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This paper presents a new phenomenological constitutive model for shape memory alloys,
developed within the framework of irreversible thermodynamics and based on a scalar and
a tensorial internal variable. In particular, the model uses a measure of the amount of
stress-induced martensite as scalar internal variable and the preferred direction of variants
as independent tensorial internal variable. Using this approach, it is possible to account for
variant reorientation and for the effects of multiaxial non-proportional loadings in a more
accurate form than previously done. In particular, we propose a model that has the prop-
erty of completely decoupling the pure reorientation mechanism from the pure transfor-
mation mechanism. Numerical tests show the ability to reproduce main features of
shape memory alloys in proportional loadings and also to improve prediction capabilities
under non-proportional loadings, as proven by the comparison with several experimental
results available in the literature.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Intelligent, smart or functional materials exhibit special properties that make them a suitable choice for industrial appli-
cations in many branches of engineering. Among different types of smart materials, shape memory alloys (SMAs) have un-
ique features known as pseudo-elasticity, one-way and two-way shape memory effects (Duerig et al., 1990; Otsuka and
Wayman, 1998). The interest in the mechanical behavior of SMAs is rapidly growing with the increasing number of potential
industrial applications. Early commercialization activities, fueled by applications such as rivets, heat engines, couplings, cir-
cuit breakers and automobile actuators, started in the 1970s, were intense and often highly secretive (Van Humbeeck, 1999).
However, from thereon, the knowledge of SMAs has progressively spread out more and more, up to the fact that nowadays
pseudo-elastic Nitinol is a common and well-known engineering material in the medical industry (Duerig et al., 1999; Kuri-
bayashi et al., 2006).

The origin of SMA material features is a reversible thermo-elastic martensitic phase transformation between a high sym-
metry, austenitic phase and a low symmetry, martensitic phase. Austenite is a solid phase, usually characterized by a body-
centered cubic crystallographic structure, which transforms into martensite by means of a lattice shearing mechanism.
. All rights reserved.
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When the transformation is driven by a temperature lowering, martensite variants compensate each other, resulting in no
macroscopic deformation. However, when the transformation is driven by the application of a load, specific martensite vari-
ants favorable to the applied stress direction are preferentially formed, exhibiting a macroscopic shape change in the direc-
tion of the applied stress. Upon unloading or heating, this shape change disappears through the reversible conversion of the
martensite variants into the parent phase (Funakubo, 1987; Otsuka and Wayman, 1998).

Several experimental studies show that the so-called variant reorientation can be assumed as the main phenomenon in
non-proportional loadings of SMAs (Lim and McDowell, 1999; Sittner et al., 1995; Helm, 2001; Helm and Haupt, 2002; Bou-
vet et al., 2002; Grabe and Bruhns, 2009). Sittner et al. (1995) have studied the tension–torsion behavior of CuAlZnMn shape
memory alloys, under box- and triangle-shaped stress and strain control paths. Lim and McDowell (1999) have presented
experimental data on a polycrystalline NiTi response to a circular axial-shear strain path. Helm (2001) and Helm and Haupt
(2002) have presented extensive biaxial tests on box- and butterfly-shaped strain controlled experiments, while Bouvet et al.
(2002) have investigated internal pressure and bi-compression tests on CuAlBe shape memory alloys. Recently, Grabe and
Bruhns (2009) have conducted several multiaxial experiments on a polycrystalline NiTi sample within a wide temperature
range which show the strong non-linear material response as well as the response path dependencies, highlighting the pres-
ence of reorientation processes for complex loading paths.

Considering the experimental observations presented in the cited literature and the fact that several SMA applications
undergo non-proportional loadings, it is clear the importance of an effective SMA modeling under arbitrary thermo-mechan-
ical loading conditions, especially for non-proportional situations. Up to now, there have been several attempts to properly
reproduce SMA material features in a predictive modeling frame. The resulting models can be in general categorized as either
micro, micro–macro or macro. Description of micro-scale features, such as nucleation, interface motion, twin growth, etc., is
the main focus of micro models (see among others Ball and James (1987), Abeyaratne and Knowles (1990), Levitas and Stein
(1997), Bhattacharya (2003), Idesman et al. (2005), Levitas and Ozsoy (2009a,b)). They are very useful to understand the fun-
damental phenomenon, although they are not easily applicable at the structural scale. On the other hand, micro–macro stud-
ies combine micromechanics and macroscopic thermodynamics to derive constitutive laws of the material (Fischer and
Tanaka, 1992; Sun and Hwang, 1993a,b; Lexcellent et al., 1996; Huang and Brinson, 1998; Govindjee and Miehe, 2001;
Thamburaja and Anand, 2002; Thamburaja, 2005; Patoor et al., 2006; Pan et al., 2007; Peng et al., 2008; Thamburaja
et al., 2009). The predictions by these approaches are successful, but the corresponding time-consuming computations make
them inappropriate for engineering applications. Finally, phenomenological or macro approaches use the principles of con-
tinuum thermodynamics with internal variables to describe the material behavior and, in general, once cast within numer-
ical methods such as the Finite Element Method (FEM), they are suitable for the analysis of SMA-based devices (Leclercq and
Lexcellent, 1996; Auricchio and Sacco, 1997; Auricchio and Taylor, 1997; Auricchio et al., 1997; Bekker and Brinson, 1997;
Raniecki and Lexcellent, 1998; Souza et al., 1998; Brocca et al., 2002; Helm and Haupt, 2003; Auricchio et al., 2003; Bouvet
et al., 2004; Lagoudas and Entchev, 2004; Muller and Bruhns, 2006; Auricchio et al., 2007; Panico and Brinson, 2007; Popov
and Lagoudas, 2007; Thiebaud et al., 2007; Reese and Christ, 2008; Moumni et al., 2008; Christ and Reese, 2009).

