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We initiate the study of efficient quadrature rules for NURBS-based isogeometric analysis. A rule of
thumb emerges, the ‘‘half-point rule”, indicating that optimal rules involve a number of points roughly
equal to half the number of degrees-of-freedom, or equivalently half the number of basis functions of
the space under consideration. The half-point rule is independent of the polynomial order of the basis.
Efficient rules require taking into account the precise smoothness of basis functions across element
boundaries. Several rules of practical interest are obtained, and a numerical procedure for determining
efficient rules is presented.

We compare the cost of quadrature for typical situations arising in structural mechanics and fluid
dynamics. The new rules represent improvements over those used previously in isogeometric analysis.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Isogeometric analysis is a computational mechanics tech-
nology based on functions used to represent geometry (see
[1–5,7,8,12,13,17,21]). The idea is to build a geometry model and,
rather than develop a finite element model approximating the
geometry, directly use the functions describing the geometry in
analysis. In computer aided engineering design, NURBS (non-uni-
form rational B-splines) are the dominant technology. When a
bivariate or trivariate NURBS model is constructed, the basis func-
tions used to define the geometry can be systematically enriched
by h-, p-, or k-refinement (i.e., smooth order elevation; see [8])
without altering the geometry or its parameterization. This means
that adaptive mesh refinement techniques can be utilized without
a link to the CAD (computer aided design) database, in contrast
with finite element methods. This appears to be a distinct advan-
tage of isogeometric analysis over finite element analysis. In addi-
tion, on a per degree-of-freedom basis, isogeometric analysis has
exhibited superior accuracy and robustness compared with finite
element analysis (see [5,13,1]). In particular, the upper part of
the discrete spectrum is much better behaved [13], resulting in
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better conditioned discrete systems. It appears that isogeometric
analysis offers several important advantages over classical finite
element analysis. However, one issue affecting efficiency has so
far been left open: numerical quadrature. Since the development
of isoparametric elements in the mid-1960s (see [14,22]), numeri-
cal quadrature has been the most widely used technology to con-
struct finite element arrays. Gauss quadrature rules, which are
optimal for polynomials in one dimension, have been used exten-
sively for quadrilateral and hexahedral elements. They have also
been frequently used for triangular and tetrahedral elements, espe-
cially when these elements are constructed by degeneration of
quadrilateral and hexahedral elements, respectively (see [11,
Chapter 3], for a description of commonly used procedures). How-
ever, more efficient special rules have also been derived for various
elements (see, e.g. [11]). In this paper, we initiate the study of effi-
cient quadrature rules for NURBS-based isogeometric analysis.

The basic structure of a NURBS-based isogeometric model is as
follows: the model is decomposed into a finite number of
‘‘patches”, which are in turn decomposed into a tensor product grid
of rectangular and parallelepipedal ‘‘elements” in the parent do-
main. The patches are akin to superelements or subdomains which
are assembled in the same way as finite elements. The arrays for
the patches are constructed and assembled in element-by-element
fashion by numerically integrating contributions over each ele-
ment. Due to the rectangular/parallelepipedal shape of the ele-
ments in the parent domain, Gauss quadrature is a natural
candidate. However, the numerical tests proposed in the Appendix
of this paper suggest that using exact Gauss rules for B-splines on
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Fig. 1. Basis for C�1 (discontinuous) piecewise quadratic polynomial space on the biunit interval ½�1;1�. Removing /2 produces a C0 space and, additionally, removing /4

produces a C1 space.

Table 1
Number of quadrature points required to exactly integrate a piecewise polynomial of
order p on the biunit interval ½�1;þ1�, with k continuous derivatives, �1 6 k 6 p� 1,
across f0g.

k p

Even Odd

�1 pþ 2 pþ 1
Even pþ 1� k=2
Odd pþ 1� ðkþ 1Þ=2
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each element is far from optimal. One reason for this is that higher-
order NURBS and B-splines typically possess some degree of
smoothness across element boundaries. This results in a reduction
in the number of basis functions and degrees-of-freedom when
compared with standard C0-continuous finite elements for the
same mesh. Roughly speaking, the fewer the number of degrees-
of-freedom, the fewer the number of quadrature points required.
This intuition will be made precise in the sequel. To illustrate it
on a simple example, consider a biunit interval [�1,1] consisting
of two unit subintervals (‘‘elements”) [�1,0] and [0,1]. Consider
a basis of piecewise quadratic polynomials on each subinterval
with no continuity assumed at {0}. An equivalent basis (i.e., one
having the same span), but defined on ½�1;1�, consists of the fol-
lowing six even and odd functions (see Fig. 1):

/1ðnÞ ¼ 1 8n 2 ½�1;1�;

/2ðnÞ ¼
�1 8n 2 ½�1;0Þ;
1 8n 2 ð0;1�;

�
/3ðnÞ ¼ n 8n 2 ½�1;1�;

/4ðnÞ ¼
�n 8n 2 ½�1;0Þ;
n 8n 2 ð0;1�;

�
/5ðnÞ ¼ n2 8n 2 ½�1;1�;

/6ðnÞ ¼
�n2 8n 2 ½�1;0Þ;
n2 8n 2 ð0;1�:

(

By virtue of the fact that there is no continuity at {0}, the optimal
quadrature rule is the two-point Gauss rule on each of the two unit
intervals, for a total of four quadrature points. Now consider the
case in which we assume C0-continuity across f0g. A basis for this
space is obtained by removing the basis function /2 from the above.
The C0 piecewise quadratic basis has dimension five. It can be easily
shown that the optimal quadrature rule is symmetric about f0g and
has three points, namely, f~n;wg ¼ ff0;1=2g; f�2=3;3=4gg, where
f~n;wg denotes the set of locations and corresponding weights. Next,
consider the case in which C1-continuity is enforced at f0g. Again,
we need to remove one of the basis functions, specifically, /4. A ba-
sis for this space consists of four functions. Note that the two-point
Gauss rule on the interval ½�1;1� exactly integrates 1, n, n2 and /6

because /6 is odd. This example shows that increasing the continu-
ity at f0g results in an optimal quadrature rule having fewer quad-
rature points than a Gauss rule on each knot span. The general case
of piecewise polynomials of order p on the biunit interval, with k
continuous derivatives, �1 6 k 6 p� 1, is summarized in Table 1.

