
Rate-dependent Thermo-mechanical Modelling
of Superelastic Shape-memory Alloys for

Seismic Applications

FERDINANDO AURICCHIO,1,2,3 DAVIDE FUGAZZA
1,3,* AND REGINALD DESROCHES

4

1Dipartimento di Meccanica Strutturale, Università degli Studi di Pavia
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ABSTRACT: Experimental tests performed on superelastic shape-memory alloys (SMAs)
show a significant dependence of the stress–strain relationship on the loading–unloading rate,
coupled with a not negligible oscillation of the material temperature. This feature is of
particular importance in view of the use of such materials in earthquake engineering, where the
loading rate affects the structural response. Motivated by this observation and by the limited
number of available works on the modelling of SMAs for seismic applications, the present
article addresses a uniaxial constitutive model for representing the system rate-dependent
thermo-mechanical behavior of superelastic SMAs. The model is based on a single internal
scalar variable, the martensite fraction, for which different rate-independent evolutionary
equations in rate form are proposed. Moreover, it takes into account the different elastic
properties between austenite and martensite. The whole model is then thermo-mechanically
coupled with a thermal balance equation. Hence, it considers mechanical dissipation as well as
latent heat and includes temperature as a primary independent variable, which is responsible
for the dynamic effects. The article also provides a description for the integration, in time,
of the constitutive equation and presents the solution algorithm of the corresponding
time-discrete problem. Finally, results from numerical analyses are reported and the ability of
the model to simulate experimental data obtained from uniaxial tests performed on
superelastic SMA wires and bars at frequency levels of excitation typical of earthquake
engineering is assessed.
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INTRODUCTION

S
HAPE-MEMORY alloys (SMAs) are a class of solids
with an intrinsic ability to remember an original

shape. This particular mechanical behavior relies on
reversible micromechanical phase transitions taking
place during deformation and/or temperature processes,
when the SMAs’ crystallographic structure switches
from an austenitic phase to a martensitic phase.
At the macroscopic level, SMAs feature two uncom-

mon properties not possessed by traditional materials
utilized in engineering. They are the superelastic effect

and the shape-memory effect. The first is related to the
ability of the material to regain, under certain tempera-
ture conditions, its initial configuration upon removal of
the external load and, the second, is the capacity of the
alloy to go back to its undeformed shape by means of
thermal cycles (Duerig et al., 1990).

Due to these unique characteristics, SMAs have had a
strong impact in today’s market with the production of
numerous innovative devices. To name a few, it is worth
recalling biomedical prostheses, eyeglass frames, cellular
phone antennas and apparatus for the deployment and
control of space structures.

Recent experimental and numerical investigations
have also shown the possibility of using such materials
in the area of seismic resistant design and retrofit.
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In particular, they have been shown to be effective in
improving the response of buildings and bridges
subjected to earthquake-induced vibrations (Saadat
et al., 2002; DesRoches and Smith, 2004; Wilson and
Wesolosky, 2005).
Despite the large number of constitutive equations

available in the literature, few studies deal with the
material modelling of SMAs under dynamic loadings,
and, specifically, for applications in earthquake
engineering.
In this respect, the present work proposes a uniaxial

constitutive equation able to describe the system
rate-dependent superelastic behavior of such materials.
The model is based on a single internal scalar variable,
the martensite fraction, for which three different rate-
independent evolutionary equations in rate form are
proposed. Moreover, it is able to describe the different
elastic properties between austenite and martensite.
The whole model is then coupled with a thermal

balance equation, due to the presence of internal heat
sources in the form of phase-transition latent heat and
mechanical dissipation. It also considers the temperature
as a primary independent variable, which is responsible
for its rate-dependent nature. Finally, after discussing
the integration technique for the solution of the
corresponding time-discrete framework and after show-
ing some numerical tests aimed at evaluating its
performance, the ability of the model to reproduce
experimental data obtained from uniaxial tests per-
formed on superelastic SMA wires and bars of different
size and chemical composition at frequency levels of
excitation typical of earthquake engineering is assessed.

CONSTITUTIVE MODELLING OF SMAs FOR

SEISMIC APPLICATIONS

In this section, we focus attention on the constitutive
modelling of superelastic SMAs by reviewing thematerial
laws that have been used for describing the response of
SMA-based devices for seismic applications. Since such
devices are traditionally used in earthquake engineering
as a combination of wires or bars (Saadat et al., 2002;
DesRoches and Smith, 2004; Wilson and Wesolowsky,
2005), emphasis is given only to uniaxial models.
Graesser and Cozzarrelli (1991) took into considera-

tion the possibility of using SMAs for seismic applica-
tions and proposed an equation able to capture both
the superelastic effect and the martensitic hysteresis.
Drawbacks of the formulation were the inability to
predict the material behavior after phase transition
completion as well as both the rate- and temperature-
independence.
Bernardini and Brancaleoni (1999) focused on

a constitutive law able to simulate the rate- and
temperature-dependent response of SMAs, with the

aim of predicting the dynamic response of frames
equipped with SMA-based devices undergoing seismic
excitations. In the proposed equation, SMAs were
represented as a mixture of two solid phases whose
individual behavior was modeled as a linear isotropic
thermoelastic material.

Wilde et al. (2000) proposed an innovative device
made of SMA bars for bridge isolation. They improved
the Graesser and Cozzarelli model by describing
the material behavior after phase transformation
completion. However, the model was still rate- and
temperature-independent.

