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SUMMARY

Most devices based on shape memory alloys experience large rotations and moderate or finite strains.
This motivates the development of finite-strain constitutive models together with the appropriate compu-
tational counterparts. To this end, in the present paper a three-dimensional finite-strain phenomenological
constitutive model is investigated and a robust and efficient integration algorithm is proposed. Properly
defining the variables, extensively used regularization schemes are avoided and a nucleation–completion
criterion is defined. Moreover, introducing a logarithmic mapping, a new form of time-discrete equations
is proposed. The solution algorithm as well as a suitable initial guess for the resultant nonlinear equations
are also deeply discussed. Extensive numerical tests are performed to show robustness as well as efficiency
of the proposed integration algorithm. Implementation of the integration algorithm within a user-defined
subroutine UMAT in the commercial nonlinear finite element software ABAQUS/Standard makes also
possible the solution of a variety of boundary value problems. The obtained results show the efficiency
and robustness of the proposed approach and confirm the improved efficiency (in terms of solution CPU
time) when a nucleation–completion criterion is used instead of regularization schemes, as well as when
a logarithmic mapping is used for the time-discrete evolution equation instead of an exponential mapping.
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1. INTRODUCTION

Shape memory alloys (SMA) are well-known materials exhibiting special properties, known as
super-elasticity or pseudo-elasticity (PE), one-way and two-way shape memory effects (SME)
[1, 2], suitable for industrial applications. For example, nowadays, pseudo-elastic Nitinol is a
common and a well-known engineering material in the medical industry [3, 4].

The origin of SMA features is a reversible thermo-elastic martensitic phase transformation
between a high symmetry, austenitic phase and a low symmetry, martensitic phase. Austenite is
a solid phase, usually characterized by a body-centered cubic crystallographic structure, which
transforms into martensite by means of a lattice shearing mechanism. When the transformation
is driven by a temperature decrease, martensite variants compensate each other, resulting in no
macroscopic deformation. However, when the transformation is driven by the application of a load,
specific martensite variants, favorable to the applied stress, are preferentially formed, exhibiting
a macroscopic shape change in the direction of the applied stress. Upon unloading or heating,
this shape change disappears through the reversible conversion of the martensite variants into the
parent phase [1, 5].

For a stress-free SMA material, four characteristic temperatures can be identified as the starting
and finishing temperatures during forward transformation (austenite to martensite), Ms and M f ,
as well as the starting and finishing temperatures during reverse transformation, As and A f .
Accordingly, in a stress-free condition, at a temperature above A f , only the austenitic phase is
stable, while at a temperature below M f , only the martensitic phase is stable. On the other hand,
by applying a stress at a temperature above A f SMAs exhibit pseudo-elastic behavior with a full
recovery of inelastic strain upon unloading, while at a temperature below Ms , the material presents
the shape memory effect with permanent inelastic strains upon unloading which may be recovered
by heating.

In most applications, SMAs experience general thermo-mechanical loads, which are more
complicated than uniaxial or multiaxial proportional loadings, typically undergoing very large
rotations and moderate strains (i.e. in the range of 10% for polycrystals [1]). For example, with
reference to biomedical applications, stent structures are usually designed to significantly reduce
their diameter during the insertion into a catheter; thereby, large rotations combined with moderate
strains occur and the use of a finite deformation scheme is preferred.

The majority of the current 3D macroscopic constitutive models of SMAs has been developed
in the small deformation regime. Among different constitutive models, the phenomenological
ones developed within the continuum thermodynamics with internal variables framework are of
most engineering interest. For example, Raniecki and Lexcellent [6, 7] have developed the so-
called RL models that are able to incorporate the basic features of SMA behavior. Based on a
RL model, Panico and Brinson [8] decompose the inelastic strain into a transformation and a
reorientation part to consider martensite reorientation in their proposed constitutive model. While
all of the above mentioned models use two limit functions to describe forward and reverse-phase
transitions, some models [9, 10] use only one limit function for both the forward and reverse
transformations, simplifying considerably the numerical implementation. Helm and Haupt [10]
have developed a thermo-mechanically coupled model to represent the main effects of material
behavior under multiaxial loadings, comparing with the experimental data by Helm [11]. Recently,
Arghavani et al. [12] have introduced a new set of internal variables including a scalar and a
tensor describing, respectively, pure phase transformation and pure reorientation and proposed a
constitutive model to improve the description of SMA behavior under the multiaxial loadings.
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Numerical implementation of SMA models in the small-strain regime has also been studied in
several works [13–17]. Asymmetry in tension and compression [16, 18], transformation surfaces
[19], transformation-induced plasticity [20, 21], reorientation and detwinning [22, 23] and thermo-
mechanical coupling [10, 24] are some of other aspects of SMA behavior studied by researchers
in the small-strain regime.

Finite deformation SMA constitutive models available in the literature have been mainly devel-
oped by extending small-strain constitutive models. The approach in most cases is based on the
multiplicative decomposition of the deformation gradient into an elastic and an inelastic or transfor-
mation part [25–34], although there are some models which have utilized an additive decomposition
of the strain rate tensor into an elastic and an inelastic part [35]. In the following, we mention
some of the finite deformation SMA constitutive models currently available in the iterature.

The model by Auricchio and Taylor [25] is apparently the first macroscopic SMA constitutive
model taking into account finite deformation PE. Disregarding the first invariant of stress, this
model reduces to Raniecki and Lexcellent model (RL model) [6] when linearized. Pethö [27]
decomposes the total deformation gradient into elastic, plastic, and phase transformation parts,
describing elasticity using an integrable hypoelastic model based on the logarithmic rate. Ziolkowski
[28] extends a version of the RL model [6, 7] to the large deformation regime, considering thermo-
mechanical coupling effects. Helm [11, 29] uses a double multiplicative decomposition of the
deformation gradient‡ and presents a finite strain model in the framework of thermoviscoplasticity.
Similar to Helm and Haupt [10], Reese and Christ [30] use a double multiplicative decomposition
of the deformation gradient and propose a pseudo-elastic finite strain model. They also suggest
a new kind of exponential map where the exponential function is suitably computed by means
of the spectral decomposition. In another work, Christ and Reese [31] include also the thermo-
mechanical coupling effects, shape memory effect and asymmetry in tension and compression
in [30] and simulate several boundary value problems. Based on a multiplicative decomposition,
Evangelista et al. [32] extend the small-strain model proposed by Souza et al. [9] into finite strain
regime. Recently, Thamburaja [33] has developed a finite-deformation-based, thermo-mechanically
coupled and non-local phenomenological SMA model which is able to determine the position
and motion of austenite–martensite interfaces during the phase transformations. More recently,
Arghavani et al. [34] have used a multiplicative decomposition of the deformation gradient into
elastic and inelastic parts together with an additive decomposition of the inelastic strain rate tensor
into transformation and reorientation parts to extended the small-strain model proposed by Panico
and Brinson [8] into finite strain regime.

While all the above-mentioned references use a multiplicative decomposition of the deformation
gradient, Müller and Bruhns [35] utilize an additive decomposition of the strain rate tensor into
an elastic and a phase transformation part. In particular, they extend the RL small-strain model
[7] to take into account finite deformations and finally reach a rate constitutive model in terms of
the logarithmic spin tensor. Moreover, some large strain non-phenomenological models have been
proposed in the literature (see e.g. [36–39]).