The keys for obtaining efficient quadrature rules for NURBS-
based isogeometric analysis are to take precise account of the
continuity at element boundaries and construct rules that span
more than one element.
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Section 2 further motivates the structure of more efficient rules
by considering B-splines on a uniform mesh in one dimension. The
B-splines possess global Cp�1 continuity for piecewise polynomials
of order p ¼ 1;2;3; . . . We derive a rather remarkable result, that
we refer to as the ‘‘half-point rule”, an exact rule involving one
point every two elements. The locations of the quadrature points
depend on whether p is even or odd, but otherwise does not de-
pend on p. In every case, the number of quadrature points is half
the number of basis functions (i.e., degrees-of-freedom). This pro-
vides additional evidence that the number of quadrature points for
optimal rules depends less on the order p than on the number of
basis functions. A particular observation from the half-point rule
is that the trapezoidal rule and Gauss midpoint rule are not even
optimal for continuous piecewise linear polynomials. In fact, they
are inefficient by a factor of two.

With this as background we investigate some cases of practical
interest in Section 3. After briefly discussing B-splines and NURBS
in multiple dimensions, we consider the specific cases of C0-con-
tinuous tensor product bilinear basis functions (i.e., standard
low-order finite elements) and C1-continuous tensor product qua-
dratic basis functions. For specificity, we focus on the two-dimen-
sional case and determine appropriate quadrature rules for mass,
stiffness, and advection matrices. The rules we develop are applica-
ble to macro-elements consisting of various numbers of uniform
elements. In general, the rules are developed numerically for
macro-elements rather than analytically, in contrast with the
examples of Sections 1 and 2. In all cases considered, the results
conform to the half-point rule in that efficient quadrature involves
a number of quadrature points roughly half the number of degrees-
of-freedom of the space. It is observed that the numerical proce-
dure used to generate the quadrature rules is also applicable to
non-uniform element meshes.

In Section 4, we discuss the results obtained, draw conclusions
and describe possible future directions of research.

The Appendix describes a numerical study of the effect of full
and reduced element-wise Gauss integration on C0 (FEM) and
Cp�1 (NURBS) basis functions. It is shown that, on a one-dimen-
sional eigenvalue problem, using full Gauss integration is ineffi-
cient for NURBS, which are found to be stable with reduced
quadrature. This is an indication that new and more efficient quad-
rature rules for NURBS, such as the ones studied in this paper, are
required to reach the full potential of NURBS-based isogeometric
analysis. Although the reduced Gauss rules are only approximate,
they provide an efficient and easy-to-use alternative to exact Gauss
rules, and neither stability nor accuracy is compromised.
2. Exact quadrature for Cp�1-continuous piecewise polynomials
on R (nihil admirari)

Let ThðRÞ be a uniform subdivision of the infinite line R into
subintervals I ¼ ðni; niþ1Þ of length h, where ni ¼ ih, i 2 Z. We will
refer to the intervals as elements, and to the endpoints as element
boundaries or knots. We consider the space Sp;�1ðThðRÞÞ of piece-
wise polynomials of order less than or equal to p P 1 on ThðRÞ,
possibly discontinuous at the element boundaries, and its subspace
Sp;p�1ðThðRÞÞ of all functions that have p� 1 continuous deriva-
tives on R.

Efficient numerical integration of functions in Sp;�1ðThðRÞÞ is
obtained by Gauss quadrature within each element. In particular,
the Gauss rule with nGauss quadrature points per element gives ex-
act integration

Z
R

vðnÞdn ¼
X

I2ThðRÞ

XnGauss

i¼1

hwGauss
i vðnGauss

I;i Þ ð1Þ
for all functions v in Sp;�1ðThðRÞÞ, with order p ¼ 2nGauss � 1. In (1),
wGauss

i are the Gauss weights on a unit-length reference interval, and
nGauss

I;i are the Gauss points for the interval I (obtained from the
points on the unit reference interval). Then, given p, exact Gauss
integration requires nGauss ¼ ðpþ 1Þ=2 or nGauss ¼ ðpþ 2Þ=2
evaluations (of the integrand v) per element when p is odd or even,
respectively. Since the degree-of-freedom number for the space
Sp;�1ðThðRÞÞ is pþ 1 per element, the computational cost of (1) is
approximately one function evaluation for every two degrees-of-
freedom. In this case, Gauss rules are optimal in the sense that exact
integration cannot be achieved with fewer function evaluations.

In the case of higher regularity, k, fewer quadrature points per
element are needed for exact integration. Take now k ¼ p� 1: in
this case, we are going to show that one quadrature point every
two elements suffices to attain exact integration. The quadrature
points, denoted nhalf-pt

i , are uniformly spaced at a distance 2h, and
their locations depend on p: if p is even, then the points are
at every other knot, e.g., nhalf-pt

i ¼ 2ih; i 2 Z, while for p odd
the points are at the middle of every other element, e.g.,
nhalf-pt

i ¼ ð12þ 2iÞh; i 2 Z. The quadrature rule for the exact
integration of v 2Sp;p�1ðThðRÞÞ turns out to beZ

R

vðnÞdn ¼
X
i2Z

hwhalf-ptvðnhalf-pt
i Þ: ð2Þ

To prove (2) and, at the same time, compute the weight whalf-pt,
which is shown to be independent of i and p, we test (2) on the
usual B-spline basisZ

R

Nj;pðnÞdn ¼
X
i2Z

hwhalf-ptNj;pðnhalf-pt
i Þ; ð3Þ

where Nj;p is the basis function supported in ðjh; ðjþ pþ 1ÞhÞ, which
is defined from the basic B-spline basis function Np by translation
and scaling

Nj;pðnÞ ¼ Npðn=h� jÞ; ð4Þ

Np being defined recursively as

N0ðnÞ ¼
1 if 0 6 n 6 1;
0 otherwise;

�

NpðnÞ ¼
nNp�1ðnÞ þ ðpþ 1� nÞNp�1ðn� 1Þ

p
:

ð5Þ

From (3), the location of the quadrature points nhalf-pt
i , the transla-

tion property of Nj;p (that is, Nj;pðnÞ ¼ N0;pðn� jhÞ), and symmetry
(N0;pðnÞ ¼ N0;pððpþ 1Þh� nÞ) (see also Fig. 2) it is clear now that
whalf-pt is independent of i, and can be obtained as

whalf-pt ¼
R

R N0;pðnÞdn

h
P

i2ZN0;pðnhalf-pt
i Þ

: ð6Þ

Because of the mentioned properties of the basis, and the partition
of unity propertyX
i2Z

Ni;pðnÞ ¼ 1 8x 2 R;

the numerator and denominator in (6) can be easily calculated.
IndeedZ

R
N0;pðnÞdn ¼

Z ðpþ1Þh

0
N0;pðnÞdn ¼

Xp

i¼0

Z ðiþ1Þh

ih
N0;pðnÞdn

¼
Xp

j¼0

Z h

0
N�j;pðnÞdn ¼

Z h

0
1dn ¼ h;

moreover, since

N0;pðnhalf-pt
i Þ ¼ N0;pððpþ 1Þh� nhalf-pt

i Þ 8i 2 Z;
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Fig. 2. Quadrature rule (2) for exact integration in Sp;p�1ðThðRÞÞ is obtained with 2h-spaced quadrature points nhalf-pt
i , represented by circles on the x-axis, which depend on p

being even (right column) or odd (left column), respectively. In the plots, h ¼ 1.
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we also have

X
i2Z

N0;pðnhalf-pt
i Þ ¼ 1

2

X
i2Z

N0;pðnhalf-pt
i Þ þ

X
i2Z

N0;p ðpþ 1Þh� nhalf-pt
i

� � !

