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Abstract The use of shape memory alloys (SMA) in an increasing number of appli-
cations in many fields of engineering, and in particular in biomedical engineering,
is leading to a growing interest toward an exhaustive modeling of their macroscopic
behavior in order to construct reliable simulation tools for SMA devices. In this pa-
per we review the properties of a robust three-dimensional model able to reproduce
both pseudo-elastic and shape-memory effect; we then employ such as a model to
perform the Finite Element Analysis of SMA-based devices such as self-expanding
stents and spring actuators.

1 Introduction

The great and always growing interest in shape memory alloys(SMA) (cf. [8, 9])
and in their industrial applications in many branches of engineering is deeply stim-
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ulating the research on constitutive laws. As a consequence, many models able to
reproduce one or both of the well-known SMA macroscopic behaviors, referred to
aspseudo-elasticity andshape-memory effect, have been proposed in the literature
in the last years (refer for instance to [6, 10, 11, 12, 13, 15,16, 17, 20, 21] ). In
particular, the constitutive law proposed in [23] and improved in [2] seems to be
attractive. Developed within the theory of irreversible thermodynamics, this model
is in fact able to describe both pseudo-elasticity and shape-memory effect and the
corresponding solution algorithm is simple and robust as itis based on a plasticity-
like return map procedure. The robustness of such a model makes it particularly
suitable for implementation within finite element codes, allowing in this way the
simulation of the behavior of complex SMA devices. In this paper we review the
properties of this model and we report some results of its application in order to per-
form simulations of SMA-based devices such as self-expanding stents and spring
actuators.

2 3D SMA Phenomenological Model

In this first part of the paper we present and discuss in detailthe 3D phenomenolog-
ical model for SMA introduced in [2, 3, 23], within the context of thermo-electro-
mechanical coupling.

The model assumes the total strainε and the absolute temperatureT as control
variables, the transformation strainetr as internal one. The second-order tensoretr

describes the strain associated to the transformation between the two solid phases
referred to as martensite and austenite. Here, this quantity should have a fully re-
versible evolution and should be completely recovered whenunloading to a zero
stress state. Moreover, we require that

‖etr‖ ≤ εL, (1)

where‖ · ‖ is the usual Euclidean norm andεL is a material parameter correspond-
ing to the maximum transformation strain reached at the end of the transformation
during an uniaxial test.

Assuming a small strain regime, justified by the fact that theapproximation of
large deformations and small strains is valid for several applications, the following
standard additive decomposition can be considered

ε =
θ
3

1+ e,

whereθ = tr(ε) and e are respectively the volumetric and the deviatoric part of
the total strainε, while 1 is the second-order identity tensor. The free energy den-
sity functionΨ for a polycrystalline SMA material is then expressed as the convex
potential
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Ψ(θ ,e,T,etr) =
1

2
Kθ 2 +G‖e− etr‖2−3αKθ(T −T0)+β 〈T −M f 〉‖etr‖+

+
1

2
h‖etr‖2 +(u0−T η0)+ c

[

T −T0−T log

(

T

T0

)]

+IεL(e
tr),

whereK andG are respectively the bulk and the shear modulus,α is the thermal
expansion coefficient,β is a material parameter related to the dependence of the
critical stress on the temperature,M f is the temperature below which only martensite
phase is stable,h defines the hardening of the phase transformation,c is the heat
capacity, andu0, η0 andT0 are, respectively, the internal energy, the entropy and the
temperature at the reference state. Moreover, we make use ofthe indicator function

IεL(e
tr) =

{

0 if ‖etr‖ ≤ εL

+∞ otherwise,

in order to satisfy the transformation strain constraint ofequation (1); we also intro-
duce the positive part function〈·〉, defined as

〈a〉 =

{

a if a > 0
0 otherwise.

We remark that, since we use only a single internal variable second-order tensor
to describe phase transformations, at most it is possible todistinguish between a
generic parent phase (not associated to any macroscopic strain) and a generic prod-
uct phase (associated to a macroscopic strain). Accordingly, the model does not
distinguish between the austenite and the twinned martensite, as both these phases
do not produce macroscopic strain.

We furthermore highlight that, for the sake of simplicity, the present model does
not reflect the differences existing between the austenite and the martensite elastic
properties (see [5] on a way to include it in the model).

