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The goal of the present work is to emphasize some intrinsic features of the three-dimen-
sional beam model originally proposed by Simo [Simo, J.C., 1985. A finite-strain beam for-
mulation. The three-dimensional dynamic problem. Part I. Comput. Methods Appl. Mech.
Eng. 49, 55–70] and to derive the model equations for the general finite-deformation case
as well as for the finite-deformation small-strain case in a consistent but simpler way with
respect to what it is generally done in the literature.
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1. Introduction

During the past decades several researchers focused their attention on geometrically nonlinear beam models. In this con-
text, one of the major contributions is certainly awarded to the works of Simo (1985) and Simo and Vu-Quoc (1986, 1991). In
fact, in 1985 Simo provided a compact and clear expression for the beam deformation map, based on the introduction of a
rotation tensor as a measure of the cross-section three-dimensional finite rotation, defining a priori the stress resultants and
achieving beam strain measures through the application of a three-dimensional power equation. Then, Simo and Vu-Quoc
(1986) derived a weak formulation and an associated finite element formulation of the model, and, later, again Simo and
Vu-Quoc (1991) extended the formulation to account for warping phenomena, introducing for the first time the denomina-
tion geometrically exact beam (indeed, the denomination geometrically exact was used for the first time two years earlier by
Simo and Fox (1989), but with reference to shells).

In the same period, Cardona and Géradin (1988) contributed to better pinpoint the beam formulation as a particular case
of the three-dimensional nonlinear continuum theory, clarifying also the concept of co-rotational derivative, already sug-
gested by Simo. Moreover, they were the first who classified the beam model finite element formulations according to
the different linearizations and parameterizations of the rotation tensor, introducing the now common classification in Eule-
rian, Total Lagrangian and Updated Lagrangian.

From the Nineties up to now, researchers have taken a great effort to develop new finite element formulations of Simo’s
model, with the main purpose of handling efficiently rotations. In particular, Ibrahimbegović et al. (1995a) developed a Total
. All rights reserved.
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Lagrangian formulation, which has been recently reformulated in a very clear and systematic way by Ritto-Corrêa and Camo-
tim (2002). Then, Ibrahimbegović and Taylor (2002) provided sharp finite element implementations for the case of both
Eulerian and Updated Lagrangian. Jelenić and Crisfield (1999) proposed their own finite element formulation specifically de-
signed to avoid non-objectivity of the discretized strain measures and presented interesting performance comparisons be-
tween several finite element schemes. Many other finite element formulations have been proposed, as for instance a
formulation based only on rotational degrees of freedom (Jelenić and Saje, 1995), a formulation based on the interpolation
of director vectors (Betsch and Steinmann, 2002) or others designed for initially curved beam elements (Ibrahimbegović,
1995b; Kapania and Li, 2003). Also a mixed finite element formulation has been recently developed (Nukala and White,
2004). Furthermore, in an interesting work of Mata et al. (2007), the geometrically exact model has been extended to account
for nonlinear constitutive behavior.

In the already wide realm of finite-deformation beam models, the present paper goes back to Simo’s original idea for the
definition of the beam deformation map function. Starting from this deformation map, we rewrite the beam kinematics in
the context of the finite-elasticity three-dimensional theory and, thus, we calculate the three-dimensional kinematic mea-
sures as the deformation gradient, the left and right Cauchy–Green tensors, the Euler–Almansi and the Green–Lagrange
strain tensors.

Moreover, taking inspiration from recent works in the theory of finite elasticity, as for instance Boulanger and Hayes
(2001) or Jarić et al. (2006), we propose an extended polar decomposition of the beam deformation gradient, based on the
composition of a rotation tensor, here corresponding to the cross-section rotation tensor, with a positive-definite non-sym-
metric pure stretch tensor. This decomposition enables the clear individuation of beam strain measures, both from a physical
and from a mathematical point of view.

The deformation gradient and the Green–Lagrange strain tensor are then used within a three-dimensional internal virtual
work expression written either in term of the first or of the second Piola–Kirchhoff stress tensors. Integrating the three-
dimensional work, we naturally attain the beam traction and moment resultants as well as the 1D internal virtual work, both
consistent with our kinematics. Moreover, we highlight some interesting features of the traction and moment resultants,
specific for this finite-deformation finite-strain model.

The theory described above and detailed in the first part of the paper is then exact, being fully consistent with the adopted
beam deformation map and with a finite-deformation finite-strain elasticity theory. On the other hand, we may be interested
also in the development of a beam model consistent with a finite-deformation but small-strain elasticity theory. We focus on
the latter problem since we found that in the literature it is still missing a clear explanation on how to join the finite-strain
kinematics with a small-strain linear elastic beam constitutive relation. In fact, Simo and Vu-Quoc (1986) postulated such a
kind of relation for the model proposed in the earlier work by Simo (1985). Later on, Simo and Vu-Quoc (1991) justified that
relation, as well as Mäkinen (2007) recently did, but both in a quite complex way. In this paper, we attain the same goal
through a rather simple and intuitive procedure. In fact, we first approximate the Green–Lagrange tensor neglecting its
quadratic pure strain term; consequently, we evaluate the corresponding approximated small-strain traction and moment
resultants within the internal virtual work; finally, we introduce a linear elastic isotropic relation between the second Pio-
la–Kirchhoff stress tensor and the small-strain Green–Lagrange tensor and we naturally attain Simo’s constitutive relation.
We highlight that this procedure is small-strain consistent, since we neglect the high-order strain terms in a pure strain mea-
sure; moreover, it is based on a well-known three-dimensional constitutive equation, fully suited for the approximated kine-
matics. In the light of our approach, it is clear why Simo’s model (1985) can be defined finite-deformation finite-strain if
considering kinematics and equilibrium only, while, if considering also the linear elastic beam stress–strain relations, it
should be defined finite-deformation small-strain.

The paper is constituted by three main sections. The first one is devoted to the description of the model kinematics; the
second one deals with the internal virtual work for the exact model; the last one concerns the approximation of the exact
model in the finite-deformation small-strain regime and the consequent definition of the beam linear elastic constitutive
relations.
2. Kinematics

The aim of this section is to describe in detail the model kinematics. In particular, in the following, we present the beam
reference and current configurations and we introduce the deformation map and its gradient. Then, we show a decomposi-
tion of the deformation gradient which allows a clear identification of the beam strain measures. We finally provide the vir-
tual variations of some beam kinematic measures which will be useful for subsequent developments.

2.1. Reference and current configurations

As usual in finite-elasticity, we describe body kinematics considering a reference and a current configuration, defining
both configurations with respect to a global reference system fe1; e2; e3g and an associate set of coordinates fX1;X2;X3g.