In the following, we focus on a phenomenological macro-modeling approach. Selecting an appropriate set of internal vari-
ables as macroscopic consequences of the micro-structural changes is the first fundamental issue of phenomenological mod-
eling (Haupt, 2002). In fact, introduction and definition of such internal variables would play a crucial role in arriving at a
physically sound constitutive formulation with a simple and consistent structure. Since internal variables are related to mi-
cro-structural mechanisms, the definition of their evolution equations is the second fundamental issue of phenomenological
modeling and they should be well established with relevant physical considerations (Xiao et al., 2006).

Focusing on shape memory alloys, since the martensitic phase transformation is the basic micro-structural property, in
order to incorporate the growth, orientation and reorientation of variants, an appropriate set of internal variables should be
able to represent at least a scalar and a directional information (Luig and Bruhns, 2008). So, on one hand, a set of scalar vari-
ables is not adequate for a simple description of the material behavior due to the loss of explicit directional information,
while, on the other hand, models that have used tensorial internal variables seem to be more successful since they explicitly
include simple directional information. In most of the previously proposed models, inelastic strain has been considered as a
unique internal variable; following these approaches, in general, the norm of the inelastic strain represents the scalar mar-
tensite amount and its direction represents the preferred direction of the variants. Accordingly, in this class of models scalar
and directional informations are tightly interconnected, possibly leading to a somehow more limited or constrained model-
ing approach.

To give more freedom, in the present work a different set of internal variables is proposed with an emphasis on reorien-
tation. A measure of the amount of stress-induced martensite is chosen as a scalar internal variable, being related to the
amount of inelastic strain due to stress-induced phase transformation, while the average direction of different variants
(or preferred direction of variants) is chosen as a tensorial internal variable, representing the inelastic strain direction. So,
using a standard literature terminology (Panico and Brinson, 2007; Bouvet et al., 2004) the internal variables may be clearly
interpreted as phase transformation and variant reorientation; in this way, transformation and reorientation can be hope-
fully described with more flexibility. To the knowledge of the authors, besides the nowadays dated contribution of Auric-
chio’s Ph.D. dissertation (Auricchio, 1995, pp. 69–74), recently there has been only one paper in the literature (Luig and
Bruhns, 2008), which starts from similar considerations, following however right away a line of thinking very different from
the one proposed here.
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The present paper is organized as follows. After a formal definition of the adopted internal variables, Section 2 is devoted
to define the Helmholtz free energy function and derive the evolution equations satisfying the Clausius-Duhem inequality.
Section 3 presents the model equations in the time-discrete frame. Section 4 is devoted to numerical tests both for propor-
tional and non-proportional loading conditions. In particular, the model ability to properly behave under experimentally
investigated loading conditions is tested, presenting also a significant attempt in comparing the model predictions with
experimental data available in the literature. Conclusions and summary are finally given in Section 5.

2. A 3-D phenomenological model for SMAs

From a physical point of view, the application of a thermo-mechanical load activates the phase transformation and the pre-
ferred martensite variants start to nucleate or shrink (Otsuka and Wayman, 1998). Changing the load direction, another set of
variants, that are in the new preferred direction with respect to the applied stress, starts to nucleate and previous variants may
grow or shrink depending on the available stress for that direction (this phenomenon is known in the literature as simultaneous
forward and reverse transformation under non-proportional loading, see, e.g., Bouvet et al. (2004) and Lim and McDowell
(1999)). In the phenomenological framework, we consider the average behavior of variants as the behavior of an equivalent sin-
gle variant. So when the load direction changes, this equivalent single variant rotates to a new preferred direction.