Tamai and Kitagawa (2002) considered a tempera-
ture-dependent model in which the phase transforma-
tion stress levels were depending on the martensite
fraction. The adopted kinetic rules were exponential and
differed according to the phase transformation being
considered. However, the constitutive law was rate-
independent and required a large number of experi-
mental data. The model was used for evaluating the
seismic response of SMA elements.

From the above summary on the modelling approach
of SMAs for seismic applications, it is clear that the
dependence of the material on the loading–unloading
rate is, in general, not taken into consideration.

Furthermore, since energetic considerations and tem-
perature changes play a major role in the phase
transformations underlying the superelastic response of
SMAs (Shaw and Kyriakides, 1995; Shaw and
Kyriakides, 1997; Entemeyer et al., 2000; Müller and
Seelecke, 2001; Anand and Gurtin, 2003; Brinson et al.,
2004), there is a strong need for a thermomechanical
model able to reproduce such a feature. Accordingly, the
present article would like to explore a possible path to
include such an effect in the proposed model and make
comparisons with experimental data.

TIME-CONTINUOUS MODEL

We now present a uniaxial thermo-mechanical time-
continuous phenomenological constitutive model for
superelastic SMAs, developed within the theory of
irreversible thermodynamics (Auricchio and Sacco,
2001) and the general internal variable framework
(Lubliner and Auricchio, 1996). Its most important
features, that will be discussed in the next sections, are
listed as follows:

. Simplicity and complete soundness in a thermody-
namic framework.

. Ability to describe a number of rate-dependent
superelastic behaviors by considering three different
kinetic rules.

. Possibility of implementing a robust solution algo-
rithm for the integration of the constitutive law.

48 F. AURICCHIO ET AL.

 © 2008 SAGE Publications. All rights reserved. Not for commercial use or unauthorized distribution.
 at Università degli Studi di Pavia on January 3, 2008 http://jim.sagepub.comDownloaded from 

http://jim.sagepub.com


. Ability to reproduce experimental data related to
SMA elements tested in both quasi-static and
dynamic loading conditions.

General Framework

We assume that at each time instant the thermo-
dynamic state of a volume element is characterized by a
set of external and internal variables. More precisely, we
choose as external variables the uniaxial strain, �, and
the absolute temperature, T, and as internal variable a
scalar quantity, �, representing the volume of martensite
fraction.
A necessary ingredient will then be the free energy,

named as  , depending on both internal and external
variables.

Evolution of Elastic Modulus

Experimental tests show large differences between the
elastic properties of austenite and martensite (Dolce and
Cardone, 2001; DesRoches et al., 2004; Fugazza, 2005).
Tomodel this aspect, we assume the elastic modulus to be
a function of the martensite fraction by requiring that:

Eð� ¼ 0Þ ¼ EA and Eð� ¼ 1Þ ¼ EM ð1Þ

being EA and EM the elastic modulus of austenite and
martensite, respectively. Valid expressions for E can be
obtained by regarding the SMA as a material made of a
volume fraction of austenite and a volume fraction of
martensite. Then, the overall elastic properties of the
composite can be recovered through the well-known
homogenization theory.
Addressing the reader to more specific works dealing

with such a topic, and following Auricchio and Sacco
(1997) as well as Ikeda et al. (2004), for the specific
problem being investigated (i.e., uniaxial state of stress
of SMA wires and bars subjected to cyclic loadings) we
adopt the Reuss scheme. In particular, knowing the
values EA, EM and the martensite fraction, �, the overall
equivalent elastic modulus is given by:

E ¼
EA EM

EM þ ðEA � EMÞ �
: ð2Þ

With such assumption, which experimental investigation
confirmed to be realistic, we consider the SMA material
as an austenite–martensite periodic composite in
which the total elongation of its periodic cell undergoing
uniaxial loads is given by the sum of the elongation
of the austenitic part and the martensitic part.
These parts, from a mechanical point of view, are seen
as two springs of different elastic properties acting
in series. Finally, Equation (2) gives a lower bound for
the overall elastic modulus of the considered SMA
material.

Strain Decomposition

Limiting the discussion to a small deformation
regime, we assume an additive decomposition of the
total strain, �, of the form:

� ¼ �el þ �in ð3Þ

where

. �el represents the thermo-elastic strain and, by
definition, it depends only on the control variables
and it includes contributions such as the pure elastic
term as well as the thermo-elastic expansion term.

. �in represents the inelastic strain, which may depend
also on the set of internal variables, that is, in the
present case, the martensite fraction �.

In particular, we express the inelastic strain as:

�in ¼ �L � sgnð�Þ ð4Þ

where

. �L is a measure of the maximum deformation
obtainable by aligning the martensite in one direction
and in the following considered as a material
parameter.

. sgn is the sign function defined as:

sgnðxÞ ¼
�1 if x < 0
0 if x ¼ 0
þ1 if x > 0:

8<
: ð5Þ

. � is the uniaxial stress.

Free Energy and Stress Definition

On the basis of the work by Auricchio and Sacco
(2001), we consider the following free energy:

 ¼ ½ðuA � T�AÞ � �ð�u� T��Þ�

þ C ðT� T0Þ � T log
T

T0

� �
þ
1

2
E ½�� �L � sgnð�Þ�

2

� ðT� T0Þ �� �L � sgnð�Þ½ �E� ð6Þ

where

. uA and �A are the internal energy and the entropy of
the austenite,

. �u and �� are the internal energy difference and the
entropy difference between the austenite and the
martensite. In particular, we set

�u ¼ uA � uM � 0 and �� ¼ �A � �M � 0 ð7Þ

with uM and �M the internal energy and the entropy
of the martensite.
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. C is the material heat capacity,

. T0 is the natural or reference state temperature,

. � is the thermal expansion factor.