In particular, we assume that in the reference configuration the beam has a straight axis and uniform cross-sections and,
in order to describe this configuration, we also introduce a right-handed orthonormal frame fO;E1;E2;E3g, called reference
frame, with O located on the axis and fE1;E2;E3g oriented such that E1 and E2 lay parallel to a generic cross-section and E3 is
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parallel to the beam axis. Assuming for simplicity that the reference frame coincides with the global one, as shown in Fig. 1,
the beam reference configuration is described by the reference position vector field X 2 R3
Fig. 1.
fe1; e2;

referen
X ¼ X0ðX3Þ þ rrðXaÞ; ð1Þ
where
X0ðX3Þ ¼ X3E3; rr ¼ XaEa: ð2Þ
Henceforth, we use the summation convention with Latin indices ranging from 1 to 3 and with Greek indices ranging
from 1 to 2. Being X3 the reference axis coordinate, X0 represents the position of an axis point (Fig. 1), while being X1

and X2 the reference cross-section coordinates, rr represents the position of a point within a cross-section, reason why
we call it reference cross-section position vector.

To describe now the beam current configuration, we introduce another right-handed orthonormal frame, fo; t1; t2; t3g,
called moving or current frame, with o located on the current axis and ft1; t2; t3g oriented such that t1 and t2 lay parallel
to a generic cross-section in the current configuration and t3 is normal to each cross-section in the current configuration.

Pointing out that the moving frame is function only of the reference axis coordinate X3, i.e. tI ¼ tIðX3Þ, and observing that
the moving frame and the reference frame are both orthonormal, we may introduce a one-parameter rotation tensor
KðX3Þ 2 Gorthþ, with Gorthþ the proper orthogonal group, relating the moving and the reference frame as
tIðX3Þ ¼ KðX3ÞEI; ð3Þ
i.e. we may define the moving frame as the rotated reference frame.
With the help of the introduced quantities, following Simo (1985), we assume to describe the beam current configuration

by the position vector field x 2 R3
x ¼ x0ðX3Þ þ rðXa;X3Þ; ð4Þ
where
r ¼ Xata; ð5Þ
such that
x ¼ x0ðX3Þ þ XataðX3Þ: ð6Þ
In Eq. (4), x0 ¼ x0ðX3Þ represents the position of an axis point in the current configuration, that is the position of the mov-
ing frame’s origin o for a cross-section (Fig. 1). On the other side, r represents the position of a point within a cross-section in
the current configuration, reason why we call it current cross-section position vector.

According to Eq. (3), we have
r ¼ KðX3ÞrrðXaÞ; ð7Þ
that is, r is obtained by a rotation of the point’s reference cross-section position vector and, since any rr of a same cross-sec-
tion rotates of the same quantity KðX3Þ, it follows that the cross-section rigidly moves from the reference to the current con-
figuration and that K represents the cross-section rigid rotation.
Three-dimensional representation of the coordinate system, beam reference configuration and beam current configuration: global reference system
e3g and set of coordinates fX1;X2;X3g; reference frame fE1;E2;E3g, reference axis position vector X0, reference cross-section position vector rr and
ce position vector X; moving frame ft1; t2; t3g, current axis position vector x0, current cross-section position vector r and current position vector x.
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We may now rewrite the deformation map (4) as
x ¼ x0ðX3Þ þ XaKðX3ÞEa; ð8Þ
which clearly shows how the current configuration is uniquely defined by x0ðX3Þ and KðX3Þ, and the three-dimensional kine-
matics is reduced to a one-dimensional kinematics.

Remark 2.1.1. According to Eq. (8), in the current configuration the beam can be physically seen as a line, i.e. the axis
individuated by x0, and a set of attached cross-sections obtained by a rigid rotation of the cross-sections in the reference
configuration. Moreover, we observe that Eq. (6) does not impose any constraint on the orientation of t3, and in particular it
does not impose the parallelism of t3 with the axis tangent, that is, the introduced kinematics allows for shear strains.

Remark 2.1.2. From Eq. (3), we can obtain the following expression for K
KðX3Þ ¼ tIðX3Þ � EI; ð9Þ
which explicitly shows that K is a two-point tensor. Moreover, we recall that, as an orthogonal tensor, K is such that
KTK ¼ KKT ¼ I: ð10Þ
2.2. Deformation gradient decompositions

From Eq. (8), we can now compute all the standard three-dimensional deformation measures, starting from the deforma-
tion gradient F ¼ ox=oX, where the symbol oð�Þ stands for a partial derivative. Expressing a component of the reference posi-
tion vector field X as XI ¼ X � EI ,
F ¼ ox
oXI
� EI; ð11Þ
which turns out to be a useful expression. In fact, introducing notation ð�Þ;3 for derivatives with respect to X3 and substituting
Eq. (6) into Eq. (11), we obtain
F ¼ ta � Ea þ ðx0;3 þ Xata;3Þ � E3: ð12Þ
Adding and subtracting the tensor t3 � E3 to the right-hand-side, and recognizing that tI � EI ¼ K, we may compactly
write Eq. (12) as
F ¼ Kþ ðx0;3 � t3 þ Xata;3Þ � E3 ¼ Kþ a� E3; ð13Þ
where we set
a ¼ cþ Xaja; ð14Þ
with
c ¼ x0;3 � t3; ja ¼ ta;3: ð15Þ
Recalling Eq. (10), we can collect the rotation tensor K in Eq. (13), writing the deformation gradient as
F ¼ ½Iþ ða� E3ÞKT �K ¼ AK; ð16Þ
where
A ¼ Iþ a� t3: ð17Þ
Since the deformation gradient determinant must be positive and the rotation tensor determinant is 1, from Eq. (16) we
may conclude that the determinant of A is positive and then from Eq. (17), using Jacobi’s criterion, it follows that A is a po-
sitive-definite tensor. Hence, Eq. (16) is a decomposition of the deformation gradient into a rotation tensor K, on the right,
and a positive-definite tensor A, in general non-symmetric, on the left.

In our opinion, expression (16) is a fundamental relation since it allows a clear physical interpretation of the beam defor-
mation. This interpretation is first of all based on the observation that, as shown in Appendix A, for a beam rigid motion we
have c ¼ 0 and ja ¼ 0 and, consequently, a ¼ 0 and A ¼ I. Therefore, expression (16) can be interpreted as a decomposition of
the deformation gradient into the cross-section physical rotation, K, followed by A, which is a pure stretch within a section
point neighborhood in the current configuration. Taking inspiration from the three-dimensional theory of elasticity (see, e.g.,
Boulanger and Hayes (2001, 2006) and Jarić et al. (2006)), we may call decomposition (16) a left extended polar decomposition,
which is clearly a local decomposition, i.e. a decomposition defined point by point within the beam, since the deformation
gradient is function of all the coordinates XI .

Accordingly, A is called current local stretch tensor, where the term ‘‘local” highlights the fact that A varies within the
cross-section.

Being A a local stretch measure in the current configuration, we can naturally introduce a current local strain tensor L de-
fined as



Fig. 2.

4770 F. Auricchio et al. / International Journal of Solids and Structures 45 (2008) 4766–4781
L ¼ A� I: ð18Þ
Using Eq. (17), we obtain the simple expression
L ¼ a� t3; ð19Þ
which explicitly shows that L is uniquely defined by vector a within the current frame ft1; t2; t3g. Accordingly, we deduce
that in the current configuration a contains all the information about the local strain and this is the reason why we call it
current local strain vector.