Accordingly, assuming small strains, we consider the additive strain decomposition:
e ¼ ee þ eie ð1Þ
where e; ee and eie are the total, thermo-elastic and inelastic strain, respectively.
In general the inelastic strain eie should include the description of several physical phenomena, ranging, for example, from

permanent plasticity and phase transformation up to void generation and fracture. However, in the following we neglect all
inelastic phenomena except reversible martensitic phase transformations which are then the only physics to be described by
eie.

Moreover, keeping in mind all the preliminary shape memory alloy material descriptions addressed in Section 1, in the
following we assume to use eie as the only internal variable in the model. However, we do not treat eie as a unique second-
order tensor variable, but we clearly distinguish between its norm and direction with the aim of getting more freedom in the
modeling. Besides this distinction, the position of non-introducing other micro-structures describing variables leads to ob-
tain a model which is able only to give a very simplified representation of the phenomena occurring at the material micro-
mechanical level. In particular there is no attempt to include in the modeling the description of each single martensite
variant as well as to obtain a good representation of phenomena such as the phase transformation between single variants.

Accordingly, the choice of dealing with only one second-order tensor internal variable (even decomposed, as mentioned,
into its norm and direction) allows only to distinguish between a generic (parent) phase to which no macroscopic strain is
associated and a generic (product) phase to which a homogenized macroscopic strain can be associated. This perspective is
similar to other effective modeling approaches as the one proposed in Souza et al. (1998), Auricchio and Petrini (2004a), and
Auricchio et al. (2007).

According to our previous discussion we now introduce a scalar internal variable q and a tensorial internal variable N
such that:
eie ¼ qN ð2Þ
with
kNk ¼ 1 ð3Þ
where k � k is the usual Euclidean norm. According to (2) and (3), it is clear that, supposing q P 0, we have
keiek ¼ q ð4Þ
Hence, introducing the material parameter eL corresponding to the maximum transformation strain reached at the end of the
transformation during a uniaxial test, we require
0 6 q 6 eL ð5Þ
Taking time derivative of Eq. (2), we obtain:
_eie ¼ _qN þ q _N ð6Þ
which somehow naturally induces to introduce the following positions:
_etr ¼ _qN ð7Þ
_ere ¼ q _N ð8Þ
and using another classical terminology available in the literature, we can interpret Eqs. (7) and (8) as pure transformation
and pure reorientation rates, respectively. Accordingly, we can read Eq. (6) as an additive decomposition of the inelastic
strain rate as:
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_eie ¼ _etr þ _ere ð9Þ
Relation (9) is interesting since it states that the inelastic strain evolution induced by the reversible martensite phase trans-
formation is due to two contributions, one from pure transformation and another one from pure reorientation. We also no-
tice that relation (9) is the same as assumed in Panico and Brinson (2007). Moreover, following (9), pure transformation has
no effect on the preferred (or average) direction of martensite variants and pure reorientation affects only the direction of
variants without directly affecting the amount of martensite. Clearly, also if uncoupled in terms of evolution with respect
to their contribution to inelastic strain, the two processes could be related and interconnected through a proper choice of
limit functions, as discussed in Section 2.3.

2.1. Helmholtz free energy function

The model assumes the total strain e and the absolute temperature T as control variables, the amount of martensite q and
the average direction of martensite variants N as internal variables. Introducing the standard strain decomposition into vol-
umetric and deviatoric parts:
e ¼ h
3

1þ e ð10Þ
where e is the deviatoric part of e, h ¼ trðeÞ, while 1 is the second-order identity tensor, and assuming eie to be traceless, the
free energy density function W for a polycrystalline SMA material is then expressed as the convex potential (see Auricchio
and Petrini (2004a) and Souza et al. (1998))
Wðh; e; T; q;N; kÞ ¼ 1
2

Kh2 � 3aKhðT � TrÞ þ Gke� qNk2 þ sMðTÞqþ
1
2

hq2 þ ðu0 � Tg0Þ þ c½ðT � TrÞ � T lnðT=TrÞ�

þI0;eL ðqÞ þ kðkNk � 1Þ ð11Þ
where K and G are, respectively, the bulk and the shear modulus, sMðTÞ is a proper function of temperature, h defines the
phase transformation hardening, a and c are the thermal expansion coefficient and the heat capacity, while u0 and g0 are
internal energy and entropy at reference temperature Tr , respectively. We assume sMðTÞ in the form sMðTÞ ¼ bhT � T0iwhere
b is a material parameter, T0 another reference temperature and h�i the positive part function, defined as:
hai ¼
a if a > 0
0 otherwise

�
ð12Þ
Moreover, in Eq. (11) we also use the indicator function I0;eL defined as
I0;eL ðqÞ ¼
0 if 0 6 q 6 eL

þ1 otherwise

�
ð13Þ
in order to enforce inequality constraint (5), while the Lagrange multiplier k is the constraint force to enforce equality con-
straint (3).

