
Proceedings of the ASME 2010 10th Biennial Conference on Eng ineering Systems Design
and Analysis

ESDA2010
July 12-14, 2010, Istanbul, Turkey

ESDA2010-24803

AN EFFICIENT, NON-REGULARIZED SOLUTION ALGORITHM FOR A FINITE
STRAIN SHAPE MEMORY ALLOY CONSTITUTIVE MODEL

Jamal Arghavani ∗

Department of Mechanical Engineering
Sharif University of Technology

Tehran, Iran
Email: arghavani@mech.sharif.ir

Ferdinando Auricchio
Dipartimento di Meccanica Strutturale
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ABSTRACT
In this paper we investigate a three-dimensional finite-strain

phenomenological constitutive model and propose an efficient
solution algorithm by properly defining the variables and by
avoiding extensively-used regularization schemes which increase
the solution time. We define a nucleation-completion criterion
and modify the regularized solution algorithm. Implementation
of the proposed integration algorithm within a user-definedsub-
routine UMAT in the commercial nonlinear finite element soft-
ware ABAQUS has made possible the solution of boundary value
problems. The obtained results show the efficiency of the pro-
posed solution algorithm and confirm the improved efficiency
(in terms of solution CPU time) when a nucleation-completion
criterion is used instead of regularization schemes.

INTRODUCTION
Shape memory alloys (SMAs) are well-known materials

exhibiting special properties, known as super-elasticityor
pseudo-elasticity (PE), one-way and two-way shape memory

∗Corresponding author

effects (SME) [1, 2], suitable for industrial applications. For
example, nowadays pseudo-elastic Nitinol is a common and
well-known engineering material in the medical industry [3,4].
The origin of SMA features is a reversible thermo-elastic
martensitic phase transformation between a high symmetry,
austenitic phase and a low symmetry, martensitic phase. Austen-
ite is a solid phase, usually characterized by a body-centered
cubic crystallographic structure, which transforms into marten-
site by means of a lattice shearing mechanism. When the
transformation is driven by a temperature decrease, martensite
variants compensate each other, resulting in no macroscopic
deformation. However, when the transformation is driven by
the application of a load, specific martensite variants, favorable
to the applied stress, are preferentially formed, exhibiting
a macroscopic shape change in the direction of the applied
stress. Upon unloading or heating, this shape change disappears
through the reversible conversion of the martensite variants into
the parent phase [1,5].
For a stress-free SMA material, four characteristic temperatures
can be identified, defined as the starting and finishing temper-
atures during forward transformation (austenite to martensite),
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Ms and M f , as well as the starting and finishing temperatures
during reverse transformation,As and Af . Accordingly, in
a stress-free condition, at a temperature aboveAf , only the
austenitic phase is stable, while at a temperature belowM f , only
the martensitic phase is stable. On the other hand, applyinga
stress at a temperature aboveAf , SMAs exhibit pseudo-elastic
behavior with a full recovery of inelastic strain upon unloading,
while at a temperature belowMs, the material presents the shape
memory effect with permanent inelastic strains upon unloading
which may be recovered by heating.
The majority of the current 3D macroscopic constitutive models
of SMAs has been developed in the pseudo-elastic range and
small deformation regime [6–12]. The finite deformation SMA
constitutive models available in the literature have been mainly
developed by extending small strain constitutive models [13–19].
In the present work we focus on a phenomenological finite-
strain SMA constitutive model extensively studied in refer-
ences [17,20,21] and we improve it by introducing well-defined,
non-singular and continuous variables. Moreover, we present the
modified solution algorithm by defining a nucleation-completion
condition.

THE FINITE STRAIN SMA CONSTITUTIVE MODEL
Based on a multiplicative decomposition of the deformation

gradient, a thermodynamically-consistent finite strain constitu-
tive model has been presented in [17,21]. The model is however
singular and a regularized form of the variable has been usedto
avoid singularity in the solution algorithm. In the following, we
briefly review the constitutive model and propose an improved
definition to remove the singularity without need to use any kind
of regularization. We refer to [22] for more details.
Considering a deformable body, we denote withF the deforma-
tion gradient and withJ its determinant, supposed to be positive.
The tensorF can be uniquely decomposed as:

F = RU = VR (1)

whereU andV are the right and left stretch tensors, respectively,
both positive definite and symmetric, whileR is a proper orthog-
onal rotation tensor. The right and left Cauchy-Green deforma-
tion tensors are then respectively defined as:

C = FTF, b = FFT (2)

and the Green-Lagrange strain tensor,E , reads as:

E =
C−1

2
(3)

where1 is the second-order identity tensor.
Following a well-established approach adopted in plasticity [23,
24] and already used for SMAs [13–15, 17, 21], we assume a
local multiplicative decomposition of the deformation gradient
into an elastic partFe, defined with respect to an intermediate
configuration, and a transformation oneFt , defined with respect
to the reference configuration. Accordingly:

F = FeFt (4)

We defineCe = FeTFe and Ct = Ft TFt as the elastic and the
transformation right Cauchy-Green deformation tensors, respec-
tively.
In order to satisfy the principle of material objectivity, the
Helmholtz free energyΨ has to depend onFe only through the
elastic right Cauchy-Green deformation tensor; it is moreover as-
sumed to be a function of the transformation right Cauchy-Green
deformation tensor and of the temperature,T, in the following
form:

Ψ = Ψ
(

Ce,Ct ,T
)

= ψe(Ce)+ψt(Et ,T) (5)

whereψe(Ce) is a hyperelastic strain energy function (with this
choice, we assume that martensitic and austenitic phases have the
same elastic behaviors) andEt =(Ct −1)/2 is the transformation
strain. In addition, we assumeψe(Ce) to be an isotropic function
of Ce. We also defineψt in the following form [8]:

ψt(Et ,T) = τM(T)‖Et‖+ 1
2

h‖Et‖2+ IεL(‖Et‖) (6)

whereτM(T) = β〈T −T0〉 andβ, T0 andh are material param-
eters, while the Macauley brackets calculate the positive part of
the argument, i.e.,< x>= (x+ |x|)/2, and the norm operator is
defined as‖A‖=

√
A : AT , with A : B = Ai j Bi j .

Moreover, in equation (6) we also use the indicator functionIεL

defined as:

IεL(‖Et‖) =
{

0 if ‖Et‖ ≤ εL

+∞ otherwise
(7)

in order to impose the constraint on the transformation strain
norm (i.e.,‖Et‖ ≤ εL ). The material parameterεL is the maxi-
mum transformation strain norm in a uniaxial test.
We now use Clausius-Duhem inequality form of the second law
of thermodynamics:

S :
1
2

Ċ− (Ψ̇+ηṪ)≥ 0 (8)
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whereS is the second Piola-Kirchhoff stress tensor and is ob-
tained from the Cauchy stress as:

S = JF−1σF−T (9)

Substituting (5) into (8) and following standard arguments, we
obtain the constitutive model as already presented in [17, 21]
and summarized in Table 1. We highlight that the material
parametersλ and µ are the Lam̀e constants and the positive
variableγ results from the indicator function subdifferential.

Table 1. Finite-strain SMA constitutive model

External variables: C,T

Internal variable: Ct

Stress quantities:

S = 2
(

α1Ct−1+α2Ct−1CCt−1
)

Y = CS−CtX

X = hEt +(τM + γ)N

with






γ ≥ 0 if ‖Et‖= εL

γ = 0 if ‖Et‖< εL

and

α1 =
λ
4

(

C : Ct−1−3
)

− 1
2µ, α2 =

1
2µ

N =
Et

‖Et‖ where Et = (Ct −1)/2

Evolution equation:

Ċt = 2ζ̇
YD

‖YD‖Ct = ζ̇A

Limit function:

f = ‖YD‖−R

Kuhn-Tucker conditions:

f ≤ 0, ζ̇ ≥ 0, ζ̇ f = 0

Proposing a singular-free and continuous definition
for N

We note that the variableN is not defined for the case of van-
ishing transformation strain. Despite some discussions in[20],
regularization schemes have extensively been used in the liter-
ature to overcome this problem. For example Helm and Haupt

[25] propose the following regularization scheme also usedin
[7,15,16,21]:

‖Et‖=
√

‖Et‖2+δ−δ (10)

whereδ is a user defined parameter (typical value: 10−7). In
Auricchio and Petrini [26] and adopted also in [17, 27], another
proposed regularization scheme is as follows:

‖Et‖= ‖Et‖− d
d+1

d

d−1

(

‖Et‖+d
)

d−1
d (11)

whered is again a user defined parameter (typical value: 0.02).
Both regularization schemes (10) and (11) are indeed equivalent,
despite they have different forms.
While using a regularization scheme has some advantages in re-
moving the singularity inN and in giving a smooth transition
from austenitic to martensitic phase and vice versa, with a quite
simple approach it has however the disadvantage of transform-
ing a large part of the elastic region into a region of nonlinear
material response. This has the disadvantage of significantly in-
creased solution time and consequently decreased numerical ef-
ficiency, especially for boundary value problems in which a con-
siderable part of the structure remains elastic (as e.g., instent
structures). In the following, motivated by the work by Argha-
vani et al. [12] in the small-strain regime, we suggest to avoid
using a regularized form for‖Et‖ but to deal with the case of
vanishing transformation strain through a careful analytical study
of the limiting conditions. We start investigating a condition in
which Et starts to evolve from a zero value (Nucleation), i.e.,
Et = 0 while d‖Et‖/dt > 0. SubstitutingCt ≃ 1 into the evolu-
tion equation we concludeYD ≃ (CSe)

D. We now consider the
evolution equation which yields:

Ėt =
1
2

Ċt = ζ̇
(CSe)

D

‖(CSe)
D ‖

(12)

whereSe = 2(α11+α2C) is the elastic stress obtained from the
second Piola-Kirchhoff stress tensor by substituting1 in place of
Ct . According to (12) the transformation strain,Et , nucleates in
the(CSe)

D direction.
We now investigate a case when transformation strain vanishes
from a nonzero value (Completion), i.e.,Et = 0 (Ct = 1) while
d‖Et‖/dt < 0. Since‖Et‖ = 0, we conclude that adopting any
arbitrary directionN leads toEt = 0. Following [12] (for a small-
strain case), we select the(CSe)

D direction which also guaran-
tees continuity. Therefore, we revise the variableN in the fol-
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lowing form:

N =



















(CSe)
D

‖(CSe)
D ‖

if ‖Et‖= 0

Et

‖Et‖ if ‖Et‖ 6= 0

(13)

We note that, according to the above discussion, the tensorN
and consequently the tensorX are well-defined, non-singular
and continuous.

TIME-DISCRETE FRAME AND SOLUTION ALGORITHM
In this section we investigate the numerical solution of the

constitutive model summarized in Table 1 while taking into ac-
count the improved variable definition (13) and avoiding regu-
larized schemes (10) and (11). The time-discrete form of the
evolution equation which conserves the incompressibilitycondi-
tion is obtained through an exponential mapping and is givenas
follows [15,16]:

−Ct
n
−1

+Ut−1exp
(

∆ζUt−1AUt−1
)

Ut−1
= 0 (14)

As usual in computational inelasticity problems, we use an
elastic predictor-inelastic corrector procedure to solvethe time-
discrete constitutive model. The algorithm consists of evaluating
an elastic trial state, in which the internal variable remains con-
stant, and of verifying the admissibility of the trial function. If
the trial state is admissible, the step is elastic; otherwise the step
is inelastic and the transformation internal variable has to be up-
dated through integration of the evolution equation.
In order to solve the inelastic step, we use another predictor-
corrector scheme, that is, we assumeγ = 0 (i.e., we predict an
unsaturated transformation strain case with‖Et‖ ≤ εL) and we
solve the following system of nonlinear equations (we referto
this system asPT1system):

{

Rt =−Ct
n
−1+Ut−1exp

(

∆ζUt−1AUt−1
)

Ut−1 = 0

Rζ = ‖YD‖−R= 0
(15)

If the solution is non-admissible (i.e.,‖Et‖PT1 > εL), we as-
sumeγ> 0 (i.e., we consider a saturated transformation case with
‖Et‖= εL) and we solve the following system of nonlinear equa-
tions (we refer to this system asPT2system):











Rt =−Ct
n
−1+Ut−1exp

(

∆ζUt−1AUt−1
)

Ut−1 = 0

Rζ = ‖YD‖−R= 0
Rγ = ‖Et‖− εL = 0

(16)

Solution of equations (15) and (16) is in general approached
through a straightforward Newton-Raphson method and it does
not reserve special difficulties except for the cases in which the
transformation strain vanishes. Accordingly, in the following,
we specifically investigate the nucleation (Et

n = 0) and comple-
tion (Et = 0) cases and construct the solution algorithm.

