even though in
this context m ¼ 2p, we allow m 2 N for the sake of generality.

3. Quadrature of univariate splines

Consistent with the previous discussion, we now aim to con-
struct a quadrature rule able to exactly evaluate an integral in
the formZ k

0
wiðxÞdx

for the case of a spline function wi 2 Sq
m, where m and q are related

by (2.6).
To this end we recall that, given a generic function f, an n-point

quadrature rule is a choice of n ordered points and weights ðxi;wiÞ
such thatZ b

a
f ðxÞdx ’

Xn

i¼1

wif ðxiÞ:

A quadrature rule is said to be exact on the family of functions
ffjgj¼1;...;M ifZ b

a
fjðxÞdx ¼

Xn

i¼1

wifjðxiÞ 8j ¼ 1; . . . ;M: ð3:1Þ

Condition (3.1) represents M non-linear equations in the 2n un-
knowns ðxi;wiÞ. Classically, exactness is required on polynomials
up to a fixed degree; in particular, the n-point Gauss rule is the
(only) n-point rule that is exact for polynomials up to degree 2n� 1.

Recently, exactness on general families of functions has been
also explored. For example, in [29,17] a quadrature rule that inte-
grates exactly M independent functions ffjg using M

2

� �
points is

introduced and named Generalized Gaussian with respect to the
functions ffjg.

With the previously addressed general consideration, to prop-
erly approach the problem of our interest, in the following we pro-
vide some details on one-dimensional B-splines (Section 3.1). We
then approach the quadrature problem, for a periodic uniform knot
vector (Section 3.2) and for an open uniform knot vector (Section
3.3), presenting also an algorithmic description (Section 3.4 and a
discussion on the optimality (Section 3.5) for the newly proposed
quadrature rule.

3.1. B-splines in one space dimension

As a one-dimensional parametric domain, referred to as a patch,
we assume the interval [0,k] with a uniform subdivision into uni-
tary elements ½j� 1; j�, where j ¼ 1; . . . ; k.

A spline function f 2 Sm
q is a polynomial of degree m in each ele-

ment ½j� 1; j� with f 2 Cqð½0; k�Þ. Accordingly, to determine a func-
tion f 2 Sm

q , we need to assign mþ 1 polynomial coefficients on
each of the k elements with qþ 1 continuity requirements on the
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Fig. 1. Basis functions generated by the open uniform knot vectors for the case
m ¼ 10; k ¼ 4; q ¼ 3.
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k� 1 internal points; therefore, indicating by N the dimension of
the space Sm

q , the following relation holds:

N ¼ kðmþ 1Þ � ðk� 1Þðqþ 1Þ ¼ kðm� qÞ þ qþ 1:

In general, q 6 m� 1 is allowed, even though in this paper we fur-
ther restrict to condition (2.6). We also assume q P �1, where
q ¼ �1 refers to the discontinuous case, while q ¼ 0 refers to the
case of functions continuous on the whole domain ½0; k� and piece-
wise polynomial on each single element, i.e., the classical FEA
approximation.

Following a standard procedure in the B-spline literature [31],
to construct the basis functions we define a knot vector in the form

n1; n2; . . . ; nNþmþ1f g

In particular, as a first case we consider an open uniform knot vector
N, defined as

N ¼ f0; . . . ;0|fflfflfflffl{zfflfflfflffl}
mþ1 times

;1; . . . ;1|fflfflfflffl{zfflfflfflffl}
m�q times

; . . . ; k� 1; . . . ; k� 1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�q times

k; . . . ; k|fflfflfflffl{zfflfflfflffl}
mþ1 times

g ð3:2Þ

where the first and last knots, i.e., 0 and k, have multiplicity ðmþ 1Þ,
and the other knots have multiplicity ðm� qÞ. Starting from N, we
can construct the basis functions fwjgj¼1;...;N for the space Sm

q , using
the following recursive formula

w‘
j ðxÞ ¼

x� nj

njþ‘ � nj
w‘�1

j ðxÞ þ
njþ‘þ1 � x

njþ‘þ1 � njþ1
w‘�1

jþ1 ðxÞ; ‘ ¼ 1; . . . ;m;

ð3:3Þ
with the initial condition

w0
j ðxÞ ¼

1 if nj 6 x < njþ1

0 otherwise

�
and setting

wjðxÞ ¼ wm
j ðxÞ:

We recall the convention that, when a denominator is zero in (3.3),
the corresponding quotient is set to zero.

Similarly, we can introduce a periodic uniform knot vector eN,
defined aseN ¼ f0; . . . ;0|fflfflfflffl{zfflfflfflffl}

m�q times

;1; . . . ;1|fflfflfflffl{zfflfflfflffl}
m�q times

; . . . ; k� 1; . . . ; k� 1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�q times

; k; . . . ; k|fflfflfflffl{zfflfflfflffl}
m�q times

g ð3:4Þ

and, adopting the recursive scheme indicated in (3.3), we can con-
struct the basis functions associated to eN and spanning a space de-
noted as eSm

q . We observe that eSm
q � Sm

q and, in particular, thateSm
q ¼ span wj

� �
j¼qþ2;...;N�q�1

.

