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In the present paper we investigate the capability of finite element methods to correctly reproduce the
stability range of finite strain problems in the incompressible regime. To this end, we develop a numerical
scheme, obtained combining a stream function formulation with an isogeometric NURBS approach,
which is able to sharply estimate the stability limits of the continuous problem. Using such a method,
we show a pair of benchmark problems on which various well-known finite element methods largely fail
in approximating the correct stability range.
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1. Introduction

Despite several finite element schemes perform very well both
in terms of accuracy and stability for the case of linear elastic prob-
lems, also in the presence of highly constrained situations such as
in incompressible cases, it is well known that extensions of such
schemes to the case of nonlinear elasticity are not guaranteed to
show the same properties in terms of accuracy and/or stability
(see, e.g. [18,30]).

In previous works [3,5], we studied the capability of some
mixed finite elements (well performing in the small strain regime)
to correctly reproduce the stability range of the continuum finite
strain problem on a simple model example. The model problem
that we selected for our studies consisted of a bidimensional
incompressible block, for which a trivial solution could be simply
identified. Then, we were able to theoretically find a rough esti-
mate of the stability limit for the continuum problem and to make
some comparisons with the results obtained on the discrete prob-
lem by means of the mixed finite element schemes under investi-
gation. The conclusions of those works were that all the considered
numerical schemes had problems in reproducing the correct con-
tinuum stability limit, but a quantitative evaluation of such a fail-
ll rights reserved.
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).
ure was missing, since a sharp theoretical estimate of the limit for
the continuum problem was not available.

In this paper, we study the original model problem proposed in
[3] and a new variant obtained considering different boundary
conditions. In particular, we show how to construct a reliable esti-
mate for the stability range of the two continuum problems under
investigation, which can be used as reference solutions to evaluate
in a precise way how a numerical scheme behaves in reproducing
the stability properties of the continuum problem. Focusing on the
linearized problem around a generic solution to the large strain
(nonlinear) problem, such an estimate is obtained using an isogeo-
metric ‘‘stream function” formulation (see [4]), which allows to ex-
actly enforce the linearized incompressibility constraint. In fact, we
show that the exact satisfaction of the linearized incompressibility
constraint leads to a numerical approximation of the stability
range that converges to the exact one (i.e. the one for the contin-
uum problem). Within this ‘‘stream function” context, it is worth
noticing that the high regularity of NURBS shape functions [13] is
a key ingredient.

A noteworthy result we obtain is that, even with fine meshes,
the investigated mixed finite element formulations show traction
stability limits which are smaller than the 18% of the expected
one in the first example, and smaller than the 35% in the second
one. We can therefore conclude that in both cases all the consid-
ered mixed finite element schemes completely fail in reproducing
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the stability range of the continuum problem, despite their small
strain counterparts are absolutely reliable.

These conclusions show that, when dealing with highly con-
strained problems within the finite strain regime, it is not enough
using the natural extensions of mixed formulations well perform-
ing in small strains, but it is of the highest importance to search for
methods able to satisfy the internal constraints in an exact way
also in the finite strain context.

A brief outline of the paper is as follows.
In Section 2 we present the (parameter-depending) family of

large strain incompressible elasticity problems we are interested
in. A mixed variational principle is here used. We then derive the
corresponding linearized problems around a generic solution. In
addition, for 2D problems, we introduce a stream function formula-
tion for the linearized problem (see Section 2.1). In Section 2.2 we
present a definition of stability range, which is naturally based on
the stability features of the corresponding linearized problems. We
remark that the stability range can be equivalently defined using
both the mixed approach and the stream function formulation.

In Section 3, we state and prove some results about the Galerkin
approximation of the stability range. In particular, Proposition 1
concerns the schemes based on the mixed formulation, as the
mixed finite element methods presented in Section 5. This result
is compatible with the observed phenomenon that mixed finite
elements may detect a smaller stability range than the expected
one (cf. Remark 2). However, we stress that an efficient approxima-
tion of the stability range might be possible for certain particular
cases. Proposition 4 concerns the schemes based on the stream
function formulation, as the NURBS approach presented in Section
5. It is shown that those methods are able to correctly approximate
the stability range of the problem at hand (cf. Remark 5).

In Section 4 we provide a description of our two model prob-
lems, while Section 5 presents detailed numerical computations,
performed with several mixed finite elements and NURBS-based
approximation schemes. As already mentioned, numerical tests
show a severe failure of the mixed finite elements in approximat-
ing the stability range of the corresponding continuous problems.

2. The finite strain incompressible elasticity problem and the
stability range

In this paper we adopt the so-called material description to
study the finite strain elasticity problem. Accordingly, we suppose
that we are given a reference configuration X � Rd for a d-dimen-
sional bounded material body B. Therefore, the deformation of B
can be described by means of the map û : X! Rd defined by

ûðXÞ ¼ Xþ buðXÞ; ð1Þ

where X = (X1, . . . ,Xd) denotes the coordinates of a material point in
the reference configuration and ûðXÞ represents the corresponding
displacement vector. Following standard notations (see
[7,12,19,21], for instance) we introduce the deformation gradientbF ¼ FðûÞ and the right Cauchy–Green deformation tensor bC ¼ CðûÞ
by settingbF ¼ Iþrû; bC ¼ bFTbF; ð2Þ

where I is the second-order identity tensor and r is the gradient
operator with respect to the coordinates X.