In the present work, we focus on a finite-strain extension of the small-strain constitutive model
initially proposed by Souza et al. [9] and extensively studied in references [13–15]. The final

‡The deformation gradient is multiplicatively decomposed into three parts; besides the elastic deformation gradient,
the second part represents the deformation during the phase transformation and the third, the so-called dissipative
deformation gradient, correlates with the energy dissipation.
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format of the obtained equations coincides with the one proposed by Evangelista et al. [32] but
we wish to remark that the approach followed herein in the derivation has some non-negligible
differences as discussed later on. Moreover, to make this work self-contained, we present details
of constitutive model development which can also be found in e.g. [29–32]. However, the paper
emphasis is clearly on numerical aspect associated to the presented finite-strain model and the
discussion is organized as follows.

In Section 2, based on a multiplicative decomposition of the deformation gradient into elastic and
transformation parts, we present the time-continuous finite-strain constitutive model. In Section 3,
based on an exponential mapping, a time-discrete scheme is investigated. We then introduce a
logarithmic mapping and use it to propose an alternative form of the time-discrete equations.
Moreover, we introduce a nucleation–completion condition and discuss appropriate initial guesses
for the Newton–Raphson method used in the solution procedure. Section 4 presents uniaxial
as well as multiaxial non-proportional tests to check the numerical algorithm robustness and
efficiency. We also compare the convergence behavior of different solution schemes as well as
different time-discrete forms of the evolution equation. In Section 5, by implementing the proposed
integration algorithm within a user-defined subroutine (UMAT) in the commercial nonlinear finite
element software ABAQUS/Standard and considering both pseudo-elastic and shape memory effect
behaviors, we simulate the extension of a spring and the crimping of a medical stent, comparing
the solution CPU time for different approaches. We finally draw conclusions in Section 6.

2. A 3D FINITE-STRAIN SMA CONSTITUTIVE MODEL: TIME-CONTINUOUS FRAME

We use a multiplicative decomposition of the deformation gradient and present a thermodynamically
consistent finite-strain constitutive model as it has already been done e.g. by Helm [29], Reese
and Christ [30, 31], Evangelista et al. [32] and recently, by Arghavani et al. [34]. The finite-strain
constitutive model takes its origin from the small-strain constitutive model proposed by Souza
et al. [9] and improved and discussed by Auricchio and Petrini [13–15].

2.1. Constitutive model development

Considering a deformable body, we denote with F the deformation gradient and with J its deter-
minant, supposed to be positive. The tensor F can be uniquely decomposed as:

F=RU=VR (1)

where U and V are the right and left stretch tensors, respectively, both positive definite and
symmetric, while R is a proper orthogonal rotation tensor. The right and left Cauchy–Green
deformation tensors are then respectively defined as:

C=FTF, b=FFT (2)

and the Green–Lagrange strain tensor, E, reads as:

E= C−1
2

(3)

where 1 is the second-order identity tensor. Moreover, the velocity gradient tensor l is given as:

l= ḞF−1 (4)
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The symmetric and anti-symmetric parts of l supply the strain rate tensor d and the vorticity
tensor w, i.e.:

d= 1
2 (l+ lT), w= 1

2 (l− lT) (5)

Taking the time derivative of Equation (3) and using (4) and (5), it can be shown that:

Ė=F
T
dF (6)

Following a well-established approach adopted in plasticity [40, 41] and already used for SMAs
[11, 25–32, 34], we assume a local multiplicative decomposition of the deformation gradient into
an elastic part Fe, defined with respect to an intermediate configuration, and a transformation
one Ft , defined with respect to the reference configuration. Accordingly:

F=FeFt (7)

As experimental evidences indicate that the transformation flow is nearly isochoric, we impose
det(Ft )=1, which after taking the time derivative results in:

tr(dt )=0 (8)

We define Ce=FeTFe and Ct =FtTFt as the elastic and the transformation right Cauchy–Green
deformation tensors, respectively, and using definition (2) and (7), we obtain:

Ce=Ft−TCFt−1 (9)

To satisfy the principle of material objectivity, the Helmholtz free energy has to depend on Fe

only through the elastic right Cauchy–Green deformation tensor; it is moreover assumed to be a
function of the transformation right Cauchy–Green deformation tensor and of the temperature, T ,
in the following form:

�=�(Ce,Ct ,T )=�e(Ce)+�t (Et ,T ) (10)

where �e(Ce) is a hyperelastic strain energy function and Et = (Ct −1)/2 is the transformation
strain. We remark that in proposing decomposition (10), we have assumed the same material
behavior for the austenite and martensite phases. In addition, we assume �e(Ce) to be an isotropic
function of Ce; it can be therefore expressed as:

�e(Ce)=�e(ICe , IICe , IIICe ) (11)

where ICe , IICe , IIICe are the invariants of Ce. We also define �t in the following form
[9, 13–15, 32]:

�t (Et ,T )=�M (T )‖Et‖+ 1
2h‖Et‖2+IεL (‖Et‖) (12)

where �M (T )=�〈T −T0〉 and �, T0 and h are material parameters; the Macaulay bracket calculates
the positive part of the argument, i.e. 〈x〉= (x+|x |)/2, and the norm operator is defined as ‖A‖=√
A :AT, with A :B= AijBij.
Moreover, in Equation (12) we also use the indicator function IεL defined as:

IεL (‖Et‖)=
{
0 if ‖Et‖�εL

+∞ otherwise
(13)
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to satisfy the constraint on the transformation strain norm (i.e. ‖Et‖�εL ). The material parameter
εL is the maximum transformation strain norm in a uniaxial test.

Taking the time derivative of Equation (9) and using (4), the material time derivative of the
elastic right Cauchy–Green deformation tensor is obtained as:

Ċe=−ltTCe+Ft−TĊFt−1−Celt (14)

We now use Clausius–Duhem inequality form of the second law of thermodynamics:

S : 12 Ċ−(�̇+�Ṫ )�0 (15)

where S is the second Piola–Kirchhoff stress tensor related to the Cauchy stress a through:

S= JF−1aF−T (16)

and � is the entropy. Substituting (10) into (15), we obtain:

S :
1

2
Ċ−

(
��e

�Ce
: Ċe+ ��t

�Et
: Ėt + ��t

�T
Ṫ

)
−�Ṫ�0 (17)

Now, substituting (14) into (17), after some mathematical manipulations, we obtain:(
S−2Ft−1 ��e

�Ce
Ft−T

)
:
1

2
Ċ+2Ce ��e

�Ce
: lt −X : Ėt−

(
�+ ��t

�T

)
Ṫ�0 (18)

where

X=hEt+(�M (T )+�)N (19)

and

N= Et

‖Et‖ (20)

The positive variable � results from the indicator function subdifferential �IεL (‖Et‖) and it is
such that: {

��0 if ‖Et‖=εL

�=0 otherwise
(21)

In deriving (18), we have used the isotropic property of �e(Ce), implying that Ce and ��e/�Ce

are coaxial. Following standard arguments, we finally conclude:

S=2Ft−1 ��e

�Ce
Ft−T

�=−��t

�T
,

(22)

Using a classical property of second-order tensor double contraction, i.e. A : (BC)=B : (ACT)=C :
(BTA), we conclude:

X : Ėt = (FtXFtT) :dt (23)
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In deriving (23), we have used the following relation:

Ėt =FtTdtFt (24)

Substituting (22) and (23) into (18) and taking advantage of the symmetry of Ce(��e/�Ce), the
dissipation inequality can be written as:

(P−K) :dt�0 (25)

where

P = 2Ce ��e

�Ce

K = FtXFtT
(26)

To satisfy the second law of thermodynamics, (25), we define the following evolution equation:

dt = �̇
(P−K)D

‖(P−K)D‖ (27)

where we denote with a superscript D the deviatoric part of a tensor. Moreover, we highlight that
(27) satisfies the inelastic deformation incompressibility condition (8).

