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Abstract. The employment of shape memory alloys (SMAs) in a large number of engineering
applications has been the motivation for an increasing interest toward a correct and exhaustive
modeling of SMA macroscopic behavior. The aim of this paper is the numerical investiga-
tion of the theoretical model recently proposed by Auricchio and Bonetti, performed through
a more effective and efficient procedure, inspired to that presented for crystal plasticity and
consisting in the replacement of the classical set of Kuhn-Tucker conditions by the so-called
Fischer-Burmeister complementarity function. Numerical predictions associated with various
thermo-mechanical paths are compared to experimental results and the analysis of a boundary-
value problem is described. Numerical results assess the reliability of the new model and the
procedure is verified to be appropriate for the model itself.
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1 INTRODUCTION

Smart materials exhibit special properties that make them an attractive choice for industrial
applications (e.g., aeronautical, biomedical, structural, and earthquake engineering) in many
branches of engineering. Among different types of smart materials, shape memory alloys
(SMAs) have unique features known as pseudo-elasticity (PE), one-way and two-way shape
memory effects (SMEs).

The origin of SMA material features is the consequence of a reversible thermo-elastic marten-
sitic phase transformation (PT) between a high symmetric austenitic phase and a lower symmet-
ric martensitic phase. Austenite is a solid phase, present at high temperature, which transforms
to martensite by means of a lattice shearing mechanism. When transformation comes from
thermal actions, martensite variants compensate each other, resulting in no macroscopic defor-
mation. When transformation is obtained by loading, specific martensitic variants are forced
to reorient (detwin) into a single variant leading to large macroscopic inelastic strains. Upon
unloading or heating, this shape change disappears (SME).

In the last years SMAs have been deeply investigated, from the point of view of modeling,
analysis, and computation. In particular, the research has been developed towards the aim
of finding a flexible and accurate three-dimensional phenomenological model, suitable for the
analysis of SMA-based devices.

In this paper we focus on the recent work by Auricchio and Bonetti [1], combining the main
features of the approaches by Frémond [2] and Souza [3] and describing secondary effects in
the PTs as well as directional information for the transformation strain. Thus, both scalar and
tensorial internal variables are introduced, accounting for phase proportions and for the orien-
tation of the transformation strain associated to detwinned martensite. Volume proportions of
different configurations of crystal lattice are used as scalar internal variables and the direction
of stress-induced martensite as tensorial internal variable. We recall that an attempt in this
direction has been performed in [4]. Thus, the model is able to account for martensite reorien-
tation, asymmetric response of the material to tension/compression, different kinetics between
forward/reverse PTs as well as transformation-dependent elastic properties.

From a numerical point of view, robust and efficient integration algorithms for zero dimen-
sional problems need to be proposed in order to solve complex boundary-value problems and to
simulate SMA real devices behavior within finite element codes. Generally, SMA macroscopic
models are solved by return-map algorithms, either through norm regularization schemes [5]
or nucleation-completion conditions [6]. However, the adopted schemes still need robustness
investigations, aiming also at the development of flexible, effective and efficient procedures, to
be adopted for more complete models such as the model by Auricchio and Bonetti [1]. In fact,
since we are going to deal with multiple scalar and tensor internal variables, whose evolution
is strongly coupled, and involving several constitutive constraints imposed on the internal vari-
ables, the numerical application of standard predictor-corrector methods is not suitable, because
an elaborate active set search has to be carried out. For these reasons different approaches need
to be explored.

The aim of this paper is the numerical investigation of the new model, conducted through
a more effective and efficient procedure, introduced in [7] in the context of crystal plasticity.
It consists in replacing the Kuhn-Tucker conditions by the equivalent Fischer-Burmeister com-
plementarity function [8] and in making possible to omit an active set search, a fundamental
advantage when dealing with many coupled evolution equations.

The full numerical implementation of the model in an efficient scheme will be described.
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Analysis predictions associated with various thermo-mechanical paths will be compared to ex-
perimental results, including stress-induced and thermally-induced transformations. The analy-
sis of a boundary-value problem will be also described. These extensive numerical tests assess
the reliability of the new model, show robustness as well as efficiency of the proposed integra-
tion algorithm and confirm the improved efficiency.