For a homogeneous neo-Hookean material we define (see for
example [7,9]) the potential energy function as

WðûÞ ¼ 1
2
l I : bC � d
h i

� l lnbJ þ k
2
ðlnbJÞ2; ð3Þ

where k and l are positive constants, ‘‘:” represents the usual inner
product for second-order tensors and bJ ¼ det bF is the deformation
gradient Jacobian.
Introducing the pressure-like variable (or simply pressure)
p̂ ¼ k lnbJ , the potential energy (3) can be equivalently written as
the following function of û and p̂ (still denoted as W with a little
abuse of notation)

Wðû; p̂Þ ¼ 1
2
l I : bC � d
h i

� l lnbJ þ p̂ lnbJ � 1
2k

p̂2: ð4Þ

We wish to study problems whose functionals are of the form

Pðû; p̂; cÞ ¼
Z

X
Wðû; p̂Þ �Fðû; cÞ; ð5Þ

where Fðû; cÞ represents the work of a family of external loads,
smoothly depending on a real parameter c. In the sequel, we always
suppose that Fð�; cÞ is a linear functional for every choice of c.

According to standard variational principles, equilibrium is de-
rived by searching for critical points of (5) in suitable admissible
displacement and pressure spaces bU and bP . The corresponding Eu-
ler–Lagrange equations emanating from (5) lead to solve

Find ðû; p̂Þ 2 bU � bP such that

l
R

X
bF : rvþ

R
Xðp̂� lÞbF�T : rv ¼Fðv; cÞ 8v 2 UR

X lnbJ � p̂
k

� �
q ¼ 0 8q 2 P;

8>>>><>>>>: ð6Þ

where U and P are the admissible variation spaces for the displace-
ments and the pressures, respectively. We note that a solution
ðû; p̂Þ 2 bU � bP may obviously depend on the parameter c, though
not explicitly written, for notational simplicity. We also note that
in (6) we used that the linearization of the deformation gradient
Jacobian is

DJðûÞ½v� ¼ JðûÞFðûÞ�T : rv ¼ bJbF�T : rv 8v 2 U: ð7Þ

We now focus on the case of an incompressible material, which cor-
responds to take the limit k ? +1 in (6). Hence, our problem
becomes:

Problem ðPcÞ : Find ðû; p̂Þ 2 bU � bP such that

l
R

X
bF : rvþ

R
Xðp̂� lÞbF�T : rv ¼Fðv; cÞ 8v 2 U;R

X q lnbJ ¼ 0 8q 2 P:

8>><>>: ð8Þ

We then derive the linearization of problem (8) around a solution
ðû; p̂Þ, corresponding to an increment dc of c. Observing that

DbF�TðûÞ½u� ¼ �bF�TðruÞTbF�T 8u 2 U; ð9Þ

we easily get the problem for the increment (u,p)

Problem ðLPcÞ : Find ðu;pÞ 2 U � P such that

l
R

Xru : rvþ
R

Xðl� p̂ÞðbF�1ruÞT : bF�1rv

þ
R

X pbF�T : rv ¼ o

oc
Fðv; cÞdc 8v 2 U;R

X qbF�T : ru ¼ 0 8q 2 P;

8>>>>>><>>>>>>:
ð10Þ

where the functional
o

oc
Fð�; cÞ : U ! R is defined by

o

oc
Fðv; cÞ :¼ lim

Dc!0

Fðv; cþ DcÞ �Fðv; cÞ
Dc

8v 2 U: ð11Þ

Setting

acðu; vÞ :¼ l
R

Xru : rv

þ
R

Xðl� p̂ÞðbF�1ruÞT : bF�1rv 8u;v 2 U;

bcðv; qÞ :¼
R

X qbF�T : rv 8v 2 U 8q 2 P:

8>><>>: ð12Þ

Problem (10) can be written as

Problem ðLPcÞ : Find ðu;pÞ 2 U � P such that

acðu; vÞ þ bcðv;pÞ ¼
o

oc
Fðv; cÞdc 8v 2 U;

bcðu; qÞ ¼ 0 8q 2 P:

8>>><>>>: ð13Þ
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We remark that the forms ac(�, �) and bc(�, �) are dependent on c,
since bF and p̂ are so. We also note that problem (13) is a typical
(parameter-dependent) saddle-point problem in variational form,
where the second equation represents a kinematical constraint for
the displacement increment u.

2.1. A ‘‘stream function” formulation for Problem ðLPcÞ

We now present a reformulation of Problem ðLPcÞ for which
the displacement increment u automatically satisfies the con-
straint given by the second equation of (13). We here suppose that
X is a simply connected domain of R2. For some hints on possible
extensions to three-dimensional and multiply connected cases, see
[4]. We first note that the Piola identity divðbJbF�TÞ ¼ 0 and bJ ¼ 1
give divðbF�TÞ ¼ 0. Hence, from the definition of bc(�, �) in (12) it
follows:

divðbF�1vÞ ¼ divðbF�TÞ � vþ bF�T : rv ¼ 0 8v 2 Kc; ð14Þ

where

Kc :¼ fv 2 U : bcðv; qÞ ¼ 0 8q 2 Pg: ð15Þ

Therefore, given v 2 Kc, there exists a ‘‘stream function” w, defined
up to an additive constant, such thatbF�1v ¼ curlw i:e: v ¼ bF curlw: ð16Þ
We set the stream function space as

Uc ¼ fw : bF curlw 2 Ug=R; ð17Þ

where the index highlights the dependence of the space definition
on the parameter c (through bF).