We remark that we do not consider a fully thermo-mechanical coupled model. Also, the present model as well as some
models in the literature (see e.g., Souza et al. (1998), Helm and Haupt (2003), Auricchio and Petrini (2004a), Bouvet et al.
(2004), Panico and Brinson (2007), Reese and Christ (2008), Christ and Reese (2009)) does not describe the difference existing
between the austenite and the martensite elastic properties (see e.g., Auricchio et al. (2009) for considering different elastic
properties).

Starting from the adopted free energy density function W presented in Eq. (11) and following standard arguments, we can
derive the constitutive equations
p ¼ @W
@h ¼ Kðh� 3aðT � TrÞÞ

s ¼ @W
@e ¼ 2Gðe� qNÞ

g ¼ � @W
@T ¼ g0 þ 3aKh� q sMðTÞ

jT�T0 j
þ c lnðT=TrÞ

Q ¼ � @W
@q ¼ s : N � ðsMðTÞ þ hqþ cÞ

X ¼ � @W
@N ¼ qs� kN

K ¼ � @W
@k ¼ �kNk þ 1 ¼ 0

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð14Þ
where
p ¼ trðrÞ=3
s ¼ r� p1

�
ð15Þ
The quantities r; p; s;g are, respectively, the Cauchy stress tensor, the volumetric or hydrostatic pressure, the deviatoric part
of the stress and the entropy. The thermodynamic forces Q and X are associated to the internal variables q and N, while K is
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the thermodynamic force associated to k. The variable c results from the indicator function subdifferential @I0;eL ðqÞ and it is
defined as
2 The

(1998))
c ¼ @I0;eL ðqÞ ¼
c1 6 0 if q ¼ 0
0 if 0 < q < eL

c2 P 0 if q ¼ eL

8><
>: ð16Þ
2.2. Evolution equations for the internal variables

According to (14), the mechanical dissipation inequality reduces to
Dmech ¼ r : _e� ð _Wþ g _TÞ ¼ Q _qþ X : _N P 0 ð17Þ
To satisfy the second law of thermodynamics or the mechanical dissipation inequality (17), we choose the following flow
rules for the internal variables:
_q ¼ _fQ ¼ _fðs : N � sMðTÞ � hq� cÞ
_N ¼ _lX ¼ _lðqs� kNÞ

(
ð18Þ
where _f and _l are non-negative consistency parameters.
Moreover, double contracting both sides of Eq. (18)2 with N, applying constraint (3) and noting that N : _N ¼ 0 (from time

differentiation of kNk ¼ 1), allow to compute the Lagrange multiplier k as:
k ¼ qs : N ð19Þ
Substituting expression (19) for the Lagrange multiplier in the definition (14)5 for the thermodynamic force X, we obtain:
X ¼ qðs� ðs : NÞNÞ ¼ qðI� N � NÞs ¼ qY ð20Þ
where I is the fourth-order identity tensor and Y ¼ ðI� N � NÞs is the stress component normal to N. Substituting (20) into
(17), the dissipation inequality can be now rewritten as
Dmech ¼ Q _qþ Y : ðq _NÞP 0 ð21Þ
so, the evolution equations can be revised as:
_q ¼ _fQ

q _N ¼ _lY

(
ð22Þ
Evolution Eqs. (18) and (22) differ since in (18) qY is the thermodynamic force of _N, while in (22) Y represents the thermo-
dynamic force for q _N (i.e., for the reorientation strain rate). Although definitions (18) and (22) are equivalent from a math-
ematical point of view (since they both satisfy the dissipation inequality), we prefer the latter from a physical point of view.

According to (22), the mechanical dissipation inequality (21) reduces to:
Dmech ¼ _fQ 2 þ _lY : Y P 0 ð23Þ
2.3. Limit functions

To describe phase transformation and reorientation evolutions, we choose two limit functions Ftr and Fre defined as2:
Ftrðq;Q ;YÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q 2 þ kYk2

q
� RtrðqÞ

Freðq;YÞ ¼ kYk � RreðqÞ

8<
: ð24Þ
The model is finally completed by the classical Kuhn–Tucker and consistency conditions, respectively, as follows:
_f P 0; Ftr
6 0; _fFtr ¼ 0

_l P 0; Fre
6 0; _lFre ¼ 0

(
ð25Þ

_f P 0; _Ftr
6 0; _f _Ftr ¼ 0 if Ftr ¼ 0

_l P 0; _Fre
6 0; _l _Fre ¼ 0 if Fre ¼ 0

(
ð26Þ
which also guarantee the positiveness of the energy dissipation (23).
transformation limit function Ftr has the same form as previously proposed in the literature (e.g. see Auricchio and Petrini (2004a) and Souza et al.