We recall that with this construction each basis function is non-
negative and

supp wj ¼ nj; njþmþ1

� 	
;

therefore, since for the specific cases of interest we have an m� q
multiplicity of internal knots (e.g. Eqs. (3.2) and (3.4)) as well as
restriction (2.6) on m and q, each B-spline basis function wj can have
support in at most two elements.

Accordingly, we introduce a new notation, to distinguish be-
tween basis functions having support only in one element and ba-
sis functions having support on two elements. In particular, we
indicate with the superscript ðiÞ the basis functions that have sup-
port included in the element ½i� 1; i� and with the superscript
ði; iþ 1Þ those with support in ½i� 1; iþ 1�.

Moreover, we observe that the basis functions wj 2 Sm
q with sup-

port only on one element can be further distinguished into a set of
boundary functions, in the following also indicated with a super-
posed bar, which are present only in the first and the last element,
as a consequence of the fact that the first and the last knot have
multiplicity mþ 1, and a set of bubble functions, which are instead
present in all the elements, i.e., both in the boundary as well as in
the internal ones. Finally, all the functions with support on two
elements are referred to as transmission functions.

The whole set of basis functions for the space Sm
q can be

rearranged distinguishing between three groups of functions:

� 2ðqþ 1Þ boundary functions �wðiÞj ; 1 6 j 6 qþ 1; i ¼ 1; k;

� kðm� 2q� 1Þ bubble functions wðiÞj ; 1 6 j 6 m� 2q� 1;
1 6 i 6 k;
� ðk� 1Þðqþ 1Þ transmission functions wði;iþ1Þ

j ; 1 6 j 6 qþ 1;
1 6 i 6 k� 1.

As an example, for the case m ¼ 10; k ¼ 3 with q ¼ 3, Fig. 1 re-
ports all the basis functions generated from the open uniform knot
vector, while Fig. 2 reports the same basis functions, distinguishing
between boundary, bubble and transmission functions. We
observe that

� the qþ 1 boundary functions on the first element are related to
the qþ 1 boundary functions on the last element by the follow-
ing: �wð1Þj ðxÞ ¼ �wðkÞqþ2�jðk� xÞ (we will say that they are specular);
� the bubble functions are such that 8i1; i2 2 f1; . . . ; kg the fol-

lowing translation property holds: wði1Þj ðxÞ ¼ wði2Þj ðx� ði1 � i2ÞÞ;
� the transmission functions are such that 8i1; i2 2 f1; . . . ; k� 1g

the following translation property holds: wði1 ;i1þ1Þ
j ðxÞ ¼

wði2 ;i2þ1Þ
j ðx� ði1 � i2ÞÞ.

Recalling that eSm
q � Sm

q , we observe that the space eSm
q is spanned

by:

� kðm� 2q� 1Þ bubble functions wðiÞj ; 1 6 j 6 m� 2q� 1;
1 6 i 6 k;

� ðk� 1Þðqþ 1Þ transmission functions wði;iþ1Þ
j ; 1 6 j 6 qþ 1;

1 6 i 6 k� 1.

At this stage it is fundamental to observe that all functions in eSm
q

are translation invariant, and this property will be used in the con-
struction of a rule for exact quadrature in Section 3.2. Since eSm

q and
� Sm

q differ only by the presence of the boundary functions in Sm
q , in

Section 3.3 we will reach our final goal of developing an exact
quadrature for Sm

q , enriching the rule for eSm
q in order to integrate

the additional boundary functions.

3.2. Quadrature on a periodic uniform knot vector

The first problem we want to address is the construction of an
exact quadrature rule for wj 2 eSm

q . As we have seen in the previous
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Fig. 2. Basis functions generated by the uniform open knot vector for the case
m ¼ 10; k ¼ 4; q ¼ 3, distinguishing between boundary functions, bubble func-
tions and transmission functions, respectively.
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section, these functions can be grouped in bubble and transition
functions that are repeated up to translation on each element or
couple of elements, respectively. Because of the translation
properties of the functions to be integrated, we also assume
that the quadrature rule is the same in all elements. That is, for
i 2 f1; . . . ; kg and l ¼ 1; . . . ;nI , if xI;i

l and wI;i
l are the quadrature

points in ½i� 1; i� and quadrature weights, respectively, we take
xI;i
l ¼ xI

l þ ði� 1Þ; and wI;i
l ¼ wI

l ;

with xI
l 2 ½0;1�. The number of quadrature points per element is de-

noted by nI , and will be determined later. Then, the problem of the
exact integration of the bubble functions wðiÞjXnI

l¼1

wI;i
l wðiÞj ðx

I;i
l Þ ¼

Z i

i�1
wðiÞj ðxÞdx; 1 6 j 6 m� 2q� 1;

and exact integration of the transition functions wði;iþ1Þ
j (for

i 2 f1; . . . ; k� 1g)

XnI

l¼1

wI;i
l wði;iþ1Þ

j ðxI;i
l Þ þ

XnI

l¼1

wI;iþ1
l wði;iþ1Þ

j ðxI;iþ1
l Þ ¼

Z iþ1

i�1
wði;iþ1Þ

j ðxÞdx;

1 6 j 6 qþ 1

can be summarized as follows.