To describe the phase transformation, we choose the following limit function:

f =‖(P−K)D‖−R (28)

where the material parameter R is the elastic region radius. Similarly to plasticity, we also introduce
the consistency parameter and the limit function satisfying the Kuhn–Tucker conditions:

f �0, �̇�0, �̇ f =0 (29)

In conclusion, the constitutive model in the finite deformation regime can be finally summarized
as follows:

• Stress quantities:

S= 2Ft−1 ��e

�Ce
Ft−T

P= 2Ce ��e

�Ce

X= hEt +(�M +�)N

K= FtXFtT

• Evolution equation:

dt = �̇
(P−K)D

‖(P−K)D‖
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• Limit function:

f =‖(P−K)D‖−R

• Kuhn–Tucker conditions:

f�0, �̇�0, �̇ f =0

2.2. Representation with respect to the reference configuration

In the previous section, using a multiplicative decomposition of the deformation gradient into
elastic and transformation parts, we derived a finite-strain constitutive model. However, while F
and Ft are defined with respect to the reference configuration, Fe is defined with respect to an
intermediate configuration. Following Reese and Christ [30] and Vladimirov et al. [42], we recast
all equations in terms of C (control variable) and Ct (internal variable) which are described with
respect to the reference configuration, allowing to express all equations in a Lagrangian form,
which also apparently confirms the constitutive model objectivity.

As a hyperelastic strain energy function �e has been introduced in terms of Ce (i.e. with respect
to the intermediate configuration), we first investigate it.

As introduced in (11), �e depends on Ce only through its invariants, which are equal to the
invariants of CCt−1. In fact, for the first invariant the following identity holds:

ICe = tr(Ce)= tr(Ft−TCFt−1)= tr(CFt−1Ft−T)= tr(CCt−1)= ICCt−1 (30)

and similar relations hold for the second and the third invariants.
Accordingly, we may write:

��e

�Ce
=�11+�2Ce+�3Ce2 (31)

where �i =�i (ICCtr−1, IICCt−1, IIICCt−1). Substituting (31) into (22)1 and using (9), we conclude
that:

S=2(�1Ct−1+�2Ct−1CCt−1+�3Ct−1(CCt−1)2) (32)

which expresses the second Piola–Kirchhoff stress tensor in terms of quantities computed with
respect to the reference configuration.

In order to find the Lagrangian form of the evolution equation, we substitute (27) into (24) and
obtain:

Ėt = �̇FtT (P−K)D

‖(P−K)D‖F
t (33)

or equivalently,

Ċt =2�̇FtT (P−K)D

‖(P−K)D‖F
t (34)

Focusing on the first term in the right-hand side of Equation (34), we may observe that:

FtTPFt = (FtCeFt )

(
2Ft−1 ��e

�Ce
Ft−T

)
Ct =CSCt (35)
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while, focusing on the second term in the right-hand side of equation (34), we may observe that:

FtTKFt =FtTFtXFtTFt =CtXCt (36)

We may then conclude:

FtT(P−K)Ft =YCt (37)

and obtain from (35)–(37):

Y=CS−CtX (38)

Moreover, we have:

FtT(P−K)DFt = FtT(P−K− 1
3 tr(P−K)1)Ft

= (CSCt −CtXCt − 1
3 tr(CS)C

t + 1
3 tr(C

tX)Ct )=YDCt (39)

yielding

(P−K)D =Ft−TYDFtT (40)

and

‖(P−K)D‖=‖YD‖ (41)

Now, we substitute (40) and (41) into (28) and (33) to obtain:

f =‖YD‖−R (42)

and

Ċt =2�̇
YD

‖YD‖C
t = �̇A= �̇A1Ct (43)

where A=2YD/‖YD‖Ct and A1=2YD/‖YD‖.

2.3. Presenting a singularity-free and continuous definition for N

We note that, according to (20), the variableN is not defined for the case of vanishing transformation
strain. Despite some discussions in the paper by Auricchio and Petrini [13],§ regularization schemes
have extensively been used in the literature to overcome this problem. For example Helm and
Haupt [10] propose the following regularization scheme also used in [8, 21, 30, 31, 43]:

‖Et‖=
√

‖Et‖2+	 (44)

§Auricchio and Petrini [13] tried to define a non-singular equation in the small-strain regime. However, the approach
is completely different from the one followed herein which is based on a well-defined N. In fact, in [13] a
non-singular variable corresponding to limit function f (or, equivalently, the linearized form of ‖Y‖) is presented.
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where 	 is a user-defined parameter (typical value: 10−7). In Auricchio and Petrini [14] and adopted
also in [15, 32], another proposed regularization scheme is as follows:

‖Et‖=‖Et‖− d
d+1
d

d−1
(‖Et‖+d)

d−1
d (45)

where d is again a user-defined parameter (typical value: 0.02). Regularization schemes (44) and
(45) are indeed equivalent, despite they have different forms.

While using a regularization scheme has some advantages in removing singularity in N and
in giving a smooth transition from austenitic to martensitic phase and vice versa with a quite
simple approach, it has however the disadvantage of transforming a large part of the elastic region
into a region of nonlinear material response.¶ This significantly increases the solution time and
consequently decreases the numerical efficiency, especially for boundary value problems in which
considerable part of the structure remains elastic (e.g. a stent structure). In the following, motivated
by the work by Arghavani et al. [12] in the small-strain regime, we suggest to avoid a regularized
form for ‖Et‖ and to deal with the case of vanishing transformation strain through a careful
analytical study of the limiting conditions. We start investigating a condition in which Et starts

to evolve from a zero value (indicated in the following as Nucleation), i.e. Et =0 with ˙‖Et‖>0.
Substituting Ct =1 into (38) (also see (19) and (32)) we conclude that YD = (CSe)D . We now
consider (43) which yields:

Ėt = 1

2
Ċt = �̇

(CSe)D

‖(CSe)D‖ (46)

where Se=2(�11+�2C+�3C2) is the stress obtained from (32) substituting 1 in place of Ct .
According to (46), the transformation strain, Et , nucleates in the (CSe)D direction.

We now investigate the case when transformation strain vanishes from a non-zero value (indicated

in the following as Completion), i.e. Et =0 (Ct =1) with ˙‖Et‖<0. As ‖Et‖=0, we conclude that
adopting any arbitrary direction N leads to Et =0. As stated in [12] (for a small-strain case), we
select this direction as the (CSe)D direction which also guarantees continuity. Therefore, we revise
the variable N in the following form:

N=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(CSe)D

‖(CSe)D‖ if ‖Et‖=0

Et

‖Et‖ if ‖Et‖ �=0

(47)

Equation (47) means that in the case of non-vanishing transformation strain, N is the direction
of the inelastic strain tensor while in the vanishing case, it is defined as the direction of stress
tensor (CSe)D which still is definite for the case of (CSe)D =0, as the direction of a tensor

¶For example, in the simple case of uniaxial loading, when the regularized scheme (44) is used, for the (CSe)D
values in the interval of [0,�M −R] the limit function is positive and it is assumed that material response is
nonlinear; however, from physical point of view, its response should be elastic and there is no need to solve a
nonlinear system. We can see that this interval increases with increasing temperatures and is zero for the case of
�M −R<0 which occurs for the SME case.
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Table I. Finite-strain constitutive model in the time-continuous frame.

