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SUMMARY 

The present work investigates the unilateral frictionless contact between a plate and a rigid obstacle. Two 
sets of problems are studied: a plate constrained through unilateral edge supports and a plate seating in its 
undeformed configuration at a given distance from a rigid support. The attention is concentrated on two aug- 
mented Lagrangian formulations. The algorithmic implementation within a finite-element scheme is presented 
and discussed. The importance of using appropriate plate elements for the discretization of the structure is 
stressed. New gap elements compatible with a robust plate element are derived. Computational aspects are 
emphasized. A simple and effective numerical integration for the determination of the gap stiffnesses in par- 
tial contact with the support is proposed. Numerical results are carried out and compared with analytical 
solutions. The convergence to the solution of the perfectly constrained problem is numerically investigated. 
The inadequacy of the penalty method and the satisfactory performance obtained from only one augmented 
Lagrangian procedure are emphasized. 
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1. INTRODUCTION 

Unilateral contact problems are governed by inequalities. This class of problems can be cast 
in proper variational formulations, which allow the use of convex analysis tools.', ' Furthermore, 
variational formulations are particularly convenient if the goal is to perform numerical simulations, 
for examples by finite-element techniques. 

Unilateral problems have been numerically solved within the penalty r n e t h ~ d ~ - ~  which regular- 
izes the non-smooth constraint of the unilateral contact. In the last years augmented Lagrangian 
formulations have been employed more and more frequently for the treatment of constrained 
problems. Based on the Uzawa algorithm,6* ' augmented Lagrangian schemes can be interpreted 
as iterative penalty methods and appear to be very effective in many applications. In particular, 
augmented Lagrangian formulations have been adopted in unilateral contact problems, including 
friction effects, for instance in References 8-13. 

One of the most common contact problems deals with the unilateral contact between an elastic 
plate and rigid or elastic obstacles. For such structural problems, friction effects are generally 
neglected. In the literature, it appears that the most investigated cases, via the finite-element method, 
concern the contact of flat structures with elastic bodies. For instance, the unilateral contact between 
a plate and a homogeneous half-space is studied in References 14-16; the dynamics of a plate 
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resting on a Pasternak two-parameter foundation is investigated in Reference 17; the case of 
a Winkler foundation is considered in References 18 and 19; the unilateral contact, including 
the friction effects, between two elastic plates is studied in Reference 20. Thus, to the best 
of the authors’ knowledge, there is a lack of studies for the case of plates in contact with 
rigid supports. Furthermore, the use of augmented Lagrangian schemes seems to have been 
partially overlooked for the solution of plate contact problems within finite-element 
schemes. 

Plate structures are often modelled by a first-order shear deformation theory, which takes into 
account the primary effects of the shear deformation. In such a case, the use of inappropriate plate 
elements may induce numerical pathologies. As an example, Lagrangian isoparametric displacement- 
based elements2’,22 are simple to code and seem to be effective in many applications if selective 
integration formulas are adopted (to avoid the so-called l ~ c k i n g ) . ~ ’  However, the selective integra- 
tion technique may introduce zero-energy modes,24 which are possibly excited during the analysis 
of contact problems; in these cases the convergence may be extremely difficult to reach.18 As a 
consequence, more effective and reliable elements must be used for the analysis of plate contact 
problems. Recently a new quadrilateral plate element has been proposed by Auricchio and Taylor.2s 
The interpolation scheme adopted is such that the transverse displacement is linked to the nodal 
rotations, while the rotational field is enriched with bubble functions. The element is locking-free 
and performs well. 

The present work focuses on field and edge contact problems between moderately thick plates 
and rigid supports. Two augmented Lagrangian functionals available in the literature are spe- 
cialized to the problems investigated herein; their ability in enforcing properly the contact con- 
ditions in terms of displacement and pressure is carefully assessed. The four- and the nine- 
node Lagrangian isoparametric displacement-based plate finite-elements are reviewed together with 
their compatible gap elements; the relative numerical pathologies are highlighted. New gap ele- 
ments compatible with the plate element based on a linked interpolation are derived and adopted 
for the solution of several contact problems. Computational aspects are emphasized. An effi- 
cient technique for the integration of the gap stiffness is introduced. Numerical results are 
compared with analytical solutions to show the performances of the considered 
formulations. 

2. FORMULATION OF THE PROBLEM 

In this section the unilateral frictionless contact problem between a moderately thick plate and 
a rigid support is formulated. The analysis is framed within a small deformation theory. 