. In fact, it can be easily shown that Ftr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ kYk2

q
¼ ks� ðsMðTÞ þ hqþ cÞNk.
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We remark that, RtrðqÞ represents the radius of the elastic domain to activate pure transformation while RreðqÞ represents a
threshold value for the component of stress in the direction normal to the preferred direction of variants to activate the var-
iant reorientation. For simplicity in the following we assume Rtr and Rre constant material parameters instead of functions of q.

We stress that, in order to reproduce the asymmetric behavior in tension and compression shown by SMAs in many
experiments, different choices for limit functions should be introduced (see, e.g., Auricchio and Petrini (2004a) and Auricchio
et al. (2009) among others). However, this issue is beyond the purpose of the present paper and such an enhancement will be
considered in future works.

2.4. Time-continuous constitutive equations review

We now summarize the material law in the time-continuous frame as follows:

p ¼ Kðh� 3aðT � TrÞÞ
s ¼ 2Gðe� qNÞ
Q ¼ s : N � ðsMðTÞ þ hqþ cÞ
Y ¼ s� ðs : NÞN
_q ¼ _fQ

q _N ¼ _lY

Ftr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q 2 þ kYk2

q
� Rtr

Fre ¼ kYk � Rre

_f P 0; Ftr
6 0; _fFtr ¼ 0

_l P 0; Fre
6 0; _lFre ¼ 0

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð27Þ
Adopting a slightly different notation, Appendix A proposes an equivalent form of Eq. (27) which is more consistent with
different papers in the literature, such as Souza et al. (1998), Auricchio and Petrini (2002), and Panico and Brinson (2007).

We may observe that, in the case of proportional loading, by definition N ¼ s=ksk, hence Y ¼ 0 and _l ¼ 0; so the proposed
model reduces to:
Q ¼ ksk � ðsMðTÞ þ hqþ cÞ
_q ¼ _fQ

Ftr ¼ jQ j � Rtr

8><
>: ð28Þ
Accordingly, for a proportional loading, the preferred variant direction coincides with the deviatoric stress direction and the
only unknown, i.e., the martensite amount q, can be computed by (28).

Now, comparing Eqs. (27)7 and (28)3 we can also get some insights on how non-proportional loadings affect the model
response. In fact, according to (28)3, the hysteresis size in a proportional loading is constant and is equal to Rtr , while loading
non-proportionality reduces the hysteresis size, as given by (27)7, of an amount directly related to kYk, up to a maximum
value of Rre; this change in the hysteresis size can be interpreted as the reorientation effect on the transformation. On the
other hand, due to the simple limit function adopted for reorientation and based on assuming a constant threshold value
for kYk to activate reorientation, we conclude that pure transformation does not affect reorientation.

3. Time-discrete frame

As the aim of this paper is to show the constitutive model behavior without focusing on algorithmic problems, a back-
ward-Euler integration algorithm with small time steps is used for the solution of the examples in Section 4, and the solution
to the non-linear system is found by means of the function fsolve implemented in the Optimization Toolbox of the program
MATLAB�.

Assuming to be given the state ðpn; sn; qn;NnÞ at time tn, the actual total strain ðh; eÞ and temperature T at time tnþ1 (note
that for notation simplicity here and in the following we drop the subindex nþ 1 for all of the variables computed at time
tnþ1), the updated values ðp; s; q;NÞ can be computed from the following time-discrete system:
p ¼ Kðh� 3aðT � TrÞÞ
s ¼ 2Gðe� qNÞ
Q ¼ s : N � ðsMðTÞ þ hqþ cÞ
Y ¼ s� ðs : NÞN
q ¼ qn þ DfQ

qN ¼ qNn þ DlY

Ftr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q 2 þ kYk2

q
� Rtr

Fre ¼ kYk � Rre

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð29Þ
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along with the requirements
Table 1
Materia

Para

E
m
h
eL

b

T0

Rtr

Rre
Df P 0; Ftr
6 0; DfFtr ¼ 0

Dl P 0; Fre
6 0; DlFre ¼ 0

(
ð30Þ
The solution of the discrete model is performed by means of an elastic-predictor inelastic-corrector return map procedure as
in classical plasticity problems (Simo and Hughes, 1998). An elastic trial state is evaluated keeping frozen the internal vari-
ables, then trial values of the limit functions are computed to verify the admissibility of the trial state. If this is not the case,
the step is inelastic and the evolution equations have to be integrated. Due to decoupling of reorientation from transforma-
tion, we first solve for the new direction of variants N by solving (29)6 and (29)8. Then using the new direction, we find the
martensite amount q solving (29)5 and (29)7 and distinguishing two inelastic phases: a non-saturated phase ðq < eL; c ¼ 0Þ
and a saturated one ðq ¼ eL; c P 0Þ. In the solution procedure we start assuming to be in a non-saturated phase, and when
convergence is attained we check if our assumption is violated. If the non-saturated solution is not admissible, we set q ¼ eL.