External variables: C,T

Internal variable: Ct

Stress quantities:

S=2(�1Ct−1+�2Ct−1CCt−1+�3Ct−1(CCt−1)2)

Y=CS−CtX

X=hEt +(�M +�)N
with{

��0 if ‖Et‖=εL

�=0 if ‖Et‖<εL

and

N=
⎧⎨
⎩

(CSe)D

‖(CSe)D‖ if ‖Et‖=0

Et

‖Et‖ if ‖Et‖ �=0

where Et = (Ct −1)/2

Evolution equation:

Ċt =2�̇ YD

‖YD‖C
t

Limit function:

f =‖YD‖−R

Kuhn–Tucker conditions:

f�0, �̇�0, �̇ f =0

(or a vector) is independent from its value or norm (for more details, see [12]). However, it needs
some consideration in numerical implementation which would be addressed in Section 3.3.

We note that according to the above discussion, the tensor N and consequently the tensor X are
well defined, non-singular and continuous.

Finally, Table I summarizes the time-continuous finite-strain constitutive model, written only in
terms of Lagrangian quantities.

3. A 3D FINITE-STRAIN SMA CONSTITUTIVE MODEL: TIME-DISCRETE FRAME

In this section, we investigate the numerical solution of the constitutive model derived in Section 2
and summarized in Table I, with the final goal of using it within a finite element program. The
main task is to apply an appropriate numerical time integration scheme to the evolution equation
of the internal variable. In general, implicit schemes are preferred because of their stability at
larger time step sizes. Moreover, the present section provides some details about the stress update
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and the computation of the consistent tangent matrix, which are the two points where the material
model is directly connected to the finite-element solution procedure.

We now treat the nonlinear problem described in Section 2 as an implicit time-discrete
deformation-driven problem. Accordingly, we subdivide the time interval of interest [0,T ] in
sub-increments and we solve the evolution problem over the generic interval [tn, tn+1] with
tn+1>tn . To simplify the notation, we indicate with the subscript n a quantity evaluated at time tn ,
and with no subscript a quantity evaluated at time tn+1. Assuming to know the solution and the
deformation gradient Fn at time tn as well as the deformation gradient F at time tn+1, the stress
and the internal variable should be updated from the deformation history.

Since, the constitutive model is in terms of Lagrangian quantities, from now on, we assume as
deformation driver the Green–Lagrange strain (instead of the deformation gradient), and compute
the second Piola–Kirchhoff stress tensor. Then, using (16), the Cauchy stress is computed. We also
derive the material consistent tangent matrix and construct the spatial tangent matrix using the
following relation [44]:

Cmnkl= 1

J
FmMFnN FkKFlLDMNKL (48)

where C and D are the fourth-order spatial and material consistent tangents, respectively.

3.1. Time integration

Exponential-based integration schemes are frequently applied to problems in plasticity and isotropic
inelasticity [45, 46]. The use of the exponential mapping enables to exactly conserve the inelastic
volume. Thus, it allows larger time step sizes than any other first-order accurate integration scheme.

Applying the exponential mapping scheme to the evolution equation (43), we obtain:

Ct =exp(��A1)Ct
n (49)

In the above form of the exponential mapping, we need to compute the exponential of an asymmetric
tensor, which is a problematic computation due to impossibility of using a spectral decomposition
method.‖ Accordingly, using the strategy initially proposed in [30–32, 42] and also exploited in
([47], Arghavani et al., submitted), we can find an alternative expression where the argument of the
exponential operator is a symmetric tensor which can be computed through spectral decomposition.
In fact, we can write:

exp(��A1)= 1+��A1+ ��2

2!
A2
1+·· ·

= 1+��ACt−1+ ��2

2!
(ACt−1)2+·· ·

=Ut

(
1+��Ut−1AUt−1+ ��2

2!
(Ut−1AUt−1)2+·· ·

)
Ut−1

=Ut exp(��Ut−1AUt−1)Ut−1 (50)

‖The exponential of an asymmetric tensor is computed by means of series expansion. However, the exponential of
a symmetric tensor can be computed in closed form by means of a spectral decomposition.
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We now right and left multiply (49) by Ct
n
−1 and Ct−1, respectively, to obtain:

Ct
n
−1=Ct−1 exp(��A1) (51)

Then, substituting (50) into (51), we can write the integration formula as [30]:

−Ct
n
−1+Ut−1 exp(��Ut−1AUt−1)Ut−1=0 (52)

which is the time-discrete form associated to (43) presented so far in the literature [30–32, 42, 47].
We now introduce an alternative form of the time-discrete evolution equation (52), which

improves the numerical efficiency by decreasing the degree of equation nonlinearity. To this end
we left and right multiply (52) by Ut and obtain:

UtCt
n
−1Ut =exp(��Ut−1AUt−1) (53)

We take the logarithm of both the sides of (53) and after left and right multiplication by Ut , we
obtain:

−Ut log(UtCt
n
−1Ut )Ut +��A=0 (54)

which can be seen as an alternative form of the time-discrete evolution equation through a loga-
rithmic mapping.

While Equations (52) and (54) are mathematically equivalent, Equation (54) appears to be
less nonlinear and computationally more effective, as shown in Sections 4 and 5 through several
numerical examples.

We remark that, to our knowledge, the logarithmic time-discrete form (54) (or logarithmic
mapping) is presented for the first time in this paper, while the exponential form (52) has been
extensively investigated in the literature [30–32, 42, 47]. We finally summarize the integration
algorithms in Table II.

3.2. Solution algorithm

As usual in computational inelasticity problems, to solve the time-discrete constitutive model we
use an elastic predictor-inelastic corrector procedure. The algorithm consists of evaluating an elastic
trial state, in which the internal variable remains constant, and of verifying the admissibility of
the trial function. If the trial state is admissible, the step is elastic; otherwise, the step is inelastic
and the transformation internal variable has to be updated through integration of the evolution
equation.

Table II. Exponential and logarithmic mappings.

Time-continuous form:
Ċt = �̇A

Exponential mapping:
−Ct

n
−1+Ut−1 exp(��Ut−1AUt−1)Ut−1=0

Logarithmic mapping:
−Ut log(UtCt

n
−1Ut )Ut +��A=0
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In order to solve the inelastic step, we use another predictor-corrector scheme, that is, we assume
�=0 (i.e. we predict an unsaturated transformation strain case with ‖Et‖�εL) and we solve the
following system of nonlinear equations (we refer to this system as PT1 system):

Rt = −Ut log(UtCt
n
−1Ut )Ut +��A=0

R� = ‖YD‖−R=0
(55)

If the solution is not admissible (i.e. ‖Et‖PT 1>εL), we assume �>0 (i.e. we consider a saturated
transformation case with ‖Et‖=εL) and we solve the following system of nonlinear equations (we
refer to this system as PT2 system):

Rt = −Ut log(UtCt
n
−1Ut )Ut +��A=0

R� = ‖YD‖−R=0

R� = ‖Et‖−εL =0

(56)

Solution of Equations (55) and (56) is in general approached through a straightforward Newton–
Raphson method and it is not characterized by special difficulties except for the cases in which
the transformation strain vanishes. Accordingly, in the following, we specifically focus on the
nucleation (Et

n =0) and completion (Et =0) cases and construct the solution algorithm.