The present paper is organized as follows. The three-dimensional phenomenological model
is briefly presented in Section 2. Section 3 is devoted to the numerical implementation of the
model and the full solution algorithm is presented. Section 4 presents model calibration and
the phase diagram is constructed. Section 5 is devoted to numerical tests. Conclusions and
summary are finally given in Section 6.

2 A 3D PHENOMENOLOGICAL MODEL FOR SMAs

This Section is devoted to the description of the new three-dimensional phenomenological
model by Auricchio and Bonetti [1].

The model introduces scalar and tensorial internal variables taking into account different PTs
between austenite and twinned/detwinned martensite variants. Volume proportions of different
configurations of crystal lattice are assumed as scalar internal variables and are represented
by three phase parameters, χA, χM , χS ∈ [0, 1], such that χA + χM + χS = 1, standing,
respectively, for austenite, twinned and detwinned martensite. Due to the internal constraint on
phase proportions the model restricts itself just to two independent phase variables, χM and χS ,
letting χA = 1− χM − χS . Then, the following restrictions need to be fulfilled throughout the
model:

0 ≤ χM , χS ≤ 1, χM + χS ≤ 1 (1)

Furthermore, the direction of stress-induced martensite, dtr, is assumed as a tensorial internal
variable with the constraint ‖dtr‖ = 1. The deviatoric strain for detwinned martensite is given
by εLχSdtr (εL is a material parameter related to the maximum transformation strain reached
at the end of the transformation during an uniaxial test).

Accordingly, assuming small strains, we consider the additive strain decomposition:

εεε = εεεe + εεεie = εεεe + εLχSdtr (2)

where εεε, εεεe and εεεie are the total, elastic and inelastic strain, respectively. Reversible martensitic
PTs are the only physics described by εεεie.

2.1 Helmholtz free energy function

The model assumes the total strain, εεε, and the absolute temperature, T , as control variables.
The following free energy functional Ψ (depending on state variables) is introduced:

Ψ(εεε,dtr, χM , χS, T ) = Ψel + Ψid + Ψch + Ψv (3)

where: 

Ψel =
1

2
Kθ2 +G‖e− εLχSdtr‖2

Ψid = cs

[
(T − T0)− T log

T

T0

]
Ψch = (1− χM − χS)hA(T ) + χMhM(T ) + χShS(T )

Ψv = I[0,1](χM , χS) + I[1](‖dtr‖) + Ψint(χM , χS)

(4)
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Here θ = tr(εεε) ; e is the deviatoric strain; K and G are, respectively, the bulk and the
shear modulus, depending on the Young’s modulus, E, and on the Poisson’s ratio, ν; cs > 0
is the specific heat; T0 is a reference temperature; hA, hM , hS correspond to the free energies
of the three phases, i.e., they are the austenite, twinned and detwinned martensite free energies,
respectively. In particular, we assume hM(T ) = hS(T ) in order to be consistent with the
statement that these two product phases are not physically differentiable [9]. Then, we have
hA(T )− hM(T ) = hA(T )− hS(T ) = −ct(T − T0), where ct is a positive material parameter,
representing the difference between austenitic and martensitic internal entropies at T0.

The indicator function I[0,1](χM , χS) in Eq.(4) is defined as:

I[0,1](χM , χS) =

{
0 if 0 ≤ χM , χS ≤ 1, χM + χS ≤ 1

+∞ otherwise
(5)

in order to enforce inequality constraints (1), while the indicator function I[1](‖dtr‖) is used to
enforce the constraint on dtr and is defined as:

I[1](‖dtr‖) =

{
0 if ‖dtr‖ = 1

+∞ otherwise
(6)

A possible simple choice for the configurational energy, Ψint, of Eq.(4) is:

Ψint(χM , χS) = cAM(1− χM − χS)χM + cAS(1− χM − χS)χS (7)

where cAM , cAS are negative constants indicating the interaction energies between phases. We
assume cAM = cAS = cin observing that since the two martensites are not physically differen-
tiable, it is logical that their respective interactions with the parent phase are the same [9].