¼ 1
2

X
j2Z

N�j;pðnhalf-pt
0 Þ

 !
¼ 1

2
;

therefore, whalf-pt ¼ 2 and (2) becomesZ
R

vðnÞdn ¼
X
i2Z

2hvðnhalf-pt
i Þ ð7Þ

for all v 2Sp;p�1ðThðRÞÞ. We refer to (7) as the half-point rule. In-
deed, the computational cost of (7) is one function evaluation every
two elements. The degree-of-freedom density is one per element,
that is, we have to perform one function evaluation every two de-
grees-of-freedom. In this respect, rule (7) on Sp;p�1ðThðRÞÞ has
the same computational cost per degree-of-freedom as Gauss
integration (1) on Sp;�1ðThðRÞÞ. The computational cost per
degree-of-freedom of the element-wise Gauss integration on
Sp;p�1ðThðRÞÞ is instead much higher (see Table 2).
Table 2
Computational costs of quadrature on Sp;p�1ðThðRÞÞ: number of integration points
per element for standard Gauss rule versus rule (7).

Space Gauss New half-point rule

Sp;p�1ðThðRÞÞ, with p odd ðpþ 1Þ=2 1/2
Sp;p�1ðThðRÞÞ, with p even ðpþ 2Þ=2 1/2
Notice also that the trapezoidal ruleZ
R

vðnÞdn ¼
X
i2Z

hvðntrap
i Þ ð8Þ

with quadrature points ntrap
i ¼ ih corresponding to the knots, exactly

integrates all functions v in Sp;p�1ðThðRÞÞ, for any p P 1. Indeed,
reasoning as before, it is easy to check that (8) is exact on the
B-spline basis, sinceX
i2Z

Nj;pðntrap
i Þ ¼

X
j2Z

N�j;pð0Þ ¼ 1:

The same holds taking the element midpoints nmid
i ¼ ð1=2þ 1Þh,

i 2 Z as quadrature points, which leads to the midpoint ruleZ
R

vðnÞdn ¼
X
i2Z

hvðnmid
i Þ; ð9Þ

which is then exact for all v in Sp;p�1ðThðRÞÞ, for all p P 1. How-
ever, the computational cost of (8) and (9) is one function evalua-
tion per degree-of-freedom, twice the optimal cost we have
obtained for our new rule.

3. Quadrature rules for isogeometric analysis

This section is devoted to the calculation of quadrature rules of
practical interest for isogeometric analysis when applied to elastic-
ity or fluid dynamics problems in d ¼ 2 space dimensions. We re-
mark that we consider two-dimensional problems only for
simplicity. The discussion is valid in general for d dimensions. An
overview of B-splines and NURBS is given first. For background,
see [6,10,16,18].
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3.1. B-splines and NURBS

In Section 2, we considered spline spaces Sp;k with lowest
(k ¼ �1) or highest (k ¼ p� 1) regularity, on a uniform infinite
mesh. We now address the more general case of splines with reg-
ularity �1 6 k 6 p� 1 on a non-uniform subdivision of the domain
½0;1�, and give here a brief presentation of the topic, following [19].
After that, we shall describe Non-Uniform Rational B-Splines
(NURBS), following [16].

A knot vector is a set of non-decreasing real numbers represent-
ing coordinates in the parametric domain of the curve

N ¼ fn1 ¼ 0; . . . ; nnþpþ1 ¼ 1g; ð10Þ

where p is the order of the B-spline and n is the number of basis
functions (and control points) necessary to describe it. The para-
metric domain ½0;1� � ½n1; nnþpþ1� is also called a patch. A knot vector
is said to be open if its first and last knots have multiplicity pþ 1
(that is, n1 ¼ � � � ¼ npþ1 ¼ 0 and 1 ¼ nnþ1 ¼ � � � ¼ nnþpþ1). Moreover,
a knot vector is said to be uniform if its internal knots are uniformly
spaced and non-uniform otherwise. The interval ðni; niþ1Þ is called a
knot span. If ni–niþ1, then ðni; niþ1Þ is defined as an element for the
purposes of discussion herein. We note that for classical higher-or-
der C0-continuous finite elements, this is not the usual definition of
an element, but ‘‘elements” as we have defined them form the nat-
ural mesh Thð½0;1�Þ of the patch.

Generalizing (4) and (5), univariate B-spline basis functions on
the patch are defined recursively starting with p ¼ 0 (piecewise
constants)

Ni;0ðnÞ ¼
1 if ni 6 n < niþ1;

0 otherwise:

�
ð11Þ

For p P 1:

Ni;pðnÞ ¼
n� ni

niþp � ni
Ni;p�1ðnÞ þ

niþpþ1 � n

niþpþ1 � niþ1
Niþ1;p�1ðnÞ: ð12Þ

Basis functions formed from open knot vectors are interpolatory at
the ends of the parametric interval ½0;1� but are not, in general,
interpolatory at interior knots. If internal knots are not repeated,
B-spline basis functions are Cp�1-continuous. If a knot has multiplic-
ity r, the basis is Cp�r-continuous at that knot. We call
Sp;kðThð½0;1�ÞÞ the space spanned by the B-spline basis functions
with global Ck-continuity, which is associated with a knot vector
having internal knots with multiplicity r ¼ p� k. If we set r ¼ p or
r ¼ pþ 1, the spaces of C0-continuous or discontinuous finite ele-
ments are obtained, respectively. Observe that this is not the classi-
cal construction of p-order finite elements which is found in the
finite element literature: there, for example, the usual C0-continu-
ous Lagrangian basis functions (which are interpolatory) are defined
in a different way, introducing p� 1 knots within each element, in-
stead of using (12) on a vector of repeated knots.