3.3. Considerations on nucleation–completion condition

We first investigate the trial value of the limit function in the nucleation case, i.e. at the beginning
of forward phase transformation, expressed as:

f TR=|‖(CSe)D‖−�M (T )|−R=‖(CSe)D‖−�M (T )−R>0 (57)

where a superscript TR indicates a trial value. We may thus introduce the following as nucleation
condition:

‖(CSe)D‖>�M (T )+R and ‖Et
n‖=0 (58)

In the solution procedure, when ‖Et
n‖=0 we check the nucleation condition and, if not satisfied,

we assume an elastic behavior.
We remark that, to avoid singularity in local system (55) for the nucleation case, it is necessary

to use a non-zero initial transformation strain. Since, we know the initial transformation strain
direction (as discussed in Section 2.3), the only unknown for constructing an initial guess is its
norm; if we denote with q its value, we can use the following initial guess for the nucleation case:

Ct
0=1+2qN, N= (CSe)D

‖(CSe)D‖ (59)

where a subscript 0 denotes the initial guess. A value of 10−4 could be an appropriate choice
for q.
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We now focus on the completion case, i.e. Et
n �=0 but Et =0, occuring at the end of reverse-phase

transformation. To this end, we consider Equations (52) or (54) and substitute Ct =1 (as it happens
for the completion case) to obtain:

��A= log(Ct
n
−1)=− log(Ct

n), A=2
YD

‖YD‖ , YD = (CSe)D−�MN (60)

In deriving (60)3, we have used the deviatoric property of N, i.e. ND =N, in accordance with (47).
Assuming a very small time step size (or the time-continuous form), we can assume Ct

n 	1 and,
considering (60) as well as the continuity of N, approximate NTR with (47)1 to obtain the following
trial value for the limit function:

f TR=|‖(CSe)D‖−�M (T )|−R=−‖(CSe)D‖+�M (T )−R>0 (61)

Similar to the nucleation case, we may now define the following completion condition:

‖(CSe)D‖<�M (T )−R and ‖Et
n‖ �=0 (62)

Completion condition (62) is consistent with the time-continuous form of the evolution equation;
it is then necessary to derive a completion condition consistent with the time-discrete form.

To this end, using Equation (60)1,2 which define the YD direction, and considering the limit
function (42), we conclude:

YD =−R
log(Ct

n)

‖ log(Ct
n)‖

(63)

Substituting (63) into (60)3, we obtain:

(CSe)D+R
log(Ct

n)

‖ log(Ct
n)‖

=�MN (64)

Finally, taking the norm of both the sides of Equation (64), we define the following consistent
completion condition: ∥∥∥∥(CSe)D+R

log(Ct
n)

‖ log(Ct
n)‖

∥∥∥∥��M , ‖Et
n‖ �=0 (65)

Therefore, in the solution procedure we also should check the completion condition and, if it is
satisfied, we simply update the internal variable by setting Ct =1.

We remark that in deriving (65), we started assuming Ct =1, while in the solution algorithm,
we first check condition (65) and, if satisfied, we conclude Ct =1. Though from a mathematical
point of view this is not proven, we use condition (65) to solve a variety of problems and show
its validity.

The last point we discuss in this section is the improvement of the time-integration algorithm
robustness by enhancing the Newton–Raphson (NR) method robustness. We remind that, the NR
method converges to the solution only when the initial guess is good enough or, in other words,
if the initial guess is inside the convergence area. Using a proper initial guess for the system of
nonlinear equations, PT1 and PT2, has an important role in the algorithm robustness.

The solution from the previous time step is apparently a proper initial guess for the PT1 system.
We now consider the case of non-admissible PT1 solution (‖Et‖PT 1>εL) and seek a proper initial
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guess for the PT2 system. It could seem that using the previous time-step solution as the initial guess
could be again a proper choice. We have done a comprehensive study on the different initial guess
effects on the PT2 solution robustness under different loading conditions and the results show that,
while using the previous time step solution as the initial guess, NR converges for proportional
loading conditions (usually with a large number of iterations), in most cases it diverges for large
time step sizes and non-proportional loadings.

Another option we propose is to use PT1 solution as the initial guess for PT2. In fact, our
experience is that this choice improves the convergence behavior, dramatically reducing the number
of iterations.

We have however to remark that, though using the proposed initial guess improves the conver-
gence behavior, it fails in the case of severe non-proportional loading case and large time step size.
To this end, it is necessary to use the well-known techniques for divergence detection (maximum
number of iterations, residual norm check, solution norm check) and introduce automatic increment-
cutting techniques to reduce the increment size.∗∗

In the case of diverging PT2 system, gradually applying the norm constraint (56)3 also improves
convergence. This consists of first applying constraint (56)3 and, if NR diverges, halfing the
projection length (‖Et‖PT1−εL ) and continuing this procedure until partially projected PT2 system
solution converges. Then, we use the converged solution as the improved initial guess for the fully
projected PT2 system.

3.4. Consistent tangent matrix

In the following, we linearize the nonlinear equations as it is required for the iterative NR method.
For brevity, we report the construction of the tangent matrix only for the case of the saturated
phase transformation, corresponding to (56). Linearizing (56), we obtain:

Rt +Rt
,Ct :dCt +Rt

,��d��+Rt
,�d� = 0

R� +R�
,Ct :dCt +R�

,��d��+R�
,�d� = 0

R� +R�
,Ct :dCt +R�

,��d��+R�
,�d� = 0

(66)

where subscripts following a comma indicate differentiation with respect to that quantity. The
derivatives appearing in the above equation are detailed in Appendix A.

Utilizing the linearized form (66), after converting it to matrix form, a system of eight nonlinear
scalar equations is solved to obtain dCt , d�� and d� (we refer to this system as the local system
and to its solution as the local solution, to distinguish it from the global system of equilibrium
equations).

We now address the construction of the tangent tensor consistent with the time-discrete constitu-
tive model. The use of a consistent tensor preserves the quadratic convergence of the NR method for

∗∗We assume Cn and Ct
n as well as Cn+1 to be given and try to compute Ct

n+1. We start determining En = (Cn−1)/2
and En+1= (Cn+1−1)/2 and defining �E=En+1−En as the strain increment. In the solution process, we then
assume E=En+ t�E (and compute C=2E+1) and we first solve the equations assuming t=1. If we find out
that NR diverges, we half the increment size dividing t by 2 and solve the equations; this process is iterated until
NR converges. Then, we use this converged solution as an improved initial guess for NR to solve the original
problem. This process can be repeated until the solution converges.
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the incremental solution of the global time-discrete problem, as in the framework of a finite-element
scheme.

The consistent tangent is computed by linearizing the second Piola–Kirchhoff tensor, i.e.:

dS=D :dE=D : 12dC (67)

Recalling that S is a function of C and Ct , we can write:

dS= �S
�C

:dC+ �S
�Ct

:dCt (68)

Recasting (68) into a matrix form, we obtain:

[dS]=
[

�S
�C

]
[dC]+

[
�S
�Ct

]
[dCt ] (69)

where we have used [·] to denote the matrix form of the tensorial argument.
We now consider Equation (56) as a function of C, Ct , �� and �, and then the corresponding

linearization gives:

Rt
,C :dC+Rt

,Ct :dCt +Rt
,��d��+Rt

,�d� = 0

R�
,C :dC+R�

,Ct :dCt +R�
,��d��+R�

,�d� = 0

R�
,C :dC+R�

,Ct :dCt +R�
,��d��+R�

,�d� = 0

(70)

Recasting (70) into a matrix form, we obtain:

⎡
⎢⎢⎣
dCt

d�

d�

⎤
⎥⎥⎦=−

⎡
⎢⎢⎢⎣
Rt

,Ct Rt
,�� Rt

,�

R�
,Ct R�

,�� R�
,�

R�
,Ct R�

,�� R�
,�

⎤
⎥⎥⎥⎦

−1⎡
⎢⎢⎣
Rt

,C

R�
,C

R�
,C

⎤
⎥⎥⎦ [dC] (71)

Now, using (71), we can compute the matrix [B] such that:

[dCt ]= [B][dC] (72)

We then substitute (72) into (69) to obtain the consistent tangent matrix as:

[D]=2

[
�S
�C

]
+2

[
�S
�Ct

]
[B] (73)

Table III finally presents the proposed solution algorithm based on the logarithmic form of the
time-discrete evolution equation (54) and a Nucleation–Consistent Completion (NC2) scheme.