It is interesting to observe that the strain vector a is composed by a term uniform within the cross-section, c ¼ x0;3 � t3,
and by a term linear within the cross-section, Xaja. This structure is identical to the one obtained in the standard geomet-
rically linear beam theory (Hjelmstad (1997)), where the uniform term accounts for the shear-axial strain while the linear
term accounts for the bending-torsional strain. This analogy leads us to analyze the physical meaning of c and ja in more
details. Since A, as well as L, belongs to a left decomposition, they are defined in a rotated configuration, hence we are in-
duced to read a within the current frame ft1; t2; t3g in order to catch its physical meaning.

Considering c ¼ x0;3 � t3, we recognize that x0;3 is the axis tangent vector in the current configuration, being the derivative
of the current axis position vector x0ðX3Þwith respect to the axis parameter X3; thus, c represents the difference between the
axis tangent vector and the normal cross-section vector t3 in the current configuration. Computing the components ci ¼ c � ti

we have
ca ¼ ðx0;3Þa; c3 ¼ ðx0;3Þ3 � 1; ð20Þ
where ðx0;3Þi ¼ x0;3 � ti. With the help of Fig. 2, we see that ðx0;3Þa represents the relative displacement along ta of an axis point
with respect to another point infinitesimally close along X3. It follows that ðx0;3Þa accounts for the shear strain in the current
configuration. Adding that ðx0;3Þa is constant over the cross-section, we may conclude that c1 and c2 are the cross-section
shear strains in the current configuration. On the other side, since c3 is the component along t3 of the tangent vector reduced
by one, we deduce that c3 accounts for the axial strain in the current configuration. Hence, as in the geometrically linear
beam theory we have that c is the current cross-section shear-axial strain vector.

A clear interpretation of ja follows from the introduction of the rotation tensor derivative. Given a rotation tensor, KðX3Þ,
its derivative with respect to the parameter X3 may be expressed in general as
K;3 ¼ XK; ð21Þ
where X ¼ XðX3Þ is a skew-symmetric tensor. Moreover, given a skew-symmetric tensor X, there always exists a vector x

such that
Xb ¼ x� b 8b 2 R3; ð22Þ
where
fxg ¼
x1

x2

x3

8><
>:

9>=
>;; ½X� ¼

0 �x3 x2

x3 0 �x1

�x2 x1 0

2
64

3
75: ð23Þ
With this notation in hand, we can write the derivative of ta ¼ KEa as
ta;3 ¼ ðKEaÞ;3 ¼ K;3Ea ¼ XKEa ¼ Xta ¼ x� ta; ð24Þ
and, thus, since ja ¼ ta;3, we have that
ja ¼ x� ta: ð25Þ
Bi-dimensional representation of the current shear-axial strain vector c : x0;3 axis tangent vector, c1 shear component of c; c3 axial component of c.
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From the equation above, it is immediately obtained that ja � ta ¼ 0 (no sum on repeated indices). So, we have that of the
six components of ja only four are different from zero and they can be simply computed in terms of xi (being xi ¼ x � ti the
components of x in the current frame) as
Fig. 3.
frontal
ðj1Þ2 ¼ �ðj2Þ1 ¼ x3; ðj1Þ3 ¼ �x2; ðj2Þ3 ¼ x1; ð26Þ
where ðjaÞi ¼ ja � ti. Since in our beam theory K ¼ KðX3Þ represents the cross-section rotation, X ¼ XðX3Þ represents the rate
of change for the cross-section rotation, and accordingly it can be interpreted as a torsional-bending curvature measure. In
particular, we observe that ðj1Þ2 and ðj2Þ1 can be interpreted as components of the torsion curvature, while ðj1Þ3 and ðj2Þ3
can be interpreted as bending curvatures.

To better understand the effect of ja in terms of strain (i.e. its contribution to a), we have to explicitly compute Xaja using
expression (25), obtaining
Xaja ¼ x� Xata ¼ �X2x3t1 þ X1x3t2 þ ðX2x1 � X1x2Þt3: ð27Þ
Using again the notation ðXajaÞi ¼ Xaja � ti, we observe that ðXajaÞ1 and ðXajaÞ2 are defined through x3ðX3Þ; with the help
of Fig. 3, we may deduce that, as expected, x3 accounts for the cross-section torsional strain in the current configuration,
hence ðXajaÞ1 and ðXajaÞ2 are local torsional strain components. On the other side, ðXajaÞ3 is defined through x1 and x2; look-
ing again at Fig. 3, we see that x1 accounts for the cross-section bending strain around t1 and x2 for the cross-section bending
strain around t2, hence ðXajaÞ3 is a local bending strain component.

For successive developments, it is also useful to rewrite expression (14) for a, making use of the new expression (25) for
ja, as follows
a ¼ cþ x� Xata: ð28Þ
We remark that all the measures introduced up to now are defined in the current configuration, i.e. in a configuration
rotated with respect to the reference configuration. Our next goal is to find a representation of the same quantities in the
reference configuration.

In order to do that, we start recalling the relations between a vector, or a tensor, and their rotated counterparts. Given two
orthogonal bases ft1; t2; t3g and fE1;E2;E3g related through Eq. (3), i.e. tI ¼ KEI , we consider two vectors, b and br , and two
tensors, V and Vr , such that
b ¼ Kbr
; V ¼ KVrKT : ð29Þ
Expressing their components in the form
bi ¼ b � ti; Vij ¼ ti � Vtj; ð30Þ
br

i ¼ br � Ei; Vr
ij ¼ Ei � VrEj; ð31Þ
it is obvious that the components of b and V in the frame ft1; t2; t3g are equal to the components of br and Vr in the frame
fE1;E2;E3g, that is
Bi-dimensional representation of the local torsional-bending strain components of Xaja via x : X1x3 and �X2x3 torsional components (on the top,
beam view), �X1x2 and X2x1 bending components (on the left bottom, lateral beam view; on the right bottom, from above beam view).
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bi ¼ br
i ; Vij ¼ Vr

ij: ð32Þ
We may call b the rotate-forward form of br or, viceversa, br the rotate-back form of b, and the same for V and Vr .
Therefore, considering the current strain vector a, we may define the vector
ar ¼ KT a; ð33Þ
such that ar measured in the reference frame fE1;E2;E3g has the same components of a measured in the current frame
ft1; t2; t3g, i.e. ar

i ¼ ai with ar
i ¼ ar � Ei and ai ¼ a � ti (Fig. 4). Accordingly, we may say that ar is the rotate-back form of a,

i.e. it is the vector strain measure in the reference configuration, and then we may call ar the reference local strain vector.
Equivalently, we may define the reference cross-section shear-axial strain vector cr and the reference cross-section torsional-
bending strain vector xr as
cr ¼ KTc; xr ¼ KTx; ð34Þ
where cr ¼ KT x0;3 � E3. Moreover, recalling Eq. (28), from Eq. (33) we can derive that
ar ¼ cr þ xr � XaEa: ð35Þ
Similarly, we may define the reference local strain tensor Lr as the rotate-back form of L, i.e. Lr ¼ KT LK, and the reference
local stretch tensor Ar as the rotate-back form of A, i.e. Ar ¼ KT AK, which are, respectively, the local strain and stretch mea-
sures in the reference frame fE1;E2;E3g. Recalling that L ¼ a� t3; L

r can be expressed as
Lr ¼ KTða� t3ÞK ¼ ar � E3; ð36Þ
while, recalling that A ¼ Iþ a� t3, Ar takes the form
Ar ¼ KTðIþ a� t3ÞK ¼ Iþ ar � E3: ð37Þ
It is important to observe that, besides obtaining all the reference strain and stretch measures through a consistent rotate-
back operation as done above, they can also be naturally obtained moving from a right extended polar decomposition for the
deformation gradient. In fact, recalling from Eq. (13) that F ¼ Kþ a� E3, we can collect K on the left, rather than on the right
as in Eq. (16), and obtain
F ¼ K½Iþ KTða� E3Þ� ¼ KAr
; ð38Þ
where Ar is indeed given by expression (37).