Problem 3.1 (Quadrature for Periodic Problem). For a given
i 2 f1; . . . k� 1g, find quadrature points xI

l 2 ½0;1�, and weights
wI

l > 0; l ¼ 1; . . . ; nI such that

XnI

l¼1

wI
lw
ðiÞ
j ðxI

lþði�1ÞÞ¼
R i

i�1 wðiÞj ðxÞdx; 16 j6m�2q�1

XnI

l¼1

wI
l wði;iþ1Þ

j ðxI
lþði�1ÞÞþwði;iþ1Þ

j ðxI
lþ iÞ

h i
¼
R iþ1

i�1 wði;iþ1Þ
j ðxÞdx 16 j6qþ1:

8>>>>>><>>>>>>:
ð3:5Þ

Since (3.5) is a system of m� q equations, we look for

nI ¼ ðm�qÞ
2

l m
quadrature points and weights.

In particular, for the case ðm� qÞ even, we have a square non-
linear system of equations and, as shown in the numerical simula-
tions in Section 4, this leads to two possible solutions, specular in
each element. This is not in contradiction with the uniqueness re-
sult for Generalized Gauss quadrature rules as available in [17],
since the functions that we are integrating do not satisfy the
hypothesis of this result, in particular they are not a Chebychev
System. On the other hand, for the case ðm� qÞ odd, we have sev-
eral admissible solutions. Among these, there is one that is sym-
metric in the element and our choice is to select exactly this one.
To this purpose, we complement (3.5) with the condition
xI

1 þ xI
nI ¼ 1=2.

We introduce now the functions fgjgj¼1;...;m�q such that

gjðxÞ¼wðiÞj ðxþ iÞ j¼1; . . . ;m�2q�1

gjðxÞ¼wði;iþ1Þ
h ðxþ iÞþwði;iþ1Þ

h ðxþ iþ1Þ j¼m�2q; . . . ;m�q and h¼ j�mþ2qþ1;

8<:
ð3:6Þ

for all x 2 ½0;1�. The functions gj are ðm� qÞ functions, independent
of i, with support on ½0;1� such that:Z 1

0
gjðxÞdx ¼

Z i

i�1
wðiÞj ðxÞdx j ¼ 1; . . . ;m� 2q� 1Z 1

0
gjðxÞdx ¼

Z iþ1

i�1
wði;iþ1Þ

h ðxÞdx j ¼m� 2q; . . . ;m� q; h ¼ j�mþ 2qþ 1

Fig. 3 shows for two choices of m; k and q the functions gjðxÞ and
the resulting quadrature points. Setting

Mj �
Z 1

0
gjðxÞdx;

we can rewrite Problem 3.1 in an equivalent form as follows.
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Fig. 3. Functions to be exactly integrated by the quadrature rule in Problem 3.2, namely functions gjðxÞ of Eq. (3.6). A choice of the resulting quadrature points is plotted on
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Problem 3.2. Find xI
l 2 ½0;1� and wI

l > 0; l ¼ 1; . . . ;nI such that

XnI

l¼1

wI
lgjðxI

lÞ ¼ Mj:

This is the only non-linear problem that needs to be solved in
our final algorithm. We stress that the dimension of this non-linear
problem only depends on the degree m and regularity q and it is
independent of k, i.e., it is independent of the number of elements
introduced in the discretization.

However, when m is large, Problem 3.2 can be ill-conditioned,
and for this reason we deal with it following the approach pro-
posed in [17]. Assuming for simplicity ðm� qÞ to be even, 1 we
introduce the following functional G defined as

G : R2nI ! R2nI
; 2nI ¼ m� q

where

Gjðx1; . . . ; xnI ;w1; . . . ;wnI Þ ¼
XnI

l¼1

wlgjðxlÞ �Mj:

With this notation, the solution of Problem 3.2 is a zero of the above
functional:

GðxI;wIÞ ¼ 0:

Now, the Jacobian of functional G can be easily constructed explic-
itly since the derivatives of the basis functions are known, in fact:

@Gj

@xi
¼ wig0jðxiÞ;

@Gj

@wi
¼ gjðxiÞ

Thus, Newton iterations can be constructed. It is important to ob-
serve that the choice of the starting point is crucial to obtain con-
vergence, due to the possible ill-conditioning of the Jacobian
matrix. As proposed in [17], we use a continuation algorithm to ob-
tain better conditioned sub-problems. Therefore, we are led to solve
the following:

Problem 3.3. Fix ðxð0Þ1 ; . . . ; xð0ÞnI ;w
ð0Þ
1 ; . . . ;wð0ÞnI Þ and a sequence of

increasing ait 2 ð0;1�, it ¼ 1; . . . ;nit , with anit ¼ 1.
For all it ¼ 1; . . . ; nit , find ðxðitÞ1 ; . . . ; xðitÞnI ;w

ðitÞ
1 ; . . . ;wðitÞnI Þ s.t.