B-spline curves in the plane are piecewise polynomial curves
parameterized by linear combinations of B-spline basis functions.
The coefficients are points in the plane, referred to as control points.
When a knot has multiplicity p, the curve is C0 and interpolates the
control point.

By means of tensor products, a B-spline region can be con-
structed starting from knot vectors fn1;1 ¼ 0; . . . ; n1;n1þp1þ1 ¼
1g and fn2;1 ¼ 0; . . . ; n2;n2þp2þ1 ¼ 1g, and an n1 � n2 net of control
points Bi1 ;i2 � Bi. One-dimensional basis functions Ni1 ;p1

and Ni2 ;p2

(with i1 ¼ 1; . . . ;n1 and i2 ¼ 1; . . . ;n2) of order p1 and p2, respec-
tively, are defined from the knot vectors, and their tensor product
forms the two-dimensional basis function Ni1 ;p1

ðn1ÞNi2 ;p2
ðn2Þ �

Ni;pðnÞ. The B-spline region is the image of the map S; ½0;1�2 ! X
given by
SðnÞ ¼
Xn

i¼1

Ni;pðnÞBi: ð13Þ

The two-dimensional parametric space is the domain ½0;1�2.
Observe that the two knot vectors fn1;1 ¼ 0; . . . ; n1;n1þp1þ1 ¼
1g and fn2;1 ¼ 0; . . . ; n2;n2þp2þ1 ¼ 1g generate in a natural way a
Cartesian mesh of rectangular elements in the parametric space.

A rational B-spline curve in R2 is the projection onto two-
dimensional physical space of a (polynomial) B-spline curve de-
fined in the three-dimensional homogeneous coordinate space.
For a complete discussion of these space projections, see [10,6]
and references therein. In this way, a great variety of geometrical
entities can be constructed and, in particular, all conic sections in
physical space can be obtained exactly. The projective transforma-
tion of a B-spline curve yields a rational polynomial curve.

To obtain a NURBS curve in R2, we therefore start from a set
Bw

i 2 R3 (i ¼ 1; . . . ;n) of control points (‘‘projective points”) for a
B-spline curve in R3 with knot vector N. Then the control points
for the NURBS curve are

ðBiÞj ¼
ðBw

i Þj
wi

; j ¼ 1;2; ð14Þ

where ðBiÞj is the jth component of the vector Bi and wi ¼ ðBw
i Þ3 is

referred to as the ith weight. The NURBS basis functions of order p
are then defined as

Ri;pðnÞ ¼
Ni;pðnÞwiPn
î¼1Nî;pðnÞwî

: ð15Þ

The NURBS curve is defined by

CðnÞ ¼
Xn

i¼1

Ri;pðnÞBi: ð16Þ

Analogously to B-splines, NURBS basis functions on the two-dimen-
sional parametric space ½0;1�2 are defined as

Rp1 ;p2
i1 ;i2
ðn1; n2Þ ¼

Ni1 ;p1
ðn1ÞNi2 ;p2

ðn2Þwi1 ;i2Pn1

î1¼1

Pn2

î2¼1
Nî1 ;p1

ðn1ÞNî2 ;p2
ðn2Þwî1 ;̂i2

ð17Þ

or, in compact form, as

Ri;pðnÞ ¼
Ni;pðnÞwiPn
î¼1Nî;pðnÞwî

; ð18Þ

where wi1 ;i2 ¼ wi ¼ ðBw
i Þ3 are the weights, and

wðnÞ ¼
Xn

î¼1

Nî;pðnÞwî ð19Þ

is the weight function which appears at the denominator of the
NURBS basis functions.

Observe that the continuity and support of NURBS basis func-
tions are the same as for B-splines.

Finally, NURBS regions, in similar fashion to B-spline regions,
are defined in terms of the basis functions given by (18).

3.2. Numerically calculated quadrature rules

Because of the structure of isogeometric analysis, which is
based on the isoparametric paradigm, assembling the system of
equations involves the calculation of integrals such asZ
½0;1�2

gðnÞRiðnÞRjðnÞdn; ð20ÞZ
½0;1�2

gðnÞrRiðnÞrRjðnÞdn; ð21ÞZ
½0;1�2

gðnÞrRiðnÞRjðnÞdn; ð22ÞZ
½0;1�2

gðnÞrRiðnÞRjðnÞRkðnÞdn; ð23Þ



Table 3
Exact rules on the biunit interval ½�1;1� for spaces relevant to the integration of finite element and NURBS-based isogeometric arrays. The quadrature rules have the formR 1
�1 vðnÞdn ¼

Pnquad

l¼1 wlvðnlÞ. The rule for S6;0 is obtained numerically.

Sq;kðT1ð½�1;1�ÞÞ nquad fnl;wlgnquad

l¼1

S2;0 3 f0; 1
2g, f� 2

3 ;
3
4g

S4;�1 6 Three-point Gauss rule on each element

S4;0 5 f0; 2
9g, f�ð35�

ffiffi
6
p

10Þ; 4
9þ

ffiffi
6
p

36g, f�ð35þ
ffiffi
6
p

10Þ; 4
9�

ffiffi
6
p

36g

S4;1 4 � 24þ4
ffiffi
3
p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
459�138

ffiffi
3
pp

55 ; 1
2þ 323

111672

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
459� 138

ffiffiffi
3
pp
þ 53

9306

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
153� 46

ffiffiffi
3
pp� �

; � 24þ4
ffiffi
3
p
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
459�138

ffiffi
3
pp

55 ; 1
2� 323

111672

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
459� 138

ffiffiffi
3
pp
� 53

9306

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
153� 46

ffiffiffi
3
pp� �

S6;�1 8 Four-point Gauss rule on each element
S6;0 7 f0;0:12500000000000g; f�0:21234053823915; 0:32884431998006g; f�0:59053313555927; 0:38819346884317g;

f�0:91141204048730; 0:22046221117676g

Fig. 3. Example of a two-dimensional mesh formed by nine macro-elements, with
different element sizes in different macro-elements.

Table 4
Summary of the quadrature rules proposed for exact integration of one-dimensional
piecewise polynomial functions belonging to Sq;k (‘‘–” means that this integration is
not of interest for the considered cases).

q k

�1 0 1

0 Gauss – –
1 Gauss – –
2 Gauss Table 8 –
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where Ri, Rj, and Rk are NURBS basis functions, g is the space-
dependent factor that takes into account the change of geometry
(that is, it represents the Jacobian of the geometry map F and, pos-
sibly, the derivatives of its inverse F�1, see [12]) and the coefficients
of the partial differential equation. Typically, (20) emanates from a
mass term or a body force term (when the force is approximated by
NURBS) and (21) emanates from a stiffness term; (22) and (23) cor-
respond, respectively, to linear and nonlinear advection terms,
which are encountered in fluid dynamics simulations (e.g., by the
advection–diffusion and Navier–Stokes equations, resp.).