Accordingly, the stress is defined as:

� ¼
@ 

@�
¼ E �� �L � sgnð�Þ½ � � E � ðT� T0Þ: ð8Þ

Furthermore, by recalling the definition of �el and by
considering Equation (4), we can observe that there is a
linear relationship between stress and elastic strain:

� ¼ E �el: ð9Þ

Finally, introduction of Equations (4) and (9) into
Equation (3) indicates that sgnð�Þ ¼ sgnð�Þ. This last
equality will be particularly useful during the develop-
ment of the solution algorithm.

Heat Equation

According to the classical literature (Lemaitre and
Chaboche, 1990), the heat equation can be written as:

C _Tþ div q ¼ b� � ðT� TextÞ ð10Þ

where div indicates the divergence operator, a super-
posed dot indicates a time-derivative, q is the heat flux,
b is the heat source, and � the heat convection coefficient
which governs the interaction between the material and
the surrounding environment.1 Such a parameter is,
in general, very difficult to determine as it depends on a
number of variables such as material temperature and
shape of the specimen. Since for this specific study we
are considering elements with small size cross sections
(i.e., wires and bars), in the previous equation we may
neglect the contribution given by the heat flux.
Accordingly:

C _T ¼ b� � ðT� TextÞ ð11Þ

with the heat source (Leclercq and Lexcellent, 1996;
Entemeyer et al., 2000; Auricchio and Sacco, 2001;
Bernardini and Pence, 2002; Lim and McDowell, 2002;
Anand and Gurtin, 2003) that can be described as the
sum of two contributions:

b ¼ Htmc þDmec ð12Þ

where
. Htmc represents the heat production associated to the

thermo-mechanical coupling and it is defined as:

Htmc ¼ T
@2 

@T@�
_�þ T

@2 

@T@�
_� ð13Þ

. Dmec represents the heat production associated to the
dissipative mechanical processes and it is defined as:

Dmec ¼ � _��
@ 

@�
_�þ

@ 

@�
_�

� �
: ð14Þ

We recall that the mechanical dissipation is in general
required to be non-negative: Dmec � 0. The last expres-
sion is well known as Clausius–Duhem inequality and
comes from the second law of thermodynamics.

Due to the specific form of free energy chosen,
we have:

Htmc ¼ Tf�E� _�þ ��þ E� �L sgnð�Þ½ � _�g ð15Þ

Dmec ¼ � _� ð16Þ

with

� ¼ �u� T��þ �Lj�j ð17Þ

modelling the thermodynamic force associated to �.

Kinetic Rules

We assume to work with two processes which may
produce variations of the martensite fraction:

. the conversion of austenite into martensite (A!M),

. the conversion of martensite into austenite (M!A).

For each process, we can observe (Auricchio and
Sacco, 2001) that the driving force can be expressed as:

F ¼ j�j � T� ð18Þ

where

� ¼
��

�L
ð19Þ

consistently, with experimental evidences showing that
both processes can be either stress and/or temperature
driven (Duerig et al., 1990) and that they may occur in
stress–temperature regions delimited, with good approx-
imations, by straight lines whose slope is given by the
term � previously introduced (Figure 1).

Starting from Auricchio and Sacco (1999b) and
Auricchio and Sacco (2001) and using the same
terminology introduced by Auricchio (1995), we con-
sider different kinetic rules, linear, power, and exponen-
tial, in the following presented according to an
increasing order of complexity. They represent the
evolution in time of the martensite fraction and are
expressed through first-order differential equations.

1It is worth recalling that the material temperature increases and decreases during the deformation process due to the heat convection between the material and the
surrounding environment, the latent heat and the dissipation energy due to internal friction.
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CONVERSION OF AUSTENITE
INTO MARTENSITE

Linear _� ¼ � ð1� �Þ
_F

F� RAM
f

HAM

Power _� ¼ ��AM ð1� �Þ
_F

F� RAM
f

HAM

Exponential _� ¼ �AM ð1� �Þ
_F

ðF� RAM
f Þ

2
HAM:

ð20Þ

The term HAM is the activation factor relative to the
A!M transformation and it is defined as:

HAM ¼
1 when _F > 0 and RAM

s < F < RAM
f

0 otherwise

�
ð21Þ

where

RAM
s ¼ �AM

s � TR � RAM
f ¼ �AM

f � TR � ð22Þ

The quantities �AM
s and �AM

f are material properties
representing, respectively, the stress level at which the
A!M transformation starts and finishes at tempera-
ture TR. Also, coefficients �AM and �AM represent
the speed parameters modelling the considered phase
transformation.

CONVERSION OF MARTENSITE
INTO AUSTENITE

Linear _� ¼ �
_F

F� RMA
f

HMA

Power _� ¼ �MA �
_F

F� RMA
f

HMA

Exponential _� ¼ �MA �
_F

ðF� RMA
f Þ

2
HMA:

ð23Þ

The term HMA is the activation factor relative to the
M!A transformation and it is defined as:

HMA ¼
1 when _F < 0 and RMA

f < F < RMA
s

0 otherwise

�
ð24Þ

where

RMA
s ¼ �MA

s � TR � RMA
f ¼ �MA

f � TR �: ð25Þ

The quantities �MA
s and �MA

f are material properties
representing, respectively, the stress level at which
the M!A transformation starts and finishes at
temperature TR. Also, coefficients �MA and �MA

represent the speed parameters modelling the considered
phase transformation.