GðitÞðxðitÞ1 ; . . . ; xðitÞnI ;w
ðitÞ
1 ; . . . ;wðitÞnI Þ ¼ 0, where we define:
1 Remember that in the case ðm� qÞ odd we consider one new equation imposing
symmetry and recover the square dimension. This modifies the functional G

described below, although the Jacobian can be calculated also in this case.
G
ðitÞ
j ðx1; . . . ; xnI ;w1; . . . ;wnI Þ �

XnI

l¼1

wlgjðxlÞ � ait

Z 1

0
gjðxÞdx


 �

� ð1� aitÞ
XnI

l¼1

wðit�1Þ
l gjðx

ðit�1Þ
l Þ

" #
:

We propose to use as initial choice ðxð0Þ1 ; . . . ; xð0ÞnI ; wð0Þ1 ; . . . ;wð0ÞnI Þ
the Gauss nodes and equal weights, and a vector of parameters
ait fitted near zero.

Summarizing, the solution of Problem 3.1 is given by xI
l ¼ xðnit Þ

l ,
and wI

l ¼ wðnit Þ
l , for l ¼ 1; . . . ;nI ¼ ðm� qÞ=2.

3.3. Quadrature on an open uniform knot vector

As commented in Section 3.1, the spline space Sm
q generated by

the open uniform knot vector is larger than the space eSm
q consid-

ered in the previous section, since it contains also the boundary
functions �wð1Þ1 ; . . . ; �wð1Þqþ1 and �wðkÞ1 ; . . . ; �wðkÞqþ1. Then, the quadrature rule
of Section 3.2 needs to be modified properly at the boundary.

For exposition purposes, we focus on the left boundary; thus,
we have to construct a quadrature rule for the basis functions
whose support contains ½0;1�. Following the notation introduced
in Section 3.1, such basis functions coincide with the first mþ 1 ba-
sis functions of the spline space Sm

q , that is

fwigi¼1;...;mþ1 � f�w
ð1Þ
1 ; . . . ; �wð1Þqþ1;w

ð1Þ
1 ; . . . ;wð1Þm�2q�1;w

ð1;2Þ
1 ; . . . ;wð1;2Þqþ1 g:

and these functions are plotted in Fig. 4 for two choices of m; k and
q.

We note that the set fwij½0;1�gi¼1;...;mþ1 is a basis for the polynomi-
als of degree m on the first element ½0;1�.

Our aim is to solve the following:

Problem 3.4 (Boundary Quadrature). Find nB quadrature points
xB

l 2 ½0;1�, and weights wB
l ; l ¼ 1; . . . ;nB such that:

XnB

l¼1

wB
l wiðxB

l Þ ¼
Z 2

0
wiðxÞdx�

XnI

l¼1

wI
lwiðxI

l þ 1Þ; i ¼ 1; . . . ;mþ 1;

ð3:7Þ

where xI
l ;w

I
l are the quadrature points and weights from Problem

(3.1).
In order to represent the right hand side of (3.7) in a more con-

venient way, we introduce a function gðxÞ such that
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Z 1

0
wiðxÞgðxÞdx ¼

Z 2

0
wiðxÞdx�

XnI

l¼1

wI
lwiðxI

l þ 1Þ: ð3:8Þ

Function gðxÞ can be chosen as an m-degree polynomial and can be
easily computed, see Section 3.4. Then we have the following
weighted quadrature problem equivalent to Problem 3.4.

Problem 3.5. Find nB quadrature points xB
l 2 ½0;1�, and weights

wB
l ; l ¼ 1; . . . ;nB such that:

XnB

l¼1

wB
l wjðxB

l Þ ¼
Z 1

0
wjðxÞgðxÞdx 8j ¼ 1; . . . ;mþ 1: � ð3:9Þ

Solving Problem 3.5 is equivalent to finding a quadrature rule
with respect to the weighted measure gðxÞdx, requiring exactness
for polynomials of degree m on ½0;1�. Since gðxÞ has in general
oscillating sign, the existence of a quadrature rule with ðmþ 1Þ=2
points is not guaranteed in this context. However, we can use an
ðmþ 1Þ-nodes standard Gauss rule ðxG

l ;w
G
l Þ: it integrates exactly

the polynomials of degree 2mþ 1, and in particular, all the prod-
ucts wjðxÞgðxÞ. Thus we have:Z 1

0
wjðxÞgðxÞdx ¼

Xmþ1

l¼1

wG
l wjðxG

l ÞgðxG
l Þ: ð3:10Þ

Problem 3.5 is then solved for nB ¼ mþ 1 by setting
wB

l ¼ wG
l gðxG

l Þ and xB
l ¼ xG

l .
In Fig. 5 the quadrature rule is plotted. Notice that some of the

final weights are negative. Related stability issues are discussed in
Remark 3.2.