Starting from the free energy functionΨ and following standard arguments, we
can derive the constitutive equations



















































p =
∂Ψ
∂θ

= K [θ −3α(T −T0)] ,

s =
∂Ψ
∂e

= 2G(e− etr),

η = −
∂Ψ
∂T

= η0 +3αKθ −β‖etr‖
〈T −M f 〉

|T −M f |
+ c log

(

T

T0

)

,

X = −
∂Ψ
∂etr = s−β 〈T −M f 〉

etr

‖etr‖
−hetr − γ

etr

‖etr‖
,

(2)

wherep = tr(σ)/3 ands are respectively the volumetric and the deviatoric part of
the stressσ , X is a thermodynamic stress-like quantity associated to the transforma-
tion strainetr, andη is the entropy. The variableγ results from the indicator function
subdifferential∂IεL(e

tr) and it is defined as
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{

γ = 0 i f ‖etr‖ < εL,
γ ≥ 0 i f ‖etr‖ = εL,

so that∂IεL(e
tr) = γetr/|etr‖.

To describe phase transformation and inelasticity evolution, we choose a limit
functionF defined as

F(X) = ‖X‖−R (3)

whereR is the radius of the elastic domain in the deviatoric space.
Considering an associative framework, the flow rule for the internal variable takes

the form

ėtr = ζ̇
∂F

∂X
= ζ̇

X
‖X‖

, (4)

whereζ̇ is the consistency parameter.
The model is then completed by the classical Kuhn-Tucker conditions







ζ̇ ≥ 0,
F ≤ 0,

ζ̇ F = 0.

(5)

Following classical arguments [14], we can also compute theevolution of the
current internal energyu, using the first principle of thermodynamics, as

u̇ = Ψ̇ +T η̇ + Ṫ η = σ : ε̇ + r−∇ ·q, (6)

beingr andq, respectively, the heat source and flux vector.

Observation 1. The proposed model is thermodynamically consistent since it
satisfies the second principle of thermodynamics in the formof the Clausis-Duhem
inequality (for more details see [2]).

Observation 2. By exploiting basic Convex Analysis tools (see, e.g., [7]) we can
rewrite our constitutive model defined by equations (2)–(5)in the equivalent form









−p
−s
η

∂Dėtr









+∂Ψ









θ
e
T
etr









∋ 0. (7)

Here∂D stands for the subdifferential of the functionD defined as

D(etr) = sup
F(A)≤0

{

A : etr} , (8)

which is the dissipation function associated to the phase transformation mechanism
(A is a generic thermodynamic stress-like tensor). It can be shown thatD(etr) =
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R||etr||, as well as that it is the Fenchel-Legendre conjugate of the indicator function
of the non-empty, convex, and closed domain

E = {A : F(A) ≤ 0}.

Hence, it is easy to check thatD is positively 1-homogeneous, that is

D(λetr) = λD(etr) ∀λ > 0.

Namely, the time-evolution ofetr is of rate-independent type since we readily have
that

∂D(λetr) = ∂D(etr) ∀λ > 0.

The formulation of rate-independent evolution problems interms of a doubly-
nonlinear differential inclusion as in equation (7) has recently attracted a good deal
of attention. In particular, the mathematical treatment ofrelations as equation (7)
is nowadays fairly settled and existence, uniqueness, and time-discretization results
are available. The interested reader is referred to the recent survey [18] where a com-
prehensive collection of mathematical results on doubly-nonlinear rate-independent
problems is provided.

3 Numerical Simulations of SMA-based devices

In this section we highlight the numerical implementation of the model proposing
two different finite element analyses: the first simulation reproduces a flexibility test
of a SMA self-expanding stent exploiting the pseudo-elastic effect; the second one
reproduces the action of the shape memory effect on the elongation of a spring.