As a closing remark, we wish to point out the definition of N in the case eie ¼ 0. Since for the case q ¼ 0, the inelastic strain
vanishes independently from N, we define N in a way to guarantee its continuity, i.e. we take N ¼ s=ksk when q ¼ 0. We
stress that in this way there is no need to use regularization as done in previous works (Auricchio and Petrini, 2004a; Panico
and Brinson, 2007; Helm and Haupt, 2003).
4. Model predictions for proportional and non-proportional loadings

The present section deals with several uniaxial and multiaxial proportional as well as non-proportional loading conditions.
In particular, Section 4.1 presents the results for uniaxial tests at three different temperatures to show the model capability of
reproducing basic effects such as pseudo-elasticity and shape memory effect. Section 4.2 presents the results for multiaxial
combined tension–torsion proportional tests with two different proportionality factors. Section 4.3 presents the results for
several non-proportional loading paths comparing them also with experimental data available in the literature.

For all the simulations discussed in Section 4.1 and in Section 4.2 as well as for the first set of simulations discussed in Sec-
tion 4.3, we adopt the material parameters reported in Table 1. It is worthful to note that no value is attributed to Rre since this
parameter is not significant for the case of proportional loadings. Moreover, material parameters reported in Table 1 do not spe-
cifically describe any alloy since they are not deduced from experimental data, but simply looking at similar material param-
eters presented in the literature (Helm and Haupt, 2003; Panico and Brinson, 2007). The chosen material parameters correspond
to the following characteristic temperatures M0

f ¼ 306;M0
s ¼ 310;A0

s ¼ 317 and A0
f ¼ 319 (Panico and Brinson, 2007) where

M0
s ;M

0
f ;A

0
s and A0

f are martensite start, martensite finish, austenite start and austenite finish temperatures at stress-free condi-
tion, respectively. For simulation of the non-proportional loading paths in Section 4.3, the material parameters are directly iden-
tified from experimental data available in the literature and they are discussed in that section. Finally, in all examples we
assume the material to be initially in a generic parent phase ðq ¼ 0Þ. Also, since the thermal expansion is a secondary effect com-
pared to martensite production, we set the thermal expansion material coefficient equal to zero in all simulations.

Before starting to present the model performance, we wish to point out that we tried to present as much as possible a
wide and complete set of loading situations. Unfortunately, in the literature, there is no corresponding set of experimental
data on a unique material (this is the reason for dealing with two sets of material data in Section 4.3 as discussed above), as
well as there is no other macro-modeling paper addressing all the extensive sets of loading conditions reported here. Finally
connected to the large variety of situations considered, we cannot absolutely claim that the proposed model is adequate and
satisfactory in all the tests, but we try to clearly and honestly address model performance in particular in comparison with
what is currently available in the literature.

4.1. Uniaxial tests

We start considering uniaxial loading-unloading at the three different constant temperatures of 300, 320 and 340 K and
up to a maximum stress value of 600 MPa. As shown in Fig. 1, the model is able to reproduce the characteristic hysteresis
l parameters used in the numerical tests.
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Fig. 2. Model reproduction of the shape memory effect.
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loops of SMAs both in tension and compression. Furthermore, critical transformation stress increases with temperature, as
experimentally observed. Then, to test the model reproduction of the shape memory effect, we simulate a thermo-mechan-
ical loading (see Fig. 2). At a temperature of 300 K, the material is loaded up to a maximum stress of 250 MPa, so it fully
transforms to oriented martensite. Keeping the temperature constant and unloading to zero stress results in a mechanically
unrecoverable residual strain, which can be however recovered after heating the material above the austenite finish temper-
ature. Finally, cooling the strain-free material to the initial temperature does not alter its strain or stress state. Sharp increase
of stress over the plateau in Figs. 1 and 2 is also predicted by the model as it is only due to elastic behavior of stress-induced
martensite phase in the saturated case (fully transformed to martensite) and no phase transformation can occur anymore.

4.2. Multiaxial proportional tests

Following the idea of Sittner et al. (1995) we now investigate the model predictions in the superelastic range under two
different proportional loading paths characterized by the same equivalent stress (defined as req ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 3s2
p

), but with dif-
ferent proportionality factors. In particular, we set the temperature equal to 330 K and, as suggested by Sittner et al. (1995),
we consider two paths, presented in Fig. 3, such that in path 1 tension is governing, while in path 2 shear is governing. Figs. 4
and 5 show the model response under these loading paths, which qualitatively reproduces experimentally observed material
response.