2.3. Three-dimensional stretch and strain tensors

Besides clearly individuating the beam strain measures both in the current and in the reference configurations, the left
and right extended polar decompositions (16) and (38) are also useful to express in very simple forms the standard fi-
nite-elasticity stretch and strain tensors in term of the beam stretch and strain measures.

As an example, exploiting the left decomposition F ¼ AK, we can express the current stretch tensor b ¼ FFT , known as the
left Cauchy–Green tensor, in term of the current beam measures as
b ¼ ðAKÞðAKÞT ¼ AAT ¼ Iþ 2ða� t3Þs þ a� a; ð39Þ
where ð�Þs denotes the symmetric part of a tensor. Wishing to evaluate the current strain Euler–Almansi tensor
e ¼ ½I� b�1�=2, we compute the inverse of b first evaluating the inverse of A and its transpose. Being J ¼ 1þ a3 the third
invariant of A, as shown in Appendix C, it is easy to prove that A�1 and A�T take the form
A�1 ¼ I� 1
J
ða� t3Þ; A�T ¼ I� 1

J
ðt3 � aÞ: ð40Þ
Accordingly, b�1 ¼ F�T F�1 follows as
Fig. 4. Bi-dimensional representation of a frame and vector rotation.
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b�1 ¼ ðAKÞ�TðAKÞ�1 ¼ A�T A�1 ¼ I� 2
1
J
ða� t3Þs þ

1
J2 ða � aÞt3 � t3; ð41Þ
and, therefore, the Euler–Almansi tensor takes the form
e ¼ 1
J
ða� t3Þs �

1
2J2 ða � aÞt3 � t3: ð42Þ
Similarly, exploiting the right decomposition F ¼ KAr , we can compactly write the reference finite-elasticity tensors in
term of the reference beam measures. For instance, we can compute the stretch tensor C ¼ FT F, known as the right Cau-
chy–Green tensor, in the form
C ¼ ðKArÞTðKArÞ ¼ ðArÞT Ar ¼ Iþ 2ðar � E3Þs þ ðar � arÞE3 � E3: ð43Þ
Accordingly, the reference strain Green–Lagrange tensor E ¼ ðC� IÞ=2, simply follows from Eq. (43) as
E ¼ ðar � E3Þs þ
1
2
ðar � arÞE3 � E3: ð44Þ
We observe that b�1 and C hold the same algebraic structure, as well as e and E. We moreover remark that matrix expres-
sions for the beam stretch and strain tensors are provided in Appendix B, along with some interesting observations.

We now wish to briefly comment expression (44), having a crucial role in the forthcoming calculations. First of all, we
observe that E is defined only in term of ar and of the fixed vector E3, stressing once more that ar contains the whole infor-
mation about the strain in the reference configuration. Furthermore, expression (44) clearly shows that E is obtained by an
additive composition of a term linear in ar and a term quadratic in ar , i.e. of a linear pure strain term and a quadratic pure
strain term. In our opinion, this is an outstanding feature; in fact, in the case we are interested in developing an effective
beam theory within a finite-deformation regime but with limitation to small strains, we should just neglect the quadratic
part of E and work only with the linear part, i.e.
E � Elin ¼ ðar � E3Þs ¼ ðLrÞs: ð45Þ
Remark 2.3.1. Recalling that a� t3 ¼ L and ar � E3 ¼ Lr , we can rearrange even more compactly the current tensors b;b�1

and e as
b ¼ Iþ 2Ls þ LLT ; ð46Þ

b�1 ¼ I� 2
1
J

Ls þ 1
J2 LT L; ð47Þ

e ¼ 1
J

Ls � 1
2J2 LT L; ð48Þ
as well as the reference tensors C and E as
C ¼ Iþ 2ðLrÞs þ ðLrÞT Lr ; ð49Þ

E ¼ ðLrÞs þ 1
2
ðLrÞT Lr: ð50Þ
Remark 2.3.2. It is interesting to observe that the expression of E as a composition of a linear and of a quadratic pure strain
terms is not immediate or trivial when we deal with finite rotations (see also Gerstmayr and Schöberl (2006) and Sharf
(1999)). In fact, E could be computed also exploiting the ordinary finite-elasticity expression
E ¼ es þ 1
2

eTe; ð51Þ
where e ¼ rXu is the material gradient of the displacement field u. Even if expressions (50) and (51) look alike, the latter is
not a composition of a linear pure strain term with a quadratic pure strain term, since es as well as eTe are not pure strain
tensors within our finite-deformation beam model. To prove this, we may first compute the displacement gradient
e ¼ F� I through the right extended polar decomposition F ¼ KAr as
e ¼ KAr � I ¼ KðIþ LrÞ � I ¼ Kþ KLr � I; ð52Þ
and, thus, evaluate es
es ¼ Ks þ ðKLrÞs � I; ð53Þ
and eTe=2
1
2

eTe ¼ �es þ ðLrÞs þ 1
2
ðLrÞT Lr: ð54Þ
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Noting that for a beam rigid motion Lr ¼ 0 (see Appendix A), we can exert this condition in Eq. (53) and, observing that es

does not vanish, we can conclude that es is not a measure of pure strain. Consequently, from Eq. (54) we deduce that also
eTe=2 is not a measure of pure strain. Thereby, expression (51) is not suitable to develop a finite-deformation small-strain
beam theory, on the contrary of expressions (50) or (44).
2.4. Virtual variations of the kinematic measures