Implementing the proposed solution procedure, we obtain a robust time integration algorithm; in
the next sections we test its robustness for different complicated stress–strain histories and various
boundary value problems.

Remark
Until now, the relations have been derived in a completely general manner without specifying
the form of the Helmholtz free energy �e, apart from the fact that it is an isotropic function
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Table III. Branch detection procedure and solution algorithm.

1. compute C=FTF
2. compute (CSe)D

3. if (‖(CSe)D‖<�M +R and ‖Et
n‖=0) then

set Ct =1
else

use (47) and set Ct TR=Ct
n to compute f TR and trial solution

if ( f TR<0) then
set trial solution as the problem solution, i.e., Ct =CtTR

else if (completion condition (65)) then
set Ct =1

else
set Ct

0=Ct
n and ��0=0.

if ‖Et
n‖=0 then set Ct

0 value by (59)
solve PT1
if (‖Et‖PT 1<εL ) then
set PT1 solution as the solution: i.e., Ct =Ct

PT 1
else
set Ct

0=Ct
PT 1, ��0=��PT 1 and �0=0, then solve PT2

set Ct =Ct
PT 2

end if
end if

end if
end if

4. compute second Piola–Kirchhoff stress using (19), then Cauchy stress using (16)
5. compute material tangent matrix and then spatial tangent matrix using (48)

of Ce. Despite the hyperelastic strain energy function �e can take any well-known form in finite
elasticity, for the numerical examples to be discussed in the next sections we use the commonly
used Saint–Venant Kirchhoff strain energy function:

�e= 


2
(trEe)2+� trEe2 (74)

which yields:

�1= 

4 (C :Ct−1−3)− 1

2�, �2= 1
2�, �3=0 (75)

where 
 and � are the Lamè constants.

4. NUMERICAL EXAMPLES: GAUSS POINT LEVEL INVESTIGATIONS

To investigate the robustness and efficiency of the proposed integration algorithm as well as of
the solution procedure, we simulate some benchmark tests at the Gauss point level. Until now,
different benchmark tests have been introduced in the literature; the paths are usually square,
butterfly, triangle, circle or L shaped [11, 13, 14, 48–50], while they can be either strain or stress
controlled.
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We first investigate the simple shear test, a well-known benchmark test for evaluating a finite-
strain model. Then, we simulate some uniaxial stress-controlled tension-compression and torsion
tests at three different temperatures, varying from PE to shape memory effect. Afterward, a
(E11−E22)-controlled butterfly-shaped and a (E11−E12)-controlled square-shaped path are simu-
lated. In each simulation we consider two different maximum values for controlling variables as
well as two different temperatures, one leading to PE and the other to shape memory effect. Finally,
we present the response paths for stress-controlled butterfly- and square-shaped paths.††

In order to investigate the algorithm robustness, two different time step sizes are adopted in each
numerical test. Moreover, we report the average number of iterations in PT1 and PT2 for different
selected cases to show the convergence behavior (as this information can somehow be related to
the algorithm robustness). Averages are computed by dividing the total number of iterations in a
test by the total number of calls to the corresponding subroutine.

While we report the results for the logarithmic form of the evolution equation when a NC2
scheme is adopted in the solution algorithm, we also investigate the convergence behavior for
both exponential and logarithmic forms of the evolution equation using both regularized (Reg) and
NC2 schemes in the solution algorithm.‡‡ Using this approach, it is possible to compare the local
convergence behavior as well as the robustness of different algorithms.

The following material properties, typical of NiTi (see, e.g. [52]), are adopted in all the simu-
lations of this paper:

E = 51700MPa, �=0.3, h=750MPa, εL =7.5%

� = 5.6MPaC−1, T0=−25◦C, R=140MPa, A f =0◦C, M f =−25◦C

where E and � are the elastic modulus and the Poisson ratio, respectively. Details on the material
parameters identification can be found in [53].

4.1. Simple shear test

We start simulating a loading-unloading simple shear test at two different temperatures: 37◦C for
PE and −25◦C for shape memory effect (see Figure 1, left). The deformation gradient and the
Green–Lagrange strain tensors are expressed in terms of the shear amount  as follows:

F=

⎡
⎢⎣
1  0

0 1 0

0 0 1

⎤
⎥⎦ , E= 1

2

⎡
⎢⎢⎣
0  0

 2 0

0 0 0

⎤
⎥⎥⎦

Figure 1 (right) shows the results for two different time step sizes (0.02 s and 0.2 s denoted by the
line and the circle symbols, respectively, while the total simulation time is 2 s). The results show
the algorithm accuracy as well as the robustness for large time step sizes. We also observe the
model capability of capturing PE as well as shape memory effect.

††We remark that, in this section, we use as a strain measure the Green–Lagrange strain tensor and as a stress
measure the second Piola–Kirchhoff stress tensor. Moreover, we highlight that reported results are not physical as
we know that the selected measures are not physical measures (see for example [51]).

‡‡Following this procedure, we consider four different cases: a regularized scheme with exponential mapping
(exp+Reg), a nucleation–completion scheme with exponential mapping (exp+NC2), a regularized scheme with
logarithmic mapping (log+Reg) and a nucleation–completion scheme with logarithmic mapping (log+NC2).

Copyright � 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
DOI: 10.1002/nme



J. ARGHAVANI ET AL.

1

κ

0 2 4 6 8 10 12 14

0

100

200

300

400

500

κ   [ % ]

S
12

   
[ M

P
a 

]

T = 37° C

° C

Figure 1. Simple shear test: shear deformation (left) and S12 component as a function of the shear amount
 (right). Lines denote dt=0.02s and the circles dt =0.2s.

4.2. Uniaxial tests

We now simulate tension-compression as well as torsion tests under stress control at three different
temperatures, and in particular for T>A f , M f <T<A f , and T<M f . For the tests with T<A f
we also investigate shape recovery under temperature control. Moreover, we remark that since the
term �M uses Macaulay brackets, the predictions of any temperature equal to or below M f would
be the same.

Figure 2 reports the stress–strain response with a solid line and for the tests with T<A f , the
strain recovery with a dashed line. The results show the model capability of capturing PE and
shape memory effect as well as the intermediate behavior.

To check the algorithm robustness, we perform the tests with two different stress increments per
step: in particular we consider stress increments equal to 150 and 15MPa in tension-compression
tests and equal to 100 and 10MPa in torsion tests. Points A and B in Figure 2, indicate that a
load cutting is used in the global solution (equilibrium) to prevent its divergence as the stiffness is
abruptly changing.§§ Table IV shows the convergence results for different formulations in tension-
compression tests. We use letters f and c to distinguish the results for the fine and coarse
increments, respectively. For each case, a pair of numbers is reported corresponding to PT1 and
PT2, respectively. As it is expected, using a NC2 scheme reduces the average number of iterations.
It is interesting to note that using the logarithmic form reduces the number of iterations and this
can be interpreted as the result of the reduced nonlinearity of the equations. We do not focus on
the efficiency comparison in this section and postpone it to Section 5, where we compare the CPU
time for different boundary value problems (BVPs).