Starting from the adopted free energy density function, Ψ, presented in Eq. (3), and following
standard arguments, we can derive the constitutive equations:

p =
∂Ψ

∂θ
= Kθ

s =
∂Ψ

∂e
= 2G(e− εLχSdtr)

η = −∂Ψ

∂T
= cs log

T

T0
− (1− χM − χS)h′A(T )− χMh

′
M(T )− χSh

′
S(T )

BM = − ∂Ψ

∂χM

= −ct(T − T0)− cin(1− 2χM − 2χS)− γM

BS = − ∂Ψ

∂χS

= −ct(T − T0)− cin(1− 2χM − 2χS) + 2GεL(e− εLχSdtr) : dtr − γS

Bd = − ∂Ψ

∂dtr

= 2GεLχS(e− εLχSdtr)− γddtr

(8)

The quantities p, s, η are, respectively, the volumetric and the deviatoric part of the stress and
the entropy. The thermodynamic forces BM , BS and Bd are associated to the internal variables
χM , χS and dtr, respectively.

The variables γM and γS result from the indicator function subdifferential ∂I[0,1](χM , χS)
and are defined as:

γM = ∂I[0,1](χM) =


≤ 0 if χM = 0

= 0 if 0 < χM < 1

≥ 0 if χM + χS = 1

(9)
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and

γS = ∂I[0,1](χS) =


≤ 0 if χS = 0

= 0 if 0 < χS < 1

≥ 0 if χM + χS = 1

(10)

We can express (9)-(10) in terms of the classical Kuhn-Tucker conditions:
χM ≥ 0, γM0 ≤ 0, χMγM0 = 0

χS ≥ 0, γS0 ≤ 0, χSγS0 = 0

γMS ≥ 0, (χM + χS − 1) ≤ 0, γMS(χM + χS − 1) = 0

(11)

The variable γd results from the indicator function subdifferential ∂I[1](‖dtr‖) and it is in-
troduced to enforce the equality constraint on dtr.

We may observe that it is possible to include elastic properties depending on the PT level in
the model formulation. In particular, the Young’s modulus E = E(χM , χS) can be assumed to
depend on the two phases χM and χS , as follows:

E(χM , χS) =
1

1− χM − χS

EA

+
χM + χS

EM

(12)

being EA and EM (with EA ≥ EM ) the austenite and twinned/detwinned martensite modulus
values, respectively. Accordingly, K = K(χM , χS) and G = G(χM , χS).

2.2 Evolution equations for the internal variables

We can write the evolution of the internal variables as follows:

χ̇M = ζ̇M
BM

|BM |

χ̇S = ζ̇S
BS

|BS|

ḋtr = ζ̇d
Bd

‖Bd‖

(13)

where ζ̇M , ζ̇S and ζ̇d are non-negative consistency parameters. So we can describe the evo-
lutions of internal variables due to temperature transformation, pure transformation and pure
reorientation, respectively.

2.3 Limit functions

To describe phase transformation and reorientation evolutions, we choose three limit func-
tions, FM , FS and Fd, playing the role of yield functions and defined as:

FM (BM) = |BM | −RM

FS (BS) = |BS| −RS(BS, χS)

Fd (Bd) = ‖Bd‖ − χS

(14)

where RS(BS, χS) and RM ≥ 0 represent the radii of the elastic domains to activate pure
and temperature transformations, respectively. In order to reproduce the asymmetric behavior
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between the loading and unloading phases, we choice:

RS(BS, χS) =

{
Rl

S + dlSχS if BS ≥ 0

Ru
S + duSχS if BS < 0

(15)

where Rl
S , dlS and Ru

S are positive material parameters, while duS is a non-positive material
parameter. Here superscripts l and u stand for loading and unloading phases, respectively.

The model is finally completed by the classical Kuhn-Tucker and consistency conditions, as
follows: 

ζ̇M ≥ 0, FM ≤ 0, ζ̇MFM = 0, ζ̇M ḞM = 0

ζ̇S ≥ 0, FS ≤ 0, ζ̇SFS = 0, ζ̇SḞS = 0

ζ̇d ≥ 0, Fd ≤ 0, ζ̇dFd = 0, ζ̇dḞd = 0

(16)

2.4 Time-continuous constitutive equations review

We now summarize the material laws in the time-continuous frame as follows:

p = Kθ

s = 2G(e− εLχSdtr)