We are now interested in providing the virtual variations of the beam kinematic measures. Introducing the notation dð�Þ
for a virtual variation, it is straightforward to compute the virtual variation of the reference local strain vector ar , that is
dar ¼ dðcr þ xr � XaEaÞ ¼ dcr þ dxr � XaEa; ð55Þ
where dcr is the virtual variation of the shear-axial strain vector cr and dxr is the virtual variation of the torsional-bending
strain vector xr . Then, depending Ar and E only on ar , their virtual variations can be simply written as
dAr ¼ dðIþ ar � E3Þ ¼ dar � E3; ð56Þ

dE ¼ dððar � E3Þs þ
1
2
ðar � arÞE3 � E3Þ ¼ ðdar � E3Þs þ ðdar � arÞE3 � E3: ð57Þ
In order to compute the deformation gradient virtual variation, dF, we first recall that the virtual variation of the rotation
tensor, dK, can be expressed through the product composition of the rotation K followed by a skew-symmetric tensor W, i.e.
dK ¼WK: ð58Þ
Moreover, we introduce the co-rotational or Lie variation for a current beam measure, defined as
dKð�Þ ¼ Kd½KTð�Þ�; ð59Þ
i.e. as the quantity obtained first by a back-rotation of the current beam measure from the current to the reference config-
uration, followed then by the virtual variation and finally by a forward-rotation to the current configuration (see Cardona
and Géradin (1988) for more details). For instance, the co-rotational variation of the current local strain vector a takes
the form
dKa ¼ Kdar; ð60Þ
since ar ¼ KT a. Moreover, recalling Eq. (55) and multiplying both sides by K, we can arrange dKa as
dKa ¼ dKcþ dKx� Xata; ð61Þ
where dKc ¼ Kdcr ¼ KdðKTcÞ and dKx ¼ Kdxr ¼ KdðKTxÞ. Finally, with this notation in hand, the virtual variation of the defor-
mation gradient F ¼ KAr takes the form
dF ¼ dðKArÞ ¼ dKAr þ KdAr ¼WKAr þ Kðdar � E3Þ ¼WFþ ðdKaÞ � E3: ð62Þ
3. Beam internal virtual works

The goal of this section is to derive possible beam internal virtual work expressions starting from the three-
dimensional finite-elasticity theory. We recall that for a three-dimensional body the internal virtual work can be ex-
pressed in the finite-elasticity context with two different relations (see for example Hjelmstad (1997) and Holzapfel
(2000)) as
dWP
int ¼

Z
X0

P : dF dv0; ð63Þ

dWS
int ¼

Z
X0

S : dE dv0; ð64Þ
that is, as the integral of the first Piola–Kirchhoff stress tensor P double contracted with the deformation gradient vir-
tual variation dF, or alternatively as the integral of the second Piola–Kirchhoff stress tensor S double contracted with
the Green–Lagrange strain tensor virtual variation dE. We call dWP

int the current internal virtual work and dWS
int the

reference internal virtual work, noting that in both cases the integrals are evaluated over the reference body volume
X0.

Considering first dWP
int, we can substitute Eq. (62) for dF, obtaining
dWP
int ¼

Z
X0

½P : ðWFþ dKa� E3Þ� dv0 ¼
Z

X0

½P : ðWFÞ� dv0 þ
Z

X0

½P : ðdKa� E3Þ� dv0

¼
Z

X0

½ðPFTÞ : W�dv0 þ
Z

X0

½ðPE3Þ : dKa� dv0: ð65Þ
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At this level we observe that ðPFTÞ : W ¼ 0 being, from a mathematical point of view, the double contraction of a sym-
metric tensor with a skew-symmetric one. The disappearance of such a term finds also a simple and clear physical justifi-
cation. In fact, using Eq. (62), the vanishing term can be expressed as ðPFTÞ : W ¼ P : ðdKArÞ and, thus, it can be
interpreted as the internal virtual work produced by P through the virtual variation of the cross-section rotation, dKAr . Being
the cross-section rotation a rigid rotation, its virtual variation cannot produce any virtual internal work. Using this observa-
tion, Eq. (65) can be simplified as
dWP
int ¼

Z
X0

½ðPE3Þ : dKa� dv0 ¼
Z

X0

½p3 � dKa� dv0; ð66Þ
where p3 ¼ PE3 is called current local traction vector, since it is the stress vector locally acting in the current configuration on
a cross-section of normal E3 in the reference configuration. Recalling expression (61) for dKa, the previous equation
becomes
dWP
int ¼

Z
X0

½p3 � ðdKcþ dKx� XataÞ� dv0 ¼
Z

X0

½p3 � dKcþ ðXata � p3Þ � dKx� dv0; ð67Þ
where Xata � p3 is the current local moment vector, i.e. the cross product of the current local traction vector p3 with the cur-
rent cross-section position vector Xata. Noting that dKc and dKx do not depend on the cross-section coordinates Xa, we can
split the volume integral as follows
dWP
int ¼

Z
L0

½dKc �
Z

A0

p3 da0 þ dKx �
Z

A0

ðXata � p3Þ da0� dl0; ð68Þ
where L0 is the reference axis length and A0 is the reference cross-section area. We immediately recognize the surface inte-
gral of p3 as the current traction resultant and the surface integral of Xata � p3 as the current moment resultant; accordingly,
introducing the notation
f ¼
Z

A0

p3 da0; m ¼
Z

A0

Xata � p3 da0; ð69Þ
we get the beam current internal virtual work as
dWP
int ¼

Z
L0

½f � dKcþm � dKx� dl0: ð70Þ
Considering now dWS
int, using Eq. (57) for dE and exploiting the symmetry of S, we obtain
dWS
int ¼

Z
X0

½S : ððdar � E3Þs þ ðdar � arÞE3 � E3Þ� dv0 ¼
Z

X0

½S : ðdar � E3Þs þ S : ðdar � arÞE3 � E3�dv0

¼
Z

X0

½s3 � dar þ s3 � ðdar � arÞE3� dv0; ð71Þ
where s3 ¼ SE3 is called reference local traction vector, since it is the stress vector locally acting in the reference configuration
on a cross-section of normal E3 in the reference configuration. Collecting dar , we can rearrange the previous equation in the
form
dWS
int ¼

Z
X0

½ððIþ ar � E3Þs3Þ � dar � dv0 ¼
Z

X0

½ðArs3Þ � dar � dv0; ð72Þ
where we identify Iþ ar � E3 ¼ Ar . Then, we can substitute expression (55) for dar , that is
dWS
int ¼

Z
X0

½ðArs3Þ � ðdcr þ dxr � XaEaÞ� dv0 ¼
Z

X0

½ðArs3Þ � dcr þ ðXaEa � ðArs3ÞÞ � dxr� dv0; ð73Þ
and, observing that dcr and dxr do not depend on the cross-section coordinates Xa, we can split the volume integral as
dWS
int ¼

Z
L0

½dcr �
Z

A0

ðArs3Þda0 þ dxr �
Z

A0

ðXaEa � ðArs3ÞÞda0� dl0: ð74Þ
It is interesting to observe that it is not immediate to give a physical meaning to the surface integrals
fr ¼
Z

A0

Ars3da0; mr ¼
Z

A0

XaEa � ðArs3Þ da0; ð75Þ
as previously done for f and m in Eq. (69). However, we note that s3 can be related to p3 through the equation
p3 ¼ Fs3 ¼ KArs3; ð76Þ
which follows from P ¼ FS. Accordingly, we have that Ars3 ¼ KT p3 and, thus, fr and mr can be given as
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fr ¼
Z

A0

KT p3 ¼ KT
Z

A0

p3 ¼ KT f; ð77Þ

mr ¼
Z

A0

XaEa � ðKT p3Þ da0 ¼
Z

A0

KTðXata � p3Þ da0 ¼ KT
Z

A0

ðXata � p3Þ da0 ¼ KT m: ð78Þ
Hence, fr can be interpreted as the rotate-back form of the current traction resultant f, and thus it is called reference trac-
tion resultant, while mr can be interpreted as the rotate-back form of the current moment resultant m, and thus it is called
reference moment resultant.