2.1. Moderately thick plates 

A first-order shear deformation theory is adopted herein to model the response of moderately 
thick plates; the theory includes both bending deformation and the primary effects of transverse 
shear deformation26 and follows in many fundamental aspects the ones proposed by Reissner*’ 
and Mindlin.28 A plate is a flat body, occupying the domain 

h h  

where the plane z = 0 coincides with the middle surface of the undefonned plate and the transverse 
dimension, or thickness h,  is smaller than the other two dimensions. Furthermore, the loading is 
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restricted to be in the direction normal to the middle surface. The displacements along the x, J' 

and z axes are indicated respectively by u, ti and w and are assumed in the form 

LI (x, y ,  z )  = zo,3(x, y )  

r ( x ,  J ' , Z )  = -ZO,(X, y )  (2 1 
W ( X , ) : , Z )  = w ( x , y )  

where 0, and O,, are the rotations of the transverse line elements (initially perpendicular to the 
mid-surface) about the x and y axes. The basic kinematic ingredients are the curvature, K,  and 
the shear strain, r, defined as 

K = Le, r = [ee + VW] ( 3 )  

where 

L =  

Integration of the stress components through the thickness defines the plate stress resultants per 
unit length: 

Assuming the material to be homogeneous, linearly elastic and isotropic, the plate constitutive 
relation may be written in terms of the stress resultants and the dual kinematical variables as 

{!}=[? DOs]{:} 

where 

0 
Eh3 [ " '  0 1. D =  12(1 - v 2 )  

DB = D 
0 0 i(1 - u )  

D s = k G h [ i  y ] ,  G = -  E 
2(1 + v )  

(7)  

with E the Young's modulus, 1' the Poisson's ratio and k the shear factor (in the following set 
equal to 5/6).  

2.2. Contact problem 

The plate may be subjected to field and boundary constraints, due to possible unilateral fric- 
tionless contacts. The field constraint expresses the presence of a rigid obstacle, seating at a fixed 
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gap distance g from the undeformed plate bottom plane (z  = h/2 ) .  Accordingly, the transversal 
displacement w must satisfy the inequality 

w - g G O  i n d  (9) 

The boundary constraint expresses the possibility of unilateral contact along a part d 2 d  of the 
mid-plane boundary d d .  Accordingly, 

w<O on &d (10) 

Classical mixed boundary conditions are imposed on the remaining part of the boundary d l d  = 
dd \ (3&, i.e. displacements or forces are specified. 

3. VARIATIONAL FORMULATION 

In this section variational formulations of the previously addressed unilateral frictionless contact 
problem are introduced. In particular, the attention is concentrated on two augmented Lagrangian 
schemes. 

The plate model can be cast in a variational formulation, introducing the following mixed 
functional:25 

1 
II(wi,O,S) = - J' [K'(O)DsK(O)] dA 

2 A  

1 
-- [S'D,'S] dA + 1 [S'(Vw + &)I dA +II,,, 

2 .  
where next is the load potential. Note that when the shear energy is set equal to zero (i.e. 
STD;'S = 0 ) ,  the shear resultant S is the Lagrange multiplier of the constraint Vw + e6 = 0. 
Thus, the classical Kirchhoff-Love plate theory is recovered. 

The solution of the unilateral contact plate problem can be sought as the minimax condition 
of II under the constraints (9) and (10). To avoid restrictions on the set of displacements, the 
Lagrange multiplier formulation can be considered: 

A(w,O,S,r,p) = n(w,O,S) - [ p ( w  - g) ]  dA - rwds (12) 1 LA 
where the Lagrange multipliers p and r have the mechanical meaning of contact pressure per unit 
area acting on d and contact pressure per unit length acting on &d, respectively. The minimax 
condition for A(w,O,S, r, p )  subject to the constraints: 

p<O,  r<O (13)  

returns the complete solution of the elastostatic unilateral contact problem. 
Augmented Lagrangian formulations can be obtained by augmenting the Lagrangian functional 

(12). In the case of linear constraints the augmented functional is usually obtained by adding 
to the Lagrangian the penalty terms corresponding to the constraints.6 In the case of non-linear 
constraints, as for unilateral contact problems, the augmenting term is not unique and, in fact, 
different proposals can be found in the literature. 

An augmented Lagrangian formulation for contact problems is described by Alart and Curnier.' 
The same formulation is presented in a more general mathematical framework by Ito and K~nisch.~ '  
In the following, a simple construction of the functional proposed in Reference 9 is presented. 
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Initially, the discussion is limited to the field constraint; the extension to the boundary constraint 
is simple and it is given in the final equation. 

Let the surface .d, candidate to the unilateral contact, be split into two parts, dn, and dc, such 
that 

w - g  < 0 and p = O o n  dnc 
w - y  = O  and p<O on dc 

Clearly, .d = .dnC U dc with atnc n dC = Q1. Hence, .d, represents the zone of the plate in contact 
and it is not known a priori. The saddle-point of the functional (12) can be computed considering 
the augmented Lagrangian: 

since the last term is quadratic and zero in solution. The quantity k,  plays the role of a penalty 
parameter. The stationary condition for the functional (14) with respect to the variable w leads to 
the equation 

0 = [S'V 6w] dA - lc [ p  - k,(w - g)] 6wdA 

(15) 

Since p - k,(w - g) in solution is non-positive on d,, then the functional (14) can be further 
augmented: 

