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SUMMARY

During mechanical loading–unloading cycles shape-memory alloys (SMA) are able to undergo large
deformations without showing residual strains (pseudoelasticity) or recovering them through ther-
mal cycles (shape memory e�ect). Motivated by stress-induced solid phase transformations, these
unique behaviours induce the SMA exploitation in innovative and commercially valuable applications,
stimulating, consequently, the interest in the development of constitutive models. Also if many models
are now available in the literature, e�ective three-dimensional proposals are still few and limited in
several aspects.
In this paper, a three-dimensional thermomechanical model recently proposed by Souza et al.

(European Journal of Mechanics–A/Solids, 1998; 17:789–806.) is taken into consideration; such a
model is of particular interest for its e�ectiveness and �exibility, but it also shows some limitations
and missing links in the algorithmical counterparts.
This work discusses some improvements to the original model as well as the development and the

implementation of a robust integration algorithm to be adopted in a numerical scheme, such as a
�nite-element framework. Copyright ? 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The good performances of shape-memory alloys (SMA) in applications relative to di�er-
ent �elds (such as aeronautical, biomedical, structural engineering) is a consequence of the
fact that the material may in general present two di�erent crystallographic structures, one

∗Correspondence to: Ferdinando Auricchio, Dipartimento di Meccanica Strutturale, Universit�a di Pavia, Via Ferrata 1,
27100 Pavia, Italy

†E-mail: auricchio@unipv.it

Contract=grant sponsor: Italian National Center of Research

Received 3 September 2001
Revised 5 June 2002

Copyright ? 2002 John Wiley & Sons, Ltd. Accepted 5 June 2002



1256 F. AURICCHIO AND L. PETRINI

characterized by a more ordered unit cell and indicated in the following as austenite (A),
the other characterized by a less ordered unit cell and indicated in the following as marten-
site (M). Moreover, the martensite may have a global structure where the unit cells have a
variable orientation minimizing the mis�t with the surrounding material, or a global structure
where the unit cells follow a preferred orientation given by an external �eld such as a stress;
in the former case we talk of twinned or multiple-variant martensite (MV), in the latter case
of detwinned or single-variant martensite (SV).
From a micro-mechanical point of view, the presence of two di�erent crystallographic

structures is the base for a reversible solid–solid phase transformation between the austen-
ite and the martensite. The phase transformation is in general function of temperature and
stress. In particular, for the case of a stress-free material, we may distinguish two reference
temperatures, Af and Mf, with Af¿Mf, such that: the austenite is the only phase stable at
temperatures above Af; the martensite is the only phase stable at temperatures below Mf;
an austenite–martensite mixture is possible in the temperature interval between Af and Mf.
In general, both Af and Mf depend on the material composition as well as on the thermo-
mechanical treatment. For the case of a stressed material, a similar situation occurs, with the
di�erence that the reference temperatures are monotonic (approximately linear) function of
the loading level.
From a macro-mechanical point of view, the reversible martensitic phase transformation

results in two unique e�ects, the pseudoelasticity (PE) and the shape memory e�ect (SME)
[1, 2]. At temperatures above Af, if loaded the material shows non-linear large deformations,
which are recovered during the unloading, describing an hysteretic loop in terms of stress
and strain (pseudoelasticity). This response can be explained noting that the load induces
a transformation from austenite to single-variant martensite; however, since the austenite is
the only phase stable above Af, the reverse transformation occurs during the unloading. At
temperatures below Af, if loaded the material shows non-linear large deformations, which
are partially retained during the unloading; however, this residual strain can be recovered
heating the material above Af (shape memory e�ect). This response can be explained noting
that the load induces a transformation from austenite or multiple-variant martensite to single-
variant martensite. However, since the martensite is unstable above Af, heating the material a
transformation from martensite to austenite occurs and the material recovers the initial shape;
moreover, such a shape is retained also during the cooling at the initial temperature [3].
The more and more frequent use of these unusual e�ects in commercially valuable appli-

cations have stimulated a vivid interest in the development of accurate constitutive models,
able to catch the basic material response, and in their algorithmic counterparts [4, 5]. How-
ever, while many 1D models are available in the literature [6–9], e�ective proposals in 3D
framework are still few and limited in several aspects: in particular, their numerical imple-
mentation and exploitation in numerical codes do not seem easy to achieve and su�ciently
robust [10–16].
Accordingly, we focus on a three-dimensional thermomechanical model recently proposed

by Souza et al. [17] for stress-induced solid phase transformations. Cast within the frame-
work of classical irreversible thermodynamics, the model is able to reproduce all the main
features relative to shape-memory materials in a 3D setting. In particular, Souza et al.
consider some simple one-dimensional problems as well as a more complex three-dimensional
non-proportional problem, showing a good performance of the model in comparison with ex-
perimental results.
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However, a careful reading of the cited work on one hand shows some interesting features of
the model, in particular the e�ectiveness and the �exibility of the adopted framework, as well
as some limitations, mainly relative to a symmetric tension–compression material response
and to the assumption of a small-deformation regime. On the other hand, it highlights how
the proposed return map integration algorithm is only partially developed: some missing links
make the time-discrete solution scheme not suitable for an e�ective numerical implementation.
Accordingly, in the present paper we propose some improvements to the original model,

focusing on the development of a robust integration algorithm to be adopted in a numerical
scheme, such as a �nite-element framework. We also investigate a possible model extension
to describe unsymmetrical behaviours in tension and compression.
The paper is organized as follows. Section 2 reviews the original model as proposed by

Souza et al., both in the time-continuous and the time-discrete frame, together with some
comments on the relative merits and shortcomings. Section 3 describes in details a modi�ed
integration algorithm, which is tested in Section 4 for the case of several one-dimensional and
multi-dimensional problems. Comments and suggestions for future developments are reported
in Section 5; �nally, in Appendix A.1 possible model extension is discussed to catch the
unsymmetrical behaviour of the material in tension and compression.

2. ORIGINAL MODEL FOR STRESS-INDUCED SOLID PHASE TRANSFORMATION

The model proposed by Souza et al. is developed within the theory of irreversible thermody-
namics in the realm of a small-deformation regime [18, 19]. Accordingly, at each instant the
thermodynamical state of an homogenized volume element is described by a set of external
(controllable) and internal variables. Moreover, given proper potentials and following classical
arguments, it is possible to compute the quantities thermodynamically conjugate to both the
external and the internal variables.
The goal of this section is to brie�y review the original model [17] and to present comments

highlighting features and limitations of the model.
Before proceeding, we �nd convenient to split the strain, U, and the stress, �, as follows:

U= e+ 1 �
3

(1)

�= s+ 1p (2)

where: e is the deviatoric strain; �= U : 1 is the volumetric strain; s is the deviatoric stress;
p= � : 1=3 is the volumetric stress, in general indicated as pressure.