It is also interesting to observe that fr and mr are composed of two parts, one depending only on the traction vector s3 and
one depending also on the strain vector ar , as it can be seen making the expression of Ar explicit in Eqs. (75)1 and
(75)2, i.e.
fr ¼
Z

A0

ðIþ ar � E3Þs3 da0 ¼
Z

A0

s3 da0 þ
Z

A0

ðar � E3Þs3 da0; ð79Þ

mr ¼
Z

A0

XaEa � ððIþ ar � E3Þs3Þ da0 ¼
Z

A0

XaEa � s3 da0 þ
Z

A0

XaEa � ððar � E3Þs3Þ da0: ð80Þ
The primary reason for such a rather unusual feature is the quadratic dependence of E on the strain vector ar . Conse-
quently, dE and dWS

int depend not only on the linearization of the strain vector, but also on the strain vector itself and, there-
fore, ar appears in the definition of the reference resultants. We may observe that, on the other hand, the current resultants f
and m are functions only of p3, being F linearly dependent on the strain vector a and then being dF and dWP

int dependent only
on its linearization.

According to position (75), from Eq. (74) we finally obtain the beam reference internal virtual work as
dWS
int ¼

Z
L0

½fr � dcr þmr � dxr � dl0: ð81Þ
We highlight that the derived beam internal virtual work expressions (70) and (81) are fully consistent with the beam
kinematic hypotheses and the finite-elasticity theory. Hence, they can be called finite-deformation finite-strain beam internal
virtual work expressions. In the literature, expression (70) is usually called spatial beam internal virtual work, while expres-
sion (81) is called material beam internal virtual work.

Remark 3.1. As it naturally should be, the reference and current beam internal virtual works are equivalent. In fact, using
the invariance of the scalar product under a rotation, we have
dWS
int ¼

Z
L0

½fr � dcr þmr � dxr � dl0 ¼
Z

L0

½ðKfrÞ � ðKdcrÞ þ ðKmrÞ � ðKdxrÞ� dl0 ¼
Z

L0

½f � dKcþm � dKx�dl0 ¼ dWP
int; ð82Þ
where we recognize the current resultants, f and m, and the strain co-rotational variations, dKc and dKx. This result is con-
sistent with the three-dimensional finite-elasticity relation P : dF ¼ S : dE.

Remark 3.2. We note that the reference beam internal virtual work (81) is, here, obtained as the natural result of the ref-
erence three-dimensional internal virtual work (64); relations between reference and current resultants are picked out just a
posteriori. Instead, other authors, as for instance Simo and Vu-Quoc (1986), Cardona and Géradin (1988) and Ibrahimbegović
et al. (1995a), define a priori the reference resultants in term of the current ones and then obtain the reference internal vir-
tual work (81) from the current one and not from a three-dimensional finite-elasticity expression.

Remark 3.3. We observe that the stress components Pab ¼ ta � PEb and Sab ¼ Ea � SEb do not appear in the beam internal vir-
tual works. This fact is not directly imposed, but it naturally derives from the tensor structure of A and E, i.e. from the kine-
matic hypotheses.
4. Beam internal virtual work for the small-strain linear elastic case

In this section, we focus on a finite-deformation small-strain regime and we derive the form of the beam internal virtual
work as well as an elastic constitutive relation consistent with such an assumption. Hence, as mentioned in Section 2.3, we
approximate the Green–Lagrange tensor E neglecting its quadratic strain part, i.e.
E ¼ ðar � E3Þs þ
1
2
ðar � arÞE3 � E3 � ðar � E3Þs: ð83Þ
It is important to observe that we focus on E, and hence on dWS
int, because E is a quadratic strain measure and, moreover,

we are able to clearly individuate its linear and quadratic part. Accordingly, we can approximate E consistently with a small-
strain regime.

If we introduce the kinematic approximation within the three-dimensional reference internal virtual work dWS
int and re-

peat all the derivations, we obtain the beam internal virtual work as
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dWS;lin
int ¼

Z
L0

½fr;lin � dcr þmr;lin � dxr �dl0; ð84Þ
where
fr;lin ¼
Z

A0

s3 da0; mr;lin ¼
Z

A0

XaEa � s3 da0: ð85Þ
The traction and moment resultants fr;lin and mr;lin are the components of fr and mr that do not depend on the strain, as it
can be seen comparing expressions (85)1 and (85)2 with expressions (79) and (80). This definition for fr;lin and mr;lin follows
directly from the small-strain approximation and, in our opinion, it is the distinguishing key between the small-strain and
the finite-strain beam cases. In fact, fr;lin and mr;lin have exactly the same mathematical structure of the resultants of the geo-
metrically linear beam theory, as it can be seen for example in Hjelmstad (1997). This is the reason why we call fr;lin linear
traction resultant and mr;lin linear moment resultant.

Focusing our attention now on a plausible elastic isotropic constitutive relation for this small-strain model, in analogy
with the linear beam theory we consider a linear relation between the second Piola–Kirchhoff stress tensor S and the approx-
imated Green–Lagrange tensor Elin ¼ ðar � E3Þs, as
S ¼ ktrðElinÞIþ 2lElin; ð86Þ
where k and l are the Lamé constants and trð�Þ is the trace operator. Using this constitutive equation, we express the local
reference traction vector s3 ¼ SE3 in the form
s3 ¼ ðktr½ðar � E3Þs�Iþ 2lðar � E3ÞsÞE3 ¼ ktr½ðar � E3Þs�E3 þ 2lðar � E3ÞsE3 ¼ ½ðkþ lÞE3 � E3 þ lI�ar ¼ Dar ; ð87Þ
where D ¼ ðkþ lÞE3 � E3 þ lI. We note that the previous equation linearly relates s3 to the reference local strain vector ar ,
through a second order tensor, D, which is dependent only on material parameters. Introducing ar ¼ cr þ xr � rr in Eq. (87),
we can rearrange s3 as
s3 ¼ Dðcr þ xr � rrÞ ¼ Dcr þ Dðxr � rrÞ: ð88Þ
Considering now expression (85)1 for fr;lin and using the previous equation, we obtain
fr;lin ¼
Z

A0

Dcr da0 þ
Z

A0

Dðxr � rrÞ da0: ð89Þ
Recalling that rr ¼ XaEa, we observe that the second term on the right-hand-side vanishes because it is linear in the cross-
section coordinates Xa and it is integrated in a centroidal reference system; hence, the integration of the linear traction resul-
tant yields the beam constitutive relation
fr;lin ¼ Df c
r ; ð90Þ
where (recalling that A0 is the reference cross-section area)
Df ¼ A0D ¼ A0½ðkþ lÞE3 � E3 þ lI�; ð91Þ
or, in matrix form,
½Df � ¼
lA0 0 0