{ [ p  - k,(w - g)]'}2 dA 

A simple computation reveals that the whole augmentation term is quadratic and zero in solution 
also on d,,. Hence, taking into account the term relative to the boundary contact, the final 
augmented Lagrangian functional can be defined as 

Aallg(w, 8, s, r, p >  = A(w, 8, s, r, P )  

2 
(17) 

ds- -/ 1 [ ( r - k f i w ) + ]  ds 
2 4  P2.4 

The solution state, obtained as the stationary point for the unconstrained functional ( 17), satisfies 
the equations 

(18) 

- J' ( r  - kpw) - 6w ds + 6,JL 
& A  

0 = 1 [K'(0)DBK(60)] dA + / [s.edO] d.4 + SOIL 
0 = - [STDy1 dS] dA + .I [(Ow + eO)T as] d.4 

A 
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where in equation ( 1  8)  the terms [ p  - k,(w - y)]- and ( r  - kbw) -  can be regarded as Lagrange 
multipliers. 

In Reference 10 Simo and Laursen present an alternative augmented formulation. They augment 
the functional (12) only through the penalty term, as proposed in Reference 7 for the case of 
linear constraint. Finally, Simo and Laursen obtain 

The stationary conditions for the functional (23)  lead to equations similar to ( I  8)-(22). 
Note that the Lagrangian and the two augmented Lagrangians presented are equivalent; in fact, 

they admit the same solution state. However, the two augmented Lagrangians allow to develop 
two different iterative solution algorithms. In particular, when the augmented Lagrangian ( 17) is 
exploited, the nth step of the iterative procedures can be summarized as follows: 

and r,,-l, as known and solve the non-linear equations (18)-(20) (i) assume the pressures, 

(ii) update the pressures 
in terms of w, 8 and S ;  

Pn = [ P ~ - - I  - cx ( ~ j i i  -- 811- 
rn = (rn - 1 - qw,) - 

with o, > 0 and a/, > 0; 
(iii) go to step (i). 

The parameters ox and used in the pressure update formulas can be chosen independently 
from the penalty k ,  and kp. 

The algorithm relative to the augmented Lagrangian (23) differs only in the update formulas of 
the pressures: 

PI1 = PN-I - ox (Wl - Y)+ 

r,i = rfI-1 - “pi 
Both the algorithms return the penalty method at the first iteration; hence, they can be inter- 
preted as iterative penalty methods, with a progressive update of the pressures in order to better 
satisfy the constraints. Therefore, they can be seen as variants of the procedure proposed by 
Uzawa.7 

4. FINITE-ELEMENT FOKMULATLON 

In this section the finite-element implementation relative to the algorithm associated with the 
augmented Lagrangian ( 17) is developed; the implementation relative to the augmented Lagrangian 
(23) is analogous. The domain .d is discretized using isoparametric finite-elements.22s 30 Hence, 
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T the typical point in each element is located by the vector x = { x , y }  expressed as 

"p 

x = " ( 4 , ~ )  i '  
i= 1 

where Nep is the number of nodes per element, 4 and q are the natural co-ordinates of the parent 
domain, N i  the shape functions and 2' the nodal co-ordinates. 

A standard displacement-based approach and a linked displacement-rotation-based approach are 
considered. In both cases only Co interpolation functions are adopted. 

4.1. A standard displacement-based approuclz 

Displacement-based elements can be obtained from the variational equations (18) and ( 19) by 
enforcing the constitutive equation S = DST. At the element level the transverse displacement and 
the rotations are approximated as 

i= I i= I 

T 
indicating with 6' and 6' = {d:,8:,} the nodal parameters. 

By setting Nep = 4 and Nep = 9, the so-called 44  and Q9 plate  element^^^,^' are obtained to- 
gether with their compatible gap elements. To avoid locking effects, a selective integration formula 
is adopted to compute the plate stiffness matrix. On the other hand, the reduced integration on the 
shear tenns introduces free energy modes, as discussed in References 22 and 24. 

4.2. A linked approach 

Linked field and boundary gap elements, compatible with the locking-free four-node plate 
element Q4-LlM proposed in Reference 25, are obtained by discretizing equations ( 1  8)-(20). 
The transverse displacement interpolation is taken bilinear in the nodal parameters GI, enriched 
with linked quadratic functions of the nodal rotations: 

4 

where L' is the i-j side length, 4; and 8; are the components of the rotations of i and j nodes in 
the direction normal to the i-j side. The N,t(, shape functions are: 

Because of the linked interpolations, both the transverse displacement and the rotations contribute 
to define the gap stiffness matrix and pressure vector. For the plate element, the interpolation for 
the rotational field is bilinear in the nodal parameters $, with added internal degrees of freedom. 
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1.3. Numerical integration 

Within the finite-element method numerical integrations are often performed through the classical 
Gauss technique. However, in contact problems the functions to integrate for the computation of 
the stiffness can be discontinuous in the domain of integration. This discontinuity renders the 
Gauss scheme unable to perform accurate integral evaluation; common remedies are the use of 
a large number of integration Gauss points or a very fine mesh. While the first remedy is not 
completely satisfactory, the second is computationally too expansive also because the contact no- 
contact zone is not known a priori; hence, the mesh should be uniformly fine. On the other 
hand, a satisfactory computation of integrals for discontinuous functions can be obtained by using 
the Simpson method with a fine discretization of the domain of integration.20,3' This integration 
technique is more accurate but at the same time is computationally more CPU time-consuming 
than Gauss integration rule. 