Introducing the notation

curlbFw :¼ bF curlw; ð18Þ

Problem ðLPcÞ (see (10)) can thus be written as

Problem ðLP�cÞ : Find u 2 Uc such that

a�cðu;wÞ ¼
o

oc
FðcurlbFw; cÞdc 8w 2 Uc;

8><>: ð19Þ

where

a�cðu;wÞ :¼ l
Z

X
rðcurlbFuÞ : rðcurlbFwÞ

þ
Z

X
ðl� p̂ÞðbF�1rðcurlbFuÞÞT : bF�1rðcurlbFwÞ: ð20Þ

We remark that Problem ðLP�cÞ above corresponds to a fourth order
PDE problem. We also remark that, once u 2Uc has been found by
solving (19), the displacement increment u can be obtained by com-
puting (cf. (18))

u ¼ curlbFu: ð21Þ
2.2. The stability range

We now make the assumption

Fðv; 0Þ ¼ 0 8v 2 U; ð22Þ

which means to consider a loading–free problem at c = 0. Therefore,
Problem ðP0Þ (see (8)) admits the trivial solution ðû; p̂Þ ¼ ð0;0Þ. Fur-
thermore, its linearization becomes (cf. (10)):

Problem ðLP0Þ : Find ðu; pÞ 2 U � P such that

2l
R

X eðuÞ : eðvÞ þ
R

X pdivv ¼ o

oc
Fðv; 0Þdc 8v 2 U;R

X qdivu ¼ 0 8q 2 P;

8>>><>>>: ð23Þ
where e(�) denotes the symmetric gradient operator. It is well
known (see [8], for instance) that Problem (23) corresponds to a
well-posed coercive constrained problem, the constraint being the
divergence-free condition. As a consequence, the trivial solution
(0,0) is an isolated stable solution to Problem ðP0Þ. More precisely,
the point ðû; p̂; cÞ ¼ ð0;0; 0Þ fits the following definition.

Definition 1. Let c 2 R, and let ðû; p̂Þ 2 U � P be a solution to
Problem ðPcÞ (see (8)). We say that ðû; p̂; cÞ is a linearization stable
point for Problem ðPcÞ if the corresponding linearization (13)
satisfies:

� the inf-sup condition, i.e. it holds

bc :¼ inf
q2P

sup
v2U

bcðv; qÞ
kvkUkqkP

> 0; ð24Þ

� the coercivity on the kernel condition, i.e. it holds

ac :¼ inf
v2Kc

acðv;vÞ
kvk2

U

> 0: � ð25Þ

We are now ready to introduce our definition of stability range.

Definition 2. We define the stability range of Problem ðPcÞ as the
interval SðPcÞ ¼ ðcm; cMÞ#R, where

cm ¼ inffc 2 R : 9 a continuous path of linearization
stable points joining ð0;0; 0Þ and ðû; p̂; cÞg;

cM ¼ supfc 2 R : 9 a continuous path of linearization
stable points joiningð0; 0; 0Þ and ðû; p̂; cÞg: �

8>>><>>>: ð26Þ

For 2D problems, we notice that using the stream function for-
mulation (19), (20), Definition 1 can be rephrased into the follow-
ing single

� coercivity condition: it holds

ac :¼ inf
w2Uc

a�cðw;wÞ
kwk2

Uc

> 0; ð27Þ

where

kwkUc
:¼ kvkU if v ¼ bF curlw ðcf: ð16ÞÞ: ð28Þ

Accordingly, the stability range of Problem ðPcÞ introduced by
Definition 2 can be equivalently given in terms of the stream func-
tion formulation (19) and (20).

A typical stability range is schematically depicted in Fig. 1. We
remark that outside the stability range (cm,cM) we expect multiple
solutions of the nonlinear problem (8). Therefore, c ? ac is a multi-
valued function outside (cm,cM), in general. However, in Fig. 1 a
single branch has been displayed, for simplicity.
3. Galerkin approximation of the stability range

In this Section we prove a few results about the numerical
approximation of the stability range, as defined by Definitions 1
and 2 (cf. also (27), (28)) when we discretize the continuous prob-
lem through a Galerkin approximation. In what follows we will
exclusively focus on the stability properties of the discretization
of the linearized Problem ðLPcÞ (see (13)). Therefore, we will al-
ways suppose that the analytical solution ðû; p̂Þ of the non-linear
Problem ðPcÞ, corresponding to c (see (8)), is exactly available. Of
course, this assumption is unrealistic in most practical situations,
because only an approximation ðûh; p̂hÞ of ðû; p̂Þ is generally at
hand. However, it allows a simpler, though meaningful, study on
possible discretization troubles.
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Fig. 1. Stability range.
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3.1. Approximation by means of the mixed formulation

We now consider a Galerkin approximation of the linearized
problem (13). We thus select a family of finite dimensional sub-
spaces Uh � U and Ph � P (h > 0), with the basic approximation
property:[
h>0

Uh is dense in U;
[
h>0

Ph is dense in P: ð29Þ

We then consider the following discrete problem:

Problem ðLPc;hÞ : Find ðuh;phÞ 2 Uh � Ph such that

acðuh; vhÞ þ bcðvh; phÞ ¼
o

oc
Fðvh; cÞdc 8v 2 Uh;

bcðuh; qhÞ ¼ 0 8qh 2 Ph:

8>>><>>>: ð30Þ

Within this framework, we can now introduce the discrete counter-
parts of Definitions 1 and 2.