0 lA0 0
0 0 ðkþ 2lÞA0

2
64

3
75: ð92Þ
Considering then the linear moment resultant mr;lin, it is useful to introduce the skew-symmetric tensor Rr ¼ �ðRrÞT de-
fined such that
Rrq ¼ rr � q 8q 2 R3; ð93Þ
accordingly, Rr can be expressed in the material frame fE1;E2;E3g through the matrix form
½Rr � ¼
0 0 X2

0 0 �X1

�X2 X1 0

2
64

3
75: ð94Þ
Using Rr , we can rearrange expression (85)2 for the linear moment resultant as
mr;lin ¼
Z

A0

Rrs3 da0; ð95Þ
and, substituting expression (88) for s3 in the previous equation, we obtain
mr;lins ¼
Z

A0

RrDcr da0 þ
Z

A0

RrDðxr � rrÞ da0: ð96Þ
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The first integral on the right-hand-side is linear in the cross-section coordinates Xa through Rr and hence vanishes in the
integration; on the other side, using xr � rr ¼ ðRrÞTxr and substituting the expression for D, the second integral can be rear-
ranged such that
mr;lin ¼
Z

A0

Rr ½ðkþ lÞE3 � E3 þ lI�ðRrÞTxr da0 ¼
Z

A0

½ðkþ lÞRrE3 � RrE3 þ lRrðRrÞT �xr da0: ð97Þ
Using relation (94), the tensors in the previous equation can be computed in matrix form as
½RrE3 � RrE3� ¼
X2

2 �X1X2 0

�X1X2 X2
1 0

0 0 0

2
64

3
75; ð98Þ
and
½RrðRrÞT � ¼
X2

2 �X1X2 0

�X1X2 X2
1 0

0 0 X2
1 þ X2

2

2
64

3
75: ð99Þ
Therefore, the linear moment resultant can be easily integrated as
mr;lin ¼ Dmxr ; ð100Þ
where Dm is
½Dm� ¼
ðkþ 2lÞJ22 �ðkþ 2lÞJ12 0
�ðkþ 2lÞJ21 ðkþ 2lÞJ11 0

0 0 lJp

2
64

3
75; ð101Þ
with
Jab ¼
Z

A0

XaXb da0; Jp ¼
Z

A0

X2
a da0: ð102Þ
We have now to remark that, due to the rigid cross-section kinematical hypothesis and to the fact that the model is de-
rived starting from a virtual work principle, the obtained beam constitutive equations have some limitations, exactly as
pointed out, for instance, by Hjelmstad (1997) in the framework of the linear beam theory. In particular, the obtained con-
stitutive relations are correct only in the limit m! 0 (i.e. no lateral contraction) and shear equilibrium inconsistencies, as
well as lack of torsional warping effects, do appear. Therefore, as it is done by many authors in the context of both linear
and nonlinear beam theories, it is necessary to perform some ad hoc substitutions in Eqs. (92) and (101), i.e.
kþ 2l,E; lA0,lk1A0ðor lk2A0Þ; Jp,JSV ;
where E is the Young modulus, k1 and k2 are the shear correction factors (along directions 1 and 2, respectively), and JSV is the
classical Saint-Venant torsion constant. The obtained constitutive equations are exactly those postulated by Simo and Vu-
Quoc (1986) and then justified in a rather more complex way by Simo and Vu-Quoc (1991) and recently by Mäkinen (2007).

We finally obtain the final expression of the finite-deformation small-strain beam internal virtual work substituting consti-
tutive Eqs. (91) and (100) into expression (84) as
dWS;lin
int ¼

Z
L0

½Df c
r � dcr þ Dmxr � dxr � dl0: ð103Þ
Consistently with the small-strain hypothesis and with the linear elastic constitutive hypothesis, axial, shear, bending and
torsional strains turn out to be all uncoupled.

Eq. (103) has been widely used in the literature to develop finite-deformation models, as for instance by Simo and Vu-Quoc
(1991), Ibrahimbegović et al. (1995a), Ibrahimbegović and Taylor (2002). Anyway, we believe that our approach is valuable be-
cause it clearly shows the origin of the small-strain hypothesis, not yet clarified in the literature as far as we know.
5. Conclusions

In this paper, we first analyze the kinematics and the internal virtual work of a finite-deformation finite-strain beam mod-
el, first developed by Simo (1985). In particular, we introduce a left and a right extended polar decompositions of the defor-
mation gradient which are useful for a clear interpretation of the beam kinematics. We then write the internal virtual work
consistent with the beam kinematics exploiting some three-dimensional internal virtual work expressions; the computation
is compact and direct thanks to the introduced deformation gradient decompositions, and we also highlight some interesting
features about the resultants. Finally, through an intuitive and effective approximation, we reduce the model to the finite-
deformation small-strain case and we individuate a linear elastic constitutive relation suitable for this regime.
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Appendix A. Beam rigid motion

The aim of this appendix is to show that a ¼ 0 and A ¼ I for a beam rigid motion. Indicating with bK the cross-section rota-
tion tensor, constant along the beam axis, and with û0 the axis displacement field, also constant along X3, the deformation
map associated with a beam rigid motion can be written as
x̂ ¼ bKðX3E3 þ û0 þ XaEaÞ; ðA:1Þ
where we decompose the motion into a rigid translation followed by a rigid rotation, as it can be seen in Fig. A.1. We can
rewrite the previous equation also in the form
x̂ ¼ x̂0 þ Xa
bKEa with x̂0 ¼ bKðX3E3 þ û0Þ; ðA:2Þ
where we recognize x̂0 as the position vector of the beam axis in the current configuration. Since the derivatives with respect
to X3 of bK and û0 are equal to zero, i.e.
bK;3 ¼ 0; ðû0Þ;3 ¼ 0; ðA:3Þ
the derivative of x̂0 with respect to X3 follows as
x̂0;3 ¼ ðbKðX3E3 þ û0ÞÞ;3 ¼ bK;3ðX3E3 þ û0Þ þ bKðE3 þ ðû0Þ;3Þ ¼ bKE3: ðA:4Þ
Computing now c and ja for the rigid motion, i.e. bc ¼ x̂0;3 � t̂3 and bja ¼ t̂a;3, we obtain
bc ¼ bKE3 � bKE3 ¼ 0; ðA:5Þ
bja ¼ ðbKEaÞ;3 ¼ bK;3Ea ¼ 0: ðA:6Þ
Accordingly, we conclude that, for a beam rigid motion, we have
â ¼ bc þ Xabja ¼ 0; ðA:7Þ
L̂ ¼ â� t3 ¼ 0; ðA:8Þ
Â ¼ Iþ L̂ ¼ I: ðA:9Þ
Appendix B. Matrix expressions of beam stretch and strain tensors

The aim of this appendix is to provide the matrix expression for some beam stretch and strain tensors. First of all, it is
interesting to observe that A; L and e have extremely simple matrix expressions in the moving frame ft1; t2; t3g. In fact, con-
sidering Eqs. (17), (19) and (42), we can compute the components Aij ¼ ti � Atj; Lij ¼ ti � Ltj and eij ¼ ti � etj, obtaining
Fig. A.1. Bi-dimensional representation of a beam rigid motion.
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½A� ¼
1 0 a1