The advantage of this procedure is that gðxÞ can be accurately
and easily computed. For this purpose, we introduce an auxiliary
basis ffig for the space of polynomials of degree m on ½0;1�. Choos-
ing fj ¼ wj our algorithm (see Section 3.4) works up to machine
precision for m 6 16. If we choose instead fjðxÞ as the Legendre
polynomials we can go up to degree m ¼ 32.

To summarize, suppose to have solved Problem 3.2 and Problem
3.4 (for the left boundary ðxLB

l ;w
LB
l Þ ¼ ðxB

l ;w
B
l Þ and for the right

boundary ðxRB
l ;w

RB
l Þ in the analogous way), then the quadrature

rule for exact integration of all f 2 Sm
q isZ k

0
f ðxÞdx ¼

XnB

l¼1

wLB
l f ðxLB

l Þ þ
Xk�2

i¼1

XnI

l¼1

wI
lf ðxI

l þ iÞ
 !

þ
XnB

l¼1

wRB
l f ðxRB þ k� 1Þ: ð3:11Þ
We remark that if m� q is odd, the two boundary problems are
specular and ðxRB

l ;w
RB
l Þ are immediately obtained from ðxLB

l ;w
LB
l Þ.

Remark 3.1. Notice that the quadrature rule is given, as usual, in
element-by-element fashion, distinguishing boundary elements
and interior ones. In this way the procedure is fully consistent with
the usual assembly strategies, such as the one based on Bézier
extraction [12].
Remark 3.2. Stability of a quadrature rule, and its convergence on
C0 integrand functions as the number of quadrature points
increases, is guaranteed when the sum of the weight absolute val-
ues is uniformly bounded, see for example [16]. In the case of
(3.11), we easily have that

XnI

l¼1

jwI
l j ¼ 1;

since internal weights wI
l are positive (recall Problem 3.1). Further-

more, in all our numerical tests, up to m ¼ 32, we have always ob-
served that

PnB

l¼1jwLBj is bounded, therefore, despite that some
quadrature weights on the boundary elements may be negative,
the stability of the overall procedure is guaranteed.
Remark 3.3. One can also consider alternative procedures to avoid
negative weights. As in Problem 3.2, one can try to numerically
compute the quadrature points xB

l and weights wB
l in Problem

3.5, constraining the wB
l to be positive. Existence of the solution

is not guaranteed but our experience shows that a solution can
be found with, e.g. nB ¼ mþ 1, as in (3.10).
3.4. Quadrature algorithm

A pseudo-code for the numerical evaluation of the quadrature
points and weights is proposed in this section, again for simplicity
in the case of m� q even. The output is the nodes and weights for
internal, left boundary and right boundary. All the three sets of
nodes are calculated in ½0;1�, thus, once computed, they have to
be properly shifted in the patch.

Input: m ¼ spline degree; q = spline regularity;
Set nI ¼ ðm� qÞ=2; nB ¼ mþ 1;
{Computation of the quadrature rule on internal elements}
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Set a be a vector of nit ordered real numbers s.t.
aðiÞ > 0; aðnitÞ ¼ 1.

Calculate Mj, exact integrals of functions gjðxÞ defined in
(3.6);

Initialize xð0Þj ;wð0Þj ;

for i ¼ 1; . . . ;nit do {see Problem 3.3}

Compute wðiÞl ; xðiÞl such that

wðiÞl > 0; xðiÞl 2 ½0;1�; 8l ¼ 1; . . . ;nI andXnI

l¼1

wðiÞl gjðx
ðiÞ
l Þ � aðiÞMj � ð1� aðiÞÞ

XnI

l¼1

wði�1Þ
l gjðx

ði�1Þ
l Þ

" #
¼ 0:

8>><>>:
ð3:12Þ

end for
Set ðxI

l ;w
I
lÞ ¼ ðx

ðnitÞ
l ;wðnitÞ

l Þ.
{Computation of the quadrature rule on the left boundary

element}.

Calculate A � ðaijÞi;j¼1;...;mþ1; aij ¼
R 1

0 wiðxÞfjðxÞdx;

Calculate ki �
R 2

0 wiðxÞdx�
PnI

l¼1wI
lwiðxI

l þ 1Þ;
Solve the linear problem Ab ¼ k and set gðxÞ ¼

Pmþ1
j¼1 bjfjðxÞ;

Calculate a nB-points quadrature rule ðxLB
l ;w

LB
l Þ ¼ ðxB

l ;w
B
l Þ of

degree of exactness m for the weighted measure gðxÞdx.
{e.g. use (3.10)}.
{Computation of the quadrature rule on the right boundary

element}.
Calculate in a similar way ðxRB

l ;wRB
l Þ.

return Internal nI-points quadrature rule ðxI
l ;w

I
lÞ and two

boundary nB-points quadrature rules ðxLB
l ;w

LB
l Þ; ðxRB

l ;wRB
l Þ.
In all our tests system (3.12) is solved by the MATLAB Optimization
Toolbox fsolve routine (see [33]), setting a machine-precision toler-
ance on the residual norm. The complete MATLAB implementation
for the calculation of the interior and boundary quadrature is avail-
able in the Contributions section at geopdes.source-

forge.net. Moreover, in the Appendix, we report a table with
quadrature points and weights for two relevant spaces, generated
by quadratic (m ¼ 4 and q ¼ 0) and cubic (m ¼ 6 and q ¼ 1) shape
functions in the case of a uniform knot vector.