Definition 3. Let c 2 R, and let ðû; p̂Þ 2 U � P be a solution to
Problem ðPcÞ (see (8)). For a given h > 0, we say that ðû; p̂; cÞ is a
discrete linearization stable point for Problem ðPcÞ if the corre-
sponding discrete linearization (30) satisfies:

� the discrete inf-sup condition, i.e. it holds

inf
qh2Ph

sup
vh2Uh

bcðvh; qhÞ
kvhkUkqhkP

> 0; ð31Þ

� the discrete coercivity on the kernel condition, i.e. it holds

inf
vh2Kc;h

acðvh; vhÞ
kvhk2

U

> 0; ð32Þ

where the discrete kernel Kc,h is defined by (cf. (15))

Kc;h :¼ fvh 2 Uh : bcðvh; qhÞ ¼ 0 8qh 2 Phg: ð33Þ

Definition 4. For a given h > 0, we define the discrete stability range
of Problem ðPcÞ as the interval ShðPcÞ ¼ ðcm;h; cM;hÞ#R, where

cm;h ¼ inffc 2 R : 9 a continuous path of discrete linearization

stable points joining ð0;0; 0Þ and ðû; p̂; cÞg;
cM;h ¼ supfc 2 R : 9 a continuous path of discrete linearization

stable points joining ð0;0; 0Þ and ðû; p̂; cÞg: �

8>>>><>>>>:
ð34Þ

We will always suppose that the spaces Uh and Ph satisfy a con-
dition even stronger than the discrete inf-sup condition (31). More
precisely, we assume that the following h-uniform discrete inf-sup
condition holds, for every c:
inf
h>0

inf
qh2Ph

sup
vh2Uh

bcðvh; qhÞ
kvhkUkqhkP

( )
> 0: ð35Þ

This assumption is very reasonable, since for every c it essentially
corresponds to a classical inf–sup condition in the deformed config-
uration (see [16] for details). Therefore, a crucial role to determine
the discrete stability range ShðPcÞ will be played by the h-uniform
discrete coercivity on the kernel condition. With this respect, we
can now prove the following proposition.

Proposition 1. Let ðû; p̂Þ 2 bU � bP be a solution of Problem (8), for a
given c. Suppose that the corresponding bilinear form ac(�, �) is
indefinite on Kc, i.e. (cf. (25))

ac :¼ inf
v2Kc

acðv;vÞ
kvk2

U

< 0: ð36Þ

Then for the discrete counterpart (30) it holds

inf
h>0

inf
vh2Kc;h

acðvh;vhÞ
kvhk2

U

( )
< 0; ð37Þ

where the discrete kernel Kc,h is defined by (33).

Proof. By (36) there exists ~v 2 Kc such that

acð~v; ~vÞ
k~vk2

U

< 0: ð38Þ

The h-uniform discrete inf–sup condition (35) implies (see [8]):

inf
vh2Kc;h

kv� vhkU 6 Cc inf
vh2Uh

kv� vhkU 8v 2 Kc: ð39Þ

Therefore, from (39) to (29) there exists ~vh 2 Kc;h such that

~vh ! ~v in U as h! 0: ð40Þ

Hence it holds, as h ? 0:

acð~vh; ~vhÞ ! acð~v; ~vÞ and k~vhk2
U ! k~vk

2
U : ð41Þ

Estimate (37) now follows from (38) to (41). h

Remark 2. Proposition 1 reveals that, apart very particular cases
addressed in Remark 3, the discrete stability range is contained
in the stability range for the continuous problem. Therefore, when
a mixed conforming approximation is used, the pathology which
may be expected in general is the following. It may happen that
a discretization procedure detects a stability range which is strictly
contained in the stability range for the continuous problem (cf.
Definitions 1 and 2), even asymptotically as h ? 0. This means that
the discretized problem might get unstable ‘‘too early” (see Fig. 2).
Instances of such cases are investigated and presented in Section 5.
Finally, we also remark that Proposition 1 does not imply that the
stability range approximation always fails: situations showing an
accurate discrete stability range might occur.

Remark 3. We remark that in very particular situations the
numerical scheme could detect a larger stability range. This might
happen only if the function c ? ac exhibits a zero plateau region at
the boundary of the stability range SðPcÞ, as depicted in Fig. 3. We
note that a zero plateau region may mechanically correspond to a
region where the body is placed in indifferent equilibrium positions.
3.2. Approximation by means of the stream function formulation

We next consider a Galerkin approximation of Problem (19). We
thus select a family of finite dimensional subspaces Uc,h �Uc
(h > 0), with the basic approximation property:
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γ
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Fig. 2. A first possible pathology of the stability range for the mixed discretization
with h ‘‘small” (dashed line). The stability range for the continuous problem is also
displayed (solid line).
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[
h>0

Uc;h is dense in Uc: ð42Þ

We then consider the following discrete problem:

Problem ðLP�c;hÞ : Find uh 2 Uc;h such that

a�cðuh;whÞ ¼
o

oc
FðcurlbFwh; cÞdc 8wh 2 Uc;h:

8><>: ð43Þ

Once uh 2Uc,h has been found by solving (43), the displacement
increment uh can be obtained by computing

uh ¼ curlbFuh: ð44Þ

Within this framework, the discrete counterparts of Definitions 1
and 2 becomes (cf. (27)).