Often, both g and the weight appearing in the denominator of
the NURBS basis functions (see (19)) change slowly (compared to
the polynomial numerator of the NURBS basis functions) because
they are piecewise smooth functions on the initial coarse mesh
where the geometry is exactly represented (see [3]). Then, it is a
common practice to select quadrature rules that give exact integra-
tion when both g and the weight (19) in the NURBS denominator
are constant. In other words, the aim of numerical quadrature in
this context is to exactly calculate the integralsZ
½0;1�2

NiðnÞNjðnÞdn; ð24ÞZ
½0;1�2
rNiðnÞrNjðnÞdn; ð25ÞZ

½0;1�2
rNiðnÞNjðnÞdn; ð26ÞZ

½0;1�2
rNiðnÞNjðnÞNkðnÞdn; ð27Þ

where Ni, Nj and Nk are B-spline basis functions associated with Ri,
Rj and Rk.1 In two (or more) dimensions, Ni, Nj and Nk are tensor
product piecewise-polynomial functions on a Cartesian mesh, and
the integrals (24)–(27) reduce to iterated one-dimensional inte-
grals, that is, the multi-dimensional quadrature rule is obtained
from the tensor product of suitable one-dimensional rules. There-
fore, we need quadrature rules that integrate exactly, in one dimen-
sion, polynomials whose order and regularity depend on the
approximation space used in isogeometric analysis. We also note
that this is standard practice in finite element analysis.

We consider two cases: tensor product piecewise linear contin-
uous basis functions, and tensor product piecewise quadratic C1

basis functions. In the former case, exact calculation of the mass
integral (24) is obtained from one-dimensional exact integration
of functions in S2;0, the stiffness integral (25) leads to various
terms which require exact integration of functions in S0;�1, in
S1;�1, or in S2;0; for the linear advection term we need exact inte-
gration of functions in, again, S1;�1 or in S2;0, while for the nonlin-
ear advection term the spaces are S2;�1 or S3;0. In the latter case
1 We emphasize that although we restrict our investigation to exact rules for
B-spline spaces, they are relevant to NURBS because the approximation properties of
B-splines [19] can be used to derive error estimates for these quadrature rules.
(quadratic approximation) we need exact one-dimensional inte-
gration of functions in S4;1 (for (24)), in S2;0, S3;0 and again S4;1

(for (25)), in S3;0 and S4;1 (for (26)) and also in S5;0 and S6;1

(for 27). However, we note that not all of these spaces have strong
interest from the point of view of quadrature. The reason for this is
that usually all arrays are integrated with the same quadrature
rule. For example, if the stiffness, mass and linear advection matri-
ces were integrated with one rule, the spaces S2;�1 and S4;0 would
be exact for all arrays composed of tensor products of piecewise C0

linears and C1 quadratics, respectively. In each case, we need to ac-
count for the minimal continuity and maximal polynomial order. If
we add in the nonlinear advection term, the spaces become S3;�1

and S6;0, respectively.
The spaces for piecewise linear are S2;�1 and S3;�1. The lack of

continuity means that classical Gauss rules are optimal on each
element and in both cases that amounts to the two-point Gauss
rule. In the case of C1 piecewise quadratics the interesting cases
are S4;0 and S6;0. To begin our study of these cases, we will return
to the example presented in Section 1. For S4;0 we need to add
even and odd cubic and quartic functions to those considered
3 Gauss – –
4 Gauss Table 9 Table 10
5 Gauss – –
6 Gauss Table 11 –



Table 5
Computational costs in 1D: total number of integration points for standard Gauss rule (on each element) versus proposed integration strategy.

Space Two elements Three elements Four elements Five elements

Gauss New rule Gauss New rule Gauss New rule Gauss New rule

S2;0 4 3 6 4 8 5 10 6
S4;0 6 5 9 7 12 9 15 11
S4;1 6 4 9 6 12 7 15 9
S6;0 8 7 12 10 16 13 20 16
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previously. The C0 continuity leads to a five-point rule being exact
on the biunit interval in contrast with the usual three-point Gauss
rules on each of the two unit subintervals, which is exact for S4;�1.
In the case of S6;0 we also save one quadrature point compared
with S6;�1, that is, there is an exact seven-point rule for S6;0 on
the biunit interval, whereas for S6;�1 we require four-point Gauss
rules for each of the unit subintervals. The additional continuity of
the mass matrices does mean that there are more efficient rules for
these cases if only the mass matrices are needed. The relevant
spaces are S2;0 (considered in Section 1) and S4;1 for which there
is an exact four-point rule on the biunit interval. All the mentioned
rules can be determined generalizing the procedure described in
Section 1. The computations of quadrature points and weights
can be performed by hand only for low-order spaces (because of
the Abel-Ruffini theorem, which states that polynomial equations
of order five or higher admit solutions that cannot be expressed
in general by radicals), but they can always be performed numer-
ically. A summary of the relevant cases is presented in Table 3.
Table 6
Quadrature cost ratios for mass, stiffness, and linear advection matrices with macro-
element rules compared to Gauss quadrature rules on elements (i.e., knot spans) valid
for large n.

p r r2 r3

2 0.8 0.64 0.512
3 0.714 0.510 0.364
4 0.667 0.444 0.296
1 0.5 0.25 0.125

Table 7
Quadrature cost ratios for the nonlinear advection matrix with macro-element rules
compared to Gauss quadrature rules on elements (i.e., knot spans) valid for large n.

p r r2 r3

2 0.857 0.735 0.630
3 0.8 0.64 0.512
4 0.769 0.592 0.455
1 0.667 0.444 0.296

Table 8
Quadrature points (top) and weights (bottom) for exact quadrature in S2;0 on the interva

# 2 knot spans 3 knot spans

Quadrature points
1 0.166666666666667 0.111111111111111
2 0.500000000000000 0.375774001250012
3 0.833333333333333 0.624225998749988
4 – 0.888888888888889
5 – –
6 – –

Weights
1 0.375000000000000 0.250000000000000
2 0.250000000000000 0.250000000000000
3 0.375000000000000 0.250000000000000
4 – 0.250000000000000
5 – –
6 – –
We now focus on quadrature rules on one-dimensional macro-
elements formed by a variable number (2; . . . ;5) of elements. In-
deed, we think of the following general procedure for assembling
the isogeometric arrays. Starting from the multi-dimensional prob-
lem, we first subdivide the parametric domain ½0;1�2 into multi-
dimensional macro-elements. For the sake of simplicity, these are
assumed to be formed of uniform elements, though different ele-
ment sizes are allowed in different macro-elements, as in Fig. 3.
The integrals on macro-elements are computed by tensor products
of one-dimensional quadrature rules summarized in Table 4 and
detailed in Tables 8–11.