Considerations on nucleation-completion condition
We first investigate the trial value of the limit function in the

nucleation case as follows:

f TR=
∣

∣

∣
‖(CSe)

D ‖− τM(T)
∣

∣

∣
−R= ‖(CSe)

D ‖− τM(T)−R> 0

(17)
where a superscriptTR represents the trial value. We may now
introduce the following as thenucleation condition:

‖(CSe)
D ‖> τM(T)+R and ‖Et

n‖= 0 (18)

In the solution procedure, when‖Et
n‖ = 0 we check the nucle-

ation condition and if not satisfied, we assume an elastic behav-
ior.
We remark that, to avoid singularity in local system (15) forthe
nucleation case, it is necessary to use a nonzero initial transfor-
mation strain (initial guess for Newton-Raphson method). Since,
we know the initial transformation strain direction, the only un-
known for constructing an initial guess is the initial transforma-
tion norm; if we denote withq its value, we can use the following
initial guess for the nucleation case:

Ct
0 = 1+2qN , N =

(CSe)
D

‖(CSe)
D ‖

(19)

where a subscript 0 denotes the initial guess. A value of 10−4

could be an appropriate choice forq.
We now focus on the completion case, i.e.,Et

n 6= 0 but Et = 0.
To this end, we consider the evolution equation and substitute
Ct = 1 (as it happens for the completion case) to obtain:

2∆ζ
YD

‖YD‖ = log
(

Ct
n
−1
)

=− log
(

Ct
n

)

, YD = (CSe)
D − τMN

(20)
To study the completion condition, using equation (20) which
defines theYD direction and considering the limit function defi-
nition, we conclude:

YD =−R
log(Ct

n)

‖log(Ct
n)‖

(21)
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Substituting (21) in (20)2, we obtain:

(CSe)
D +R

log(Ct
n)

‖log(Ct
n)‖

= τMN (22)

Finally taking the norm of both sides of equation (22), we define
the followingcompletion condition:

∥

∥

∥

∥

(CSe)
D +R

log(Ct
n)

‖log(Ct
n)‖

∥

∥

∥

∥

≤ τM ,
∥

∥Et
n

∥

∥ 6= 0 (23)

Therefore, in the solution procedure we also should check the
completion condition and if it is satisfied, we simply updatethe
internal variable by settingCt = 1.
Table 2 presents the proposed solution algorithm based on a
Nucleation−Completion(NC) scheme.

Table 2. Solution algorithm using NC condition

1. computeC = FTF

2. compute(CSe)
D

3. if (
∥

∥

∥
(CSe)

D
∥

∥

∥
< τM +Rand‖Et

n‖= 0) then

setCt = 1

else

setCt TR= Ct
n and computef TR and trial solution

if
(

f TR< 0
)

then

Accept the trial solution

else if (completion condition (23))then

setCt = 1

else

if ‖Et
n‖= 0 then setCt

0 value by (19)

if (‖Et‖PT1 < εL) then

Accept PT1 solution

else

solve PT2 system

end if

end if

end if

end if

BOUNDARY VALUE PROBLEMS
In this section, we first simulate a unit cube under applied

displacement to demonstrate the one-dimensional SMA behav-
ior. Afterward, we solve two boundary value problems to val-
idate the proposed solution procedure and study the role of
nucleation-completion conditions. A helical spring and a med-
ical stent are simulated and the CPU time for regularizationand
nucleation-completion schemes are compared. In the examples
we use the following material properties, typically of NiTi:
E= 51700MPa, ν= 0.3, h= 750MPa, εL = 7.5% T = 37◦C
β= 5.6MPaC−1, T0 =−25◦C, R= 140MPa, Af = 0◦C, M f =
−25◦C, δ = 10−7

whereE and ν are the elastic modulus and the Poisson ratio,
respectively. We remark that the proposed model neglects the
different elastic behavior of austenitic and martensitic phases as
it has already been done in several works available in the litera-
ture [12,15–18].
For the simulations, we use the commercial nonlinear finite ele-
ment software ABAQUS/Standard, implementing the described
algorithm within a user-defined UMAT subroutine.