Definition 5. Let c 2 R, and let ðû; p̂Þ 2 U � P be a solution to
Problem ðPcÞ (see (8)). For a given h > 0, we say that ðû; p̂; cÞ is a
discrete linearization stable point for Problem ðPcÞ if the corre-
sponding discrete linearization (43) satisfies:

� the discrete coercivity condition, i.e. it holds

inf
wh2Uc;h

a�cðwh;whÞ
kwhk

2
Uc

> 0: ð45Þ

Definition 6. For a given h > 0, we define the discrete stability range
of Problem ðPcÞ as the interval S�hðPcÞ ¼ ðc�m;h; c�M;hÞ#R, where
α γ

γ

S(P  )γ

γhS  (P  )

Fig. 3. A second possible pathology of the stability range for the mixed discreti-
zation with h ‘‘small” (dashed line). The stability range for the continuous problem
is also displayed (solid line).
c�m;h ¼ inffc 2 R : 9 a continuous path of discrete linearization

stable points joining ð0; 0; 0Þ and ðû; p̂; cÞg;
c�M;h ¼ supfc 2 R : 9 a continuous path of discrete linearization

stable points joiningð0;0; 0Þ and ðû; p̂; cÞg: �

8>>>><>>>>:
ð46Þ

Proposition 4. Let ðû; p̂Þ 2 bU � bP be a solution of Problem (8), for a
given c. Consider the corresponding stream function formulation (19)
and its discrete counterpart (43). Then it holds (cf. also (27))

ac :¼ inf
w2Uc

a�cðw;wÞ
kwk2

Uc

¼ inf
h>0

inf
wh2Uc;h

a�cðwh;whÞ
kwhk

2
Uc

( )
: ð47Þ

Proof. We first set

acðhÞ :¼ inf
wh2Uc;h

a�cðwh;whÞ
kwhk

2
Uc

: ð48Þ

Since Uc,h �Uc for every h > 0, we have

ac :¼ inf
w2Uc

a�cðw;wÞ
kwk2

Uc

6 inf
h>0
facðhÞg: ð49Þ

Suppose now that it holds

ac < inf
h>0
facðhÞg: ð50Þ

Hence, there exists e > 0 and a ~w 2 Uc (depending on e) such that

ac 6
a�cð~w; ~wÞ
k~wk2

Uc

< ac þ e < inf
h>0
facðhÞg: ð51Þ

We now choose ~wh 2 Uc;h as the best approximation of ~w with re-
spect to the Uc-norm. On the one hand, from (51) we have

ac 6
a�cð~w; ~wÞ
k~wk2

Uc

< ac þ e < inf
h>0
facðhÞg 6

a�cð~wh; ~whÞ
k~whk2

Uc

: ð52Þ

On the other hand, since ~wh ! ~w in Uc as h ? 0 (cf. (42)), it holds

lim
h!0

a�cð~wh; ~whÞ
k~whk2

Uc

¼
a�cð~w; ~wÞ
k~wk2

Uc

: ð53Þ

A combination of (52) and (53) yields

a�cð~w; ~wÞ
k~wk2

Uc

< ac þ e <
a�cð~w; ~wÞ
k~wk2

Uc

; ð54Þ

which is clearly a contradiction. h

Remark 5. Proposition 4 reveals that any reasonable conforming
approximation of the linearized problem based on the ‘‘stream
function” formulation is capable to correctly detect the stability
range SðPcÞ, at least asymptotically as h ? 0 (see Fig. 4). Indeed,
Proposition 4 implies that ðû; p̂; cÞ is a linearization stable point if
and only if it is a discrete linearization stable point for sufficiently
small mesh sizes. As a consequence

SðPcÞ ¼
\
h>0

S�hðPcÞ: ð55Þ
4. Two simple examples

In this section we present two simple problems which will be
used in Section 5 to discuss on the performance of some numerical
schemes in approximating the stability range SðPcÞ. Using the
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Fig. 4. Stability range for the stream-based discretization with h ‘‘small” (dashed
line). The stability range for the continuous problem is also displayed (solid line).
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usual Cartesian coordinates (X,Y), we consider a square material
body whose reference configuration is X = (�1,1) � (�1,1); we de-
note with C = [�1,1] � {1} the upper part of its boundary, while
the remaining part of oX is denoted with CD. The total energy is as-
sumed to be as in (4), where the external loads are given by the
vertical uniform body forces:

Fðv; cÞ ¼ c
Z

X
f � v; ð56Þ

with f = (0,1)T. The two problems differ for the imposed boundary
conditions. More precisely:

� Problem 1. We set clamped boundary conditions on CD, trac-
tion-free boundary conditions on C (cf. Fig. 5(left)).

� Problem 2. We set vanishing normal displacements on CD, trac-
tion-free boundary conditions on C (cf. Fig. 5(right)).

It is easy to see that both the problems admit a trivial solution
for every c 2 R, i.e. ðbu; p̂Þ ¼ ð0; crÞ, where r = r(X,Y) = 1 � Y.

For the problems under investigation, the corresponding linear-
ized problems (cf. (10)) may both be written as

Problem ðLPcÞ : Find ðu;pÞ 2 U � P such that

2l
R

X eðuÞ : eðvÞ � c
R

X rðruÞT : rvþ
R

X pdivv ¼ dc
R

X f � v;R
X qdivu ¼ 0

8><>:
ð57Þ

for every (v,q) 2 U � P. Accordingly with the two different prob-
lems, the spaces U and P are the following:
Fig. 5. Problem
� Problem 1

U ¼ fv 2 H1ðXÞ2 : vjCD ¼ 0g; P ¼ L2ðXÞ: ð58Þ

� Problem 2

U ¼ fv 2 H1ðXÞ2 : ðv � nÞjCD
¼ 0g; P ¼ L2ðXÞ; ð59Þ

where n denotes the outward normal vector.