Remark. To guarantee the non-negativeness of the
mechanical dissipation Dmec, the mechanical parameters
�AM
s , �AM

f , �MA
s and �MA

f should verify the following
inequalities:

�R � �AM
s � �AM

f

�MA
s � �MA

s � �R
ð26Þ

where �R is computed from the condition � ¼ 0 for
T ¼ TR. As a consequence:

�R ¼
TR ����u

�L
: ð27Þ

TIME-DISCRETE MODEL AND ALGORITHMIC

SOLUTION

The time-discrete model is obtained by integrating the
time-continuous model over the time-interval ½tn, t�
through a backward-Euler integration scheme as dis-
cussed in the following. To minimize the appearance of
subscripts, the subscript n indicates a quantity that is
evaluated at time tn, while no subscript indicates a
quantity that is evaluated at time t, with tn < t.

Integration of Heat Equation

Integration of the heat equation leads to:

C
T� Tn

t� tn
� bd þ � ðT� TextÞ ¼ 0 ð28Þ

where

bd ¼
1

t� tn
� 	þ T�½ � ð29Þ

with

	 ¼ � � �n ð30Þ

� ¼ �u� T��þ �Lj�j ð31Þ

� ¼ �E� ð�� �nÞ þ ½E �L � sgnð�Þ þ��� 	 ð32Þ

and with � and �n assumed to be always known.

Mf Ms Af As

σ

Ω

M A

T

AM

Figure 1. Phase transformation zones (A¼ austenite, M¼marten-
site, �¼ slope). As, Af, Ms, and Mf are the temperature levels at which
the forward (A ! M) and reverse (M ! A) phase transformation
starts and finishes, respectively.
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Integration of Kinetic Rules

We can instead obtain the time-discrete phase-
transition rules by writing Equations (20) and (23) in
residual form. After clearing the fractions, we get the
following algebraic expressions.

CONVERSION OF AUSTENITE
INTO MARTENSITE

Linear RAM ¼ 	 F�RAM
f

� �
þ 1� �ð Þ F�Fnð ÞHAM ¼ 0

Power RAM ¼ 	 F�RAM
f

� �
þ�AM 1� �ð Þ F�Fnð ÞHAM ¼ 0

Exponential RAM ¼ 	 F�RAM
f

� �2
��AM 1� �ð Þ F�Fnð ÞHAM ¼ 0: ð33Þ

CONVERSION OF MARTENSITE
INTO AUSTENITE

Linear RMA¼	 F�RMA
f

� �
�� F�Fnð ÞHMA¼0

Power RMA¼	 F�RMA
f

� �
��MA � F�Fnð ÞHMA¼0

Exponential RMA¼	 F�RMA
f

� �2
��MA � F�Fnð ÞHMA¼0:

ð34Þ

Equations (33) and (34) can be solved by means of an
iterative strategy (i) or, when � ¼ 0, in closed-form (ii),
as explained below.

(i) Solution by iterative strategy. As an iterative
strategy, we select the Newton–Raphson scheme.
To preserve its quadratic convergence, the deriva-
tives of the time-discrete evolutionary equations
written in residual form would be required in order
to obtain the tangent modulus consistent with the
time-discrete model. Since the computation needs
long algebra, we do not include them in the article.

(ii) Solution in closed form. In the specific case in which
� ¼ 0, substitution of Equation (36) into the time-
discrete evolutionary equations written in residual
form returns expressions of the type:

C2 �
2 þ C1 � þ C0 ¼ 0 or

C3 �
3 þ C2 �

2 þ C1 � þ C0 ¼ 0 ð35Þ

whose roots can be found in closed-form.
In particular, we obtain a quadratic expression for
both linear and power rules and a cubic expression
when considering the exponential rules. Due to the
complexity of the coefficients, which are reported
in Appendix 1, it seems impossible to perform
a discussion of the roots of each equation.

As a consequence, the admissible root is chosen as
the one which is bounded between 0 (phase
transformation not started yet) and 1 (complete
phase transformation).

In order to improve the robustness of the solution
procedure, we introduce two modifications to the model.

1. We scale the phase transition driving force, F, with
respect to a temperature upper limit value TU.
Accordingly, its new expression becomes:

F ¼ j�j � ðT� TUÞ� ð36Þ

where TU is an arbitrary temperature value such that
T < TU. By means of Equation (36), we then
guarantee the constant sign of F.

2. Following the considerations of Auricchio and Sacco
(1999b) and Auricchio and Sacco (2001), we convert
the activation factors as to be strain-controlled.
In particular, they specialize to:

HAM ¼
1 when _G > 0 and SAM

s < G < SAM
f

0 otherwise

�
ð37Þ

HMA ¼
1 when _G < 0 and SMA

f < G < SMA
s

0 otherwise

�
ð38Þ

with

G ¼ j�j �
�

E
ðT� TUÞ ð39Þ

and

SAM
s ¼

�AM
s

E
þ �L �n SAM

f ¼
�AM
s

E
þ �L ð40Þ

SMA
s ¼

�MA
s

E
þ �L �n SMA

f ¼
�MA
f

E
: ð41Þ

Finally, in view of the computer implementation of
the constitutive model, in Table 1 we summarize the
main steps concerning the solution procedure and in
Tables 2 and 3 we provide the solution schemes related
to the two transformation processes.