For contact problems the functions to be integrated not only are discontinuous but they are non- 
zero only on the contact zone. This allows the development of a new integration strategy, which 
is accurate and efficient at the same time. The algorithm is based on the concepts of no-contact, 
partial contact and full contact. In order to develop a simple procedure, it is assumed that an 
element is in no-contact if none of the nodes is in contact; it is in partial contact if at least one 
node is in contact and one node is not in contact. Finally, an element is in full contact when all 
the nodes are in contact. Hence, the contact state is assumed to be determined by nodal quantities. 
The details of the integration algorithm are as follows. For a given element the state of contact is 
determined. If the element is in no-contact, then no integration is necessary. If the element is in 
full contact, then the Gauss scheme is used for the integration. If the element is in partial contact, 
then the zone of contact is individuated and a Simpson method is adopted only on the region in 
contact. 

For a field gap in partial contact with the rigid support, the contact zone is determined computing 
the two points on the sides of the element where the pressure goes to zero and connecting them 
by a straight line. Hence, the contact zone is approximated to a polygon with 3, 4 or 5 sides. 
Then, a discretization of the assumed contact zone is performed and the Simpson integration rule 
is used. 

4.4. Computational remarks 

The finite-element implementation of the presented augmented Lagrangian formulations leads 
to non-linear algebraical problems. The algorithms consist in a double iterative loop: an external 
loop for the augmentation, an internal one for the solution of the non-linearity (for example, 
through the Newton-Raphson method). In particular, the algorithm relative to the formulation (17) 
is: 

o Augmentation DO loop n: 
~ Newton-Raphson 

0 DO loop i: 

0 next i; 
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- Pressure update: 

0 next n; 

where A(U:,') is the global tangent matrix, K is the plate stiffness matrix, Q"(Ui-;') and Qp(UL-') 
are the penalty tangent matrices, U, collects all the nodal displacements, F is the force vector, 
P, and R, are the pressure vectors, G is the gap vector, and the symbol ( 0 )  is the operator 
which selects in a vector the negative part of each component corresponding to the transversal 
displacement degree of freedom. At the ith iteration of the nth non-linear problem the test for 
detecting the field contact is 

if [pn-l  - k,(wi-' - g )  c 01 then there is contact 

An analogous test must be performed for the edge contact. 
A crucial point for the convergence of the whole algorithm is the choice of the parameters k,, 

k,j, o2 and OF. As previously pointed out, k, and kp play the role of penalty parameters. Therefore, 
a rational choice of these should pass through the evaluation of the condition number K(A) of the 
global tangent matrix. However, K(A) cannot be evaluated a priori: in fact, due to the problem 
non-linearity, the tangent matrix changes at each iteration. Nevertheless, it is possible to perform 
some considerations, leading to an estimation of ti(A). 

To this end, the symbolic manipulator code Maple32 is used to determine the expression of a 
typical stiffness matrix for a Q4-LIM element and for a field and a boundary gap element as a 
function of the element size, thickness, Young's modulus and penalty coefficient. The study is 
limited to the case v = 0 - 3  and square geometry with length side I,. Characteristic terms of the 
stiffness matrix for the evaluation of K(A) are 

136 
61 876373 

Eh3 -- 169 h4 + z h 2 1 :  + 
w 15000 1064201 

Eh3 [ 3772 1: ( 987 4.47 
2638 15247 

h21i + 
h4 + 1 1274883 + -  ~ 96179 w 631208 

34702006 
h4 + - 234 h21: + Eh31, 983 

7 (m 2383075 

where 

91 2 )  (-A4 169 + ___ 872 
= ( 39h2 50 i- 4608'' 2500 536039 20096 16 

and the superscripts pl, b-gap and f-gap indicate quantities relative to the plate, the boundary 
gap and the field gap, respectively. An approximated evaluation of the influence of the penalty 
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parameters k, and kp on the conditioning of the stiffness matrix of the structure can be performed 
by considering a submatrix Asub of A defined as 

0 0 1 

where the superscript gap now indicates either the boundary or the field gap. The condition number 
x(ASUb) should be compatible with the computer precision. 

The choice of the update parameters o, and og is related to conditions which ensure the con- 
vergence to the solution of the perfectly constrained problem. In fact, when the functional (17) is 
considered, the convergence is guaranteed at least for o, = k ,  and op = kg.29 When the functional 
(23) is considered, the convergence is proved for 0 < C T ~  < 2k, and 0 < o/j < 2kly only in the 
case of linear constraints.’ 