As we have seen for the biunit (two-element) interval, obtaining
these quadrature rules by hand may be difficult or even impossible
when the order of the polynomial space is too high. Therefore, we
follow a numerical approach which is an extension of what was de-
scribed in Section 1. Given a macro-element M of n knot spans
(that is, n uniform elements) we consider the system of equations
that states the exactness of the quadrature rule

Z
M

vðnÞdn ¼
Xnquad

i¼1

HwivðniÞ 8v in a basis of Sq;kðThðMÞÞ; ð28Þ

where H ¼ nh is the macro-element length (H ¼ 1, in what follows),
and then we numerically solve (28) with respect to the unknown
quadrature points ni and weights wi. The number of unknowns,
which is 2nquad, is a parameter that we aim at minimizing. When
the dimension ndof of Sq;kðThðMÞÞ is even, then the minimum
number of quadrature points turns out to be nquad ¼ ndof=2, and
the number of (nonlinear) equations comprising (28) is equal to
the number of unknowns. As expected, this gives in the cases we
have considered a unique solution. When ndof of Sq;kðThðMÞÞ is
odd, the minimum number of quadrature points turns out to be
nquad ¼ ðndof þ 1Þ=2, and a unique solution is obtained by adding a
symmetry condition to (28) making the number of equations equal
to the number of unknowns. The results are manifestations of the
half-point rule of thumb. We remark that the results in Tables 8–
11 are accurate to machine precision.
l ½0;1�.

4 knot spans 5 knot spans

0.083333333333333 0.066666666666667
0.305555555555555 0.244444444444444
0.500000000000000 0.424121308936067
0.694444444444445 0.575878691063933
0.916666666666667 0.755555555555556
– 0.933333333333333

0.187500000000000 0.150000000000000
0.241071428571428 0.192857142857143
0.142857142857144 0.157142857142857
0.241071428571428 0.157142857142857
0.187500000000000 0.192857142857143
– 0.150000000000000



Table 9
Quadrature points (top) and weights (bottom) for exact quadrature in S4;0 on the interval ½0; 1�.

# 2 knot spans 3 knot spans 4 knot spans 5 knot spans

Quadrature points
1 0.077525512860841 0.051683675240561 0.038762756430421 0.031010205144337
2 0.322474487139159 0.214982991426106 0.161237243569580 0.128989794855664
3 0.500000000000000 0.354703368548644 0.274045470208635 0.219236376166908
4 0.677525512860841 0.500000000000000 0.405954529791364 0.324763623833091
5 0.922474487139159 0.645296631451356 0.500000000000000 0.412506157852149
6 – 0.785017008573894 0.594045470208636 0.500000000000000
7 – 0.948316324759439 0.725954529791365 0.587493842147851
8 – – 0.838762756430420 0.675236376166909
9 – – 0.961237243569579 0.780763623833092
10 – – – 0.871010205144336
11 – – – 0.968989794855663

Weights
1 0.188201531350234 0.125467687566822 0.094100765675118 0.075280612540094
2 0.256242913094211 0.170828608729474 0.128121456547105 0.102497165237684
3 0.111111111111111 0.121832358674464 0.112477080863038 0.089981664690430
4 0.256242913094211 0.163742690058480 0.135888932208857 0.108711145767086
5 0.188201531350234 0.121832358674464 0.058823529411765 0.074280162515457
6 – 0.170828608729474 0.135888932208857 0.098498498498498
7 – 0.125467687566822 0.112477080863038 0.074280162515457
8 – – 0.128121456547105 0.108711145767086
9 – – 0.094100765675118 0.089981664690430
10 – – – 0.102497165237684
11 – – – 0.075280612540094
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A ‘‘pseudo-code” for the numerical evaluation of the quadrature
points and weights is given below. Note that, for the sake of simplic-
ity, it is suggested to solve the resulting nonlinear system using a
Newton-like technique, but the algorithm is not specified. The val-
ues in Tables 8–11 have been computed using the algorithm imple-
mented in the MATLAB Optimization Toolbox fsolve function (see
[15]), setting a machine-precision tolerance on the residual norm.
� Database:

q: integrand function order;
r: order of reduced regularity w.r.t. q (inter-element reg-
ularity: k ¼ q� r);
nel: number of elements considered for quadrature;
ndof ¼ ðqþ 1Þ � nel� ðq� r þ 1Þ � ðnel� 1Þ: number of
d.o.f.’s;
nquad ¼ ceilðndof=2Þ: minimum required number of
quadrature points (ceilð�Þ is the round-toward-infinity
function).

� Compute exact integrals using full Gauss quadrature. Save
in (column) vector: exact½ndof �.

� Set an initial guess for unknown (row) vectors, i.e.,
xq½nquad�: quadrature points; wq½nquad�: weights.

� Solve for xq and wq (e.g., with a Newton-like method) the
nonlinear equations with residual (column) vector
res½2 � nquad� computed as follows:

[	] Evaluate shape functions in the quadrature points
xq. Save in matrix: shape½ndof � nquad�.
[	] resð1 : ndof Þ ¼ shape �wqT � exact
[	] if ndof –2 � nquad then impose a symmetry condi-
tion, i.e., resð2 � nquadÞ ¼ xqðceilðnquad=2ÞÞþ
xqðnquad� ceilðnquad=2Þ þ 1Þ � 1
Even though in this work we only consider, for the sake of sim-
plicity, examples of uniform meshes ThðMÞ on M, we observe that
the previous procedure can be used for non-uniform ThðMÞ as well
(with a suitable symmetry condition). Observe that each iteration
of the solver in the numerical procedure above costs at least the
application of the quadrature rule to the shape functions on the
macro-element, and the number of iterations depends on the pre-
scribed tolerance. It is clear that numerically computing the quad-
rature rule ‘‘on-the-fly” is advantageous only if the quadrature rule
is used many times.