3.1 Self-expandable SMA Stent: an example of pseudo-elastic
effect

The best example of the successful use of SMA in the biomedical field is Nitinol,
a Nickel-Titanium SMA with excellent biocompatibility. Inparticular, the pecu-
liar features of Nitinol are exploited to manufacture self-expanding stents which are
small tube-like devices providing the internal scaffolding of diseased arteries. Stents
are the core of a minimally invasive clinical technique, called stenting, often used
as follow-up of angioplasty, a procedure in which a vessel, narrowed by stenotic
lesion, is mechanically enlarged by the inflation of a balloon.
Two types of stents based on different expansion strategiesare available on the mar-
ket: balloon-expandable (BX) and self-expandable (SX) stents.
On one hand, the BX stent is mounted on a catheter supporting aballoon and it is
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positioned by plastic deformation inflating the balloon in the site of blockage.
On the other hand, the SX stent is crimped within a protectivesheath; when the
sheath is retracted the stent expands by itself into the artery exploiting Nitinol
pseudo-elasticity. Moreover, pseudo-elasticity is a key-feature for stenting of pe-
ripheral vessels, as carotid or femoral arteries, where BX stents usually fail due to
undesired plastic deformations provided by complex loading conditions related to
the body kinematics.
Although Nitinol SX stents accomplish both technical and biomechanical require-
ments (i.e. flexibility, kink resistance, low delivery profile, etc.), it has been observed
that many of these stents fail once implanted in peripheral vessels [1, 22].
In the scientific literature, there has been an increasing effort to study the stent me-
chanics by Finite Element Analysis (FEA) to support stent design and enhance the
related stenting performance. In the following, we exploitthe proposed constitutive
model to perform a FEA in order to assess the flexibility of a Nitinol self-expanding
stent in open configuration. We design the numerical test to mimic the approach pro-
posed by Muller-Hulsbeck [19]. We consider a geometry very similar to the tapered
XACT stent (Abbott, Illinois, USA) with a structure characterized by tubular-like
rings having the main function of sustaining the vessel after stent expansion, and
bridging members (links) having the main function of assuring the stent flexibility
by allowing mutual rotation between adjacent rings.
As shown in Figure 1, we tie the stent ends to two rigid plates:the proximal rigid
plate is fully constrained while the distal one is free to rotate around the X axis; we
impose the stent bending by a displacement (11 mm) along the Ydirection of the
distal reference point and we monitor the relative reactionforce. For this simula-
tions, we use linear hexahedral (C3D8) elements for the stent mesh and the com-
mercial code ABAQUS/STD (Dassault Systèmes Simulia Corp.,Providence, RI,
USA) as finite element solver. We implement the constitutivemodel within a user
material subroutine (UMAT) using the typical NiTi materialparameters reported
in Table 1. Large deformations are included in the analysis to get a non-linear
force/displacement response of the device as shown in Figure 2. The simulation
results are in qualitative agreement with experimental results provided by Muller-
Hulsbeck et al. [19] and further investigations should address the validation of the
numerical analysis especially with focus on the assessmentof the SMA material
properties.
We conclude that the proposed constitutive model can be exploited to assess the
mechanical behavior of complex SMA-based biomedical devices as stents, thanks
to its simple and robust numerical implementation.



Shape Memory Alloys: Material Modeling and Device Finite Element Simulations 7

Table 1 Adopted Nitinol constitutive parameters.

Symbol Description Value Unit

E Elastic modulus 51700 MPa
ν Poisson’s ratio 0.3 -
εL Maximum transformation strain 0.077 -
h Stress-strain slope measure during transformation 707 MPa
β Temperature dependence for transformation stress 5.33 MPa◦C−1

M f Reference temperature −28 ◦C
T Working temperature 37 ◦C
R Elastic domain radius 141 MPa

3.2 Temperature-induced recovery of spring elongation: an
example of shape memory effect

The shape-memory effect allows to recover large strains by heating SMA materials;
to reproduce an example of such an effect, we perform a FEA of aspring defined by
the following steps:

1. axial loading of the spring;
2. load release and elastic strain recovery;
3. heating and residual inelastic strain recovery.

We apply the following boundary conditions: the top end of the spring (RF 1 in
Figure 3a) is constrained; the bottom end (RF 2) is allowed tomove only along the
axial direction (Y axis); during the first step we apply at RF 2a force of 3.25 N to
induce the spring elongation (see Figure 3b).
The same material properties reported in Table 1 are used.
For the first two steps we set the working temperature equal toM f (i.e. −28◦C).
Then, in the third step, we increase the temperature up to 40◦C to allow the residual
elongation recovery due to the shape memory effect.
Figure 3 illustrates the results of the simulation highlighting the complete recovery
of the residual elongation after heating the material aboveA f . The shape-memory
phenomenon is clearly illustrated also in Figure 4, where the force–displacement–
temperature curve at RF 2 is reported.
Again, numerical results show the robustness of the proposed constitutive model,
which can be successfully exploited also for the simulationof devices based on the
shape memory effect, such as, e.g., spring actuators.
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Fig. 1 Nitinol stent: initial configuration (top); final bent configuration (bottom).
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Fig. 2 Reaction force along the Y direction at the distal reference point versus the bending angle.
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Fig. 3 Contour-plot of the VonMises stress [MPa] in the spring superimposed to the: a) unde-
formed configuration; b) deformed configuration after axial loading; c) deformed configuration
after load releasing; d) deformed configuration after heating(residual elongation is recovered).
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Fig. 4 Reaction force and axial displacement of RF 2 versus temperature. The labeled points refer
to the steps illustrated in Figure 3
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