Several different schemes relative to the choice of k,, k , ~ ,  oz and op are possible. In the following 
only two possibilities are investigated: 

(a) o, = k ,  and op = kp, constant during the solution process; 
(b) o, = k, and op = kp, increasing during the solution process. 

5 .  NUMERICAL EXAMPLES 

In this section the inadequacy of the displacement-based elements for the study of contact problems 
is initially shown. Then, the performances of algorithms based on the augmented Lagrangian 
formulations previously described are investigated. 

The solution algorithm and the finite-elements considered are implemented in the Finite Element 
Analysis Program ( FEAP).30 

5.1. Conipauison between plute elements 

A simply supported square plate of side L, subjected to a pointwise force F applied at the 
centre, is considered. The bilateral boundary conditions are imposed using the penalty method; the 
following non-dimensional parameters are adopted: 

= 0.4, v = 0.3 
h FL 
- = 0.01, - 
L D 

The computations are performed using the elements 44, Q9 (with both selective and full integration 
formulas) and Q4-LIM. Due to the symmetry, only a quarter of the plate is considered (Figure 1). 
A regular 16 x 16 mesh is used for the analyses with four node elements, while a 8 x 8 mesh is 
used with the nine-node element. 

In Figure 2 the vertical displacements along the boundary ( x  = L/2  and y t [O,L/2]) are 
plotted when kph3/D = If the selective integration scheme is used with Q4 or Q9, the 
displacements along the penalty supported edge have the shape of a wave, which has no physical 
evidence. This result can be interpreted as a direct consequence of the zero-energy modes, present 
in the displacement-based elements when reduced integration formulas are used on the shear terms 
of the stiffness matrix. Such a behaviour does not depend on the value of the penalty parameter: 
in fact, increasing kg,  the amplitude of the displacements along the boundary decreases, but they 
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Figure I .  A quarter of square plate. The points of interest are explicitly indicated 
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Figure 2. Plate on bilateral supports enforced through penalty method. Displacement along the boundary 

still form a wave. As a consequence, within either the penalty or the augmented formulations, a 
state of contact no-contact, again in the form of a wave, is induced, making it impossible to reach 
a converged solution. 

On the other hand, if full integration formulas are used, the Q4 and Q9 elements do not pro- 
duce anymore the wave along the boundary. However, they suffer locking as discussed in the 
literat~re.’~. 24 On the contrary, the Q4-LIM element is l o ~ k i n g - f r e e ~ ~  and it does not present any 
wave along the boundary. 

From the previous considerations, it can be concluded that the two displacement-based elements 
are not appropriate for the analysis of plate contact problems within the discussed penalty and 
augmented Lagrangian formulations; hence, in the remaining examples only the Q4-LIM plate 
element and its compatible gap elements are used. 
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5.2. Cylindrical bending of strip plates 

A set of simple problems, consisting in strip plates under cylindrical bending, is investigated. 
Analytical solutions camed out using the Kirchhoff-Love plate theory are compared with FE 
solutions obtained neglecting the shear energy as described in Reference 25. The plate has unit 
base, length L and it is subjected to a constant distributed load, q. The x-co-ordinate is taken in 
the direction of the length; due to the cylindrical bending, in the following all the quantities are 
expressed only as functions of x and the symbol ' indicates a derivative along x. 

As a first didactic example, a plate clamped at x = 0 (i.e. w ( 0 )  = 0 and OJO) = w'(0) = 0) 
and unilaterally supported (through the augmented procedure) at x = L is considered. Adopt- 
ing the iteration procedure obtained from the functional (17), the solution after n augmentations 
is 

with p = 3D/k,jL3. Note that 

3qL lim m(L)  = -- lim MJ,(L) = 0, 
1 1 - 0 0  n - - 3 o  8 

i.e. the augmented solution converges to the exact solution with the rate of the geometrical series. 
On the contrary, when the algorithm relative to the functional (23) is used, the convergence to 
the exact solution is not guaranteed. In fact, it is a simple matter to verify that the iterative 
procedure stops after only two augmentations without converging to the solution, if the condition 
( p  - 1)(8 - 4) < 0, with 4 = qL4/Dg, is satisfied. 

Finite-element solutions are now carried out. The non-dimensional geometric and material pa- 
rameters are 

- 10, v =o.o - =0.01, - - 
L D 
h 4L3 

Numerical results relative to two meshes ( lox  1 and lOOx 1 ) and two penalty parameters (kph3/D = 
and kph3/D = lop5) are presented in Table 1. Note the excellent match between the analytical 

and the finite-element solution, and the difference in convergence rate as a function of the penalty 
parameter. 