2.1. Time-continuous frame

Souza et al. choose the strain, U, split in its volumetric and deviatoric components, and
the absolute temperature, T , as control variables and a second-order tensor, etr , indicated as
transformation strain, as internal variable. Assumed to be traceless, etr is a measure of the
strain associated to the phase transformation and, in particular, to the conversion from austenite
or multiple-variant martensite to the single-variant martensite. Accordingly, the norm of etr
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should be bounded between zero—for the case of a material without oriented martensite—and
a maximum value �L—for the case in which the material is fully transformed in single-variant
oriented martensite.
Henceforth, Souza et al. set the free-energy equal to:

 (�; e; T; etr)= 1
2 K�2 +G‖e − etr‖2 + �M (T )‖etr‖+ h

2
‖etr‖2 +I�L(e

tr) (3)

where: K and G are the bulk and the shear moduli; ‖·‖ is the Euclidean norm; �M is a positive
and monotonically increasing function of the temperature, de�ned as 〈�(T − T0)〉+, with 〈•〉+
the positive part of the argument, � a material parameter, T the room temperature and T0
the temperature below which no twinned martensite is observed; h is a material parameter
related to the hardening of the material during the phase transformation. Finally, I�L(etr) is an
indicator function introduced to satisfy the constraint on the transformation strain norm and
de�ned as:

I�L(e
tr)=

{
0 if ‖etr‖6�L

+∞ otherwise
(4)

Following classical arguments, it is possible to compute the quantities thermodynamically
conjugate to the volumetric and the deviatoric components of the strain, � and e, and to the
transformation strain, etr . In particular, we have:

p=
@ 
@�
=K� (5)

s=
@ 
@e
=2G(e − etr) (6)

X=− @ 
@etr

= s − Q (7)

with X indicated in the following as transformation stress where:

Q=[�M (T ) + h‖etr‖+ �]
etr

‖etr‖ (8)

with � de�ned as: {
�=0 if 0¡‖etr‖¡�L

�¿0 if ‖etr‖= �L
(9)

It is interesting to observe that the quantity Q in Equation (7) plays a role similar to the
so-called back-stress in classical plasticity and, accordingly, X can be identi�ed as a relative
stress. Moreover, we note that Q is de�ned only for the case ‖etr‖¿0.
Thereupon, the introduction of a dissipation pseudopotential in the form:

�(ėtr)=R‖ėtr‖ (10)
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with R the elastic domain radius, combined with a complementary evolution law in the form:

X∈ @�(ėtr) (11)

returns the following evolutionary equations for the internal variable etr:


ėtr=�̇
X

‖X‖ (12a)

F(X)=‖X‖ − R60 (12b)

�̇¿0 (12c)

�̇F(X)=0 (12d)

where Equation (12a) is the �ow rule, Equation (12b) de�nes the limit function F in terms of
the relative stress X, Equations (12c)–(12d) are the classical Kuhn–Tucker conditions, which
reduce the problem to a constrained optimization problem.
As highlighted in the original work, requiring the dissipation pseudopotential to be convex

and positive and to have a null value at the origin ensures the thermodynamical consistency
of the model, i.e. a non-negative value for the mechanical dissipation. Finally, after several
argumentations on the evolution laws and on the nucleation criteria, it is possible to conclude
that material can be either in an elastic state, in an evolving phase transformation state,
or in a saturated phase transformation state. The proper material state is detected by the
conditions presented in Table I and each material state is associated to the evolution equations
presented in Table II.

Comments on features and limits of the time-continuous frame: From the previous brief
review and keeping in mind Tables I and II, we may comment on some features and limits
of the model, in part also explaining its ability to describe SMA characteristic behaviours in
a 3D framework.
In particular, the following features of the model can be observed.

• The state and the branch detection are related to the norm of the transformation strain
‖etr‖.

• All the phase transformations (A↔ SV , MV → SV ) are described by a single limit
function F .
De�ned in terms of the relative stress X= s − Q, the limit function F de�nes in the

deviatoric space the region of admissible states (F60), distinguishing at the same time
states for which phase transformations are not possible (F¡0⇒ elastic domain) and
states for which phase transformations may be possible (F =0).
In particular, the region of admissible states has a constant radius, R, and a moving

centre, Q, the latter depending on the temperature—through the function �M—and on the
phase transformation itself—through the material parameter h. Accordingly, during the
phase transformation, Q increases proportionally to ‖etr‖, moving the limit surface in
the etr direction.

• Since all the phase transformations are described by a single limit function F , the
di�erences between SME and PE are caught through the dependency of the para-
meter �M on the temperature.
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Table I. Original time-continuous frame: detection of the
material state and of the evolution branch.

State and Branch Detection

if (‖etr‖=0) then


compute: F = ‖s‖ − [�M (T ) + R] (42)

check F :




if (F¡0) then elastic state

else

X=R
s

‖s‖ evolv: p:t:

end if

else if (‖etr‖¡�L) then


compute:



Q= [�M (T ) + h‖etr‖] e

tr

‖etr‖
X= s − Q
F = ‖X‖ − R

(43)

check F :



if (F¡0) then elastic state

else evolv: p:t:

end if

else if (‖etr‖= �L) then


compute:




Q= [�M (T ) + h‖etr‖+ �]
etr

‖etr‖
�¿0

X= s − Q
F = ‖X‖ − R

(44)

check F :



if (F¡0) then elastic state

else satur: p:t:

end if

end if

To appreciate this aspects, assume the occurrence of a forward transformation during
loading; then, during unloading, if the temperature is below Mf, only the elastic defor-
mation can be recovered and residual strains are present at zero stress (SME), while
if the temperature is above Af the material is able to undergo a reverse transformation
strain and to recover the original shape (PE).
This aspect can be further elaborated considering a uni-axial tensile test during unload-

ing phase, assuming for simplicity h=0 and recalling that the phase transformation is
associated to the conditions F =0. Indicating with s and e the uni-axial (scalar) deviatoric
stress and strain components and with � the uni-axial (scalar) back stress component,
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Table II. Original time-continuous frame: evolution
laws in the di�erent branches.