NUMERICAL EXAMPLES

We now investigate the ability of the model
to simulate the rate-dependent thermo-mechanical
stress–strain response of a superelastic SMA material.
We consider two different numerical tests:

. Test 1: Simple strain-driven loading–unloading
cycle performed in quasi-static conditions up to 7%
strain. The goal of this test is to understand the role
of the speed parameters (i.e., �’s and �’s) that both
power and exponential rules contain.
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. Test 2: Simple strain-driven loading–unloading cycle
performed initially in 103 s and then, in a subsequent
simulation, in 10�3 s in order to reproduce, respec-
tively, very slow and very fast loading-unloading
conditions. As in the previous test, the maximum

strain attained is 7%. With this way of proceeding,
we keep the same type of loading–unloading history
while changing only the strain-rate at which it is
applied (Auricchio and Sacco, 1999a). The goal of
this test is to study the rate-dependent response of the
model under investigation.

We consider material parameters2 that are typical for
commercial SMAs. More precisely, we choose:

EA ¼ 40000MPa EM ¼ 20000MPa �L ¼ 4:5%

�AM
s ¼ 200MPa �AM

f ¼ 300MPa

�MA
s ¼ 200MPa �MA

f ¼ 100MPa

�u ¼ 30MPa �� ¼ 0:20MPaK�1

� ¼ 0K�1 � ¼ 0:1

C ¼ 4MPaK�1 Text ¼ T0 ¼ TR ¼ 293K

TU ¼ 573K:

Model Characteristics

In this section, we briefly summarize the main findings
coming out from the numerical simulations, addressing
the reader to the work by Auricchio et al. (2006) for
further details.

Table 1. Overall solution algorithm.

1. Compute G and Gn

G ¼ j�j þ
�

E
ðT � TUÞ

Gn ¼ j�nj þ
�

E
ðTn � TUÞ

2. Detect loading or unloading

if G � Gnj j > 0 ) loading

if G � Gnj j < 0 )unloading

3. Check phase transformation

if loading then
check A ! M phase transformation (Table 2)

else if unloading then
check M ! A phase transformation (Table 3)

end if
4. Solve evolutionary equations

5. Solve heat equation

6. Compute stress

Table 2. Solution scheme for A ! M phase
transformation.

if |G�Gn| > 0 then ) loading

�AMs ¼ sgn(�)
RAM

s

E
þ sgn(�)�n �L

�AMf ¼ sgn(�)
RAM

f

E
þ sgn(�) �L

if |G�Gn|� �
AM
s

�¼ �n

E¼En

else if |G�Gn| > �AMs and |G�Gn|< �AM
f

Solve RAM ¼ 0
Iterative strategy
Closed-form solution (if � = 0)

�

E ¼
EAEM

EM þ �ðEA � EMÞ

else

�¼ 1

E¼EM

end

end if

Table 3. Solution scheme for M ! A phase
transformation.

if |G�Gn| < 0 then ) unloading

�MA
s ¼ sgn(�)

RMA
s

E
þ sgn(�)�n �L

�MA
f ¼ sgn(�)

RMA
f

E

if |G�Gn|� �
MA
s

�¼ �n

E¼En

else if |G�Gn| < �MA
s and |G�Gn|>�MA

f

Solve RMA ¼ 0
Iterative strategy
Closed-form solution (if � = 0)

�

E ¼
EAEM

EM þ �ðEA � EMÞ

else

�¼ 0

E¼EA

end

end if

2Since thermodynamic parameters were not identified experimentally, they have been chosen to be the same as the ones considered by Auricchio and Sacco (2001).
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Results from Test 1 are reported in Figures 2 and 3 in
terms of stress–strain relationships and for the three
considered kinetic rules. From their examination, we
may draw the following conclusions.

. The linear rules (Figure 2) describe the superelastic
effect by linearly connecting the corresponding
start and finish phase transformation stress levels,
therefore without reproducing the typical smooth
behavior displayed by most SMAs.

. The power rules (Figure 2) show different behaviors
according to the values of the speed parameters (i.e.,
�AM and �MA). In particular, if the �’s are below or
above 1, we observe a convexity change in the curves
modelling the superelastic plateaus. Furthermore,
if the �’s are below 1 the stress–strain relationship

does not seem to be realistic. Finally, it is possible
to reproduce a linear kinetic upon setting �AM ¼

�MA ¼ 1.
. The exponential rules (Figure 3) show different

behaviors according to the values of the speed
parameters (i.e., �AM and �MA). Again, by properly
choosing the �’s, it would be possible to control the
speed of the phase transition saturation.

Results from Test 2 are reported in Figures 4–6 and
are still expressed in terms of stress–strain relationships
for the three proposed kinetic rules. From their
examination, we may draw the following conclusions.

. All kinetic rules are able to reproduce the experimen-
tally observed (Dolce and Cardone, 2001; DesRoches
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Figure 2. Power rules: stress–strain relationship for quasi-static
loading–unloading conditions. Setting speed parameters �AM and
�MA equal to 1 leads to linear rules.
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Figure 3. Exponential rules: stress–strain relationship for quasi-
static loading–unloading conditions.
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Figure 5. Power rules: stress–strain relationship for very slow and
very fast loading–unloading conditions (�AM

¼�MA
¼ 0.1).

0 1 2 3 4 5 6 7
0

100

200

300

400

500

600

700

Strain (%)

S
tr

es
s 

(M
P

a)

Very slow
Very fast

Figure 4. Linear rules: stress–strain relationship for very slow and
very fast loading–unloading conditions.
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et al., 2004; Fugazza, 2005) increase of the stress
levels at which the forward and reverse transforma-
tion finishes and starts, respectively, as the strain-rate
increases.

. Linear, power, and exponential rules are all able to
simulate the hysteresis size reduction with the
increase of the strain-rate (Dolce and Cardone,
2001; DesRoches et al., 2004; Fugazza, 2005).
Furthermore, by properly setting the speed param-
eters (i.e., �’s and �’s), it would be possible to model a
wide range of superelastic behaviors (i.e., different
responses of the material for the same loading–
unloading pattern).