4.3. Multiaxial tests

We now investigate two types of strain-controlled biaxial tests, the first consisting of a butterfly-
shaped (E11−E22) input, and the second of a square-shaped (E11−E12) input. Figure 3 shows the
strain input as well as the stress output for the butterfly-shaped test. The plots on the left refer to a
strain value of 6%, while a 10% strain value is used for plots on the right. The middle and lower

§§Similar to increment cutting technique, we can use load-cutting for a stress-controlled problem.
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Figure 2. Uniaxial tests: tension-compression tests (left) and torsion tests (right) under stress
control: T =37◦C (upper); T =−5◦C (center); T =−25◦C (lower). For T<A f strain recovery
induced by heating is indicated with a dashed-dot line. Stress increment per step during
tension-compression tests: 15MPa (line) and 150MPa (circles). Stress increment per step

during torsion tests: 10MPa (line) and 100MPa (circles).

plots show the results at T =37◦C (PE) and T =−25◦C (shape memory effect), respectively. All
series of tests are performed using two different time step sizes (0.02s and 0.2s, corresponding to
the solid line and the circle symbols, respectively), while the total time is 8s.

As we discussed in Section 3.2, the implemented algorithm, detects any divergence during
a solution process and automatically cuts the increment size. We use a label IC to indicate an
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Table IV. Convergence results for tension-compression tests.

exp+Reg exp+NC2 log+Reg log+NC2

37◦C ( f ) 6 7 4 4
4 4 4 4

37◦C (c) 8 7 4 4
4 4 4 4

−5◦C ( f ) 8 4 4 4
5 4 4 4

−5◦C (c) 6 6 4 4
4 5 4 4

−25◦C ( f ) 6 5 4 4
4 4 4 4

−25◦ C (c) 5 4 4 4
4 4 4 4

increment in which cutting takes place and emphasize that the increment size is not the actual
size. We avoid reporting intermediate increment results to keep the figures as clear and simple as
possible.

We repeat with a similar approach the squared-shape test and report the results in Figure 4.
Tables V and VI show the convergence results for the stain-controlled biaxial tests. For brevity, we
only report the results for the most critical cases, i.e. for 10% strain. It is observed that in terms
of convergence, the NC2 scheme is preferred compared with the Reg scheme. As we expected,
using a logarithmic form of the evolution equation improves the convergence behavior. Using
the logarithmic form improves both the robustness and the efficiency by decreasing the equation
nonlinearity and the number of increment cuttings, as well as the number of iterations.

We also repeat the above-mentioned tests under stress control. The stress values vary between
±700MPa. At T =−25◦C, after applying the stress path, we increase the temperature up to A f ,
such that the residual strain recovery takes place as shown in the lower part of Figure 5 (see the
dotted line).

5. NUMERICAL EXAMPLES: BOUNDARY VALUE PROBLEMS

In this section, we solve four boundary value problems to validate the adopted model as well as
the proposed integration algorithm and the solution procedure. A helical spring and a medical stent
are simulated at two different temperatures to show the model capability of capturing both the
PE and shape memory effect. Moreover, we compare the CPU time for both the exponential and
logarithmic forms of the time-discrete evolution equation, as well as for Reg and NC2 schemes. In
all boundary value examples we use the same material properties as in Section 4. The temperature
in pseudo-elastic simulations is set to 37◦C while in shape memory effect simulations a temperature
of −25◦C is adopted.

For all simulations, we use the commercial nonlinear finite element software ABAQUS/Standard,
implementing the described algorithm within a user-defined subroutine UMAT.
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Figure 3. Biaxial butterfly-shaped input under strain control up to 6% (upper-left) and
10% (upper-right); stress output at T =37◦C (center) and T =−25◦C (lower) for two

time step sizes: 0.02 s (line) and 0.2 s (circles).

5.1. Helical spring: pseudo-elastic test

A helical spring (with a wire diameter of 4mm, a spring external diameter of 24mm, a pitch size
of 12mm and with two coils and an initial length of 28mm) is simulated using 9453 quadratic
tetrahedron (C3D10) elements and 15 764 nodes. An axial force of 1525N is applied to the one
end while the other end is completely fixed. The force is increased from zero to its maximum
value and unloaded back to zero. Figure 6 shows the spring initial geometry, the adopted mesh and
the deformed shape under the maximum force. After unloading, the spring recovers its original
shape as it is expected in the pseudo-elastic regime. Figure 7 (left) shows the force–displacement
diagram. It is observed that the spring shape is fully recovered after load removal.
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Figure 4. Biaxial squared-shaped input under strain control up to 6% (upper-left) and
10% (upper-right); stress output at T =37◦C (center) and T =−25◦C (lower) for two

time step sizes: 0.02 s (line) and 0.2 s (circles).

5.2. Helical spring: shape memory effect test

We also simulate the same spring of Section 5.1 in the case of shape memory effect. An axial
force of 427N is applied at T =−25◦C (Figure 8, top) and, after unloading, the spring does not
recover its initial shape (Figure 8, bottom). After heating, up to a temperature of 10◦C, the spring
recovers its original shape. Figure 7 (right) shows the force–displacement–temperature behavior.
According to Figure 7 (right), heating the spring leads to full recovery of the original shape at
T = A f (0◦C) and subsequent heating does not change any more its shape.
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Table V. Convergence results for the butterfly-shaped path: up to 10% strain.

exp+Reg exp+NC2 log+Reg log+NC2

37◦C ( f ) 8 8 6 6
11 11 10 10

37◦C (c) 11 8 10 7
9 10 9 10

−25◦C ( f ) 7 7 6 6
10 10 10 10

−25◦C (c) 7 7 7 7
10 9 10 9

Table VI. Convergence results for the squared-shaped path: up to 10% strain.

exp+Reg exp+NC2 log+Reg log+NC2

37◦C ( f ) 9 9 8 8
12 12 12 12

37◦C (c) 9 9 8 8
8 7 7 7

−25◦C ( f ) 13 13 9 9
14 14 12 11

−25◦C (c) 9 9 9 9
12 13 13 13

5.3. Crimping of a medical stent: pseudo-elastic test

In this example, the crimping of a pseudo-elastic medical stent is simulated. To this end a medical
stent with 0.216mm thickness and an initial outer diameter of 6.3mm (Figure 9, upper-left) is
crimped to an outer diameter of 1.5mm. Utilizing the ABAQUS/Standard contact module, the
contact between the catheter and the stent is considered in the simulation. A radial displacement
is applied to the catheter and is then released to reach the initial diameter. In this process, the stent
recovers its original shape after unloading. Figure 9 (upper-right) shows the stent deformed shape
when crimped.

5.4. Crimping of a medical stent: shape memory effect test

In this example, the same stent is crimped at a temperature of −25◦C as it is shown in Figure 9
(center). Owing to the low temperature, while the catheter is expanded, the stent remains in a
deformed state as shown in Figure 9 (lower). The initial shape is however recovered after heating.

5.5. Comparison of CPU times

We now compare the CPU times to show the efficiency gained by using logarithmic form as well
as a nucleation–completion scheme. We remark that we normalize all CPU times with respect to
the CPU time for the case of exponential form with a regularized scheme.
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Figure 5. Biaxial butterfly-shaped input (upper-left) and squared-shaped input (upper-right) under stress
control; strain output at T =37◦C (center) and T =−25◦C (lower); strain output (lower) with strain

recovery (dotted line) under temperature increment.
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Figure 6. Pseudo-elastic spring: comparison of initial geometry and deformed configuration.