Branch Solution
if (elastic state) then

ėtr = 0
else if (evolving phase transformation) then

ėtr = �̇
X

‖X‖ with �̇¿0; �̇F =0

else if (saturated phase transformation) then

ėtr = �̇
X

‖X‖ with

{
�̇¿0; �̇F =0

ėtr · etr = 0
end if

the uni-axial unloading condition implies: s¿0; ṡ¡0. Moreover, we assume that the
position s¡� (i.e. X = s − �¡0) is reached during unloading and we recall that it is
�= �M (Equation (8)) in uni-axial case. Hence, the condition for the activation of the
reverse transformation (i.e. to have PE) becomes:

F = |s− �| − R= − s+ �− R= − s+ �M − R=0 (13)

Equation (13) is satis�ed only if s= �M − R.
Since we assume s¿0, the reverse transformation strain can take place only if �M¿R

and, recalling the de�nition of �M , only if T¿ �T =R=�+T0. Finally, if we assume T0 =Mf

and �T =Af, Equations (6)–(12) are able to simulate all the possible SMA behaviours:
in particular, SME takes place if T6T0, PE takes place if T¿ �T and a mix of the two
behaviours takes place if T0¡T¡ �T .

• The model is able to describe the SV martensite reorientation. This ability is true, in
particular, for the case of a fully saturated material (‖etr‖= �L), when the product phase

can still experience strain changes due to the variant reorientation ( ˙‖etr‖=0 and ėtr 	=0).
The model takes into account these behaviours through the tensorial nature of the in-

ternal variable etr , which naturally implies the concept of variant orientation, and through
the introduction of the internal variable � in the back stress de�nition (Equation (8)).
Indeed, the scalar � measures the limit surface movement in the etr direction during
the saturated phase, guaranteeing the satisfaction of the condition F =0. In particular, it
varies linearly when the product phase undergoes elastic deformation, non-linearly when
reorientation takes place.

Moreover, some limits of the model are evident.

• The austenite and the martensite have the same elastic modulus.
• The phase transformations are described through a Von Mises-type function, predicting a
symmetric behaviour in tension and compression, in contrast with experimental evidences
[20–23].

• The transformation stress X, and consequently F , are undetermined [5] for the case
‖etr‖=0 (Equations (7) and (8)). This aspect is the source of problems in detecting
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the phase transformation activation for a material completely in the parent phase. To
overcome this limit, Souza et al. introduce some considerations on the relation between
s and X, proving that, when ‖etr‖→ 0:

s −X
‖s −X‖ ≈ X

‖X‖ ≈ s
‖s‖ (14)

Accordingly, for the product phase nucleation the following conditions hold:

‖s‖= �M (T ) + R

X=R
s
‖s‖

(15)

and the limit function F reduces as follows:

F = ‖s‖ − (�M (T ) + R) (16)

2.2. Time-discrete frame and solution algorithm

From a computational standpoint the non-linear material behaviour is often treated as an
implicit time-discrete strain-driven problem. Accordingly, a time-discrete counterpart of the
constitutive model is �rst introduced, integrating the model rate equations over a time interval
[tn; tn+1] using an implicit backward Euler scheme. Afterwards, assuming to know the solution
at time tn as well as the strain U at time tn+1, the stress history is computed from the strain
history by means of a procedure known as return-map [24–27].
For the model of the previous section, Souza et al. developed a time-discrete solution

scheme along these lines and brie�y reviewed in the following; to simplify the notation, we
indicate with the subscript n a quantity evaluated at time tn, and with no subscript a quantity
evaluated at time tn+1.
Accordingly, the time-discrete counterpart of the constitutive model described in Section 2.1

is: 


s=2G(e − etr) (17a)

X= s − [�M (T ) + h‖etr‖+ �]
etr

‖etr‖ (17b)

�¿0 (17c)

etr = etrn +��
X
‖X‖ (17d)

‖etr‖6�L (17e)

F(X)= ‖X‖ − R60 (17f )

��¿0 ��F(X)=0 (17g)

where: ��=(�− �n) and where we omit to report the trivial elastic volumetric relation.
Souza et al. propose to solve such a time-discrete model through an elastic-predictor

inelastic-corrector procedure. Reported in Table III, the procedure consists in computing
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Table III. Original time-discrete frame: solution algorithm.

1. Compute trial state


etr; TR= etrn

sTR=2G(e− etr; TR)

nTR=
etr; TR

‖etr; TR‖
2. Check material state

See Table IV
3. Update material state

See Table V

an elastic trial state and in evaluating the admissibility of such a state through FTR, i.e.
through the value of the limit function on the trial state. Then, if the trial state is admissible
(FTR60) the step is e�ectively elastic and it represents the solution; otherwise, if the trial
state is non-admissible (FTR¿0), the step is inelastic and a new solution has to be evaluated.
Regarding the detection of the trial state admissibility, it is interesting to emphasize how,

as summarized in Table IV, the de�nition of the limit function FTR depends on the initial
state condition; in particular:

• For the case ‖etrn ‖=0, FTR is de�ned through the considerations on the nucleation
condition (Equation (16)), being XTR undetermined.

• For the case ‖etrn ‖ 	=0, FTR is de�ned by Equation (17f) with XTR given by Equation
(17b), being �=0 in the evolving phase transformation state and � 	=0 in the saturated
phase transformation state.

In the case of an inelastic step, the updated state is evaluated solving the non-linear Equa-
tion (17) with an iterative method. In particular, as summarized in Table V, Souza et al.
suggest the following procedure:

• Supposing (0¡‖etr‖¡�L), assume �=0 and rewrite Equation (17) in the residual form:

R6(etr)=R
etr − etrn

‖etr − etrn ‖
− 2G(e − etr) + [�M (T ) + h‖etr‖] e

tr

‖etr‖ = 0 (18)

Then, the new value of etr is evaluated solving these six scalar non-linear equations with
a Newton–Raphson method.

• If the above solution is non admissible (‖etr‖¿�L), assume �¿0 and rewrite Equation
(17) in the residual form:

R7(etr ; �)=




R
etr − etrn
‖etr − etrn ‖

− 2G(e − etr) + [�M (T ) + h‖etr‖+ �]
etr

‖etr‖ = 0

‖etr‖ − �L=0

(19)

Then, the new values of etr and � can be evaluated solving these seven scalar non-linear
equations with a Newton–Raphson method.
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Table IV. Original time-discrete frame: detection of the material
state and of the evolution branch.