BM = −ct(T − T0)− cin(1− 2χM − 2χS)− γM0 − γMS

BS = −ct(T − T0)− cin(1− 2χM − 2χS) + 2GεL(e− εLχSdtr) : dtr − γS0 − γMS

Bd = 2GεLχS(e− εLχSdtr)− γddtr

χ̇M = ζ̇M
BM

|BM |

χ̇S = ζ̇S
BS

|BS|

ḋtr = ζ̇d
Bd

‖Bd‖
FM = |BM | −RM

FS = |BS| −RS(BS, χS)

Fd = ‖Bd‖ − χS

ζ̇M ≥ 0, FM ≤ 0, ζ̇MFM = 0, ζ̇M ḞM = 0

ζ̇S ≥ 0, FS ≤ 0, ζ̇SFS = 0, ζ̇SḞS = 0

ζ̇d ≥ 0, Fd ≤ 0, ζ̇dFd = 0, ζ̇dḞd = 0

‖dtr‖ = 1

(17)

3 TIME-DISCRETE FRAME

We now elaborate on the algorithmic treatment of the evolution-laws (17) derived in previous
Section. The convention, for sake of notation simplicity, establishes superscript n for all the
variables evaluated at t = tn, while we drop superscript n + 1 for all the variables computed
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at time tn+1. Here we make use of a classical Backward-Euler integration algorithm. In this
sense, time-discretized evolution equations are given by:

χM − χn
M −∆ζM

BM

|BM |
= 0

χS − χn
S −∆ζS

BS

|BS|
= 0

dtr − dn
tr −∆ζd

Bd

‖Bd‖
= 0

(18)

for the two phase variables and the direction of stress-induced martensite, respectively, where
∆ζM = ζM − ζnM =

∫ tn+1

tn
ζ̇M , ∆ζS = ζS − ζnS =

∫ tn+1

tn
ζ̇S and ∆ζd = ζd − ζnd =

∫ tn+1

tn
ζ̇d are

the time-integrated consistency parameters.
Since we have to deal with several phase fractions, whose evolutions are strongly coupled,

the application of standard predictor-corrector methods is not suitable, because an elaborate
active set search has to be carried out.

A more effective way was introduced in [7] in the context of crystal plasticity, consisting
in replacing the Kuhn-Tucker conditions a ≤ 0, b ≥ 0, ab = 0, a, b ∈ R by the equivalent
Fischer-Burmeister complementarity function

√
a2 + b2 + a− b = 0 [8].

The Kuhn-Tucker conditions (16) are so substituted by the following set of functions in the
time-discrete frame: 

√
F 2
M + ∆ζ2M + FM −∆ζM = 0√
F 2
S + ∆ζ2S + FS −∆ζS = 0√
F 2
d + ∆ζ2d + Fd −∆ζd = 0

(19)

The same strategy can be employed in order to treat the set of inequalities given by (1). In fact,
the additional Kuhn-Tucker conditions (11) can be substituted by the equalities:

√
γ2M0 + χ2

M + γM0 − χM = 0√
γ2S0 + χ2

S + γS0 − χS = 0√
(χM + χS − 1)2 + γ2MS + (χM + χS − 1)− γMS = 0

(20)

Finally, assuming to be given the state (χn
M ; ∆ζnM ; γnM0; χ

n
S; ∆ζnS ; γnS0; γ

n
MS; dn

tr; ∆ζnd ;
γnd ) at time tn, the actual total strain εεε and temperature T at time tn+1, the updated values (χM ;
∆ζM ; γM0; χS; ∆ζS; γS0; γMS; dtr; ∆ζd; γd) can be computed from the following time-discrete
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system: 

χM − χn
M −∆ζM

BM

|BM |
= 0√

F 2
M + ∆ζ2M + FM −∆ζM = 0√
γ2M0 + χ2

M + γM0 − χM = 0

χS − χn
S −∆ζS

BS

|BS|
= 0√

F 2
S + ∆ζ2S + FS −∆ζS = 0√
γ2S0 + χ2

S + γS0 − χS = 0√
(χM + χS − 1)2 + γ2MS + (χM + χS − 1)− γMS = 0

dtr − dn
tr −∆ζd

Bd

‖Bd‖
= 0√

F 2
d + ∆ζ2d + Fd −∆ζd = 0

‖dtr‖ − 1 = 0

(21)

The application of the Fischer-Burmeister functions makes possible to omit an active set
search, a fundamental advantage when dealing with many coupled evolution equations. The
active set may now be determined via the solution of system (21) using a Newton-Raphson
scheme. For the numerical implementation we make use of the smoothed Fischer-Burmeister
complementarity function

√
a2 + b2 + δ+a− b = 0, where δ ≥ 0 [10]. Possible difficulties are

linked to the numerical sensitiveness of these schemes (due to the presence of the regularization
parameter δ) and to the proper choice of Newton-Raphson initial guess in order to guarantee a
fast and correct convergence. To overcome potential difficulties we apply a line search strategy.