Below, we also report the pseudo code for the alternative calcu-
lation of the quadrature rule at the boundary, with enforcement of
positivity of the weights, as described in Remark 3.3.
Set nB, e.g. nB ¼ mþ 1;
{Alternative computation of the quadrature rule on the left

boundary element}

Calculate ki �
R 2

0 wiðxÞdx�
PnI

l¼1wI
lwiðxI

l þ 1Þ;
Compute wl; xl such that

wl > 0; xl 2 ½0;1�; 8l ¼ 1; . . . ;nB andXnB

l¼1

wlwiðxlÞ � ki ¼ 0; 8i ¼ 1; . . . ;mþ 1

8><>: ð3:13Þ

Set ðxLB
l ;w

LB
l Þ ¼ ðxl;wlÞ.
3.5. Optimality of the new quadrature rule

In the previous sections we have proposed a new quadrature
rule, which can be computed in an efficient and stable manner.
We now want to discuss the optimality of the proposed quadrature
rule.

We observe the following.

� In each space dimension, the proposed rule uses
ðk� 2Þ m�q

2

� �
þ 2ðmþ 1Þ quadrature points, with m ¼ 2p and

q ¼ r � 2, when NURBS of degree p and regularity r are selected
for the IGA of an elliptic second order problem.
� The optimal quadrature rule proposed in [26] would require

k m�q
2 þ

qþ1
2

� �
quadrature points in each dimension.

� Element-wise Gauss quadrature needs k mþ1
2

� �
points per dimen-

sion instead.

According to these considerations, in Fig. 6 we plot the number of
quadrature points (i.e., the computational cost) for the three differ-
ent quadrature rules reported above in the case of a uniform three-
dimensional mesh of k� k� k elements. We consider the typical
case when m ¼ 2p and q ¼ p� 2, related to a p-degree and
maximum regularity isogeometric discretization of a second order
problem. In this case, the three approaches above require
ðk� 2Þ p=2d e þ kþ 4p; ðkþ 1Þðp=2Þb c þ k, and kðpþ 1Þ quadrature
points, respectively, which in 3D have to be raised to the third
power. The figure shows that the quadrature rule proposed in this
paper has approximately the same number of quadrature points
as the optimal one from [26], which in 3D is approximately 1/8
the number of quadrature points of the element-wise Gauss rule,
for large k and p.
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However, we recall that the optimal quadrature rule from [26]
is in practice impossible to be obtained for the cases considered
in Fig. 6 (i.e., p up to 16 and k up to 100), while the computation
of quadrature points and weights for the new rule is straightfor-
ward with the algorithm discussed in Section 3.4.

4. Applications

We now present some applications of the proposed new quad-
rature rule. In particular, we prove its efficiency versus the ele-
ment-wise Gauss quadrature rule, for boundary value problems
in two-dimensions solved with a standard IGA formulation (see
[18] for details). We remark that 2D (and 3D) integration rules
are simply constructed as tensor products of 1D rules. We more-
over discuss how to solve examples where some types of non-uni-
form meshes are considered. In particular, we show the behavior of
the new rules on an example where a non-uniform, anisotropically
graded mesh is used to capture a solution exhibiting thin layers.

4.1. Numerical solution of a Poisson problem on a quarter of an
annulus

As a first example, a problem involving a non-trivial geometry
that can be exactly represented by NURBS is considered. With this
aim, we focus on a Poisson problem defined on a quarter of an
annulus X (see Fig. 7) with an internal radius R1 ¼ 1 and an exter-
nal radius R2 ¼ 4, and we solve the model problem:
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Fig. 6. Comparison of the number of quadrature points needed for various
quadrature rules on a ðk� k� kÞ-element three-dimensional mesh. On the left:
p ¼ 1; . . . ;16 (m ¼ 2p), q ¼ p� 2, and k ¼ 100; on the right: p ¼ 6 (m ¼ 12),
q ¼ p� 2 ¼ 4, and k ¼ 4; . . . ;100.
�Mu ¼ f ; 8x 2 X;

uj@X ¼ 0;

�
ð4:1Þ

with

f ¼ ð2x4 � 50x2 � 50y2 þ 2y4 þ 4x2y2 þ 100Þ sinðxÞ sinðyÞ
þ ð68x� 8x3 � 8xy2Þ cosðxÞ sinðyÞ þ ð68y� 8y3 � 8yx2Þ
� cosðyÞ sinðxÞ;

such that the exact solution is

u ¼ ðx2 þ y2 � 1Þðx2 þ y2 � 16Þ sinðxÞ sinðyÞ:

We find an approximation of the solution by a standard IGA Galerkin
formulation, using the proposed new quadrature rules, as well as, for
comparison reasons, a standard element-wise Gauss quadrature for
integration. The problem is solved for basis function degrees
p ¼ 2; . . . ;5 in both parametric directions (and maximum inter-ele-
ment regularity), using control nets consisting of 25� 25 up to
100� 100 control points. In Fig. 8, we show the convergence curves
for the L2-norm of the relative error with respect to the exact solu-
tion. The theoretically expected rates of convergence (i.e., pþ 1)
are obtained. In the same figure, we also report the error computed
with respect to the numerical solution obtained using element-wise
Gauss quadrature. It can be seen that this error is always negligible
with respect to the approximation error (a saturation is observed for
high orders, when this error is in the range of machine-precision).

In Fig. 9 we report the total number of points used for integra-
tion by the two quadrature strategies. In particular, on the top, we
show the number of quadrature points as a function of the number
of control points for a fixed basis function degree p ¼ 4 (and max-
imum inter-element regularity) in both parametric directions,
while, on the bottom, we show the number of quadrature points
as a function of the basis function degree p (always considering
maximum regularity) for a fixed 100� 100 control net. The advan-
tage of the new rules is clear, in particular for high degrees (imply-
ing high inter-element regularity) and when the number of control
points is not too low, that is, when the number of boundary ele-
ments (i.e., the number of elements where the rules are not opti-
mal) is not large with respect to the number of internal elements.

Finally, in Fig. 10, we show the distribution of the points re-
quired by the two quadrature strategies in the case p ¼ 4 in both
parametric directions, when a 25� 25 control net is adopted. The
advantage of using the new rules is clear (5625 points versus the
11025 needed by Gauss quadrature), despite this case not being
a very fine mesh (where, as seen above, such an advantage would
be amplified).
Fig. 7. Poisson problem on a quarter of an annulus: geometry of the domain X.
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4.2. Extension to non-uniform meshes

The theoretical part of the present paper focuses only on the
construction of efficient quadrature rules for the case of uniform
knot vectors. In this section, we sketch how to extend the proposed
new quadrature rules to some particular, but useful, cases of non-
uniform knot vectors. We however remark that, despite the fact
that many of the typical cases of mesh refinement in IGA can be
covered, as discussed in the following, a solution for more general
non-uniform situations is not within the scope of this work.

4.2.1. Geometrically graded mesh
The problem of the extension of the proposed quadrature for-

mula to non-uniform knot vectors is made difficult by the issue
of the proper integration of transmission functions, which relies
strongly on their translation-invariant property. The removal of
the hypothesis of knot uniformity implies that, in general, such a
translation-invariant property no longer holds. However, since all
the functions to be exactly integrated on interior elements are sup-
ported over only two elements, a way to simply construct the new
quadrature rules for a non-uniform knot vector is to constrain the
ratio between the lengths of two consecutive knot spans to be fixed
(i.e., a ‘‘geometrically graded’’ knot vector is considered). In this
case, when considering pairs of consecutive elements, it is clear
that transmission functions always have the same structure and,
as a consequence, the previously described procedure for comput-
ing quadrature points and weights can be simply extended to this
situation.

This is indeed an interesting case from the point of view of
applications, since geometrically graded meshes are among the
most used categories of non-uniform meshes and are, in particular,
important when solution layers have to be captured (see, e.g. the
example in the next section).

4.2.2. Sub-patch quadrature
We define sub-patch quadrature as the case of a mesh made of

‘‘sub-patches’’ where a different (but unique within each single
sub-patch) quadrature rule is used. The sub-patches are intercon-
nected by the so-called ‘‘transition’’ zones. Sub-patch quadrature
can be easily treated, as well.

In this situation, the suggested solution is to perform integra-
tion considering each sub-patch individually, as if it was not con-
nected to the others. Thus the proper internal quadrature rule
has to be used for the internal elements of each sub-patch, while
boundary integration has to be performed for the elements lying
on the mesh borders as well as for transition zones. An example
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is given in Fig. 11, where a mesh constituted by 6 different sub-
patches is constructed as the tensor product of piecewise uniform
and geometrically graded knot spans. The elements where bound-
ary quadrature is in order are those adjacent to the black thick
lines.

In particular, this possibility allows to perform integration on
meshes that are composed of uniform zones (even of different
mesh-sizes) and of non-uniform, geometrically graded zones (as
described in the previous section), i.e., all the possible combinations
of the quadrature rules considered in the present paper are possi-
ble. As a consequence, integration can be efficiently performed on
a large variety of mesh situations, suitable to solve many of the
problems typically tackled by means of tensor product NURBS-
based IGA. An interesting example is reported in the next section.