State and Branch Detection

if (‖etrn ‖=0) then


compute: FTR= ‖sTR‖ − [�M (T ) + R] (45)

check FTR:




if (FTR¡0) then elastic step (EL)

else

XTR=R
sTR

‖sTR‖ active p:t: (PT1)

end if

else if (‖etrn ‖¡�L) then


compute:



QTR= [�M (T ) + h‖etr; TR‖]nTR

XTR= sTR − QTR

FTR= ‖XTR‖ − R

(46)

check FTR:



if (FTR¡0) then elastic step (EL)

else active p:t: (PT1)

end if

else if (‖etrn ‖= �L) then


compute:



QTR= [�M (T ) + h‖etr; TR‖+ �̂]nTR

XTR= sTR − QTR

FTR= ‖XTR‖ − R

(47)

check FTR:



if (FTR¡0) then elastic step (EL)

else active p:t: (PT1)

end if

end if

Comments on limits of the time-discrete frame: Souza et al. do not detail the proposed
algorithm as deeply as required by an e�ective numerical implementation, neglecting also to
discuss the algorithmically consistent tangent matrix. In particular, a review of the proposed
approach points out mainly two missing aspects, relative respectively to the de�nition of the
transformation stress X and to the method for the solution of the non-linear problem.

• De�nition of X: Besides the problematics associated with the non-de�nition of X for
the case ‖etr‖=0 (discussed in Section 2.1), in the time discrete setting, for the case
‖etr‖= �L, the authors de�ne:

FTR= ‖XTR‖ − R= ‖ŝ+ �̂nTR‖ − R (20)
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with



nTR=

etr; TR

‖etr; TR‖
ŝ= sTR − [�M (T ) + h‖etr; TR‖]nTR

�̂= 〈ŝ · nTR〉

(21)

They show that if FTR¡0, the solution of the set of non-linear equations in the saturated
condition (Equation (19)) can be avoided. This approach simplify the calculus, but, at
the same time, it makes the limit function FTR, and consequently X, not continuous.
Indeed, ‖X‖=R during the evolving phase transformation (CASE PT1), while, during
the saturated phase case described above, it is ‖X‖ 	=R: in a monotonic case, for example,
it results ‖X‖=0.

• Non-linear problem solution: Souza et al. suggest to solve Equations (18) and (19)
with a Newton-type method, but they do not discuss the starting values for the un-
knowns during the iterative procedure. In particular, the most obvious choice for etr; k ,
with the iteration index k equal to 1, would be etr;1 = etrn ; however, this choice is
not possible since the term ‖etr;1 − etrn ‖, present in the denominator, would be equal
to zero.

3. MODIFIED MODEL AND SOLUTION ALGORITHM

Motivated by some of the limits inherent in the model as well as in the proposed time-
discrete algorithm, in the present section we suggest some modi�cations directly on the
model, as well as we discuss a robust solution algorithm and the algorithmically consistent
tangent.

Modi�ed model: The modi�cation, we propose on the model, is relative to the fact that
the transformation stress X and, consequently, F are not de�ned for the case ‖etr‖=0.
With respect to this aspect Souza et al. investigate the nucleation condition and
de�ne X as

X=R
s
‖s‖ (22)

just at the onset of the phase transformation. We propose to de�ne X as

X= s − (�M + 	)
s
‖s‖ (23)

and to extend this de�nition over the whole range characterized by ‖etr‖=0 and not only
to the phase transformation threshold. Assuming to deal with a material characterized by an
initial unstressed, unstrained and fully austenitic con�guration, we de�ne the scalar internal
variable 	 as

	= 〈‖s‖ − 〈�M − R〉+〉− (24)
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where 〈•〉− is the function returning the negative part of the argument. Accordingly to
Equation (24), for the case ‖etr‖=0, it is interesting to observe that:

• If �M¡R (i.e. we are in the SME range), 	 is identically zero.
• If �M¿R (i.e. we are in the PE range), one of the following situations may occur:

if ‖s‖=0 then 	= − (�M − R) ‖X‖=R

if 0¡‖s‖¡�M − R then 	= ‖s‖ − (�M − R) ‖X‖=R

if �M − R¡‖s‖¡�M then 	=0 ‖X‖= − ‖s‖+ �M

if �M¡‖s‖¡�M + R then 	=0 ‖X‖= ‖s‖ − �M

if ‖s‖= �M + R then 	=0 ‖X‖=R

We observe that, according to the above comments, X and F (being F = ‖X‖ − R) are well
de�ned not only at the phase transformation onset, but over the all range with ‖etr‖=0.
Modi�ed algorithm: Furthermore, as stated at the beginning of the present section, we

propose also a solution algorithm modi�ed with respect to the one originally proposed by
Souza et al. [17]. Still based on an elastic predictor (trial state) inelastic corrector, the modi�ed
algorithm distinguish only two cases (Table VI):

• The material is completely in the parent phase (‖etrn ‖=0).
• The material is not completely in the parent phase (‖etrn ‖¿0).

In particular, for the case ‖etrn ‖=0, we assume that the step is always elastic unless the
nucleation condition (‖sTR‖¿�M + R) is satis�ed. Accordingly, we may distinguish the fol-
lowing situations:

(1) ‖sTR‖6�M − R ⇒




	= ‖sTR‖ − �M + R

‖XTR‖=R

FTR=0

(2) �M − R¡‖sTR‖¡�M ⇒




	=0

‖XTR‖= − ‖s‖+ �M

FTR= − ‖s‖+ �M − R¡0

(3) �M¡‖sTR‖¡�M + R ⇒




	=0

‖XTR‖= ‖s‖ − �M

FTR= ‖s‖ − �M − R¡0

(4) ‖sTR‖= �M + R ⇒




	=0

‖XTR‖=R

FTR=0
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Table V. Original time-discrete frame: branch solution and
detection of the new state.

Branch Solution and State Update
if (CASE EL − Elastic step) then



etr = etr; TR

s = 2G(e− etr)
exit

else if (CASE PT1− Evolving phase transformation) then


Find etr solving: R6(etr) = 0 (See Equation (18))

Check solution:



if ‖etr‖¡�L then exit

else CASE PT2

end if

else if (CASE PT2 − Saturated phase transformation) then{
Find etr ; � solving: R7(etr ; �)= 0 (See Equation (19))

exit

end if

We note that:

• Case 1 represents an elastic step, in the sense that no phase transformation is active
since FTR=0 but the nucleation condition cannot be satis�ed.