The ‘‘stream function” formulation reads as follows (see (19)):

Problem LP�c : Find u 2 U such that

a�cðu;wÞ ¼ dc
R

X f � curlw 8w 2 U;

(
ð60Þ

where

a�cðu;wÞ :¼ 2l
Z

X
eðcurluÞ : eðcurlwÞ

� c
Z

X
rðrðcurluÞÞT : rðcurlwÞ: ð61Þ

Accordingly with the two different problems, the space U is the
following:

� Problem 1

U ¼ w 2 H2ðXÞ : w ¼ ow
on
¼ 0 on CD

� �
: ð62Þ

� Problem 2

U ¼ fw 2 H2ðXÞ : w ¼ 0 on CDg: ð63Þ
Remark 6. For Problem 1, it has been theoretically proved in [3]
that the corresponding stability range SðPcÞ satisfies
ð�1;3lÞ# SðPcÞ.
5. Numerical results

In this section we report our numerical computations about the
approximation of the stability range for the two problems detailed
in Section 4. We first present the stream formulation results, since
they provide an accurate approximation of the continuum stability
range (cf. Proposition 4) and, therefore, they can be used as reliable
reference solutions for the schemes based on the mixed
formulation.
domain X.



Table 1
Problem 1: critical load value ~c�M;h computed using the NURBS-based stream function
formulation. The total number of employed d.o.f.’s is reported between brackets

Elements p = q

2 3 4 5 6

4 � 4 7.96 6.88 6.71 6.65 6.63
(6 � 6) (7 � 7) (8 � 8) (9 � 9) (10 � 10)

8 � 8 7.08 6.67 6.63 6.61 6.61
(10 � 10) (11 � 11) (12 � 12) (13 � 13) (14 � 14)

16 � 16 6.75 6.62 6.61 6.61 6.61
(18 � 18) (19 � 19) (20 � 20) (21 � 21) (22 � 22)

32 � 32 6.65 6.61 6.60 6.60 6.60
(34 � 34) (35 � 35) (36 � 36) (37 � 37) (38 � 38)

Table 2
Problem 2: critical load value ~c�M;h computed using the NURBS-based stream function
formulation

Elements p = q

2 3 4 5 6

4 � 4 3.41 3.24 3.23 3.23 3.23
(6 � 6) (7 � 7) (8 � 8) (9 � 9) (10 � 10)

8 � 8 3.28 3.23 3.23 3.23 3.23
(10 � 10) (11 � 11) (12 � 12) (13 � 13) (14 � 14)

16 � 16 3.24 3.23 3.23 3.23 3.23
(18 � 18) (19 � 19) (20 � 20) (21 � 21) (22 � 22)

32 � 32 3.24 3.23 3.23 3.23 3.23
(34 � 34) (35 � 35) (36 � 36) (37 � 37) (38 � 38)

The total number of employed d.o.f.’s is reported between brackets.
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5.1. NURBS for the stream function formulation

We assume that the physical domain X is a NURBS (see, e.g.
[24,25]) region associated with a n �m net of control points Bi,j,
and we introduce the geometrical map F : ½0;1� � ½0;1� ! X given
by

Fðn;gÞ ¼
Xn

i¼1

Xm

j¼1

Rp;q
i;j ðn;gÞBi;j; ð64Þ

where Rp;q
i;j ðn;gÞ are NURBS basis functions on the two-dimensional

parametric space [0,1] � [0,1]. The image of the elements in the
parametric spaces are elements in the physical spaces. The physical
mesh is therefore

Th ¼ fFððni; niþ1Þ � ðgj;gjþ1ÞÞ with i ¼ 1; . . . ; nþ p;

j ¼ 1; . . . ;mþ qg: ð65Þ

We denote by h the mesh-size, that is, the maximum diameter of
the elements of Th.

Following the isoparametric approach, the space of NURBS
functions on X is defined as the span of the push-forward of the ba-
sis functions Rp;q

i;j ðn;gÞ

Vh ¼ spanfRp;q
i;j 	 F�1gi¼1;...;n; j¼1;...;m: ð66Þ

This analysis framework is referred to as NURBS-based isogeometric
analysis. The interested reader may find details and applications of
isogeometric analysis for example in [4,6,10,11,13,14]; in particular,
the approximation result (42) follows directly from the results of
[6].

We introduce now the NURBS conforming discretization of the
variational problem (60). Let Vh denote a NURBS space as intro-
duced in (66), of regularity Ck, k P 1, and degree p > k. We have
Vh � H2ðXÞ, and then we can introduce the following conforming
discretizations of U

Uh ¼Vh \U: ð67Þ
5.1.1. NURBS approximation: numerical results
We are now able to use the NURBS-based discretization intro-

duced above in order to study the two model problems of Section
4, sketched in Fig. 5, and find sharp estimates for the continuum
stability range SðPcÞ (cf. Proposition 4).