We remark that this procedure is cost-effective only if the num-
ber of transition elements is significantly less than internal ele-
ments. If this is not the case, the macro-element quadrature
presented in [26] is preferred.
4.3. Numerical solution of a reaction–diffusion problem with layers, on
a suitable non-uniform mesh

In this section we make use of the non-uniform quadrature
strategies discussed in the previous section, to compute the inte-
grals necessary to solve the following reaction–diffusion problem
defined on the bi-unit square X ¼ ½0;1�2:

�10�3 � Muþ @u
@x ¼ 1; 8x 2 X ¼ ½0;1�2;

uj@X ¼ 0:

(
ð4:2Þ

The exact solution of such a problem is a ramp of unit slope along
the x-axis, showing two layers at y ¼ 0 and y ¼ 1, and a third, shar-
per layer at x ¼ 1.

To solve this problem with a uniform mesh, a very small mesh-
size has to be selected in order to correctly capture the layers.
Therefore, a non-uniform mesh, graded towards the layers, is cer-
tainly preferred. Using the non-uniform quadrature strategies pre-
viously introduced, integration over a mesh like the one reported



Fig. 11. Sub-patch quadrature: example of a mesh consisting of 6 different sub-patches, constructed as the tensor product of piecewise uniform and geometrically graded
knot spans. The elements where boundary quadrature is necessary are those adjacent to the black thick lines.

Fig. 12. Reaction–diffusion problem with layers: adopted non-uniform mesh and
color map of the corresponding numerical solution (degree: p ¼ 3 in both
parametric directions, control net: 21� 21).

Fig. 13. Reaction–diffusion problem with layers: 3D plot of the computed numeric
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in Fig. 12 is possible, allowing capturing the layers of the solution
with a reasonable number of elements. The solution computed
with a standard single-patch Galerkin IGA formulation (degree:
p ¼ 3 in both parametric directions, control net: 21� 21) on such
a mesh, using the new quadrature rules, is reported in Fig. 12 as
a color map, while in Fig. 13 a 3D plot illustrates more clearly
how the layers are reproduced by the numerical solution.

5. Summary and conclusions

We have considered the development of efficient quadrature
rules for NURBS-based isogeometric analysis. We have focused on
rules for arrays that frequently arise in Finite Element Analysis,
namely, mass, stiffness and advection matrices. We have reduced
the quadrature problem to the exact integration of certain spaces
of B-splines in one dimension that have essential translation invari-
ance and localization properties, and for this cases we have
developed accurate rules for periodic B-splines and B-splines con-
structed for open knot vectors. Both uniform and geometrically
scaled knot spacing have been considered. We have presented a
simple and efficient algorithm for constructing the rules and we
have illustrated its use on boundary value problems, including
one whose solution possesses sharp boundary layers. The way to
use the rule on domain consisting of multiple patches has also been
al solution (degree: p ¼ 3 in both parametric directions, control net: 21� 21).



Table 1
Quadrature rules calculated by the MATLAB implementation of the algorithm in Section 3.4 in two relevant cases. For notations we refer to (3.11).

Quadratic elements ðm ¼ 4; q ¼ 0Þ
Internal quadrature rule: solution to

Problem 3.2
xI ¼ f0:376846225130850;0:905996487343768g
wI ¼ f0:544543540318738;0:455456459681262g

Boundary quadrature rule: solution to
Problem 3.5

xLB ¼ xRB ¼ f0:046910077030668;0:230765344947158;0:500000000000000;
0:769234655052842;0:953089922969332g

wLB ¼ f0:127462397121119;0:207737108708103;0:347298380549915;
0:134054609306863;0:301298634511758g

wRB ¼ f�0:064371749455569;0:344574061192504;0:221590508338973;
0:270891561791264;0:109464487935070g

Cubic elements ðm ¼ 6; q ¼ 1Þ
Internal quadrature rule: solution to

Problem 3.2
xI ¼ f0:144281482216255;0:500000000000000;0:855718517783745g
wI ¼ f0:308599145600835;0:382801708798330;0:308599145600835g

Boundary Quadrature Rule: solution to
Problem 3.5

xLB ¼ xRB ¼ f0:025446043828621;0:129234407200303;0:297077424311301;0:500000000000000;
0:702922575688699;0:870765592799697;0:974553956171379g

wLB ¼ f0:058825419632652;0:160540335565992;0:150330392796228;0:273603555560878;
0:098306235841552;0:262498101947273;�0:004104041344576g

wRB ¼ f�0:004104041344576;0:262498101947273;0:098306235841552;0:273603555560878;
0:150330392796228;0:160540335565992;0:058825419632652g
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described. Our results indicate that the rules compare very favor-
ably with optimal rules, which are at the very best difficult to obtain
and in some cases almost impossible. The new rules are of course
more efficient than Gauss quadrature repeated on knot spans. We
believe this work takes another step forward in the development
of specialized quadrature rules for NURBS-based isogeometric anal-
ysis. An obvious challenge is to develop rules for general non-uni-
form knot spacing. We plan to pursue this in future work.
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Appendix A

In Table 1, we report the quadrature points and weights to be
used when discretizing an elliptic second order problem as in the
examples in Section 4 by using quadratic (m ¼ 4 and q ¼ 0) and cu-
bic (m ¼ 6 and q ¼ 1) shape functions, in the case of a uniform knot
vector.
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