Table I. Clamped-simply supported strip plate: displacement at the 
support (x = L )  versus augmentation number. Solution obtained 

through the augmented Lagrangian formulation 

kph3/D Augm.# 10 elms 100 elms Analytical 

I O - ~  1 
3 
5 

lo-' 1 
3 
5 

30 

3.73588 - 01 
3.3579E - 06 
6.4655E - 1 1 

248088 + 01 
1.53978 + 00 
8.22958 - 02 
4.21308- 10 

3.73898 - 01 
3.3444E - 06 
3.10648 - 1 1  

2.88478 + 01 
1.53618 + 00 
8.37938 - 02 
4.13418- 10 

3.73888 - 01 
3.3481E - 06 
2.9907E - 1 1  

2.88468 + 01 
1.5363E + 00 
8.1881E - 02 

- 7.1054E - 15 
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Then, a strip plate sliding at x = 0 (i.e. w'(0) = w"'(0) = 0) and simply supported at x = L 
(i.e. w(L) = w"(L) = 0) is considered. The plate lies at a gap distance g from a rigid support. 
The exact solution depends on 4 as follows: 

(a) q < 2415 + there is no-contact 
(b) 2415 <q^ < 24 + the contact occurs only at x = 0 
(c) ŷ  > 24 + the contact region is a segment with length L, = (24Dg/q)'I4 

The ratio g/h is set equal to 3, and two loading cases 4I = 5 and i2 = 50 are considered. The 
analytical solution of the augmented Lagrangian formulation (17) is determined solving a sequence 
of differential equations, each one representing a plate in unilateral contact with an elastic Winkler 
medium. Adopting the iteration procedure obtained from the functional ( 17), the contact pressure 
after n augmentations is 

where yf = -k,/D, A ; - ' ( X )  is an (n - 1)th degree polynomial and C; are constants of integration 
determined by the boundary conditions, Hence, along the part of plate in contact with the rigid 
support, the solution is 

with E:-'(x) a polynomial of (n - 1)th degree, different from nl- ' (x) ,  and C: are constants of 
integration determined by the boundary conditions. 

The finite-element computations are carried out adopting a 16 x 1 mesh. Initially, the penalty 
method is used. In Table I1 the lengths of contact L,/L versus the coefficient k,h4/D for both 
the loading cases are given. Note how the finite-element and the analytical solution are in good 
agreement for low values of the penalty, which however do not guarantee a good enforcement of 
the constraints. Increasing the value of the penalty coefficient, a better constraint enforcement can 
be obtained, at the expense of the number of iterations (not reported here) needed to reach the 
convergence; in particular, for k,h4/D > lop3 the finite-element method does not converge within 
20 iterations. 

Table 11. Sliding-simply supported strip plate: solu- 
tion obtained through the penalty formulation. Con- 

tact length versus penalty value 

L c  IL 

Loading case 1 

k,h4/D Analytical FE 

1E -06 0.103 0.103 
1E-05 0.053 0.053 
1E -04 0.025 0.037 
IE-03 0.012 - 

Loading case 2 

Analytical FE 

0.650 0.647 
0.450 0.424 
0.308 0.307 
0.250 0.249 

Exact sol. 0400 - 0.167 - 
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Figure 3 .  Sliding-simply supported beam seating at a fixed gap distance from a rigid support: (4 = 50 and k,hJ/D = 
1E - 04). Contact pressure along the ship-plate axis: comparison between exact solution, penalty solution and solutions 

obtained after 200 augmentations from the two augmented Lagrangian procedures considered 

Table 111. Sliding-simply supported strip plate: solution 
obtained through the augmented Lagrangian formu- 
lation. Contact length versus augmentation number 

(k,hJ/D = 1E - 04) 

Loading case 1 Loading case 2 

Augm.# Analytical FE Analytical FE 

1 0.025 0.037 0.308 0.307 
3 0.017 0.020 0.276 0.276 
5 0,014 0.016 0.262 0-265 
200 0.003 0.202 

Exact sol. 0.000 0.167 

Then, the penalty parameter is set as k,h4/D = lop4, and the capacity of the augmented 
Lagrangian formulations ( 17) and (23) to enforce the constraints is studied. The dimensionless 
contact pressure pL3/D along the strip plate axis is plotted in Figure 5.2 for the loading case 
i2; in particular, the pressure obtained by the penalty solution, and those carried out after 200 
augmentations of the two formulations (17) and (23) are reported. The exact solution, consisting 
in the constant function p = y2 for OQx < L, and in a pointwise force at x = L,, is also 
reported. The convergence of the pressure obtained using the formulation (17) to the exact solu- 
tion is noted. On the contrary, the solution given by the formulation (23) does not converge to 
the exact solution; in fact after the first few augmentations the solution does not change and, in 
terms of pressure, is the one reported in Figure 5.2. In Table I11 the contact lengths obtained by 
the analytical and numerical approaches, via augmented formulation ( 17), are tabulated versus the 
number of augmentations and are compared with the exact solution. From the results presented, it 
is possible to conclude that the iterative algorithm relative to the augmented formulation (23) is 
not appropriate for the solution of contact problems. Hence, only the iterative algorithm relative 
to the augmented formulation ( 17) is explored in the remaining examples. 
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Table IV. Edge contact plate problem: bilateral supports enforced 
through penalty formulation. Vertical displacement of three significant 