One-dimensional behavior
We simulate a single element unit cube under an applied dis-

placement on one face while the opposite face is fixed. The ap-
plied displacement is increased from zero to a maximum value
of 0.1 and subsequently decreased to zero and increased in the
opposite direction to a value of 0.1 and finally decreased back to
zero. Figure 1 shows the SMA behavior, predicted by the finite
strain constitutive model considered in this paper.
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Figure 1. The SMA 1D behavior obtained from the simulation of the unit

cube under displacement-control.
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Helical spring
A helical spring (with a wire diameter of 4mm, a spring ex-

ternal diameter of 24mm, a pitch size of 12mmand with two coils
and an initial length of 28mm) is simulated using 9453 quadratic
tetrahedron (C3D10) elements and 15764 nodes. An axial force
of 1525N is applied to one end while the other is completely
fixed. The force is increased from zero to its maximum value
and unloaded back to zero. Figure 2 shows the spring initial ge-
ometry, the mesh and the deformed shape under the maximum
force. After unloading, the spring recovers the original shape as
it is expected in the pseudo-elastic regime. Figure 3 shows the
force-displacement diagram. It is observed that the springshape
is fully recovered after load removal.

Crimping of a medical stent
In this example, the crimping of a pseudo-elastic medical

stent is simulated. To this end, a stent with 0.216mm thickness
and an initial outer diameter of 6.3mm(Figure 4, top) is crimped
to an outer diameter of 1.5mm. Utilizing the ABAQUS/Standard
contact module, the contact between catheter and stent is consid-
ered in the simulation. A radial displacement is applied to the
catheter and then released to reach the initial diameter. Inthis
process, the stent recovers its original shape after unloading. Fig-
ure 4 (bottom) shows the stent deformed shape when crimped.

Comparison of CPU times
We now compare the CPU times in order to show the ef-

ficiency gained by using a nucleation-completion scheme. We
remark that we have normalized the CPU times with respect to
the CPU times for the case of using regularization (Reg) scheme
(10).
Table 3 shows that using theNC scheme decreases the CPU
time compared with theRegscheme. This decrease depends on
the problem and for the simulated problems it varies from 11%
(spring) to 16% (stent). We remark that, the gained efficiency
is also dependent on the temperature and is increased with in-
creasing temperature and vice versa (this fact is due to the longer
elastic portion at an higher temperature).
We finally highlight that using the proposed improvement canre-
markably decrease the solution time in the simulation of SMA-
based devices during design, analysis and optimization pro-
cesses.

Table 3. CPU times comparison

Example Reg NC

Spring 1.00 0.89

Stent 1.00 0.84

(Avg: 75%)

S, Mises

+6.156e+01
+4.221e+02
+7.827e+02
+1.143e+03
+1.504e+03
+1.864e+03
+2.225e+03
+2.586e+03
+2.946e+03
+3.307e+03
+3.667e+03
+4.028e+03
+4.388e+03

Figure 2. Pseudo-elastic spring: comparison of initial geometry and de-

formed configuration.

SUMMARY AND CONCLUSION

In this paper, we discuss an improved constitutive model for
a 3D shape memory alloy as well as the corresponding solution
algorithm. We introduce a well-defined form for model variables
as well as a nucleation-completion scheme to avoid extensively-
used regularization schemes. Implementing the proposed inte-
gration algorithm within a user-defined subroutine (UMAT) in
the commercial nonlinear finite element software ABAQUS, we
solve some boundary value problems. Comparing CPU times,
we show the gain in efficiency (in the order of 15%) of the pro-
posed time-integration and solution algorithm.
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Figure 3. Force-displacement diagram for the SMA spring.

(Avg: 75%)

S, Mises

+3.007e+01
+3.190e+02
+6.080e+02
+8.970e+02
+1.186e+03
+1.475e+03
+1.764e+03
+2.053e+03
+2.342e+03
+2.631e+03
+2.920e+03
+3.209e+03
+3.498e+03

Figure 4. Stent crimping: initial geometry (top), crimped shape (bottom)
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