. Finally, in Figure 7, we observe the evolution of the
material temperature during the deformation process.
Its variation is negligible when performing quasi-
static tests but it is not when considering high strain-
rates. On the x-axis we represent the non-dimensional
time (contained in the range [0, 1] for both simula-
tions), with the aim of better comparing the model
responses. For brevity, we only present the results
related to the linear rules.

EXPERIMENTAL INVESTIGATION

We now want to test the ability of the model to
simulate experimental data. We do this by comparing
the numerical response with available experimental data
related to superlastic SMA wires and bars provided by
different suppliers.3

These are obtained from uniaxial tests consisting
of multiple strain-driven loading–unloading cycles
performed on virgin materials, at frequency levels
of excitation typical of applications in earthquake
engineering (Dolce and Cardone, 2001; DesRoches
et al., 2004; Fugazza, 2005) and at room temperature
(�20�C). For simplicity, we only concentrate on a single
cycle up to a 6% strain.

We consider three sets of experiments:

. Set 1: The material is a commercial superelastic
NiTi straight wire with circular cross section of
diameter 1.00mm provided by CNR-IENI (Lecco,
Italy). The testing frequencies were 0.001Hz (quasi-
static) and 1Hz (dynamic).

. Set 2: The material is a commercial superelastic
NiTi straight wire with circular cross section of
diameter 0.76mm provided by Memry Corp. (Menlo
Park, USA). The testing frequencies were 0.001Hz
(quasi-static) and 0.1Hz (dynamic).

. Set 3: The material is a commercial superelastic
NiTi bar with circular cross section of diameter
12.7mm provided by Special Metals Corporation
(New Hartford, USA). The testing frequencies were
0.0025Hz (quasi-static) and 1Hz (dynamic).

Tests relative to the first two sets were performed by
Fugazza (2005) at the Parco Scientifico Tecnologico
e delle Telecomunicazioni in Valle Scrivia (Tortona,
Italy), while tests considered in Set 3 were performed by
DesRoches et al. (2004) at the Georgia Institute of
Technology (Atlanta, USA). Both experimental studies
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Figure 6. Exponential rules: stress–strain relationship for very slow
and very fast loading–unloading conditions (�AM

¼ �MA
¼ 10).
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Figure 7. Linear rules: evolution of the material temperature for very
slow and very fast loading–unloading conditions.

3The SMA materials were made of NiTi alloys whose chemical composition was not known. Also, no information regarding differential scanning calorimetry data and
temperatures for the stress-free martensitic transformations was available.
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were aimed at investigating the cyclic properties of SMA
wires and bars for seismic applications. Details regard-
ing the testing equipment such as characteristics of the
testing apparatus, software interface, extensometers
used etc., can be found in the aforementioned references.
Besides the development of the constitutive model

and its algorithmic implementation, the other goal
of this study is to try to reproduce the rate-dependent
superelastic behavior of the considered SMA elements.
In particular, for each set of data we need to:

1. Obtain mechanical parameters EA, EM, �L common
to all experimental curves belonging to the same set.

2. Obtain mechanical parameters �AM
s , �AM

f , �MA
s , and

�MA
f from experimental tests performed at the lowest

frequency. These data may vary according to the
considered kinetic rules.

3. Obtain thermodynamic parameters �u, ��, C, �,
and �.

4. Find values of �AM and �MA, when considering
power rules, and values of �AM and �MA, when

considering exponential rules, in such a way to
best fit the experimental curve obtained under
quasi-static loading conditions.

5. Run numerical simulations for all strain-rates
considered using the same material parameters
throughout the analyses.

6. Compare experimental data and numerical results.

Mechanical properties of the considered SMA ele-
ments are summarized in Table 4 while thermodynamic
parameters, which were not determined experimentally,
are the same as those used in the previous section (i.e.,
Numerical Examples).

Comparison with Experimental Data

After performing the experimental tests, we now
want to simulate them using the proposed model.
In the following, we list and discuss the most important
results.

Table 4. Mechanical properties of the considered SMA elements (L¼ linear rules, P¼power rules, and
E ¼ exponential rules).

Set 1 Set 2 Set 3

L P E L P E L P E

EA (MPa) 31000 31000 31000 61000 61000 61000 28500 28500 28500
EM (MPa) 24600 24600 24600 30000 30000 30000 24000 24000 24000
�L (% ) 4.10 4.10 4.10 4.80 4.80 4.80 2.90 2.90 2.90
�AMs (MPa) 310 200 200 350 350 350 270 210 210
�AMf (MPa) 370 370 370 370 370 370 530 530 530
�MA

s (MPa) 60 250 250 150 250 250 350 420 490
�MA

f (MPa) 35 35 35 135 135 135 90 90 90
�AM ( – ) – 0.08 – – 1.5 – – 0.70 –
�MA ( – ) – 0.12 – – 0.1 – – 0.75 –
�AM ( – ) – – 6.0 – – 15.0 – – 150
�MA ( – ) – – 9.8 – – 4.0 – – 120
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Figure 9. Dynamic loading conditions: experimental data (set 1)
vs numerical results.
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Figure 8. Quasi-static loading conditions: experimental data (set 1)
vs numerical results.
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. From the quasi-static tests (Figures 8, 10, and 12),
we observe a good match between experiments and
numerical results, specially when power and expo-
nential rules are used to model the evolution of the
martensite fraction during the deformation process.
However, as it is clear from the comparison related to
the Memry wires (set 2), the model is unable to
simulate the stress drop seen at the beginning of the
forward transformation, which is a clear sign of
Lüders-band effects (Liu et al., 1998).