4 MODEL PARAMETERS CALIBRATION

This Section is dedicated to the calibration of the investigated model. We consider the one-
dimensional phase diagram of Figure 1, where all the model parameters are reported.

In particular, the following model parameters need to be calibrated: (i) the elastic parameters
of martensite and austenite (EM , EA and ν), (ii) the parameter εL related to the maximum
transformation strain and (iii) eight additional model parameters (ct, cin, RM , Rl

S , Ru
S , dlS , duS

and T0) that are typical of martensitic transformations. The elastic parameters and the parameter
related to the maximum transformation strain can be determined directly from experimental
tests. The remaining eight parameters are calibrated on the basis of uniaxial experimental data.
Accordingly, assuming an uniaxial state of stress and defining dtr = e/‖e‖ such that ‖s‖ =
2G(‖e‖ − εLχS) =

√
2/3 σ, the thermodynamic forces BM and BS introduced in (8) reduce

to: BM = −ct(T − T0)− cin(1− 2χM − 2χS)− γM0 − γMS

BS = −ct(T − T0)− cin(1− 2χM − 2χS) +

√
2

3
εLσ − γS0 − γMS

(22)

Consider, first, a temperature-induced transformation, i.e., occurring under stress-free condi-
tions. Forward transformation begins at the martensitic start temperature, Ms, and ends at the
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Figure 1: One-dimensional SMA phase diagram.

martensitic finish temperature, Mf . Likewise, reverse transformation at zero stress begins at
the austenitic start temperature, AM

s , and ends at the austenitic finish temperature, AM
f (see Fig-

ure 1). Then, consider a stress-induced transformation, i.e. suppose to vary only the stress at
constant temperature. Start and finish temperatures at zero stress for the twinned martensite-
austenite transformation, denoted previously by AM

s and AM
f , are assumed different from the

corresponding temperatures at zero stress for the detwinned martensite-austenite transforma-
tion, denoted by AS

s and AS
f (superscripts M and S stand for multi- and single-variant marten-

site, respectively). This is coherent with the experimental results described in [11] (see Figure
1). Considering these transformations and substituting Eq. (22) in Eq. (14), we obtain the
following quantities reported in Figure 1:

∆TAM = −2cin
ct

∆T0 = T0 −Ms = AM
s − T0 =

RM + cin
ct

∆TAS =
−2cin − duS

ct

σs =

√
3

2

1

εL

(
RM +Rl

S

)
σf =

√
3

2

1

εL

(
RM +Rl

S + dlS
)

∆σS =

√
3

2

1

εL

(
−2cin + dlS

)
∆σA =

√
3

2

1

εL
(−2cin − duS)

(23)

We may observe that the transformation line for both austenite-detwinned martensite and de-
twinned martensite-austenite transformations is linear with slope k =

√
3/2ct/εL (see Figure

9
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1). In fact, substituting Eq. (22)2 in Eq. (14)2, we derive the following expression for the stress
σ:

σ =

√
3

2

1

εL
[ct(T − T0) + cin(1− 2χM − 2χS) + γS0 + γMS +RS] (24)

5 NUMERICAL SIMULATIONS AND EXPERIMENTAL VALIDATIONS

This Section is devoted to several numerical simulations of the three-dimensional phenomeno-
logical model and to its validation through a comparison with some experimental results [12].
In all the numerical tests we adopt the material parameters reported in Table 1. In particular, the
elastic parameters and the parameter related to the maximum transformation strain have been
deducted by considering those provided on the Esomat webpage by the organizers of the S3T
Roundrobin SMA modeling session [12]. The remaining eight parameters have been calibrated
by considering uniaxial tests in tension [12] and by referring to [13]. Then, a three-dimensional
finite element analysis of an SMA helical spring actuator is presented. The equations of the
model as well as all the numerical examples have been implemented in two Mathematica pack-
ages, AceGen and AceFEM [14].