• Cases 2 and 3 still represents an elastic step since FTR¡0.
• Case 4 represents the onset of the phase transformation, since FTR=0 and, at the same
time, the phase transformation nucleation condition is satis�ed.

Besides the di�erent expression for X introduced to obtain an extended range of de�nition for
such a variable, more signi�cative di�erences between the proposed modi�ed algorithm with
respect to the original algorithm are in the solution of the non-linear evolutionary problem.
In particular, for the case ‖etrn ‖=0 when the nucleation condition is satis�ed or for the case
‖etrn ‖¿0 when FTR¿0, we suggest the following procedure (Table VI):

• Assume �=0, and rewrite Equation (17) in the residual form as follows:

R̃7(X;��)=


X − sTR + 2G��

X
‖X‖ + [�M (T ) + h‖etr‖] e

tr

‖etr‖ = 0
‖X‖ − R=0

(25)

where etr = etrn +��=(X=‖X‖) (Equation (17d)).
Then, these seven non-linear scalar equations are solved with a Newton–Raphson

method.
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Table VI. Modi�ed time-discrete frame: detection of the material
state and of the evolution branch.

State and Branch Detection
if (‖etrn ‖=0) then



compute:



QTR=(�M (T ) + 	)

sTR

‖sTR‖
XTR= sTR − QTR

FTR= ‖XTR‖ − R

(48)

check FTR:




if (FTR¡0) or (FTR=0

and ‖s‖¡�M + R) then elastic step (EL)

else active p:t: (PT1)

end if
else



compute:



QTR= [�M (T ) + h‖etr; TR‖]nTR

XTR= sTR − QTR
FTR= ‖XTR‖ − R

(49)

check FTR:



if (FTR¡0) then elastic step (EL)

else active p:t: (PT1)

endif

end if

• If the above solution is non-admissible (‖etr‖¿�L), assume �¿0 and rewrite
Equation (17) in the residual form as follows:

R̃
8
(X;��; �)=



X − sTR + 2G��

X
‖X‖ + [�M (T ) + h‖etr‖+ �]

etr

‖etr‖ = 0

‖X‖ − R=0

‖etr‖ − �L=0

(26)

Then, these eight non-linear scalar equations can be solved with a Newton–Raphson
method.

Comments on features of the modi�ed algorithm: To overcome the original model limits
underlined in Section 2.2, we proposed a new de�nition of the transformation stress and an
e�cient method for the non-linear problem solution. In the following the two modi�cations,
presented in the previous section, will be discussed.

• The nucleation condition proposed in the modi�ed algorithm can be derived considering
the case of active phase transformation and ‖etr‖→ 0. In fact, in a time-continuous frame,
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during phase transformation, from Equations (7), (8) and (12) we have:


ėtr 	=0
‖X‖= R

ėtr

‖ėtr‖ =
X

‖X‖
etr

‖etr‖ =
s −X

‖s −X‖

(27)

Indicating with 0 the time corresponding to the phase transformation onset and consid-
ering an instant of time T¿0, we have:

etr

‖etr‖ ≈ ėtr

‖ėtr‖ ≈ X
‖X‖ ≈ s

‖s‖ (28)

where the approximation errors go to zero when T → 0. Considering the limit of relation
28, at the nucleation condition, (‖etr‖=0) we may set:


X= s −

[
�M (T )

s
‖s‖

]

F = ‖s‖ − [�M (T ) + R]= 0
(29)

which represents the nucleation condition.
• Using Equation (24) for the case ‖etr‖=0, the variable X is now always de�ned (except
in the point ‖s‖=0), rendering the overall numerical solution more consistent and stable.

• The non-linear Equations (25) and (26) are in general solved through a Newton–Raphson
iteration method. It is interesting to observe that we eliminated the problems present in
the original algorithm relative to the starting values for the iterations. As an example, for
Equation (26), it is possible to start from the most obvious choice for etr; k , ��k , �k , with
the iteration index k equal to 1, that is etr;1 = etrn , ��1 = 0, �1 = �n. Similar conditions are
valid for the solution of Equation (25).
As �nal remark we note that the suggested procedure falls only in the case of etrn =0.

However, for such a case we introduce a tentative value of etr; in fact, since:

sTR=2G(e − etr; TR) (30)

de�ned ñ= sTR=‖sTR‖, Equation (28) implies:
(‖sTR‖+ 2G‖etr; TR‖)ñ=2Ge (31)

Hence, e and sTR are parallel in the nucleation phase, and we can de�ne:

‖etr; TR‖= ‖e‖ − ‖sTR‖
2G

= ‖e‖ − �M (T ) + R
2G

(32)

Finally, we can set etr;1 = etr; TR when etrn =0.
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3.1. Newton–Raphson method

As stated, we solve the non-linear Equations (25) and (26) with a Newton–Raphson method.
Accordingly, we need to detail the form of the corresponding tangent matrix. For brevity, we
report the construction of the tangent only for the case of the saturated phase transformation
(corresponding to Equation (26)), since the case of the non-saturated phase transformation
can be obtained simply eliminating the last row. Linearizing Equation (26), we �nd:


d(RX )=R;XX : dX+R;

X
�� d��+R;X� d�

d(R��)=R;��
X : dX+ R;��

�� d��+ R;��
� d�

d(R�)=R;�X : dX+ R;��� d��+ R;�� d�

(33)

where

R;XX = I+ (2G + h)��BX + (�M + �)��Be BX

R;X�� = (2G + h)NX + (�M + �)Be : NX

R;X� = Ne

R;��
X = NX

R;��
�� = 0

R;��
� = 0

R;�X = ��BX : Ne

R;��� = Ne : NX

R;�� = 0

with

NX =
X

‖X‖

Ne =
etr

‖etr‖

BX =
1

‖X‖ [I−N
X ⊗NX ]

Be =
1

‖etr‖ [I−N
e ⊗Ne]

and I indicates the fourth-order identity tensor.†

†The notation A is used for a general fourth-order tensor, while A indicates a second-order tensor. The notation
X;Y means @X=@Y .
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3.2. Consistent tangent matrix

We now address the construction of the tangent tensor consistent with the modi�ed discrete
model. The use of a consistent tangent tensor preserves the quadratic convergence of the
Newton–Raphson method, for the incremental solution of the global time-discrete problem, as
it is common done in the framework of a �nite element scheme.
The consistent tangent can be computed as a linearization of the stress �:

D= d�
dU (34)