4.3. Multiaxial non-proportional tests

We now start investigating the model predictions for non-proportional loadings, still focusing on the material superelas-
tic range. Accordingly, in all the examples proposed in the following, the test temperature is set to 320 K, for which a super-
elastic behavior is expected.
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Fig. 4. Model prediction for proportional path 1: (a) stress–strain curves, (b) axial-shear strain response.
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Fig. 5. Model prediction for proportional path 2: (a) stress–strain curves, (b) axial-shear strain response.
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Following the recently published experimental study by Grabe and Bruhns (2009) we start considering a tension-shear
test, where stresses are varied in the range ±250 MPa following a squared-shaped history, as reported in Fig. 6a. Since during
the first tension loading segment, the material fully transforms to oriented martensite, the entire subsequent part of the
loading only involves reorientation. A comparison between predictions of the proposed model and the model discussed
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by Auricchio and Petrini (2002) (in the following, we refer to this model as AP (2002)) is presented in Fig. 6b. Circle and tri-
angle symbols in Fig. 6b correspond to points A to G in the stress path for the proposed and for the AP (2002) models,
respectively.

It is interesting to observe that in the proposed model, an increase of the value corresponding to the material parameter
Rre would produce a clockwise rotation of the response path, while there is no equivalent material parameter in AP (2002) to
tune the response path rotation. The rotation of the response path has also been observed in the experimental study by Grab-
e and Bruhns (2009).

Now, we compare the model prediction with experimental data available in the literature. For this purpose we employ
the results of tension–torsion experiments with thin wall specimens of CuAlZnMn polycrystalline SMAs reported by Sittner
et al. (1995). Since the model discussed in the previous section has been based on an idealized SMA behavior, ignoring asym-
metric behavior in tension–compression, subloops, non-constant hysteresis size, etc., only an approximate description of the
experimentally observed behavior is possible, and so the comparison between the model prediction and the experimental
data will be discussed from a qualitative point of view. We identify material parameters (reported in Table 2) using the
experimental data reported by Sittner et al. (1995) for proportional tension and torsion tests (Fig. 7). Fig. 7a and b show
the corresponding model predictions.

After material parameter identification, we simulate some of the combined non-proportional loading paths proposed and
experimentally realized in Sittner et al. (1995). Fig. 8a shows a biaxial non-proportional stress path. Initially, an axial stress
of 240 MPa is applied and then the shear stress is increased up to approximately 195 MPa, while tension is kept constant.
During stages 3 and 4, first tension and then shear are sequentially unloaded, respectively.

Fig. 8b, c and d show the comparison between the predictions of the proposed model, of the model presented by Auricchio
and Petrini (2002) (referred to as AP (2002)) and the model presented by Panico and Brinson (2007) (referred to as PB (2007))
with the experimental data in terms of shear strain versus normal strain, normal stress versus normal strain and shear stress
versus shear strain, respectively. A qualitatively good agreement between experiments and simulations is obtained for the
proposed model when Rre=Rtr, which is able to reproduce the main characteristics of the experimentally observed behaviors.
This is particularly true for the coupling between axial and shear strains both in stages 2 and 3.

Moreover, the proposed model can predict the crossing in the shear response observed experimentally in Fig. 8d.
Although there is a good qualitative agreement between the proposed model and experimental data, some drawbacks are
observed, for example in the second stage of loading, where the coupling effect is not completely in agreement with exper-
iments. This can be partially due to the very simple structure of the proposed model, i.e. assuming Rre as a constant material
parameter. In order to investigate more this drawback, we present the simulation results along with comparison with AP
(2002) and experimental data for two other non-proportional loading paths proposed by Sittner et al. (1995). Accordingly,
Figs. 9 and 10 present the results for triangle- and L-shaped stress paths, respectively.
Table 2
Material parameters adopted for Sittner et al. (1995) experiment.

Parameter Value Unit

E 30,700 MPa
m 0.35 –
h 11,000 MPa
eL 4.9 %
sM 150 MPa
T 285 K
Rtr 63.3 MPa
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The proposed model captures the basic features of material response to the mentioned loading situations although some
differences can be clearly noted if compared to the AP (2002) model. This aspect should be investigated in future studies.

We finally consider the experimental data reported by Bouvet et al. (2002, 2004) on a tubular CuAlBe specimen. In par-
ticular, focusing only on experimental tension test data, we choose the material parameters reported in Table 3. Fig. 11
shows a comparison between the proposed model response and experimental data. Using only uniaxial data it is clearly
not possible to set a value for the reorientation activation threshold, which is the only parameter left to be determined.