We highlight that to find critical loads we study the eigenvalues
of the (loading parameter-dependent) stiffness matrix for the
NURBS-based stream formulation described by (60)–(63) for the
problems under consideration. Indeed, the quantity (cf. (45))

inf
wh2Uc;h

a�cðwh;whÞ
kwhk

2
Uc

ð68Þ

is a kind of Rayleigh quotient, whose sign is determined by the sign
of the smallest eigenvalue of the matrix arising from the bilinear
form a�cð�; �Þ. The first loads for which we find a negative eigenvalue
are the critical ones and, accordingly with Definition 6, they are
indicated as c�m;h and c�M;h, respectively.

Tables 1 and 2 report the results we found for the two problems.
For different approximation degrees (and, precisely, for
p = q = 2,3, . . . ,6, being p and q the degrees in the two parametric
directions) we used meshes of 4 � 4 to 32 � 32 elements. Due to
the structure of the formulation (see [4]), this gives rise to
(n + p) � (m + q) degrees-of-freedom (d.o.f.’s) for a mesh of n �m
elements, so the total number of d.o.f.’s actually employed depends
also on the approximation degrees (and is explicitly reported in the
tables between brackets).

We moreover remark that, here and in the following, we ex-
press the numerical results in terms of the nondimensional quan-
tity ~c�m;h (resp. ~c�M;h) defined as ~c�m;h ¼ c�m;hL=l (resp. ~c�M;h ¼ c�M;hL=l).
Here, L is some problem characteristic length, set equal to 1 for
simplicity, consistently also with the geometry of the model
problems.

In Tables 1 and 2, it is possible to observe excellent convergence
paths both in h (i.e., mesh-refining) and in p (i.e., order-elevating).
Therefore, recalling Remark 5, we can consider reliable the finest
results obtained (i.e., for the case of degree p = q = 6 over a
32 � 32 mesh, corresponding to 38 � 38 d.o.f.’s), which are

� ~c�M;h ¼ 6:60 for Problem 1;
� ~c�M;h ¼ 3:23 for Problem 2.

In the following we indicate such results as ‘‘exact” (between
quotes), referring to the fact that the stream function critical value
converges to the one for the continuum problem, i.e. the exact one,
as proved in Section 3.2.

We finally remark that we did not find any negative critical va-
lue (i.e., ~c�m;h ¼ �1), so, in the tables, we report only positive crit-
ical load values, ~c�M;h. For Problem 1, this is in accordance with the
theoretical result detailed in [3] (cf. also Remark 6).

5.2. Mixed finite elements

We consider here the discretized counterpart of problem (57),
using some mixed finite element formulations which are known
to optimally perform in the linear elastic framework. In the follow-
ing, we briefly present the numerical schemes under consideration
and we then show the numerical results obtained using such
elements.

5.2.1. The MINI element
The first considered scheme is the MINI element (cf. [1]). Let Th

be a triangular mesh of X, h being the meshsize. For the discretiza-
tion of the displacement field, we take
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Uh ¼ fvh 2 U : vhjT 2 P1ðTÞ2 þBðTÞ2 8T 2Thg; ð69Þ

where P1ðTÞ is the space of linear functions on T, and BðTÞ is the lin-
ear space generated by bT, the standard cubic bubble function on T.
For the pressure discretization, we take

Ph ¼ fqh 2 H1ðXÞ \ P : qhjT 2 P1ðTÞ 8T 2Thg: ð70Þ
5.2.2. The Q2=P1 element
We now consider the Q2=P1 element (see [8]). Let Th be a quad-

rilateral mesh of X, h being the meshsize. For the discretization of
the displacement field, we take

Uh ¼ fvh 2 U : vhjK 2 Q2ðKÞ2 8K 2Thg; ð71Þ

where Q2ðKÞ is the standard space of biquadratic functions. For the
pressure discretization, we take

Ph ¼ fqh 2 P : qhjK 2 P1ðKÞ 8K 2Thg: ð72Þ
5.2.3. The QME element
We now focus on the QME quadrilateral method proposed by

Pantuso and Bathe in [22,23], based on the Enhanced Strain Tech-
nique [26]. This scheme optimally performs in small deformation
regimes, as theoretically proved by [17]. Given Th, a quadrilateral
mesh of X with meshsize h, the Pantuso–Bathe element is de-
scribed by the following choice of spaces. For the discretization
of the displacement field, we take

Uh ¼ fvh 2 U : vhjK 2 Q1ðKÞ2 8K 2Thg; ð73Þ

where Q1ðKÞ is the standard space of bilinear functions. For the
pressure discretization, we take

Ph ¼ fqh 2 H1ðXÞ \ P : qhjK 2 Q1ðKÞ 8K 2Thg: ð74Þ

Furthermore, the Enhanced Strain Technique requires the introduc-
tion of an additional suitable strain tensor space, which in the pres-
ent case is described by (see [23])

Sh ¼ fEh 2 ðL2ðXÞÞ4 : EhjK 2 E6ðKÞ 8K 2Thg: ð75Þ
Table 3
Problem 1: critical load values computed using some mixed finite element formulations

Nodes MINI QME

~cm;h ~cM;h ~cm;h ~cM;h

5 � 5 �1 1.29 �8.9 1.06
9 � 9 �1 1.23 �14.7 1.03
17 � 17 �1 1.17 �28.1 1.02
33 � 33 �1 1.11 �55.7 1.01

Stream [38 � 38 d.o.f.’s, p = q = 6]:

On the last row, the ‘‘exact” critical value from the stream function formulation is repor

Table 4
Problem 2: critical load values computed using some mixed finite element formulations

Nodes MINI QME

~cm;h ~cM;h ~cm;h ~cM;h

5 � 5 �1 1.29 �8.8 1.05
9 � 9 �1 1.22 �14.8 1.02
17 � 17 �1 1.15 �28.2 1.02
33 � 33 �1 1.10 �55.8 1.01

Stream [38 � 38 d.o.f.’s, p = q = 6]:

On the last row, the ‘‘exact” critical value from the stream function formulation is repor
Above, E6(K) is the space of tensor-valued functions defined on K,
spanned by the following shape functions

a1nþ a2ng; a3n

a4g; a5gþ a6ng

� �
with ai 2 R; ð76Þ

where (n,g) denotes the standard local coordinates on K.