Recalling Equations (5) and (6), the linearization of the elastic constitutive relation, in its
volumetric and deviatoric component, gives:

dp 1=K(1⊗ 1) : dU

ds=2G
(
I− detr

de

)
Idev : dU (35)

where

Idev = I− 1
3 (1⊗ 1)

de= Idev : dU

with 1 the second-order identity tensor. If we now consider Equation (26) as function of X,
��, � and e, the corresponding linearization gives:

d(RX )=R;XX : dX+R;
X
�� d��+R;X� d�+R;

X
e : de= 0

d(R��) =R;��
X : dX+ R;��

�� d��+ R;��
� d�+R;��

e : de=0

d(R�)=R;�X : dX+ R;��� d��+ R;�� d�+R;
�
e : de=0

(36)

where

R;Xe = −2GI

R;��
e = 0

R;�e = 0

Accordingly, we can write:



dX

d��

d�


 =



R;XX R;X�� R;X�

R;��
X R;��

�� R;��
�

R;�X R;��� R;��



−1 


−2GI
0

0


 : de (37)
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The linearization of Equation (17d) gives:

d(etr)= e;trX : dX+ e;
tr
�� d��+ e;tr� d� (38)

Since

e;trX = ��BX

e;tr�� =
X

‖X‖
e;tr� = 0

(39)

we have

d(etr)= E : de (40)

with

E=
[
��BX X

‖X‖ 0
]T 

R;XX R;X�� R;X�

R;��
X R;��

�� R;��
�

R;�X R;��� R;��



−1 


−2GI
0

0




In conclusion, the consistent tangent tensor assumes the form:

D=K(1⊗ 1) + 2G(I− E)Idev (41)

4. NUMERICAL EXAMPLES

The model ability to reproduce the basic SMA features was already proved by Souza et al.
through several numerical tests. In particular, they consider a material with properties:

E=70000 MPa; R=45MPa; h=500MPa; 
=0:33

�=7:5 MPa K−1; T0 = 253:15 K; �L=0:03

and performed the following tests:

TEST A isothermal strain-driven uni-axial (tension-compression) test.
TEST B isothermal uni-axial tensile test (loading-unloading), followed by a stress-free

thermal cycle.
TEST C temperature-driven uni-axial test under prescribed stress level.

Moreover, they compared the model response with the non-proportional experimental tests
described in Reference [28], showing the good performance of the model.
To prove the robustness and e�ectiveness of our modi�ed algorithm, we repeat this �rst

set of analyses (also with large time integration step), obtaining the same � − U − T curves
reported by Souza et al. [17].
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Table VII. Modi�ed time-discrete frame: branch solution and
detection of the new state.

Branch Solution and State Update

if (CASE EL − Elastic step) then

etr = etr; TR

s = 2G(e− etr)
exit

else if (CASE PT1 − Evolving phase transformation) then


Find etr solving: R̃
7
(X;��)= 0 (See Equation (25))

Check solution:



if ‖etr‖¡�L then exit

else CASE PT2

end if

else if (CASE PT2 − Saturated phase transformation) then{
Find etr ; � solving: R̃

8
(X;��; �)= 0 (See Equation (26))

exit

end if
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Figure 1. Modi�ed solution algorithm. Tension–compression tests (left part): T =285:15K—integration
time step 0:01 s (line) and 0:05 s (dot); T =253:15 K—integration time step 0:01 s (line) and 0:2 s
(dot). Torsion tests (right part): T =285:15 K—integration time step 0:01 s (line) and 0:04 s (dot);

T =253:15 K—integration time step 0:01 s (line) and 0:2 s (dot).

Then, we consider a second set of numerical tests to verify even in more detail the
e�ciency of the modi�ed algorithm. Using again the material parameters suggested by Souza,
we investigate both uni-axial and multi-axial (non-proportional) tests.
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Figure 2. Bi-axial test. Hourglass test strain histories: type Ah (upper left), type Bh (upper right);
Square test strain histories: type As (lower left), type Bs (lower right).

Di�erent time steps sizes are adopted to check the algorithm implementation. The non-linear
problem solution is characterized by two di�erent iteration processes: one assures the reaching
of the global equilibrium (global solution process); the other assures the satisfaction of the
model for each tentative strain (local solution process). Moreover, recalling the proposed
algorithm (Table VII), we distinguish between two local solution processes: they search a
solution that satis�es the CASE PT1 condition (PT1 local solution process) and the CASE
PT2 condition (PT2 local solution process), respectively.
The following quantities are calculated to de�ne the global and local convergence

performance:

• Number of steps adopted to describe the loading history (S).
• Total number of iterations during the global solution process (I).
• Number of iterations during PT1 local solution process (I1).
• Number of iterations during PT2 local solution process (I2).
• Average number of iterations during the global solution process (I/S).
• Average number of iterations during PT1 local solution process (I1/S).
• Average number of iterations during PT2 local solution process (I2/S).
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Figure 3. �11 − �22 Ah test. Strain history input (upper left); stress history output (upper right);
transformation strain history (lower left); � parameter history (lower right).

4.1. Uni-axial tests

Cyclic tension and torsion tests under stress control (�11 and �12, respectively, are varied,
while the non-controlled stress components are constrained to be zero) are simulated at the
following temperatures:

• T =253:15 K: the material is stable in martensitic phase and the shape memory e�ect
takes place.

• T =285:15 K: the material is stable in austenitic phase and the pseudoelasticity takes
place.

Figure 1 compares the results for di�erent time integration step size showing the model
capability to reproduce the pseudoelasticity and the shape memory e�ect, as well as its
limit to describe a symmetric tension–compression response. To overcome this shortcom-
ing, we are developing an extension of the modi�ed algorithm, as it is summarized in
Appendix A.1.
We notice that a 4% deformation induces saturated phase transformation in case of axial

stress, but not in case of shear stress: this observation will be useful to explain some results
in the multi-axial tests. For each uni-axial test the average number of iterations in the global
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Figure 4. �12 − �23 Ah test. Strain history input (upper left); stress history output (upper right);
transformation strain history (lower left); � parameter history (lower right).

convergence process is always equal to 2: it points out the model capability to have a very
fast convergence (in particular, super-quadratic), even for large time steps.