. When exploiting the dynamic conditions, we note that
the ability of the model to reproduce experimental
data strongly depends on the type of SMA material
under investigation. More precisely, when we consider
the first set of data (Figure 9) we observe a very good
fit of the model response with the experimental curve.

On the other hand, we do not observe the same trend
for the second and third set of data (Figures 11 and 13)
where, however, themodel provides a good estimate of
the stress value reached at the maximum strain level
being considered. Such a discrepancy could be justified
by the fact that the heat flux has been neglected in the
constitutive modelling. As a consequence, the hypoth-
esis of uniform temperature field inside the material
leads to better results when considering the wires
which are characterized by smaller cross sectional sizes
than the bars.

. The model successfully simulates complete transfor-
mation patterns by correctly capturing the material
hardening (i.e., fully martensitic phase) observed at
the end of the upper superelastic plateau (Figures 8
and 12).
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Figure 10. Quasi-static loading conditions: experimental data
(set 2) vs numerical results.
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Figure 11. Dynamic loading conditions: experimental data (set 2)
vs numerical results.
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Figure 12. Quasi-static loading conditions: experimental data
(set 3) vs numerical results.
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Figure 13. Dynamic loading conditions: experimental data (set 3)
vs numerical results.
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. Despite the fact that chemical composition, thermo-
mechanical treatments and manufacturing processes
may result in showing a different material behavior
under the same loading conditions, the capability of
the model to describe the hysteresis size reduction at
high frequency levels is always noticed.

CONCLUSIONS

In this article, we proposed a uniaxial thermo-
mechanical constitutive model able to reproduce the
rate-dependent superelastic effect exhibited by SMAs
and able to take into account the different elastic
properties between austenite and martensite.
In the following, we summarize the major outcomes

based on the numerical tests as well as on the
comparisons with the experimental data.

. The model is based on a single scalar internal
variable, the martensite fraction, for which three
different rate-independent evolutionary equations
written in rate form are presented.

. The coupling of the rate-independent kinetic rules
with the heat equation allows for the modelling of the
SMAs’ rate-dependent behavior through the simula-
tion of the material temperature time-history during
the loading action.

. The model requires a limited number of mechanical
parameters which can be obtained from typical
uniaxial tests. They are the Young’s modulus of
austenite and martensite, the plateau length and the
stress levels at which the phase transformations take
place. On the other hand, the thermodynamic
parameters are not straightforward to determine
experimentally but can be easily found in the
literature for typical SMAs.

. Both power and exponential evolutionary equations
are able to simulate the smooth transition occurring
between the pure elastic behavior (either austenite or
martensite) and the superelastic plateaus, as experi-
mental evidences display.

. The capacity of the model to simulate experimental
data has also been assessed. In particular, quasi-static
tests have provided a good comparison between
experiments and numerical results meanwhile
the dynamic tests were strongly affected by the
different rate-dependent response (i.e., different
material response exhibited by each SMA for the
same loading frequency) of the SMA material under
study, probably due to the different chemical
composition.

In conclusion, the advantages of the presented model
are the simplicity, the possibility of implementing a
robust solution algorithm, and the ability to reproduce

experimental data obtained at different frequency levels
of excitation for seismic application purposes.

ACKNOWLEDGEMENTS

The second author of this article would like to thank
Ms Federica Onano of Parco Scientifico Tecnologico
e delle Telecomunicazioni in Valle Scrivia (Tortona,
Italy) and Dr Lorenza Petrini of Politecnico di Milano
(Milano, Italy) for their help during the experimental
tests, the Italian National Civil Protection Department
(Roma, Italy) which, through its Servizio Sismico
Nazionale section, provided a scholarship as well as
the financial support of Progetto Giovani Ricercatori -
Anno 2002 of the Università degli Studi di Pavia (Pavia,
Italy). Also, the funding of the Ministero dell’Istruzione,
dell’Università e della Ricerca (MIUR) through
the research programs ‘Shape-memory alloys:
constitutive modelling, structural analysis and design
of innovative biomedical applications’ and ‘Shape-
memory alloys: constitutive modelling, structural beha-
vior, experimental validation and applicability to
innovative biomedical applications’ is kindly acknowl-
edged. Additional funding was provided by the
PECASE Program of the National Science Foundation
under Grant No. 0093868.

APPENDIX 1

Linear Kinetic Rules

CONVERSION OF AUSTENITE
INTO MARTENSITE

C2 ¼ ðEA � EMÞ ðFn � RAM
f Þ

C1 ¼ EA EM �L ð�n � 1Þ þ EM ðFn � RAM
f Þ

þ ðEA � EMÞ A ð�n � 1Þ ðT� TUÞ � Fn þ �n R
AM
f

h i
C0 ¼ �EA EM � sgnð�Þ ð�n � 1Þ

þ EM A ð�n � 1Þ ðT� TUÞ � Fn þ �n R
AM
f

h i
:

CONVERSION OF MARTENSITE
INTO AUSTENITE

C2 ¼ ðEA � EMÞ ðFn � RMA
f Þ

C1 ¼ EA EM �L �n þ EM ðFn � RMA
f Þ

þ ðEA � EMÞ A �n ðT� TUÞ þ �n R
MA
f

h i
C0 ¼ �EA EM � sgnð�Þ �n þ EM �n A ðT� TUÞ þ RMA

f

h i
:
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Power Kinetic Rules

CONVERSION OF AUSTENITE
INTO MARTENSITE

C2¼EAEM �L ð�
AM�1Þ

þðEA�EMÞ AðT�TUÞð�
AM�1Þþ�AMFn�RAM

f

h i
C1¼EAEM �sgnð�Þð1��

AMÞþEAEM �L ð�n��
AMÞ

þEM ð�AMFn�RAM
f Þ�AEM ðT�TUÞð1��

AMÞ

þðEA�EMÞ Að�n��
AMÞðT�TUÞ ��

AMFnþ�nR
AM
f

h i
C0¼�EAEM �sgnð�Þð�n��

AMÞ

þEM Að�n��
AMÞðT�TUÞ ��

AMFnþ�nR
AM
f

h i
:

CONVERSION OF MARTENSITE
INTO AUSTENITE

C2¼EAEM �L ð�
MA�1Þ

þðEA�EMÞ AðT�TUÞð�
MA�1Þþ�MAFn�RMA

f

h i
C1¼EAEM �sgnð�Þð1��

MAÞþEAEM �L �n

þEM ð�MAFn�RMA
f Þ�AEM ðT�TUÞð1��

MAÞ

þðEA�EMÞ A�n ðT�TUÞþ�nR
MA
f

h i

C0¼�EAEM �sgnð�Þ�nþEM �n AðT�TUÞþRMA
f

h i
:

Exponential Kinetic Rules

CONVERSION OF AUSTENITE
INTO MARTENSITE

C3¼ðEAEM �LÞ
2
þðEA�EMÞ

2

�

(
AðT�TUÞþRAM

f

h i2
��AM AðT�TUÞþFn½ �

)

þ EAEM ðEA�EMÞ�L

�
2 AðT�TUÞþRAM

f

h i
��AM

�

C2¼ðEAEMÞ
2
n
��L 2�sgnð�Þþ�n �L½ �

o
þ 2EM ðEA�EMÞ

�

(
AðT�TUÞþRAM

f

h i2
��AM AðT�TUÞþFn½ �

)

þ EAEM ðEA�EMÞ

�
�2A ðT�TUÞ �sgnð�Þþ �n �L½ �

þ �sgnð�Þ �AM�2RAM
f

h i
� �L �AM�2�nR

AM
f

h i�

� ðEAEMÞ
2

(
�n A ðT�TUÞþRAM

f

h i2
� �AM A ðT�TUÞþFn½ �

þ EAE
2
M �L

(
2 A ðT�TUÞþRAM

f

h i
��AM

)

C1 ¼ ðEAEMÞ
2�
n
�þ2�n �L sgnð�Þ½ �

o

þ E2
M

(
A ðT�TUÞþRAM

f

h i2
��AM A ðT�TUÞþFn½ �

)

þEAEM ðEA�EMÞ�sgnð�Þ

�

(
2�n A ðT�TUÞþRAM

f

h i
��AM

)

�EM ðEA�EMÞ

(
2�n A ðT�TUÞþRAM

f

h i2

�2�AM A ðT�TUÞþFn½ �

)

�EAE
2
M

(
2A ðT�TUÞ �sgnð�Þþ �n �L½ �

þ �sgnð�Þ 2RAM
f ��AM

h i
þ �L 2�nR

AM
f ��AM

h i)

C0 ¼��n ðEAEM�Þ
2
�E2

M

(
�n AðT�TUÞþRAM

f

h i2

��AM A ðT�TUÞþFn½ �

)

þEAE
2
M �sgnð�Þ

�
2�n A ðT�TUÞþRAM

f

h i
��AM

�
:

CONVERSION OF MARTENSITE INTO
AUSTENITE

C3 ¼ ðEAEM �LÞ
2
þðEA�EMÞ

2

�

(
A ðT�TUÞþRMA

f

h i2
þ�MA A ðT�TUÞþFn½ �

)

þEAEM ðEA�EMÞ�L

�

(
2 A ðT�TUÞþRMA

f

h i
þ�MA

)
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C2 ¼ ðEAEMÞ
2

�
� �L 2�sgnð�Þþ �n �L½ �

�

þ2EM ðEA�EMÞ

(
A ðT�TUÞþRMA

f

h i2

þ�MA A ðT�TUÞþFn½ �

)
þEAEM ðEA�EMÞ

�

(
�2A ðT�TUÞ �sgnð�Þþ �n �L½ �

� �sgnð�Þ �MAþ2RMA
f

h i
�2�L �nR

MA
f

)

� ðEA EMÞ
2 �n A ðT� TUÞ þ RMA

f

h i2

þ EA E2
M �L

(
2 A ðT� TUÞ þ RMA

f

h i
þ �MA

)

C1 ¼ ðEA EMÞ
2�

�
�þ 2 �n �L sgnð�Þ½ �

�

þ E2
M

(
A ðT� TUÞ þ RMA

f

h i2

þ �MA A ðT� TUÞ þ Fn½ �

)

þ 2 �n EA EM ðEA � EMÞ � sgnð�Þ

� A ðT� TUÞ þ RMA
f

h i
þ 2 �n EM ðEA � EMÞ A ðT� TUÞ þ RMA

f

h i2
� EA E2

M

�
2A ðT� TUÞ � sgnð�Þ þ �n �L½ �

þ � sgnð�Þ 2RMA
f þ �MA

h i
þ 2 �n R

MA
f �L

�

C0 ¼ ��n ðEA EM �Þ
2
� E2

M

(
�n A ðT� TUÞ þ RMA

f

h i2

þ 2EA E2
M � sgnð�Þ �n A ðT� TUÞ þ RMA

f

h i)
:
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