5.2.4. The P1-iso-P2=P0 element
The last considered scheme is the P1-iso-P2=P0 element (see

[2]). Let Th be a triangular mesh of X, h being the meshsize. Let
Th=2 be a refined mesh, obtained by splitting each triangle of Th

using the edge midpoints. For the discretization of the displace-
ment field, we take

Uh ¼ fvh 2 U : vhjT 2 P1ðTÞ2 8T 2Th=2g: ð77Þ

For the pressure discretization, we take

Ph ¼ fqh 2 P : qhjT 2 P0ðTÞ 8T 2Thg; ð78Þ

where P0ðTÞ is the standard space of constant functions.

5.2.5. Mixed finite elements: numerical results
We now study the stability range of the discretized model prob-

lems by means of the mixed finite element formulations briefly de-
scribed above.

To find critical loads we again study the eigenvalues of the
(loading parameter-dependent) stiffness matrices derived by
expressions (57)–(59) for the problems under consideration.
Accordingly with Definition 4, we indicate as the critical loads
cm,h and cM,h the first load values for which we find an eigenvalue
which changes its sign. Indeed, such a change of sign reveals the
presence of a zero eigenvalue in system (30) for some value of c
in the interval determined by the last incremental step. A subse-
quent bisection-type procedure is used to increase the accuracy
of the critical load detections. The corresponding nondimensional
quantities are denotes with ~c�m;h and ~c�M;h, respectively (cf. Section
5.1.1).
P1-iso-P2=P0 Q2=P1

~cm;h ~cM;h ~cm;h ~cM;h

�1 1.54 �1 2.71
�225 1.21 �106 1.61
�240 1.10 �179 1.31
�428 1.06 �346 1.18

~c�m;h ¼ �1 ~c�M;h ¼ 6:60

ted.

P1-iso-P2=P0 Q2=P1

~cm;h ~cM;h ~cm;h ~cM;h

�48.3 1.28 �42.1 1.40
�104 1.15 �85.6 1.22
�196 1.08 �172 1.14
�381 1.05 �342 1.10

~c�m;h ¼ �1 ~c�M;h ¼ 3:23

ted.



Table 5
Comparison among the ‘‘exact” positive critical load values and those obtained with the considered mixed finite element formulations over the finest mesh used (33 � 33 nodes)

Problem ‘‘exact” MINI QME P1-iso-P2=P0 Q2=P1

~c�M;h
~cM;h

~cM;h

~c�M;h

~cM;h
~cM;h

~c�M;h

~cM;h
~cM;h

~c�M;h

~cM;h
~cM;h

~c�M;h

1 6.60 1.11 16.8% 1.01 15.3% 1.06 16.1% 1.18 17.9%
2 3.23 1.10 34.1% 1.01 31.3% 1.05 32.5% 1.10 34.1%
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In the following tables, we report the results we found for the
two problems (cf. respectively, Tables 3 and 4), compared with
the ‘‘exact” results obtained using the stream function formulation.

For what concerns the negative stability limit, we may observe
that, despite only the MINI element seems to be stable even for
very large compressive loads, all the elements are able to represent
rather well the stability range at least asymptotically. Instead,
when focusing on the positive stability limit, it is immediately
clear that all the considered elements fail in reproducing the cor-
rect limit. In fact, as highlighted in Table 5, they show critical load
values which are between the 15% and the 18% of the ‘‘exact” one
for Problem 1 and between the 31% and the 34% for Problem 2.

Therefore, it is possible to conclude that, in both the studied
model situations, all the investigated mixed finite element
schemes fail in properly reproducing the stability range of the con-
tinuum problem.

6. Conclusions

Within the framework of finite elasticity for incompressible
materials, in this paper we focus on the problem of the stability
range approximation for the continuum problem linearization.

In particular, we show how to construct a reliable estimate for
the continuum stability limit, which is a fundamental ingredient
in order to assess the performance of a numerical scheme in repro-
ducing the stability properties of the continuum problem. Such an
estimate is obtained using an isogeometric stream function formu-
lation on the linearized problem around the exact solution. This al-
lows to exactly enforce the linearized incompressibility constraint,
using the high regularity of NURBS shape functions.

We then consider a couple of model problems in order to study
the performance of a number of mixed finite element schemes
known to optimally behave in the small strain regime. Our numer-
ical tests show that, on the model problems, all the considered fi-
nite elements completely fail in reproducing the continuum
stability range.

Therefore, we may conclude that, when dealing with highly
constrained finite elasticity problems, the natural extensions of fi-
nite element schemes well performing in small strains are not
guaranteed to correctly reproduce the stability range of the contin-
uum problem. In fact, it seems to be a crucial issue the capability of
the method to satisfy the internal constraints exactly, in particular
when dealing with the incompressibility constraint. However, we
remark that different approaches, such as the ones presented in
[27–29] and in [15,20], could lead to reliable approximations and
deserve investigations.
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