4.2. Multi-axial tests

Motivated by the interest to investigate the numerical algorithm performance, as well as
the model behaviour in terms of stress-induced mono-variant martensite reorientation under
di�erent loading conditions, we perform several strain-driven bi-axial tests.
In particular, four series of isothermal tests are performed varying the time step (0.02 and

0:2 s), the test temperature (T =253:15 and =285:15K) and the strain components involved.
The �rst two series are characterized by the bi-axial strain histories plotted in the upper part
of Figure 2 and in the following indicated as hourglass tests, type Ah and Bh; the other two
series are characterized by the bi-axial strain histories plotted in the lower part of Figure 2 and
in the following indicated as the square tests, type As and Bs. For each series the following
couples of deformation components are considered: �11− �22; �11− �12; �12− �23. The tests are
performed varying the chosen strain components between the range ±4% and keeping equal
to zero the stress components corresponding to the non-controlled strains.
In all the cases the modi�ed algorithm has a good performance, as it is shown by the

results plotted in the following, relative to the hourglass tests at T =285:15 K. In particular,

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2002; 55:1255–1284



3D MODEL FOR PHASE TRANSFORMATIONS 1277

 0.04  0.03  0.02  0.01 0 0.01 0.02 0.03 0.04

 0.04

 0.03

 0.02

_

_

_

_

_ _ _ _

0.01

0

0.01

0.02

0.03

0.04

Axial strain ε11

S
he

ar
 s

tr
ai

n 
τ 12

time step 0.02 sec
time step 0.2 sec 

 1500  1000  500 0 500 1000 1500
 500

 400

 300

 200

_

_

_

_

_
_ _ _

100

0

100

200

300

400

500

Axial stress σ11 [MPa]

S
he

ar
 s

tr
es

s 
τ 12

 [M
P

a]

0 1 2 3 4 5 6 7 8 9 10

_0.02

0

0.02

0.04

Time [sec]

T
ra

ns
fo

rm
at

io
n 

st
ra

in

εtr
11

εtr
22

εtr
33

εtr
12

εtr

0 1 2 3 4 5 6 7 8
0

200

400

600

800

1000

1200

Time [sec]

P
ar

am
et

er
 g

am
m

a

Figure 5. �11 − �12 Ah test. Strain history input (upper left); stress history output (upper right);
transformation strain history (lower left); � parameter history (lower right).

the strain history, the stress response, the transformation strain and the � parameter history
are reported for each test. The expected symmetry between the Ah and Bh test curves for the
couple �11 − �22 con�rms the correct implementation of the algorithm. The same symmetry
could be found comparing the Ah and Bh test results for the couple �12− �23: in Figures 3 and
4 the �11 − �22 and �12 − �23 Ah test responses are shown, respectively. On the other hand, the
results of the tests Ah and Bh for the �11− �12 couple, plotted in Figure 5 and 6, respectively,
show a strong di�erence. This behaviour is explained by the coupling among tension and
torsion under multi-axial loading: the complete transformation induced in �11 component and
the only partial transformation induced in �12 component at 4% of deformation return di�erent
stress paths for the two strain histories. It is more evident if one considers the � parameter
history: (1) case �11−�12 (Figure 5 lower right): during �11 variation at constant �12 (time: 1–2,
2–3, 5–6 and 6–7 s), the material undergoes martensite reorientation of the saturated phase
and reverse transformation. (2) case �12 − �11 (Figure 6 lower right): during �12 variation at
constant �11 (time: 1–2, 2–3, 5–6 and 6–7 s), only product phase reorientation takes place
and the material remains in saturated phase. Moreover, in both the case during proportional
increasing–decreasing of axial and shear strain (time: 0–1, 3–5 and 7–8s) the saturated phase
is reached at the same stress value and the product phase undergoes elastic deformation
without reorientation (� vary linearly).
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Figure 6. �12 − �11 Bh test. Strain history input (upper left); stress history output (upper right);
transformation strain history (lower left); � parameter history (lower right).

The performance of the implemented algorithm is checked comparing simulations with
0:02s (continuous line in the �gures) and 0:2s (dots in the �gures) integration time step. The
results of the convergence analysis are summarized in Table VIII and Table IX, for all the
performed hourglass and square tests, respectively. The average number of iterations per step
in the global process is no more than 4, con�rming the fast convergence of the model and the
e�ciency of the algorithm. The performance is worst in the local convergence processes: the
average number of iterations goes from 2 to 6 in CASE PT1 and from 5 to 14 in CASE PT2.
Actually, the analysis of the residual values shows that, during the evolving and saturated
phase transformation, the Newton–Raphson method starts from a point far from the solution:
we are studying the possibility to de�ne better initial conditions, to improve the convergence
also in the local processes.

5. CLOSURE AND FUTURE RESEARCH DIRECTIONS

Motivated by the theoretical potency and, at the same time, simplicity of the 3D model for
stress-induced transformations proposed by Souza et al. we deeply investigate it. The results
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Table VIII. Hourglass test convergence.

Test Temp. (K) S I I=S I1=S I2=S

Type Ah 253.15 400 1107 2 2 12
�11 − �22 40 124 3 2 7

285.15 400 1090 2 5 12
40 123 3 5 7

Type Bh 253.15 400 1107 2 2 12
�11 − �22 40 124 3 2 7

285.15 400 1090 2 5 12
40 123 3 5 7

Type Ah 253.15 400 1448 3 2 11
�11 − �12 40 156 3 2 8

285.15 400 1394 3 5 11
40 156 3 5 7

Type Bh 253.15 400 1226 3 2 14
�11 − �12 40 134 3 2 8

285.15 400 1208 3 5 13
40 130 3 5 8

Type Ah 253.15 400 400 1 2 8
�12 − �23 40 40 1 2 5

285.15 400 400 1 4 7
40 40 1 4 5

Table IX. Square test convergence.

Test Temp. (K) S I I=S I1=S I2=S

Type As 253.15 500 1914 3 2 14
�11 − �22 50 205 4 2 8

285.15 500 1883 3 5 13
50 204 4 6 8

Type Bs 253.15 500 1914 3 2 14
�11 − �22 50 205 4 2 8

285.15 500 1883 3 5 13
50 204 4 6 8

Type As 253.15 500 1540 3 2 13
�11 − �12 50 162 3 2 7

285.15 500 1515 3 5 13
50 165 3 6 8

Type Bs 253.15 500 1502 3 2 13
�11 − �12 50 155 3 2 8

285.15 500 1459 2 5 13
50 158 3 6 8

Type As 253.15 500 500 1 2 10
�12 − �23 50 50 1 2 6

285.15 500 500 1 4 9
50 50 1 5 6
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of the study, presented in this paper, evidence the following:

• The original model is able to reproduce the main behaviours of shape memory alloys.
• The original model describes the phase transformation through the tensor X, work
conjugate with the transformation strain, which results undetermined when ||etr|| is zero.