points versus penalty parameter 

k,,h' ID WI lh bv?/h W h i h  

1 E - 05 5.081 8E - 01 2.5934E - 02 - 3.0322E - 02 
1E - 03 4.6737E - 01 2.54306 - 04 - I ,2824E - 03 
1E-01 4.6654E-01 -2.4141E-06 - 1.6959E-05 
IE+Ol 4,6635E-01 -4.3254E-06 - 1.2796E-07 
IE + 03 4,6460E - 01 - 4.5438E - 07 - 2.9324E - 08 
1E + 05 4,6438E - 01 - 5.05688 - 09 - 3.3021E - 10 

Table V. Edge contact plate problem: unilateral supports 
enforced through penalty formulation. Vertical displace- 
ment of three significant points versus penalty parameter 

k,jh'/D hvl,/h W 5 l h  w6/h 

1 E - 05 l.6905E + 00 1-1493E + 00 7.4574E - 01 
1E-03 5.4563E-01 3.0821E-02 - 1.5228E-01 

5.3. Edqe contact plate problems 

The plate considered in Section 5.1 is discretized by means of 16x 16 Q4-LIM elements. Initially, 
both the cases of bilateral and unilateral boundary supports, enforced through the penalty approach, 
are analysed. The displacement of three points of interest (points I ,  5 and 6 in Figure 1 )  are 
reported in Tables IV and V for different values of the non-dimensional penalty parameter kl{h3/D. 

For the case of bilateral supports the problem can be solved for a wide range of the penalty 
parameter; for high values of such a parameter a good enforcement of the constraint is obtained. 
On the other hand, the unilateral problem can be solved only for much lower values of the penalty 
parameter, to which a satisfactory enforcement of the constraints does not correspond. In fact, in 
Table V M J ~  and have the same order of magnitude, while at the solution it should be wg/w1 M 0. 
Recalling the discussion in Section 4.4, K ( A ~ " ~ )  can be computed to get an estimate of the prob- 
lem conditioning. In the case of bilateral constraints kl<h3/DImax = 10' and d'(Asub) = lo6; for 
the case of unilateral constraints kph3/Dlmax = and tiU(ASUb) = 10. Then, it is possible to 
conclude that the evaluation of the maximum penalty parameter through the condition number 
x(ASUb) is indicative only for linear problems. In the case of non-linear problems, the conditions 
which govern the choice of the penalty parameters are much more restrictive and they are mainly 
associated with the notion of radius of convergence for a non-linear problem. However, also for 
the case of non-linear problems, the evaluation of x(ASUb) gives an upper bound for the penalty 
parameter to be used during the augmented procedure. 

The case of unilateral support is then studied through the augmented Lagrangian formulation 
(17). setting kljh3/D = IW3. The solutions in terms of the transverse displacements wI, w3 and 
)t'h are given in Table Vl. A good enforcement of the constraints can be obtained increasing 
progressively kp and ap with ob = k,j and ag = 10 * 011 every three augmentations. During the 
procedure the penalty parameter never exceeds the upper bound computed through d(Asub) .  The 
reason for such an increment of the performances can be interpreted as follows: the starting low 
penalty value allows to solve the unilateral problem and to obtain a qualitative solution of the 
non-linear problem. Then, the penalty parameter can be progressively increased, inducing a better 
enforcement of the constraints. 
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Table VI. Edge contact plate problem: unilateral supports enforced through aug- 
mented Lagrangian formulation. Vertical displacement of three significant points 

versus augmentation number 

1E-3 1 
4 
7 

30 

1E-3 I 
with 4 

30 
update 7 

5.4563E - 0 1 
5.1767E - 01 
5.1658E - 01 
5.1620E - 01 

5.4563E - 01 
5.1659E - 01 
5.1616E -01 
5.1613E-01 

3.08218 - 02 
1.7594E - 03 
3.5743E - 04 

- 1.7465E - 04 

3,0821E - 02 
3.33298 - 04 

- 4.7225E - 05 
- 6.93238 - 06 

- 1.5228E - 01 
- 1.5872E - 01 
- 1.56638 - 01 
- 1.5404E - 01 

- 1.5228B - 01 
- 1.5787E - 01 
- 1.54058 - 01 
- 1.5351E-01 

Table VII. Field contact plate problem: unilateral constraint enforced through augmented Lagrangian 
formulation Vertical displacement of four significant points versus augmentation number 