Biaxial tension/compression-internal pressure tests have been performed on tubular CuAlBe specimens to investigate the
effects of non-proportionality of the loading path on the superelastic behavior of SMAs (Bouvet et al., 2002). Since we are
using an idealized model, tension–tension experimental data are chosen to reduce tension–compression asymmetry effects,
although the material elastic behavior is transversely isotropic (Er ¼ 84 GPa; Ez ¼ 68 GPa (Bouvet et al., 2002)). So we con-
centrate only on the qualitative behavior.
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Table 3
Material parameters adopted for (Bouvet et al., 2002, 2004) experiment.

Parameter Value Unit

E 75,000 MPa
m 0.3 –
h 4233 MPa
eL 5.85 %
sM 51 MPa
T 305 K
Rtr 16 MPa
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With the selected material parameters, we try to reproduce the material response under a non-proportional biaxial ten-
sion-internal pressure loading. Fig. 12a shows a non-proportional biaxial tension test, in which initially a tension stress of
140 MPa in the axial direction is applied, and then an internal pressure is applied to increase the hoop tension stress up
to 140 MPa, while the axial tension is kept constant. Then, sequentially, axial tension and internal pressure are removed.

A good correlation between the proposed model predictions and the experimental data is observed for Rre ¼ Rtr . Fig. 12b, c
and d present the comparison between the present model prediction, AP (2002) model prediction and experimental results
(Bouvet et al., 2002), respectively, in terms of hoop versus axial strain (Fig. 12b), axial stress versus axial strain (Fig. 12c),
hoop stress versus hoop strain (Fig. 12d). The model prediction for the axial direction is in good qualitative agreement with
the experimental data, but there is a discrepancy with the experiments in the prediction for the hoop direction.

We then consider another set of experimental data, reported in Bouvet et al. (2004), obtained on the same CuAlBe spec-
imen. Fig. 13a shows the loading path, which is identical to the one considered in the previous test (Fig. 12a) but it is now
applied in the reverse direction (i.e., in Fig. 13a it is clockwise while in Fig. 12a it is counter-clockwise).
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Fig. 13b, c and d present the comparison between the present model and AP (2002) predictions and experimental results
(Bouvet et al., 2004). As a reference we also include the digitized data related to the model proposed in Bouvet et al. (2004)
(referred to as BE (2004)), which takes into account the tension–compression asymmetry and the return point memory
effects.

A good correlation between the proposed model predictions and the experimental data is again observed for Rre ¼ Rtr . This
equality can be interpreted as the macroscopic consequence of microscopic simultaneous forward and reverse transforma-
tion, which can link the phase transformation parameter to the reorientation one. We do not limit the model to this case, but
this will be the subject of future studies.

According to all the tests reported, we may conclude that the proposed model can describe the reorientation phenomenon
in SMAs under non-proportional loading in a good qualitative way, but it needs some improvements, such as considering the
material parameter Rre as a function of q, which will be the subject of future works.
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path, (c) axial stress–strain curve, (d) hoop stress–strain curve.
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Since the internal variables are somehow related to micromechanical phenomena, we can find similar concepts if com-
pared with micromechanics-based studies. For example the thermodynamic forces and the dissipation inequality arising
from the present model are in correlation with analogous expressions in Levitas and Ozsoy (2009a). Deriving limit functions
motivated by micromechanical studies (e.g., Sun and Hwang, 1993a; Levitas and Stein, 1997; Levitas and Ozsoy, 2009a) is an
interesting subject for future studies which if adopted, could improve the proposed model capabilities.

5. Conclusions

In this study we present some new features of SMA constitutive modeling under non-proportional loading. Chosen on a
physical basis, a new set of internal variables is introduced. Such variables describe in a clear way phase transformation and
reorientation. Within the proposed approach, transformation evolves only due to the stress component in the direction of
preferred variants while only the component of stress normal to the variant preferred direction affects variant reorientation.
Comparison of the proposed model predictions with experimental data under different non-proportional loadings shows a
good qualitative agreement which verifies the proposed model capabilities in capturing the reorientation phenomenon.
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Appendix A. The proposed model in terms of the tensorial internal variable ein

To present the proposed model in terms of the internal variable ein, we substitute q with keink and N with ein

keink in (27) and
use relation (6) to find _ein, which results in:
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p ¼ Kðh� 3aðT � TrÞÞ
s ¼ 2Gðe� einÞ
R ¼ s� a

Y ¼ s� ðs : NÞN
a ¼ ðsMðTÞ þ hkeink þ cÞ ein

keink

_ein ¼ _fRþ ð _l� _fÞY
Ftr ¼ kRk � Rtr

Fre ¼ kYk � Rre

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð31Þ
The following classical Kuhn–Tucker conditions complete the model:
_f P 0; Ftr
6 0; _fFtr ¼ 0

_l P 0; Fre
6 0; _lFre ¼ 0

(
ð32Þ
For more details see Arghavani (2010).
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