Copyright � 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
DOI: 10.1002/nme



ROBUSTNESS AND EFFICIENCY OF INTEGRATION ALGORITHMS FOR AN SMA

0 10 20 30 40 50 60 70 80
0

200

400

600

800

1000

1200

1400

1600

Displacement   [ mm ]

F
or

ce
   

[ N
 ]

T = 37° C

0
20

40
60

80

0510

0

100

200

300

400

500

Temperature   [ °C ]Displacement   [ mm ]

F
or

ce
   

[ N
 ]

Figure 7. Force–displacement diagram for the SMA spring: PE (left) and shape memory effect (right).

+2.640e+01
+2.048e+02
+3.832e+02
+5.616e+02
+7.400e+02
+9.184e+02
+1.097e+03
+1.275e+03
+1.454e+03
+1.632e+03
+1.810e+03
+1.989e+03
+2.167e+03

+1.272e-01
+1.264e+02
+2.527e+02
+3.789e+02
+5.052e+02
+6.314e+02
+7.577e+02
+8.840e+02
+1.010e+03
+1.137e+03
+1.263e+03
+1.389e+03
+1.515e+03

Figure 8. Shape memory effect in the simulated spring: deformed shape under
maximum load (top) and after unloading (bottom).

We first consider the CPU times for the SME simulations to study the effect of different time-
discrete forms. Owing to the small-elastic regime than in the PE case, we expect approximately the
same CPU times for both Reg and NC2 schemes. Therefore, these tests give us an approximation
of the gained efficiency due to the use of the logarithmic form of the time-discrete evolution
equation. Comparing the simulation CPU times for exponential and logarithmic forms for SME
cases reported in Table VII, we conclude that using the logarithmic form decreases CPU time of
approximately 20% compared with the exponential form.

We now consider the CPU times for PE simulations. As it can be observed in Table VII, in
all cases, using the NC2 scheme decreases the CPU time compared with the Reg scheme. This
decrease depends on the problem and for the simulated problems it varies from 6% (spring and
log form) to 21% (stent and log form).
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Figure 9. Stent crimping: initial geometry (upper-left), crimped shape in PE case (upper-right), crimped
shape in SME case (center) and deformed shape in SME case after uncrimping (lower).
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Table VII. CPU times comparison.

exp+Reg exp+NC2 log+Reg log+NC2

Stent (PE) 1.00 0.84 0.81 0.64
Spring (PE) 1.00 0.89 0.74 0.70
Stent (SME) 1.00 1.01 0.81 0.81
Spring (SME) 1.00 1.02 0.79 0.77

We finally compare the CPU time of the proposed integration algorithm (log+NC2) with the
previously proposed one (exp+Reg). Considering the first and last columns of Table VII, we
observe that the gained efficiency varies from 19% up to 36%.

6. SUMMARY AND CONCLUSIONS

In this paper, we investigate a 3D finite-strain constitutive model and propose a robust and efficient
time-integration algorithm. We introduce a well-defined form for model variables as well as a
nucleation–consistent completion scheme to avoid extensively used regularization schemes. We
also discuss the choice of suitable initial guesses in the Newton–Raphson method.

Moreover, we introduce a logarithmic mapping and propose a new form of the time-discrete
evolution equation. Studying different benchmark problems at the gauss point level, we show
the robustness of the proposed algorithm. Implementing the proposed integration algorithm
within a user-defined subroutine (UMAT) in the commercial nonlinear finite element software
ABAQUS/Standard, we also solve different boundary value problems. Comparing the CPU times,
we show the robustness as well as the efficiency (in the order of 25%) of the proposed time
integration and solution algorithm.

APPENDIX A

In this Appendix, we present the linearized form of Equation (56). To this end, we define the
following second-order tensors:

Ū=Ut−1
, C̄=Ct−1

, Q=��ŪAŪ, G=exp(Q), W=UC̄nU, H= log(W) (A1)

and the following fourth-order tensors:

U = �U
�Ct

, Ū= �Ū
�Ct

, C̄= �C̄
�Ct

, S= �S
�Ct

, X= �X
�Ct

Y = �Y
�Ct

, A= �A
�Ct

, Q= �Q
�Ct

, W= �W
�Ct

, G= �G
�Q

H = �H
�W

, S̃= �S
�C

, Ỹ= �Y
�C

, Ã= �A
�C

(A2)
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with components [54]:

Xijkl = 1
2hIijkl+ 1

2 (�M +�)Nijkl

Sijkl = 1
2
C̄mnklCmnC̄ij+2�1C̄ijkl+2�2C̄imklCmnC̄nj+2�2C̄imCmnC̄njkl

Yijkl = CimSmjkl−Iimkl Xmj−Ct
imXmjkl

Aijkl = 2Zimpq(Ypqkl− 1
3Ynnkl	pq)C

t
mj+2ZimImjkl

Qijkl = ��Ūimkl AmnŪnj+��ŪimAmnŪnjkl+��ŪimAmnklŪnj

Wijkl = Uirkl(C̄n)rsUsm+Uir(C̄n)rsUsjkl

S̃ijkl = 1
2
C̄ijC̄kl+2�2C̄imImnklC̄nj

Ỹijkl = CimS̃mjkl+IimklSmj

Ãijkl = 2Zimpq(Ỹpqkl− 1
3Ỹnnkl	pq)C

t
mj

(A3)

where,

N= 1

‖Et‖ (I−N⊗N), Z= 1

‖YD‖ (I−Z⊗ZT) (A4)

and

N= Et

‖Et‖ , Z= YD

‖YD‖ (A5)

We compute the components of tensors U, Ū, C̄, G, H as well as U, Ū, C̄, G and H through
spectral decomposition and refer the readers to [55] to see how it can be done. The components
of the forth-order identity tensor I are defined as:

Iijkl= 1
2	ik	jl+ 1

2	il	jk (A6)

We now present the linearized form of Equations (56) as [54]:

(R11)ijkl = ��Ãijkl

(R12)ijkl = UimklHmnUnj+UimHmnUnjkl+UimHmnklUnj+��Aijkl

(R13)ij = Aij

(R14)ij = −2��ZimpqC
t
mj(C

t
pnNnq− 1

3C
t
klNkl	pq)

(R21)ij = ZnmỸmnij, (R22)ij= ZnmYmnij, R23 =0, R24=−ZijC
t
imNmj

(R31)ij = 0, (R32)ij= 1
2Nij, R33=0, R34 =0

(A7)

where

R11 = Rt
,C, R12=Rt

,Ct , R13=Rt
,��, R14=Rt

,�

R21 = R�
,C, R22= R�

,Ct , R23 = R�
,��, R24 = R�

,�

R31 = R�
,C, R32= R�

,Ct , R33 = R�
,��, R34 = R�

,�

(A8)
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In order to linearize the time-discrete evolution equation in the exponential form, we derive the
linearized form of Equation (52) as follows [54]:

(R11)ijkl = ��ŪimGmnpqÃrsklŪnjŪprŪsq

(R12)ijkl = ŪimklGmnŪnj+ŪimGmnklŪnj+ŪimGmnŪnjkl

(R13)ij = ŪimŪmnŪpqŪrj AnpGqr

(R14)ij = −2��ŪimŪnjGmnpqŪprŪsqZrmpqC
t
ms(C

t
pnNnq− 1

3C
t
klNkl	pq)

(A9)
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