IE-3  3 

2 

1 

1E-3 3 
with 
update 

2 

1 

1 
4 

10 
30 

1 
4 

10 
30 

1 
4 

10 
30 

1 
4 
7 

30 

1 
4 
7 

30 

I 
4 
7 

30 

3.0959E + 00 
3.0035E + 00 
3.0042B + 00 
2.99928 + 00 

2.0916E + 00 
2.00628 + 00 
2.0016E + 00 
1.9993E + 00 

1.0930E + 00 
1.0049E + 00 
9.99418 - 01 
9.9990E - 0 1 

3.09598 + 00 
3.0032E + 00 
2.9999E + 00 
3.0000E + 00 

2.0916E +00 
2.0023E + 00 
2.0000E + 00 
2.0000E + 00 

1.0930E + 00 
1.0007E + 00 
1.0000E + 00 
1.0000E + 00 

3.1354E+OO 
2.9960E + 00 
2.9987E + 00 
2,99958 + 00 

2.1 163E + 00 
I ,99758 + 00 
1,99968 + 00 
l.9999E + 00 

1.1032E+00 
9.9980E - 01 
1.0002E + 00 
1.0002E f 00 

3.1 3548 + 00 
2.9984E + 00 
3.0000E + 00 
3.0000E + 00 

2.1 163E + 00 
1,99928 + 00 
2.0001E + 00 
2.0000E + 00 

1.1032E+00 
1.0001E + 00 
1,0000E + 00 
1.0000E + 00 

3.1368E + 00 
2.991 8E + 00 
2.9902E + 00 
2,98768 + 00 

2.1489E + 00 
2.0097E + 00 
2.0053E + 00 
2.001 1E + 00 

1.1371E+00 
1.0073E + 00 
1.001 9E + 00 
1.0000E + 00 

3. I3688 + 00 
2.9912E + 00 
2.9873E + 00 
2.9865E + 00 

2.14898+00 
2.0060E + 00 
2.0004E + 00 
1.9999E + 00 

1. I37 1E + 00 
1.0027E + 00 
9.99858 - 01 
9*9998E - 0 I 

2.283 1E + 00 
2.2097E + 00 
2.2124E+00 
2.2131E+00 

1 44768 + 00 
1.5755E + 00 
1.5767E + 00 
1.5767E + 00 

9.4510E - 01 
8.7146E - 01 
8.7047E - 01 
8.7107E - 01 

2.283 1E + 00 
2,21408 + 00 
2.2 144E + 00 
2.2145E + 00 

I 6476E + 00 
1.5785E + 00 
1 ,5778E + 00 
1.5800E + 00 

9,45108 -01 
8.7239E - 01 
8.7137E - 01 
8.7104E - 01 
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5.4. Field contact plate problem 
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A plate with the same characteristics of the one previously studied, simply supported along the 
boundary and subject to a constant distributed load (qL3/D = 100) is considered. The plate seats 
at a fixed distance g from a rigid support and the following three cases are considered: 

The penalty method is initially adopted. The numerical results, not reported herein for brevity, 
show that the unilateral field problem can be solved only for low values of the k,h4/D ratio, 
which give a non-sufficient enforcement of the constraints, as already noted for the edge contact 
problem. Accordingly, once more the penalty method returns unsatisfactory solutions for a case of 
unilateral constraints. 

The problem is then approached through the augmented Lagrangian formulation (17). In Table 
VII the vertical displacements of four nodes lying on a symmetry axis (nodes I ,  2, 3 and 4 in 
Figure 1 ) are reported. The problem is solved with accuracy if several augmentations are performed 
while keeping K, constant. A good enforcement of the constraint in just few augmentations is 
obtained by increasing the penalty and the updating parameter, as previously proposed. 

6.  CONCLUSIONS 

In the present work unilateral frictionless contact problems within the class of flat structures are 
studied. The attention is concentrated on two augmented Lagrangian formulations, for which simple 
solution algorithms can be devised. The implementation within a finite-element scheme is presented 
and discussed. 

For either the penalty or the augmented Lagrangian formulations it is shown that the use of 
inappropriate plate elements may induce numerical problems. In particular, the pathologies related 
to the use of Lagrangian isoparametric displacement-based elements are numerically proved. 

Accordingly, a more robust linked plate element is adopted. Hence, new field and boundary 
gap elements compatible with the linked plate element are developed. A computationally efficient 
technique of integration for the gap elements in partial contact is also proposed. A simple way 
for estimating the condition number of the global stiffness matrix is presented. 

Several numerical examples are considered. Initially, a set of strip plates under cylindrical bend- 
ing, for which exact solutions are available, are studied; a comparison between exact, analytical 
and numerical solutions is presented. From such a comparison, it can be concluded that the it- 
erative procedure obtained from one of the augmented Lagrangian formulations considered does 
not ensure the convergence to the exact solution. More complex unilateral problems, such as a 
plate constrained through unilateral edge supports and a plate seating in its undeformed configu- 
ration at a given distance from a rigid support, are also considered. The numerical results show 
the effectiveness of the procedure developed, mainly when a progressive increment of the penalty 
parameters is performed during the augmentations. This technique allows a good enforcement of 
the constraint and avoids convergence difficulties typical of non-linear contact problems solved 
through penalty formulations. 
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