In terms of computational cost, the advantage of the quadrature
rules on macro-elements, compared to element-wise Gauss quadra-
ture, is summarized in Table 5. As expected, the advantage is greater
the higher the regularity k. Consider, for example, the case of S4;1.
On two elements we need four quadrature points according to Table
10, which is 2=3 the cost of exact Gauss quadrature, requiring six
points (three per element). On more elements, the gain is even high-
er. Asymptotically (when the number of elements n goes to infinity)
the cost of quadrature on macro-elements is half the cost of ele-
ment-wise Gauss quadrature. Indeed, there is numerical evidence
that this quadrature rule on n elements converges toward the fol-
lowing exact quadrature rule for S4;1ðThðRÞÞ (see Fig. 4),Z

R

vðnÞdn¼
X
i2Z

h
27
40

v 2ih�2
3

h
� �

þ 13
20

vð2ihÞ þ27
40

v 2ihþ 2
3

h
� �� �

:

ð29Þ

Notice that this is only the gain of the one-dimensional formula: in
two space dimensions, for instance, the corresponding computa-
tional cost of the macro-element quadrature would be
ð1=2Þ2 ¼ 25% of the cost of the alternative Gauss rule (and
ð1=2Þ3 ¼ 12:5% in three dimensions).
4. Discussion and conclusions

In previous work we have demonstrated that NURBS-based
isogeometric analysis has accuracy and robustness advantages over
standard C0-continuous finite elements on a per degree-of-freedom
basis. All cost comparisons between finite elements and isogeomet-
ric analysis appear commensurate, except possibly numerical
quadrature. In this paper, we have initiated a study of appropriate
quadrature rules for isogeometric analysis. We have developed effi-
cient rules for spaces arising in the calculation of mass, stiffness,
and advection matrices. These rules pertain to macro-elements
and precisely account for the smoothness of basis functions across
element boundaries. A general rule of thumb is that the number of



Table 10
Quadrature points (top) and weights (bottom) for exact quadrature in S4;1 on the interval ½0; 1�.

# 2 knot spans 3 knot spans 4 knot spans 5 knot spans

Quadrature points
1 0.084001595740497 0.055307959538964 0.042302270496914 0.033825647049693
2 0.353667436436311 0.232008127012761 0.178540270746368 0.142739413107187
3 0.646332563563689 0.410698113579587 0.335067537628328 0.267383546533900
4 0.915998404259503 0.589301886420413 0.500000000000000 0.393434348254817
5 – 0.767991872987239 0.664932462371672 0.500000000000000
6 – 0.944692040461036 0.821459729253632 0.606565651745183
7 – – 0.957697729503086 0.732616453466100
8 – – – 0.857260586892813
9 – – – 0.966174352950307

Weights
1 0.204166185672591 0.134383670129084 0.102836135188702 0.082228488484279
2 0.295833814327409 0.190719210529352 0.151209936088574 0.120781740225645
3 0.295833814327409 0.174897119341564 0.165363166232141 0.131305988133937
4 0.204166185672591 0.174897119341564 0.161181524981166 0.112350449822805
5 – 0.190719210529352 0.165363166232141 0.106666666666667
6 – 0.134383670129084 0.151209936088574 0.112350449822805
7 – – 0.102836135188702 0.131305988133937
8 – – – 0.120781740225645
9 – – – 0.082228488484279

T.J.R. Hughes et al. / Comput. Methods Appl. Mech. Engrg. 199 (2010) 301–313 309
quadrature points in an optimal rule is roughly equal to half the
number of degrees-of-freedom (i.e., basis functions) of the space
under consideration. This holds independently of p, the order of
the basis. We refer to this rule of thumb, which has been made pre-
cise in examples herein, as the half-point rule.

It is interesting to compare the costs of the macro-element rules
with Gauss quadrature on individual elements (i.e., knot spans),
Table 11
Quadrature points (top) and weights (bottom) for exact quadrature in S6;0 on the interva

# 2 knot spans 3 knot spans

Quadrature points
1 0.044293979756353 0.029529319837568
2 0.204733432220368 0.136488954813578
3 0.393829730880424 0.262553153920282
4 0.500000000000000 0.346347327869116
5 0.606170269119576 0.439985495913234
6 0.795266567779632 0.560014504086766
7 0.955706020243647 0.653652672130884
8 – 0.737446846079718
9 – 0.863511045186422
10 – 0.970470680162432
11 – –
12 – –
13 – –
14 – –
15 – –
16 – –

Weights
1 0.110231105588385 0.073487403725589
2 0.194096734421586 0.129397822947724
3 0.164422159990029 0.109614773326687
4 0.062500000000000 0.072302597309009
5 0.164422159990029 0.115197402690991
6 0.194096734421586 0.115197402690991
7 0.110231105588385 0.072302597309009
8 – 0.109614773326687
9 – 0.129397822947724
10 – 0.073487403725589
11 – –
12 – –
13 – –
14 – –
15 – –
16 – –
the procedure we have utilized thus far in our numerical calcula-
tions. This amounts to comparing S2p;p�2 with S2p;�1 for mass,
stiffness and linear advection arrays, and S3p;p�2 with S3p;�1 for
nonlinear advection.

The dimension of S2p;p�2 is ð2pþ 1Þn� ðp� 1Þðn� 1Þ and the
dimension of S2p;�1 is ð2pþ 1Þn. Consequently, the quadrature cost
ratio is approximately
l ½0;1�.

4 knot spans 5 knot spans

0.022146989878175 0.017717591902541
0.102366716110181 0.081893372888146
0.196914865440210 0.157531892352169
0.263400668418668 0.210720534734934
0.347524489405304 0.278019591524244
0.445197291155619 0.356157832924495
0.500000000000000 0.407699474072336
0.554802708844381 0.463961205185823
0.652475510594696 0.536038794814177
0.736599331581332 0.592300525927664
0.803085134559790 0.643842167075505
0.897633283889819 0.721980408475756
0.977853010121825 0.789279465265066
– 0.842468107647831
– 0.918106627111854
– 0.982282408097459

0.055115552794190 0.044092442235353
0.097048367210792 0.077638693768634
0.082211079995017 0.065768863996012
0.064248319502888 0.051398655602310
0.100366401333527 0.080293121066822
0.084881246905521 0.067904997524416
0.032258064516130 0.043725979949618
0.084881246905521 0.069177245856834
0.100366401333527 0.069177245856834
0.064248319502888 0.043725979949618
0.082211079995017 0.067904997524416
0.097048367210792 0.080293121066822
0.055115552794190 0.051398655602310
– 0.065768863996012
– 0.077638693768634
– 0.044092442235353
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Fig. 4. Quadrature rule (29) for exact integration in S4;1ðThðRÞÞ is obtained with
three points every two elements, represented by circles on the x-axis, which have
coordinates 2ih� 2

3 h, 2ih, and 2ihþ 2
3 h, with i 2 Z (in the plot, h ¼ 1).
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r ¼ ð2pþ 1Þn� ðp� 1Þðn� 1Þ
ð2pþ 1Þn ¼ 1� ðp� 1Þðn� 1Þ

ð2pþ 1Þn : ð30Þ

If p ¼ 1, then r ¼ 1, reflecting the fact that the spaces coincide in
this case. For large n, (30) becomes 1� ðp� 1Þ=ð2pþ 1Þ. See Table
6. As may be seen, the savings are considerable, especially in three
dimensions.