Parameter Value Unit
EA 51000 MPa
EM 30000 MPa
ν 0.33 -
εL 6.7 %
T0 225 K
ct 0.31 MPa/K
cin -0.1 MPa
RM 1 MPa
Rl

S 3 MPa
Ru

S 8 MPa
dlS 1 MPa
duS -2 MPa

Table 1: Material parameters used in the numerical simulations.

5.1 Tensile tests

We start considering uniaxial loading-unloading tests at three different constant temperatures
of 60, 10 and −20 ◦C (see Figures 2(a), 2(b) and 2(c), respectively). The model is able to
reproduce the experimental hysteresis loops of SMA wires. Moreover, the implementation of
transformation-dependent elastic properties allows for an accurate description of the material
behavior.

5.2 Thermal-cycling tests at constant stress

In this subsection, we present simulations of thermal-cycling tests at constant stresses of 500,
400 and 300 MPa. Accordingly, Figures 3(a), 3(b) and 3(c) report ε-T diagrams. These curves
are successfully predicted except for the one related to the constant stress of 300 MPa. This is
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(a) (b) (c)

Figure 2: Model response for uniaxial loading at constant T of: (a) 60, (b) 10 and (c) −20 ◦C.

due to the fact that the model does not reproduce the R-phase which is responsible for small
inelastic reversible strains observed in thermal cycles at low applied stress.

(a) (b) (c)

Figure 3: ε-T curves at constant tensile stresses of: (a) 500, (b) 400 and (c) 300 MPa.

5.3 Thermo-mechanical recovering stress tests

We present simulations of thermo-mechanical recovering stress tests. The results presented
in Figures 4(a), 4(b), 4(c) and 4(d) are carried out on a wire strained in tension at room temper-
ature (T = 24 ◦C) up to 5% prestrain, both at upper and lower plateau, followed by thermal-
cycling at constant prestrain and final unloading at room temperature. The model fits well the
experimental curves.

5.4 Simulation of a SMA device

We conclude this Section by simulating an SMA helical spring actuator. We assume, for
simplicity, a unique constant modulus E = 51000 MPa. First, we simulate a helical spring
(with a wire diameter of 1.5 mm, a spring external diameter of 13.3 mm, a spring internal
diameter of 10.3 mm, a pitch size of 6.4 mm, with three coils and an initial length of 24.59
mm) at T = 35 ◦C. An axial force is applied to one end of the helical spring while the other
end is completely fixed. The force is increased from zero to its maximum value and unloaded
back to zero. Figure 5(a) shows the spring initial geometry, the adopted mesh and the deformed
shape under the maximum force. After unloading, the spring recovers its original shape as it is
expected in the pseudo-elastic regime. Figure 5(b) shows the force-displacement diagram.
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(a) (b)

(c) (d)

Figure 4: σ-ε and σ-T curves obtained reaching 5% prestrain: (a)-(b) at the upper and (c)-(d) at
the lower plateau, at room temperature T = 24 ◦C, then, cycling with temperature and, finally,
unloading at room temperature.

Then, consider the spring fixed at the top end, initially loaded by a vertical force at the bottom
end and subjected to temperature cycle while keeping constant the load. Figures 6(a) and 6(c)
show the two loading histories during the simulations, while Figures 6(b) and 6(d) show the
displacement-temperature diagrams. We may observe that the model is able to capture low-
stress PTs.

6 CONCLUSIONS

This paper has presented the numerical implementation of the recent model by Auricchio and
Bonetti, through a more effective and efficient procedure, consisting in the replacement of the
classical set of Kuhn-Tucker conditions by the Fischer-Burmeister complementarity function.
The great advantage of this numerical algorithm is that no active set search is required. This
allows a more efficient procedure for complex constitutive models. Possible difficulties and
the corresponding adopted solutions have been described. Extensive numerical tests have been
performed to show robustness as well as efficiency of the proposed integration algorithm and
to confirm the improved efficiency. The investigated model accounts for the transformation
response in a wide range of SMA material systems.
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