0 1 a2

0 0 1þ a3

2
64

3
75; ½L� ¼

0 0 a1

0 0 a2

0 0 a3

2
64

3
75; ½e� ¼ 1

2J

0 0 a1

0 0 a2

a1 a2 2a3 � a2=J

2
64

3
75; ðB:1Þ
where a2 ¼ kak2 ¼ a � a. Similarly, Ar
; Lr and E have equivalent matrix expressions in the material frame fE1;E2;E3g. In fact,

considering Eqs. (36), (37) and (44), we can evaluate Ar
ij ¼ Ei � ArEj, Lr

ij ¼ Ei � LrEj and Eij ¼ Ei � EEj, obtaining
½Ar � ¼
1 0 ar

1

0 1 ar
2

0 0 1þ ar
3

2
64

3
75; ½Lr � ¼

0 0 ar
1

0 0 ar
2

0 0 ar
3

2
64

3
75; ½E� ¼ 1

2

0 0 ar
1

0 0 ar
2

ar
1 ar

2 2ar
3 þ ðarÞ2

2
64

3
75; ðB:2Þ
where ðarÞ2 ¼ kark2 ¼ ar � ar .
We note that, in the assumed bases, A and Ar are upper triangular matrices while L and Lr are rank-one matrices. More-

over, we observe that the zero values of eab and Eab match with the hypothesis of rigid cross-section. In fact, we can recall
from the finite-elasticity theory that, for a three-dimensional body, l ¼ dX � EdX is the change in squared length of an infin-
itesimal line element dX belonging to the reference configuration, see Holzapfel (2000). In our beam case, we can consider an
infinitesimal line element within a generic cross-section in the reference configuration, i.e. dX ¼ dXaEa, and, exploiting
expression (B.2)3, we can compute that l ¼ 0. Therefore, being this relation true for any line element within the cross-sec-
tion, we may conclude that the cross-section remains rigid during the deformation. An equivalent observation is valid for a
cross-section line element in the rotated configuration, dx ¼ dXata, when mapped via e.

Appendix C. Representation of the stretch tensors A and Ar through eigenvalues and eigenvectors

The aim of this appendix is to express A and Ar through their eigenvalues and eigenvectors.
Recalling that A is in general non-symmetric, we can write it by the linear combination
A ¼ k1n1 � n1 þ k2n2 � n2 þ k3n3 � n3; ðC:1Þ
where

� ni are the linearly independent, generally non-orthogonal, eigenvectors of A;
� ki are the eigenvalues associated to ni;
� ni are the elements of the reciprocal basis for ni, i.e. the basis such that ni � nj ¼ dij.

Since [A] is an upper triangular matrix, as shown in Eq. (B.1)1, its eigenvalues ki coincide with its diagonal values, that is
k1 ¼ k2 ¼ 1; k3 ¼ 1þ a3: ðC:2Þ
The eigenvectors can then be straightforwardly evaluated solving the systems ðA� kkIÞnk ¼ 0. In fact, exploiting expression
(B.1)1, we have
n1 ¼ c1t1 þ c2t2

n2 ¼ c3t1 þ c4t2

n3 ¼ a1
a3

c5t1 þ a2
a3

c5t2 þ c5t3 ¼ c5
a3

aiti;

8><
>: ðC:3Þ
where c1; c2; c3; c4; c5 are arbitrary constants. The reciprocal basis is then given by the rows of the matrix ½G�1� where
½G� ¼ ½n1; n2; n3�, i.e.
n1 ¼ 1
c1c4 � c3c2

ðc4t1 � c3t2 � a1c4 � a2c3
a3

t3Þ

n2 ¼ 1
c1c4 � c3c2

ðc2t1 � c1t2 � a1c2 � a2c1
a3

t3Þ

n3 ¼ 1
c5

t3:

8>>><
>>>:

ðC:4Þ
Being c1; c2; c3; c4; c5 arbitrary constants, we can chose c1 ¼ c4 ¼ 1; c2 ¼ c3 ¼ 0 and c5 ¼ a3=kak, such that
kn1k ¼ kn2k ¼ kn3k ¼ 1; accordingly, we get
n1 ¼ t1

n2 ¼ t2

n3 ¼ 1
kak aiti;

8>><
>>: ðC:5Þ
as well as
n1 ¼ t1 � a1
a3

t3

n2 ¼ t2 � a2
a3

t3

n3 ¼ kaka3
t3:

8>>><
>>>:

ðC:6Þ



F. Auricchio et al. / International Journal of Solids and Structures 45 (2008) 4766–4781 4781
Substituting now ni;ni and ki into expression (C.1) for A, we recover the definition A ¼ Iþ a� t3.
It is interesting to observe that the eigenvalues and the eigenvectors of A assume a clear physical meaning in the light of

the left extended polar decomposition F ¼ AK. In fact, specializing to our case the concepts introduced by Boulanger and
Hayes (2001) and Jarić et al. (2006) for the finite-elasticity case, we can interpret the basis of eigenvectors ni as a current
unsheared triad, i.e. a triad which maintains invariant its internal angles when the beam passes from the rotated configura-
tion to the final one. Similarly, we can interpret the eigenvalues associated with ni as the stretches taking place along the
triad directions. Therefore, we have that the three unit vectors t1; t2 and a=kak remain unsheared passing from the rotated
to the final configuration. Moreover, t1 and t2 remain also unstretched, being associated with unit eigenvalues, and the only
beam stretch takes place along the direction a=kak of an amount 1þ a3. We observe that the deformations of t1 and t2 are
consistent with the hypothesis of rigid cross-section.

Recalling that a1 and a2 account for the local shear and torsion strain in the current configuration, since a1 ¼ c1 þ j1 and
a2 ¼ c2 þ j2, we note that if a1 ¼ a2 ¼ 0, i.e. if there is no shear-torsion strain, the basis of the eigenvectors and the reciprocal
basis coincide with the moving frame; that is, from Eqs. (C.5) and (C.6) we have that
n1 ¼ n1 ¼ t1

n2 ¼ n2 ¼ t2

n3 ¼ n3 ¼ t3:

8><
>: ðC:7Þ
Hence the moving frame remains unsheared passing from the rotated to the final configuration and the local direction of
the stretch is t3. Moreover, in this case the tensor A is symmetric and, thus, the left extended polar decomposition reduces to
the classical one.

Exploiting expression (C.2), it is immediate to evaluate the determinant of A, J, as
J ¼ k1k2k3 ¼ 1þ a3: ðC:8Þ
Since the deformation gradient can be expressed as F ¼ AK and since the determinant of a rotation tensor is 1, it follows
that the determinant of the deformation gradient is equal to J, too. Recalling that the deformation gradient determinant mea-
sures the change of the body volume when the configuration changes, it follows that, under the assumed kinematics, a1 and
a2 provide an isochoric transformation while only a3, the axial and bending local strain, gives a volume variation.

All these computations and observations can be performed for Ar as well, simply evaluating all the quantities in the mate-
rial frame fE1;E2;E3g and using the right extended polar decomposition.
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Jarić, J., Stamenović, D., Djordjević, V., 2006. On extended polar decomposition. J. Elasticity 83, 277–289.
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