The dimension of S3p;p�2 is ð3pþ 1Þn� ðp� 1Þðn� 1Þ and the
dimension of S3p;�1 is ð3pþ 1Þ. The cost ratio is approximately
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Fig. A.1. One-dimensional numerical spectra for linear basis functions obtained with full
different scales).
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Fig. A.2. One-dimensional FEM numerical spectra obtained with full integration compar
r ¼ ð3pþ 1Þn� ðp� 1Þðn� 1Þ
ð3pþ 1Þn ¼ 1� ðp� 1Þðn� 1Þ

ð3pþ 1Þn : ð31Þ

Again, for p ¼ 1, we have r ¼ 1. For large n, (31) becomes
1� ðp� 1Þ=ð3pþ 1Þ. See Table 7. This case is not as favorable as that
for the mass, stiffness, and linear advection matrices, but still repre-
sents significant savings in three dimensions, the case of most
importance.

Despite the savings compared with the use of Gauss rules on
knot spans, the new macro-element rules still represent consider-
able overhead compared with Gauss rules on higher-order C0-con-
tinuous elements, if we think in terms of quadrature cost (i.e.,
number of evaluations) per degree-of-freedom. The reason for this
is that classical C0-continuous finite elements have 
 pd degrees-
of-freedom per element in d dimensions. Then, the cost ratios for
equal number of degrees-of-freedom are pd times the cost ratios
for equal number of elements. Keep in mind though that the cost
of analysis typically does not scale with the number of quadrature
points, except in exceptional cases, such as explicit transient anal-
ysis without contact. Quadrature is also highly parallelizable,
whereas equation solving is typically only partially parallelizable.
Equation solving also usually scales with a power (> 1) of the num-
ber of elements, and equivalently the number of quadrature points.

We have just scratched the surface in this investigation. Higher-
order cases need to be studied. There is also the possibility that
rules not of the tensor product format may provide additional
efficiency.

The adoption of numerical quadrature in finite element analysis
represented a great advance. It would likewise be a great advance if
efficient quadrature rules could be determined numerically and
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Fig. A.3. One-dimensional NURBS numerical spectra obtained with full integration compared with spectra under integrated by 1 Gauss point (plotted at two different scales).
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Fig. A.4. One-dimensional NURBS numerical spectra obtained with full integration compared with under integrated ones, for different choices of the order p.
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automatically for each analysis as part of the solution process. As
isogeometric analysis encompasses more complex meshing struc-
tures, such as T-splines (see[20,9]), and variable order and variable
continuity within a patch, it will be required to use numerical pro-
cedures to determine efficient quadrature rules.

In conclusion, we think that in addition to deriving some useful
quadrature rules for isogeometric analysis, the fundamental prob-
lem of obtaining efficient quadrature rules for isogeometric analy-
sis has been clarified and possible directions for its solution have
been identified.
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Appendix A

In this Appendix, we present a numerical investigation of the ef-
fects of reduced Gauss integration on numerical methods using C0

(FEM) and Cp�1 (NURBS) basis functions. We consider the eigen-
value computation for the one-dimensional second-order deriva-
tive. This is a simple test, though relevant in the context of
elastic structural vibration or wave propagation simulations. Com-
parison of C0 and Cp�1 discretizations has been thoroughly studied
in [13], which we refer for an analysis of the results obtained by ex-
act integration.

The exact problem reads: find eigenvalues x2
n and eigenvectors

/n such that

�/00nðxÞ ¼ x2
n/nðxÞ; x 2 ð0;1Þ;

/ð0Þ ¼ /ð1Þ ¼ 0:

(
ðA:1Þ

The square root of the nth eigenvalue, that is xn > 0, represents the
nth natural frequency of free vibration. FEM discretization on a uni-
form mesh and NURBS discretization on a uniform grid of control
points are considered (see [13] for more details). The discrete eigen-
values ðxh

nÞ
2 are computed and the ratio xh

n=xn is plotted in Figs.
A.1–A.4, where N denotes the number of degrees-of-freedom for
the discrete system.

For p-order basis functions, pþ 1 Gauss points per element are
needed in order to exactly integrate both mass and stiffness matri-
ces. Instead, using p Gauss points (i.e., under integrating using one
less Gauss point), the mass matrix is under integrated while the
stiffness is still exactly integrated. Using less than p Gauss points,
we under integrate both mass and stiffness.

We first study reduced integration of FEM matrices. In this case,
we can only under integrate by 1 Gauss point, otherwise stability is
lost (i.e., the stiffness matrix becomes singular). Moreover, the un-
der integrated results are worse than the fully integrated ones in
that, for fixed p, the highest frequency error diverges as the mesh
is refined. See Figs. A.1 and A.2 in which 1000 control points were
used.

Better results are obtained under integrating NURBS matrices
by 1 Gauss point, as shown in Fig. A.3. Moreover, it is interesting
to observe that acceptable results are often obtained under inte-
grating NURBS matrices by even more than 1 Gauss points, as
shown in Fig. A.4. For p P 2 stability is always lost when using just
1 Gauss point, so in the tests we integrated with a minimum of
2 Gauss points.

Fig. A.5 shows the number of Gauss points needed for full quad-
rature, and the minimum necessary for stability. Perhaps the most
interesting information presented in Fig. A.5 is the minimum num-
ber of Gauss points needed to get ‘‘acceptable” results. We remark
that the acceptable level is here defined by a subjective evaluation
of the spectrum approximation properties given on the basis of the
results reported in Fig. A.4 and some other numerical calculations.
It is interesting to note that the number of Gauss points needed to
reach acceptable results for NURBS is described by the expression
ceilðp=2Þ þ 1 (where ceilð�Þ is the round-toward-infinity function).
Asymptotically, the slope of this function is 1=2, and half that for
full quadrature. Observe that this result agrees with what we found
in the body of the paper, that is, for Cp�1 basis functions, efficient
quadrature, either exact (by the rules described in Section 3; see
Table 6) or approximate (by reduced Gauss rules), can be attained
with half the computational cost of exact Gauss quadrature.
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