• The numerical solution algorithm proposed by Souza et al. has some drawbacks. In
particular, it is unclear how to start the Newton iteration for the solution of the
non-linear system describing the material behaviour.

• Souza et al. do not address the construction of the tangent tensor, consistent with the
time-discrete model.

These considerations stimulated us to work on the improvement of the model. In particular,
at the actual state of the research the goals reached are:

• Model modi�cation through the introduction of a new expression of the transformation
stress X which results determined also in the elastic domain.

• Implementation of a modi�ed algorithm that overcomes the problems highlighted for the
original procedure.

• Development of the tangent matrix algorithmically consistent with the modi�ed algorithm.
• Extensive numerical investigations showing the robustness and e�ciency of the modi�ed
algorithm.

In conclusion, the original model, joined with the modi�ed solution algorithm herein
proposed, seems to be an e�ective tool to reproduce the stress-induced phase transformation
and numerically simulate the behaviour of SMA components.
In the next feature the authors wish to introduce an unsymmetric law to catch the real

SMA behaviour in tension and compression (along the line described in Appendix A.1), as
well as to test the solution algorithm in the framework of a �nite element code, simulating
real cases of applications of SMA, in particular in biomedical engineering.

APPENDIX A

A.1. Extension of the modi�ed solution algorithm

As already underlined, the original model is unable to catch the characteristic asymmetric
behaviour of SMA during tension–compression test. To overcome this limit, a new type of
limit function is introduced in the modi�ed algorithm.
In particular, recalling that in SMA the hydrostatic pressure has a small in�uence on the

martensitic transformation [13], we consider a Prager-type limit function depending on second
and third scalar invariant of the deviatoric relative stress (respectively, J2 and J3):

F(X)=F(J2; J3)=
√
2 J2 +M

J3
J2

− R (A1)

where

J2 = 1
2X

2 : 1

J3 = 1
3X

3 : 1
(A2)
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Indicated as �t and �c the critical transformation stresses (i.e. the stress values at which the
transformation from parent to product phase starts in tension and compression, respectively),
the identi�cation of the parameters M and R with tension–compression test gives:

M =2

√
2
3

�c�t
�c + �t

R=

√
27
2

�c − �t
�c + �t

(A3)

The use of a new limit function do not change the state detection and the branch solution from
a theoretical point of view, but cause some numerical modi�cations. In particular, to introduce
the new expression of F into the modi�ed model we rewrite Equation (17) as follows:



s=2G(e − etr)
X= s − [�M (T ) + h‖etr‖+ �]

etr

‖etr‖
�¿0

etr = etrn +��
dF
d�

‖etr‖6�L

F(X)= ‖X‖+ 2MJ3
‖X‖2 − R60

��¿0 ��F(X)=0

(A4)

where

dF
d� =

dF
dX

: Idev =
[
1− 4MJ3

‖X‖3
]
X

‖X‖ + 2M
[
X
‖X‖

]2
: Idev =

dF

dX̂

The residual Equation (26) assumes the form:

R̃8(X;��; �)=




X − sTR + 2G��
dF

dX̂
+ [�M (T ) + h‖etr‖+ �]

etr

‖etr‖ = 0

‖X‖+ 2MJ3
‖X‖2 − R=0

‖etr‖ − �L=0

(A5)

and similarly for Equation (25). The components of the Newton–Raphson tangent matrix
change accordingly; in particular, for the CASE PT2, we have:

R;XX = I+ (2G + h)��FX + (�M + �)��Be FX

R;X�� = (2G + h)FX̂ + (�M + �)Be : FX̂

R;X� = Ne

R;��
X = FX
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R;��
�� = 0

R;��
� = 0

R;�X = ��FX : Ne

R;��� = Ne : FX̂

R;X� = 0

where

NX =
X

‖X‖

Ne =
etr

‖etr‖

FX =
dF
dX

=
[
1− 4MJ3

‖X‖3
]
X
‖X‖ + 2M [N

X ]2

FX̂ =
dF

dX̂
=

[
1− 4MJ3

‖X‖3
]
X
‖X‖ + 2M [N

X ]2 − 2
3
M1

BX =
1

‖X‖ [I−N
X ⊗NX ]

Be =
1

‖etr‖ [I−N
e ⊗Ne]

FX = d
dX

(
dF

dX̂

)
=
12MJ3
‖X‖4 [N

X ⊗NX ]− 4M
‖X‖ [N

X ⊗ (NX )2 + (NX )2 ⊗NX ]

+
[
1− 4MJ3

‖X‖3
]
BX +

2M
‖X‖ (1�NX +NX � 1)

with the square tensor product � de�ned as (A� B)C=ACBT according to the de�nition
given by Del Piero [29].
Moreover, for the linearization of Equation (17d) we have:

e;trX = ��FX

e;tr�� = FX̂

e;tr� = 0

(A6)

The e�ect of the model extension is checked repeating the uni-axial tests described in
Section 4.1. In particular, we consider the same material with �t = 43MPa and �c = 69MPa.
In this way the ratio �t=�c has a value ( 23 ) near to the SMA characteristic value [13] and, at
the same time, R remains equal to 45.
The asymmetric response of the material during tension–compression test is shown in

Figure A1 (left part) for both the case pseudoelasticity and shape memory e�ect. An un-
expected behaviour characterizes the torsion test results at 253:15 K (Figure A1 right part):
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Figure A1. Extension of the modi�ed algorithm. Tension-compression tests (left part): T =285:15 K—
integration time step 0:01 s (line) and 0:05 s (dot); T =253:15 K—integration time step 0:01 s (line)
and 0:2 s (dot). Torsion tests (right part): T =285:15 K—integration time step 0:01 s (line) and 0:04 s

(dot); T =253:15 K—integration time step 0:01 s (line) and 0:2 s (dot).

Figure A2. Extension of the modi�ed algorithm. Cyclic torsion test at 2, 4 and 5% of deformation:
T =285:15 K (left part) T =253:15 K (right part).

also if not fully explored, we believe that this is a consequence of the constraint condition
on the transformation strain norm (‖etr‖¡�L). Indeed, the model extension uses a J2-type
norm to limit the transformation strain and a norm depending on both J2 and J3 to limit the
transformation stress. Figure A2 shows cyclic torsion tests at di�erent level of deformation
(2, 4, 5%): it is evident how this kind of response a�ects only the martensitc phase.
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